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* a1etiuse of excessive computation time. solving the Ur- lu.,IWArvluiiic equation in Iiiqner dimnrsions by means ofr _

implicit jinite difference schemes seems to be
* ililraticai evenl it the schemle is unconditionally
* iraole. To econc~iiizL- te cmjfputdt~un tie andi cciwuter Fur a more general expression. we can include the low

storage, a stable explicit fiiiit: difference schieme is order terms to give
* intruuuceu for the iolu!LiOn Of the parabolic equation of

trie-ziiruldinger type. Tnis explicit scheme lnvols five m
spatial points and i ; Conditionally stable by u 1 (l u +a ~c (2)
ifitrUIUCIiiy 41n dmiitiUiidl di!Sipative tei Ther 9. ziz 1 * "Ui cl
-.0111plete theflry with respect to the sta~bility is
proved. Ail 4ijiilcatiun to a tnree-aimensional ocean
4La~SCC ;iojpayjtioi oroblem is included to demonstrate As an application, a one-way ocean acoustic souno
It, Validity. ~-propagation in three dimensions is represented by

iiTNULuOCT IO u , k~kn (r,ez,1-i)u

2
,Ai/ oniysiCxi joroolimi result an tne real 3'u 7*i ~

awp J~ic~tioi ut parabUliIL eqluotiuii5. A faila 0 Iz 2k cr 30'
* r'jreeimtatvle parauliIC U~Uatoi is the neat equation
* .,an r#-,a4 C~rTfIici~Iit. m. ruiiner of appli ca-t ioils (other where ko is a reference wavenunoer and n(r.*.z) is tne

E.1,11. Ittat CuI.UUCtiunj iri~e Ini the area of qijantuii thiree-Uimensional index of retraction. mnicn is defined
.1-111iCS, ,platw~ prij,.i.L OPtiCS, seisinuluyy. ocean as a ratio of a reference sound speed to a

dLULICS. '-CL. -i 1jaso result in a fuin of parabolic three-dimensional sound speed. Eq. (3) is in
eqwituati vital ....ileA cuetticientts. A rtaniliar three-djimensional cylindrical coordinates (23.
rerestitative P.,rauulic '-iudti~in Wit" Complexa
L.oeyrit.ient5 is tie cniruinrm4er equationi. Fur A solution exists [31 for Eq. (3) that uses an
uilC.j55iuii, the Cimeor/ of .1 hew Stuible expliCit finite unconditonally staole implicit finite airttrence Scheme.
oitrrerince icricimev is lei) a!; 1 P1141 application are wnich discretizes Eq. (3) by inedins of central tinite
~nu.en to oeam .itn tile cnir.diny~er equation or differences for both z and * derivatives. Then tne

* . I.ltal;ell' luii III te rurii Cranit-Micolson scheme is applied to forlnu~ate a large
,mstein of spared matrix. Tills system was solved by a
Yale University [3] preconditioning sparse technique.

_________________________________________ fe~iults, proauceu by the Crank4licolson scniemie (21) are
*T,I rm!,,"iarCn a' j.~I, ,,,.jwurteu Uy irfice Ur 11141ad reasinably accurate. However, due totie stew-oy-steo

*ie,.crcii .t* jut i,w.s4--.41d4, ,iuuijb4-d2-#.-oflj4.
j i l uiiu a .r w d e r 

-Ta- 
i e m u p ii~ i t i e e r h-

* uruect aA~low



*iteration to solve the system. excessive cmputer time n+1 oun in
was required. This motivdted us to develop 4 more i b[ [on u h2 (iB.h)' u
economical. stable explicit finite differeice scheme. k b1 (Ii u[

* In the Sections to follow. tne main discussion is on the
*. introduction of a conditionally stabl.e explicit finite
*_ difference thnoroughly examining its consistency, In Eq. (8), j represents a multi-inex (J' J2 .

stability, and convergence. A theorem to describe the Dn  is the second-order centered difference
stability of this new scheme is developed and proved. Jm) ' ,

- Following the theoretical section, we use a operator with respect to j, and njis the Corresponding
. three-dimensional acoustic wave equation arising from mesh size.

the application of underwater wave propagations as a
test case to examine the validity of the theory. We
examine the accuracy and speed of the theory by
comparing it with the solution produced by the THEUiEM: If scheme (8) Is used to solve Eq. (7). the
Cra*-Aticolson scheme. As a physical illustration of scheme is stable if and only if a < Oand
the three-dimensional problem, a plot is Included to
describe intensity effects of the three-dimensional
ocean wave propagation. min 2-a

A STABLE EXPLICIT SCHEMiE FOR HIGH DIMENSIONS tiZ ))

Chan. Shen. and Lee (4] discussed the solution to a The least restrictive stability constraint is
model Schrbdinger equation. i.e..

ur .i u (4) k

by the finite difference scheme

un+ u n n n and is obtained when a , -1/4 and a - 1/4.

h 'The proof appears in Its entirety in reference 1and is outlined below.

which iS UNSTAMLE where X . ar, h - &Z.
PROUF: For economy in writing. define

As a consequence, a number of stable explicit 2 2 7
schemes were introduced [4] to solve the parabolic r, -kIh , ii - 4 sin , *b1 /h1 "
equation of the ScnrbOinger type. In this paper, a
scheme is selected for application and replaces scheme
(5) by introducing a dissipative term. which is added to The amplification factor R can be determineo to be
scheme (5) to give

m

11+1 n n n n R 1

The stability requires that 14 ! . After sae
J+? - n -uj 4un . un2  simplification, the stability condition Can be written as'. * I~l k. .U -L -(

(6) x < G(h . .  i ) .2. 2 F! J, "

where a and o are aetermined to be a - -1/4, a - 1/4 for L :1

least resitrictive stability Condition. As a
generalization of tne scheme (b) to the Scnrodinger + p ( 2 2
equatius of nigh oruer (1). consider the
multi-dimensional Schrrodinger equation

m Let P - (ni, n2 .... and define
ur * S i bjU2Z2

-. ere t e b' are asbumed to n ve the same siyn. U 1p; P c 0 a F4 an

litnout loss of generality. we assune 0 > U tor . 1,
2, .... m. we consider the natural extension of scheme
(61 taxes the form 0 2  p; c D and F, , I; Fr .

Clearly, 0 - DI U 02.

*..



we Consioer twu cases: a > 114 and a < 114.

CANE 1: a 114. mot 9

1,; In Ul,
"" nf Gtn. , "' rim. ) " 1 [' (a-Z 21

U~ IT

a DEPTH o

(10 z) [.
"b: In 02,

mt G Fn,2' 1 m (zi~, __________

where 
7.e X

S(w) - - 2 / zw2  112 . 2. Figure 1: Sector Region of Propagation
An exact solution u(r,*,z) has been obtained [2]

and takes the f orm

m 2)112 m
2

And w sup w.. 2 I Tk -r (10)
D2 , 2) u(r.eaz) - sin(O z) elme 0

From Eqs. (lUl and (11). it can be verified that for a which satisfies the three-dimensional parabolic equation
114, the Stability condition Is (3).

The computation speed among explicit finite schemes
m m (1) and an implicit finite scheme [2) using

f~r * 12 ~ F1  . two-dimensional as well as three-dimensional examiplesk m - -mnF - 2l j has been examined by Chan at al. [5]. The same
three-dimensional problem with known exact solution was
used uy Chan et &1. [5] to examine. in particular, the

(12) Cuoutation speed between each explicit sCheilie, as
CASi II: a < 1J4. described in [1), against the implicit finite difference

scheme, as described in (2]. Their fidings snow a more
Clearly Ul is empty and 0 - 02. It is seen that favorable compuation speed for the explicit scheme tnan

the implicit scheme. We uxtend their study to some
/ m 12 three-dimensional effects using the explicit scheme,

6 min (2.1 F . expressed by Eq. (6).

In the application, the Q is assigned to be w110O
and the modal index i Is taken to De 3. The source is

The genera) stability cudition is therefore (12). placed at 54* below the surface and propagates the Sound
Clearly. we must nave a < u. To choose a ano I Such in a regular three-dimensional cylindrical region. The
that the stility condition 1- the least restrictive, propagation is required to reach the maximum range at
we must taxe a - 14 so that 5btm where we can see three-di ensional effects. we

limit the propagation to a sector of 40' (i.e., from
12 -2U" to +20*) and centered at the origin (0,U,0). Fork< min - m - 'a-- simpliclty, the three-dimensional sound speed c(r~e,z)fie F' F is taken as a constant and the medium is assumed

1 -1 ) homogeneous. Initial boundary values are generated from

the exact solution.

TO 'ilaximize the right-hana sloe above, we take a * -1/4, Since our numerical results produce field intensity
which gives intormation at all receiver depths, we can output

contour plots for each angle e. Figure 2 presents a

k b etaDlishing the result, contour plot of energy flow at a 0'.

Ali APPLICATIUN

In tne tnree-dimensional ocean, a class of sound
wave propaydtiui pruuleins can be represented by a
paraoolic equatlu ui tile :chruainger type [,'J. For
prescribed enviruw iiital cunditlllls an application of a
tiree-dimenslundl problem in sector can be shown as in
Figure I for its sector regiun of progdaytlun. where

*ro r < r1,,, Ui a < t , dnd U z - IUm~i. In
actual s mimulain the $entur ISis taen to Oe -ZU' 0Yd.
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CONICLUS ION

we nave introduced an explicit finite difference
sciieme to solve Eile Schrodminger equation. This scheme
was developed to be conditiunally stable. Numerical

* results uemonstrated its accuracy and agreemenE not only
with the Crant-,Nicolsun schem ot also with the known

*exact solution. It is expected that If this scheme is
implemented in a vectorized computer, its storage.

* implementation, and cjnputation time advantages would
Dectine evident. We snowed only one of the explicit
scnemes we nave dleveloped, we believe other explicit
schemes we hacve introduced [4) may nave equal advantages
over implicit seneawes.
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