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1. INTROQOUCTION
Consider k p-variate normal populations with mean vectors (£q; 525,....2',;)

i=1 2. kand a coOmmon covariance matrix £ = || 9jj Il Now, let & = (Eq;. &2~ &pi) and

Ty Egpbpr 1 |
§= | Sz S228p2 !

b
i'-c, ke E2kEpie 1 ]

The geomaetrical meaning of the rank of £ is obvious if its rank is one, the k centroids gF
the k populations are coincident, if it is two, the centroids are collinear but not coincident

and so on. So. the rank of £ is important in certain problems of inference in the area o-\‘-

multivariste analysis.

*

Suppose there are k samples, with size my, My....My, respectively, drawn from the 'K

populations. Let

N= T m, ¢

it is not difficult to see that the rank of the matrix || 1’;, Il is one less than that of §.

On the other hand, the rank of || "ii [l is in turn equal to the number of positive roots of

oAl

the determinantal equation
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because the matnx || "ii Il is nonnegative definite and L = || i | is positive definite
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(2]

Thus, the problem to investigate the rank of £ turns out to be the probiem to invesﬁ'gato

the number of positive roots of (3). A review of the literature on testing for the ramk of

£~y is given in Krishnaiah (1982).

‘53
!
o Now, let us consider the samples drawn from the k multivariate normal populafons. |
, ) Let (x",...,xm) denote the mean vector of the t-th sample and (xl,...,xp) denote the mean
54
28 vector of the grand sample, siit‘(i. j =1, 2..p) the second moments about the means of 1
hal J
- the t-th sample. Write i
‘q."
b5 .k
o a1 Ml = x)0se = %)
20 » t=1 _
e - [ 4 .
. By = L mesje
o t=1
-:); * 1
K - i -
"f'Fj . L4 = min (p, k )
i 25 = max (p, k - 1).
<4
, 3:3 It is obvious that the matrix || i“ | is nonnegative definite and has rank £, and that
r:‘.‘:
the matrix || b; || is positive definite provided that N - k > p. Hence the determinantal
:' equation in ¢
N
8
K | ay - oy | =0 (4)
- has a root zero of multiplicity p ~ !., and £, positive roots.
=
S

a9
% The l, nonzero roots of (4) play an important role in discriminant analysiS. Their
' distribution depends solely upon the roots of (3), and their exact distribution is kKnewn in
£ * :
: the case that where all roots of (3) are zero (see Fisher (1939), Hsu (1939) and Roy
I’
.’:\ (1939)). In the general case, Hsu (1941) obtained the limiting distribution of these pesitive
Tk roots and it is given in the following theorem.
‘-’.' N
t Theorem (P. L. Hsu). Suppose the sample sizes satisfy the condition m; = mq.. t = | 2 .k
< |
1
[} i
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Let g = Z Gy and N = mq (note that the roots of (3) is independent of m in the present

) t=]
case). Suppose that (3) has positive roots Ay > Az >.>),, > 0 with muitiplicities

Bqo Ui, respectively. Write
=0 ap=ap g *iph=1 2.9 T =a,

Also write the positive roots of (4) as ¢ = 7 2’"2‘1. > 0. Define
’ 1

-1
g = /N@AE + 4Ap) 200 = A (i = 2oy * Vet N = 1, 2.V)

G = N¢;. (i=r+ .2y

Then the limiting distribution density (as m + =) of l:,.....c,_1 is

» (4 1»«-(.1)D(C.14-1.--.1:.2)»»0((.“_1’1»~C.v)01(("1m(9,‘) (5)

where .

1 s u -lc W u u
1\>U p 1 2

D )--Z(H ) {H n (x -x)}uw{-— !} (6)
(xy «ee %) =(3) 1_1('2) L P T 2 121 1

(a)xl

7(p-r)(n -r) 2('- -oft '

232 e 2> =)

L, 2 2 1(2,2,-

1 1 b
x§ noon (g - j)n m g ‘2 exp -{-15 ) ‘1} ep
fartl jei+l ter+l 4 ter+]

(» > ;rﬂ:...zcllz o, n = k-1).

\ Unfortunately, Lemma 1 in the paper of Hsu (1941) is not correct. The

] main result of Hsu is based upon the above lemma. Recently, Prof. W. Q. Lign
found this mistake and gave a counterexsmple. The purpose of this note is,
according to the mgiauon of Professor K. L. Chung, to give a new proof

of Lemma 3 1in Hsu's paper; this lesma plays a key role in the proof of the

main theorem of the result of Hsu.
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2. A COUNTEREXAMPLE
To clearly understand the counterexample, we have to restate here the
Lemma 1 in Hsu (1941).
Let Qn(n =1, 2,...) be a random point with a finite number, independ‘ut

of n, of coordinates, and let its domain of existence be the Borel set En.

Let
Enc En-l-l(n =1, 2,...)
and put
lim E_ = E,
e n

Let the probability of Qn approach a limiting probability function, which
is continuous, as n -+ <,

Let fn(P) (n=1, 2,...) be a real point function defined and Borel
measurable in E;. Let

1im £ (P) = 0 throughout E
n-nnn

then the random variable fn(Qn) + 0 1in pr. as n + =,

Example 1. Let P, denote the nth prime number, and let Fn = {pl, pi,. .
n n

1 ifpe l-‘n
£.(P) =

0 otherwise.

Define

Evidently, we have
fn(P) + 0, ¥p e (0,1).

Define random variable Qﬂ with its distribution function

F (x) = P(Q, <x) = kg::) + p;p: : I:. Io,1)Wdu

where kn(x) is the number of elements of F» which are less than x, and I A
denotes the indicator function of the set A. It is obvious that Fn tends to
R(0,1), the uniform distribution over the interval (0,1), as n + =, Also, Ve

know that E = !n = (0,1),n=1, 2,... . But we evidently have
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) P(f(Q)-l)-P(QeF)-pn-l—>l
n n n n an 2°
In fact, we can construct an example in which all the fn(P)' n=1,2....,

are continuous and all the distributions of Qn n=1, 2,..., are absolutel)/

continuous, but the conclusion of this Lemms is not true. On the other hQnJ,

we can show that if each Qn has a probability demsity a9, and q, tends to &

limit density q, then the conclusiom of this lemma will be true.

But, we omit the details since the main purpose of our paper is to ’iv&
a correct proof of Hsu's theorem and not to give details of counterexamplesS
of his lemma.
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3. PROOF OF HSU'S THEOREM

Write 1
n; =k-1,n=N-%k, v=N 2
n
1 . n
1
a - VoY u "—(»22 -N)
T e T o (e
1 ¢ j
- — 14$34,1<14,3 <
Y13 W vzlzivzjv ] =i, jzp

In {2]; it is correctly proved that the distribution of the positive

roots of (4) is the same as that of the following determinantal equation

|v?A + vC = vou +D| = 0 ()
where 7
2‘.‘11'...’?1p
”aij" L4 U= . .
[ 3 u ,...,J—z-u
pl PP
G, - $)1 0 \
1
v _ oI
0 P-r
8 1]
Cll LN ] cl E -1
C= . .
C' L ] c E'
lv WV
El e 0 EV 0 _

Chh .fih" Yij + yji" ? 1’ j = %_1 + 1....,&h. h - 1, 2,..-.\).

”r yji"‘ﬁ Yij"’hﬁsli.ah-l*‘ll"'lah’

j bl 38-1 + l,ooo.ﬂg,

Eh -ﬁh" Y1j” ? i =T + 1.""p' j - ah_l + l,...,%.

] \l n‘ ‘-'.' - . - o
£l Wt ) ' """ N-.: S.{i’i"‘ '-\}'- ."} f““'{h\“\‘)}}h x\' "-..'.. \}_}}3‘\_’\\‘
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and {yij, zjv} has joint probability density

1 n
(21)-'—P(ﬂ1+n) exp {- %( E Zlyij + § E ziv)} 10)
i=] j=l i=] v=1
In Leu;ma 2 of [2], it is shown that all the uij's tend to i.i.d. N(D 1)'s.
Though Lemma 1, which is not truse, was used in the proof of Lemma 2, the
correctness of Lemma 2 is easily seen. Its proof can be easiiy modified
and is omitted. The reader can refer to Lemmas 9 and 10 in X. R. Chen (|98f).
According to this lemma, the uij's in (9) was replaced by a set of @,3,d.
N(0,1) variables {wij} (though this was not obviously stated). But the cofrect-

ness of this approach would not be easily seen. For this, we need the fo}lowing

lemma.

Lemma 1. Let d be a positive integer and Qn’ Q be probability measures
defined on ad,‘B(Rd)) such that Qn' ~. Q. Then there is a probability space

(Q, F, P) on which we can define a sequence of random vectors {Xn} and X Such

that Xn(m) + X(w), ywe @, and that l(n and X have distributions Fn and F,
respectively,

In fact, this lemma can be extended to the weakly imnveréent sequence of
probability measures defined on a complete and separable metric space.
Because the proof is rather long and there are some interesting applications

of this lemma, we will discuss it in detail in a separate paper (See Bsi gpd

B Liang (1984) [4]).

i Applying this lemma, we can define {Eig), wigpls 3= 1, 2,000,

L N=1, 2,...} on some probability space such that [ug)} pointwise, {wir; as
?-:; N+ o=, {ug)} andl{ﬁﬁ)} are identically distributed and that {viij} is a set
E«."‘ of 1.4.4. N(0,1) random variables. Since {yﬁ} is independent of {ug)}, we
?:2 can also assume {yi j} is independent of {Gg)}. For the sake of simplidty
o0 of relation, we still use {u ,} instead of {G'(N)}. This is to say, we agSume
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(Note that, for different n, all the U's do not still have the relations

determined by (8) and (10).)
Lemma 2. Let K > k be two positive integers. Suppose that

fn(z) = aén)zK +---+aén) > f(z) = akzk +---+ao, where aén)i 0, a $0, 0=}, 2,000 &

Let ZiseeesZy denote the roots of £f. Then we can suitably arrange the K réocs

(n) (n) _(n) (n)
of fn as z,; seeesZy s MR T TR such that
zin) +z, for 1 < k
Izin)l + @, for i > k

as n > o,
T

(n)

(), 0 and a, '’ +a ¥ 0, hence |al(‘n)/af(n)| + «. By

Proof, If K > k, then a,

Weida Theorem there must be a seduence of roots, say zén) which tends to

infinity. Thus, there must be a K ~ 1 degree polynomial Péﬁi(z), for each p,
- z (n) (n)
such that fn(z) (1 - z(n))PK-l(z)' Noting fn + f, we get PK—I(Z) + £(z)

(n)

as n + », By induction,xwe can find that there are K - k roots z.1 .
j=k+1,...,K, such that |z§“)| + =, also there is a k-degree polynomial

P(n)(z) + f(z), and all the k roots of Pén)(z) are the remaining roots of ¥n.

k
(n) (n)
1

We claim that there must be a root of Pk (z), say z , such that

zfn) + 2z, as n + », Otherwise, there must be a positive number €0 such thaet

1

(n)

min ;2 -2

1<i<k| i 1 > €y > 0

(n) m & (n)

holds for infinitely many n. Let P, “(2) = b T(z-2,"’), vhere b
¥ k k )

L=l
the coefficient of first term of fér)(z). On one hand, P{n)(zl) + 0 as n » w,

o) s

since Pin)(zl) -+ f(zl) = 0, as n + », On the other hand,
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() (), X (n) (), k
lpk (Z)' - Ibk l 231121 - zi ll lbk l eo
for infinitely many n.
Note [bén)l + |a,| > 0 and we get a contradiction. Thus our assertion is
proved. By'decamposition theorem of polynomial there is a k - 1 degree
polynomial Péfi(z) such that
(n) - _ (@, (n)
P (@) = (z - z,7)P [ (2)
and
Péfi(z) - Pk—l(z) as n + ®
where Pk—l(z) is a k - 1 degree polynomial such that
£(z) = (z - zl)Pk-l(z)'
By induction, we prove the Lemma.
Split W into blocks according to the fashion of split of C. Write +he
blocks of W as whg' Since U+ W, ¥ we 2, by lemma 2 we know that the 21 ;
4
positive roots ¢, (excluding the p - %, multiplicity of root zero) satis{y |
¢i'>‘h+0(l),1-a.h-1+1.-...ah,h'1, 2,0005v + 1 12) I
{
!
‘ !
vhere Av+l =0, a " 11. Set A = l:t:v(kh - xh+1) > 0. In what follows, i
we fix w e Q. Substituting ¢ = Al + vn into the lefthand side of (9), f
! 1/2 l

dividing by v

P
'
CRESE IR

the first u, rows and the first Hy columns of the determin-~

n" oS

T

antal equation in (9), and letting N + =, we find the lefthand side of (1)

W

tends to

)

o

D
'l‘ L}

Cip = MV “Iul

ety a-
D

.

det

2t "

4
4
. i
l

Oy = AT

r-" :

B Xle-c‘? ‘l

which 1is a ul-degree polynomial in n and whose roots are the same as that

ey
a5 »

&

A

L "
:"

of the following equation.
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Cp
fW:.‘r_ﬁrf-: ‘

11

-AW =-n1tl = 0 Q3
det || C11 Al 11 n u I : )

By (12) we know when N large emough
l¢i- khl <%A: i"h_l"’lfoo-aah'h. 1, 2.---;\""1-
Write ;1 = (¢, = 1))/ and denote by n; > n,>...> n, > 0 the roots of (13).
1 X
Then we have

|31| < Al 1=1, 2,000 = a

Inil <-28/3v 1i=a; 41,0

By Lemma 2 we know that

31 +ng, 11, 2,000 =a

n, + =, 1.8 +1,ooo’£

1 1°

Consider the My X u, matrix Cu = A\\¥,,- The diagonal elements of ¢his

matrix are

mlyu

- f’&luu - /zJ\i + 4r; N(O,1),

1

and the off-diagonal elements are

, 2

Hence, the distribution of roots of (13) is the same as that of

l/af 0, ¥, - nrl = 0. ()

Set ¢, = E/sz!w.x —en, /V + 462,11, 2,...,u,, a8 N > =,

i i 1 1 i 1 1 1
Following the same lines as the proof in (2], the discribution of Gy» 1=1,2
tends to that as stated in Hsu's Theorea.

Similarly, we can prove that if we write

:‘1 - (’1 - x<h)/"p iw .h-]. + 100--.‘1,‘: h=1l, 2......\).
then

ngeng asN-e

vhere nys i = &1 + 1.....ah. are the roots of the determinantal equation

*'-J!'»_}'\\.\- IR \h)- 3' 7':"'-.’ ;

Akl 7"":‘11

.o--ul
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12

C, - AW, -nI | =0
1% = *n¥hn b

g -ﬁi/lthz PO, L= L

Their joint distribution tends to that as stated in Hsu's Theorem.

Set

Finally, letting ¢ = v>{ and substituting it into (9), dividing the
last p - r rows and the last p = r columns of the determinantal on the

lefthand side of (9), then letting N + =, we obtain
- -

1
AlIul o 9 L ] L] 0 El -
0 AI...O el .
det ) 2, " 7 K (15)
L ] .'
0 0.. .AvIuv E!
| B B .. E, Reo

where A is ths lower-right (p - r) x (p - r) submatrix of A. (15) is equi-

valent to
A 1 L. - 1 ' . - (
det(A - T;EIEI cos T\-:E\)EV tl) 0. {16)

On recalling the elements of A and Eh’ (16) is in fact the following equétjon

det neij - e8y,ll=0 (17)

vhere 6., =1, 6, = 0 (for 1 ¥ J) and

1]

by |

2

Wiy

yo

335

L

_‘:_‘: e .= z Yia¥ip°

i}‘ 1] gars) 18718

5& Write the roots of (17) a8 §_ ,se.055y » 05...0. (Note the rank of Il e&i“
- 1 -

g& is g, -1, hence (17) has p - L, multiplicity of root zero.) Set

5? Ei - 0ilvz. {er+ 1’.'_’21, By Lemma 2 we know

I‘.‘

4

Ei nd Cio 1 L 5 + 1.‘-0’21.

§

According to the proof of Hsu, we know the distribution of Ei' 1= 41,008

L 4
vt

tends to that as stated in Hsu's Theorem.

v,

The independence among each group of limits of the corresponding groups

5 15

38 {Ju:l;i:-:I,t;%}:-rlf{fz«:\-zic‘.tmr.:ﬁud




of roots is obvious.

The proof of Hsu's Theorem is thus completed.
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