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SUMMARY
m

Yecause of excessive computation tune, solving the u. - in‘u . (1}
parabolic wquation vn higner dimensions by means of z
wpircit fimite difterence schemes seems to be
lractical even 1t the scheme is unconditionally
stadle. To econumize tne cumputallun time ano computer For a more general expression, we can include the low
sturaye, o stadie explicit rinte difference scheme 1s orger terms to give
1ntruduced for the solution of the paraboiic equation of
tne “Scnrudinger type. Tnis explicit scneme involgs five m
spatial points and 15 conditivnally stable by @ u. - Z (ib‘ul 2t 83U, Tcu ). {2}
1atroducing an additiuvnal gissipacive tern. The reyl Wh Yy 1 1
complete theory wilh respect to the stability 1s
proved.  An applicstion to 4 tnree-dimensional ocean
duuustic dropaygation groblem s 1ncluded 10 demonstrate As an application, & ane-way ocean acoustic souny
10, valiaity. ! propagation in three dimensions is representeqd by

N

U =+ k \nzlr,e.l)—l)u
T ¢ Q

i TnduCT IUN
i 32\ 2

Lany whySiCai prodlems result 1a Lhe real M ——2'- ————7 —-a- (3)
WP ICaTIGN U pardbuilc equalions. A famiilar o 2k rt 2o
reurgsentalive pardbolic equdation 1S the nedt equation
A1t reg) coefficients, A nuiber of applications (other where kg is a reference wavenuinber ana n(r,e,2) 15 tne
Tindl, oedl CunUuclion) arise I1n the grea Of (uantuin three~dimensional index of refraction, Wnicn is defined
MeCantcs, plas phyuics, uptics, seismoluyy, ocedn as 4 ratio of a reference sound speed to 3
eLwustics, mte. (1), anu result 1n g forn of parapbolic three-dimensional sound speed. E£q. (3) 1s n
eyualiun 1th Caaplex coetficients. A tamiliar three-dimensional cylindrical coordinates (2].
representalive parduul IC squdtiun with complex
cortTicients ts the .cnrudinger equalilon. For A solution exists [3] fur Eq. (3) that uses an
d15Cussiun, the theory of 4 new stapfe expiicit fintte unconditonaily staole mmplicit finite ditrerence scheme,
Jitrerence scoete 1y sei) 3as 3 real applicetion are which discretizes £q. (3) by weans of central fimite
cAusen th dedl 1N the LChrodinger equation uf differences for both z and o uerivatives. Then the
wlty=pnmensions 1n the funn Crank -Nicolson scheme 1s 3ppited to formulate a large

system of spared matrix. Tnis system was solved Dy 4
Yale University (3] preconditioning sparse tecnnique.
Mesults, produced by the Crank -Micolson scneme [2] are
* U010 research aas Juiotl; wupwurted Uy obfice of wdval reasonably accurate. However, due to .the step-Dy-sten
AELeartn Le AL WU e~ s wit-28184,  quuule-dla-ulad,
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1teration to solve the system, excessive cumputer timne

was required. Tmis motivated us to develop 4 more
economical, stable explicit finite difference scheme.
In the sections to follow, the main discussion is on the
introguction of a conditionally stable explicit finite
gifference thoroughly exanining its consistency,
stabirlity, ana convergeénce. A theorem Lo desCribe the
stability of this new scheme is developed and proved.
Following the theoretical section, we use a
three-dymensional acoustic wave equation arising from
the application of underwater wave propagations as a
test case to examine the validity of the theory. We
examine the accuracy and speed of the theory by
comparing it with the solution produced by the
Crank-Nicalson scheme. As a physical i1llustration of
the three-dimensional problem, a plot is included to
gescribe intensity effects of the three-dimensiond
ocean wave propagation. .

A STABLE EXPLICIT SCHEME FOR HIGH DIMENSIONS

Chan, Shen, ana Lee {4] discussed the solution to a
model Schrodinger aquation, i.e.,

. (4)

oy the finite arfference scheme

n*l n n n n
u -u.iu,l-2u T Ui (5)
’
K ne
whicth s UNSTABLE where k e ar, h » az.

As a consequence, a number of stable explicit
schemes were 1ntroduced [4] to solve tne parabolic
equation of the Scnrodinger type. ln this paper, a
scheme is selected for application and replaces scheme
(5) by introducing a dissipative term, wnich is adued to
scneme (5) to give

uml . (un S M

o1 =2 ,-1)

n

n n n n n
u - 4u; * 6u. - 4u u
*lat m( s SN hd W B L 1-2)

nd

(6)

where o dnd 8 are determined to be a » <1/4, B « 1/4 for
least resitrictive stability condition. As a
generaitzation of the scheme (b} to the Schroginger
equation of nign oruer (1], consider the
multi-dimensional Schrodinger equation

m
v, -Z;\D‘uz . )
=t

wnere the b's dre assuied TO nave the same 5iyn.

without 1oss of generality, we assume 0 > U tor a |,
2, ..., M. We consider the natural extension of scheme
(6) taxes the form

Mg B mn 2 2
- n i n .
-‘-———"-k E- D‘ [IDJ" u*i{a*is) Ny (DJ") ]u (8)

In Eq. (8), ) represents a multi-index Ul' Jgs eeen
Ip)s Dg" is the second-order centered difference
operator with respect to jJ, and n‘u the corresponding
mesh size.

THEUREM: If scheme (8) is used to solve Eq. (7), the

scheme is stable if and only if a < 0 and

K < Mn/ =2 =
L b ° 5 .
\ﬁ: 4 (e b ;: % )
- n r h‘

The least restrictive stability constraint is

1
KL TR
a0

and is gbtained when a = -1/4 and 8 = 1/4.
The proof appears tn 1ts entirety in reference )
and 1S outlined below.

PRUUF : Far economy 1n writing, aefine
r, = k/hZ 4 sin? :lf fy = by /n)
7" g+ ng=4sin vigo. ‘/ﬂ‘ .

The amplification factor R can be determinead to be

m o
Rel -z: Byt ny [ivr (o * t8)ng).
Awl

The stability requires tnat {[kll < 1. After some
swmplification, the stability condition can be written as

m S PYAL Z
X < G('\l. 'lz' vesy 'b) = 2a z Fl ’-'l[u (a i,’-i)
1s] s .
m
. (‘V_; Eny (o of - )%
b=

Let p « (nl, fos seey '\ll) and gefine

Deip; 0gvng <4 gal, 2, .counmf,

{p;pgﬂamtf‘«.‘ioﬁ .‘,r.‘?}.cnd
®) -y
\D;Ocﬂamﬁ F,n,)l; F‘nif.

Clearly, D a Dy U Dp.
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we consiger twu Cases: # > 1/4 and 8 < 1/4.

CASE 1t 8 > l/4.
lg: In by, -
2
‘afl Ginys nos veey my) @ - cI{B[. . (p})zlg 5}
(10)
lb: in 02,
"
M Gng nge eung) @ @in (-z./ Z; Fs S(w'))
2 t= (i
where
- 2
S(-) - - 2!/ {.2'2 {(z F‘) 1/2 - .'] }-
F )

andv'-supu.n-(z F‘nf) .
02 -

From Eqs. {1V} and (11), 1t can be verified that for s >
1/4, the stability condition 1s

1.2 m m
k< atn (- ./{a[.z TR ]2 f}s -2l z‘r -
1= i-

(12)
CASE 11:

S ———

8 < 1/4.

Clearly Uy s empty and 0 = 02. It is seen that

m
2 Min <—2¢/ b -ﬂ/{ [02 * {8 ‘%)2] f‘>
g h~ (13)

Tne genera) stability condition is therefore (12).
Clearly, we uwst nave o < U. TO choos¢ a and 8 such
that tne stability condition 1s tne least restrictive,
we Must take s = }1/4 50 that

[

1 2a
k< minf- 2"5 - sm‘ .
8o [ A 2 F
i ! 1l

To waximize the right-hand side above, we take g = -1/4,
wiich gives

k< "‘TLB'” » estaplishing the result.

25;“5

Alt_APPLICAT [UN

In the three-dimensional ocean, 4 class of sound
wave propayatliun proviens can bDe representeéd Dy 4
parapoiic equation of the dChrudinger type [Z). For
prescribed envirumental conattions, an application of a
three<dimensiunal proulem va sector can De shown as in
Figure | for 3ts sector regiun of progeyatiun, wnere
fosr <ty U s e s, and U<z g o ln,
actus} Simulation tne sector 15 Taken to oe -20° < @ ¢

Tuax

Figure 1:

Sector Region of Propagation

An exact solution u(r,e,z) has been obtainea (2]
and takes the form

i (10)
. ™ r
u(r,e,2) = sin(Q2) e™ e o .

which satisfies the three-dimensional parabolic equation
(3).

The computation speed among explicit finite sChemes
[1] and an implicit finite scheme (2] using
two-dimensional as well as three-dimensions! examples
has been examined by Chan et al. [5]. The same
three-dimensional problem with known exact solution was
used by Chan et al. (5] to examine, in particular, the
Cumputaelion speed Detween each explicit scheme, as
described in [1], against the implicit fintte difference
scheme, as descrioed in (2]. Their findings show a more
favorable compuation speed for the explicit scheme than
the implicit scheme. We sxtend their study to some
three-dimensional effects using the explicit scneme,
expressed by £q. (6).

In the application, the & is assignea to be #/100
and the modal index m is taken to be 3, The source is
placea at 5Um below the surface and propagates the sound
n a regular three-dimenstonal cyltndrical region. The
propayation is required to reach the maximum range at
55Um where we can see three-dimensional effects. wWe
limit the propagation to & sector of 40° (1.e., from
-20° to *20°) and centered at the origin (0,0,0). For
sumplicity, the three-dimensional sound speed c{r,e,z)
1S taken as a constant 4and the medium ts assumed
homogeneous. Initial boundary values are generated from
the exact solution.

Since our numerical results produce field intensity
ynformation at all receiver deptns, we can output
contour plots for each angle e. Figure 2 presents a
contour plot of energy flow at o = Q°,
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Figure 2: Contour plot of Field intensity

The plot was produced by the existing three-dimensional
Crank-Nicolson scheme 1n conjunction with a Yale sparse
tecnnique. The accuracy of the results have been
discussed in {2]. The same calculation was performed by
the explicit scheme (Eq. (B)) usinyg the same range step
size (U.00Lin} as used by tne Crank-Nicolson scneme. The
explicit scheme solution preduced results very close to
Crank -Nicolson's, thus, genersted the same plot curves
as described 1n Figure 2. However, the advantage of the
explicit scheme 1 the CPU time required for the
complete camputation, which 1S approximately 3.5 times
faster than the Crank-Nicolosun scheme for achieving the
same accuracy.

CONCLUSION

We nave 1ntroduced an explicit finite difference
scheme tu solve the Schrudinger equation. This schewme
was Jdevelopeo to pe conditiunally stable. Numerical
results gemonstrated 1ts accuracy and agreement not only
with the Crank-Nicolsun schewe bput also with the known
exact solution. It 15 expected that if this scheme is
mplemented 'n 4 vectorized computer, 1ts storage,
implementation, and coumputation time advantayes would
becume evident. wWe showed only une of the explicit
sChenes we nave developed, we believe other exaplicit
sChemes we have introduced [4) may nave equal advantages
Over WMplICit schewes.
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