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ABSTRACT

Title of Thesis: Electronic Feedback Control of
Mass~-Spring Systems
Qin Kong, Master of Science, 1984
Thesis directed by: Robert W. Newcomb, Professor,
Department of Electrical Engineering
Ho Jung Paik,Associate Professor

Department of Physics and Astronomy

This thesis develops an electronic system for the
control of motion of different types of active springs thus
improving the performance of mass-spring systems. A
mathematical analysis is carried out for various types of
active springs. While keeping the mechanical springs and
masses fixed, the stiffness and Q of the system are
controlled electronically and made to depend on the gain of
the electronic circuit.

A mass~-spring system is8 a conventional mechanical
structure which is used for many different purposes. It has
been widely used 1in vibration isolation systems and sub-
Hertz detectors. However, the conventional performance 1is
limited by the size, the stiffness and Q of the spring.

In order to measure the system ground motion (noise)
from 0-25 Hz, this thesis studies how to reduce 1 noise and

f
white noise of a preamplifier, how to pick a weak signal

(ground motion) which 1s about 10‘93Hz'1/2. and how to make
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sensitivity higher by impedence matching Also it studies a
special filter which uses frequency compensation to reduce
noise.

The mechanical design 1is discussed as well. The
results, which are valid for one dimensional motion only,
include how to reduce the different modes of a spring.

The sensitivity of the electronic circuit is limited by
the thermal noise. Consequently, this thesis introduces a
new low temperature device, the SQUID amplifier
(Superconductiog QUantum Interference Device). The SQUID
amplifier works at temperatures under 4°K to reduce 1its
thermal noise to zero. So a superconducting wmass-spring
sensor with a SQUID amplifier can measure 10'13gHz'1/2 of
the ground motion. The new sensor has very high
sensitivity. Therefore, a special cold damping circuit
which lowers the amplitude of the resonance peak of the
mass-spring system is necessary.

This thesis analyses and demonstrates two different
ways to reduce the Q of the mass-spring system; these are
the electromechanical and the electrical damping methods,
The advantages and disadvantages of these damping methods
are pointed out.

Also, this thesis discusses future design for improving

the performance of these electronic circuits to achieve even

better performance of mass-spring systems.
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INTRODUCTION

Mass-spring systems are widely used in Sub-Hert:
frequency detectors and ground vibration isolations
[Weinstoch,1968]. They are not only wused in room
temperature systems but also in low temperature systems.

In the ground vibration 1isolation system, air tables
which are supported by an air bellows are commercially
available.They can isolate the vibration when the frequency
is greater then 4 Hz. The air table can satisfy most system
needs to sowe degree, especially for a very large mass.
However, it cannot isolate a frequency of the ground
vibration which is higher than 4 Hz, because the rubber
barry 1is not elastic enough. If we use a metal or rubber
band spring 1instead of the air bellow, the resonant
frequency can be very low. In other words the cut off
frequency can be very much lowered over that obtainable with
air tables. However, it 1s 1limited by the size of the
spring. For instance, if the resonant frequency 1is at 2 Hz,
the spring will be stretched about 6 cm, 1f the resonant
frequency is at 0.2 Hz, the spring will be stretched about 6
m; this means it is not practical to make this latter kind
of system.

The development of an active spring, the so-called
super-spring, 1is one of the subjects of this thesis. It is
8 new mass-spring system in which the spring 1is short, but

the spring has a very 1low resonant frequency which 1is

controlled by an electronic circuit. Therefore the active
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mass-spring system can isolate most vibrations from ground
to platform (mass). In order to isolate the ground noise by
an active mass—-spring system, we have to measure the ground
noise first. Control of white noise, % noise, and
sensitivity are difficult problems for electronic circuit
design; these subjects will be discussed in Chapter 2 1in
detail.

Another subject of this thesils 1s to improve the
performance of a superconducting sub-Hertz detector or
accelerometer. A schematic illustration of a
superconducting accelerometer is presented in Fig.l. Coils
L; and L, form a superconducting loop which contains a
persistant current I,. LZ is located very close to the
superconducting proof mass. The proof mass will respond to
an externally applied force with a displacement between the
proof mass and L;. Due to the Meissner effect [Paik,1974]),
this motion will modulate the inductance of L;.
Consequently, since the flux & in the superconducting loop
is quantized, the flux change 1in L, must be compensated for
by an equivalent flux change in L. Then by coupling L, to
the 1input of a SQUID, very small accelerations can be
detected [Moody,1983]. In order to reduce the noise of the
accelerometer and keep 1t superconducting, the accelerometer
best works in a vacuum at a low tempreture (4°K).
Therefore, the system has very high Q (50x103). The peak of
its resonance will be very large to the point where 1t will

saturate the SQUID amplifier which has very high

-
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4
sensitivity. This shows that reduction of Q is necessary in
a superconducting accelerometer. Two different ways to
reduce Q of an accelerometer are presented in this thesis.
One way 1is called electromechancial cold damping; it feeds
back an additional force to the accelerometer to cancel the
resonance peak. The other way 1s called electrical cold
damping for which feed back 18 achfeved via an electrical
resistor from the accelerometer; this reduces the Q of the
accelerometer because an accelerometer can be equivalent to
an LRC circuit and the Q of the circuit is dependent on the
total resistence in the circuit (which is R+R, where R, 1s
introduced by a control circuit).

In Chapter 1 of this thesis, a theory of a wideband
supersprings is developed.

In Chapter 2, an electrical control circuit is designed
to make a wideband superspring. The new circuit includes a
displacement sensor made of four variable capacitors, a
matching transformer, an analog switch demodulator, a power
voitage-current converter and a compensation network.

In Chapter 3, the mechanical part of the superspring is
designed. Some new ways to control modes of the spring are
developed.

In Chapter 4, the test results of the superspring are
discussed and agree with the theoretical value from the
Chapter 1.

In Chapter 5, the different way to reduce the Q@ of a

superconducting accelerometer is discussed. An
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electromechanical cold damping method 1is developed. The
test results are studied.
Chapter 6 discusses the future design and the appendix

gives some background analysis and introduces a SQUID

amplifier.
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CHAPTER 1
THE WIDE BAND SUPERSPRING---AN ACTIVE SINGLE
MASS~SPRING LOW-PASS FILTER FOR GROUND MOTION ISOLATION
A wideband active mass-spring low pass filter, the so-
called wideband super-spring, for ground motion {solation
has been developed; the characteristic and realization of
the superspring will be studied in detail in this chapter.
Several people have studied the mass—-spring noise
isolation system [Linsay,1982] ([Rinker III,1983]. The
method that they used 18 represented in appendices A and
B. The equations (B.7), (B.8) and (B.9) give the isolation
characteristics of their systen. The major disadventage is
that these systems only have very good isolation in a small
frequency range. In order to improve these active spring-
mass noise 1solation systems, a new wide band active mass-
spring noise 1isolation system, which can isolate all the
noise frequency which 1is higher than the resonance of this
system, will be analysed in the next sections.
1.1 Motion of a Single Mass-Spring System
The structure of a single mass~-spring system is shown
in Fig.l.1 where k; 1is the spring constant; b; 1s the
damping factor of the gpring; x; and x, are the absolute
displacement and f, is an additional driving force coming
from a control system. The following equations describe the

motion of this system. By Newton's law, we get, on omitting

the driving force fy, for the time being,
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Fig.l.1l. A Schematic of a Single Mass-Spring System.




i A0R AP R I R A r AP i ke * e gdpt 26, - o Aot Ap A N £ At AT A£G 0 AL S RAE S0 AR i e/l A A N - e 7 A A C et R e

P
P

e

9
.'" " . .
.2 Xlnl + (X1 - Xz)B1 + Kl(l{1 - Xz) = 0 (1.1)
> or in the Laplace transform S domain,
2
- X,82 + B, (X, - X.)S + K (X, - X,) = 0 (1.2)
s 1'% 2 1'% 2 :
o,
w
and
N
"
o B K
- (-Ls + 1)
™ ™
‘ X, = —, R X, . (1.3)
§° + —s + —
1 ™
l'.'.' The equation (1.3) gives a low-pass filter characteristic

from motion of m, to motion of w, . The acceleration of my
and m, in terms of (xz - xl) are given by equation (A.6) and

- (A.11). Let us rewrite the equation (A.ll) here

> Sle
- - + —
™ o}

This equation shows that the relative displacement (X2 - Xl)

) gives us an acceleration of m; at all frequencies. The
o condition 1is that the = *i;l has to be high to make the
:T S term small. In the general case, Q of the mechanical

spring is very high, in other words B; ~ 0. Since we have a
E‘ wide band accelerometer, we can wuse this wide band

acceleration signal as the fp, to cancel the acceleration
from m,. This 1is just 1like the method used in appendix B.
Therefore it is possible to make a wideband active mass-

spring system.
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N ;1 1.2 Motion of an Active Single Mass-Spring System
! From Fig.l.1l let us apply feedback by using
' g fy = GH(S)(XI - Xz). The motion equation of the new sytem
— is
;o
= 2

m X, 8% + B, (X, - X,)8 + K (X, X,)

+ GH(S)(X; - X,) =0 (1.5)
where G 1is the control gain and H(S) 1is the frequency
compensation function. After solving equation (l1.5), we

- find that
r
. B1 Kl
N —S + —(1 - GH(S))
- e m m
RN X = S SO Y i e e X
Lo 1 ’ B, K, 2 . (1.6)
- S™ + —8 + —(1 - GH(S))
i ml ml

. In part 1 I will use H(S) = 1, in which case

—S + ~l(1 - G)
: X, = oL X (1.7)
1 2 B1 Kl 2 ' '

l S" + ==8 + —(1 - G)

. m m
X . 1 1 K

1

Y e The new resonant frequency 1is ui = E—(l - G) where G,
L 1

g which 1is the over-all gain from sensor to force which 1{s

S generated by fy, is close to 1. If 1 - G tends toward zero
; | then wp tends toward zero too, good noise isolation can be
‘; achieved.

- Now let us check the stability of the above system by
., the root-locus method. From appendix C, we know that to
‘E f; make an active double mass-spring system stable 1is not

easy. However, in our new system, the situation looks wmuch




L}
e
. #

better. The root-locus diagram of equation (1.7) is given
by Fig.l.2. It is very clear that this system 1is always
stable. Also, 1t does not require any special frequency
compensation network and the adjustment will be very easy.
When the gain of the control system is increased, the Q of
this system will be increased because in Fig.l.2, the real
part of the pole P 1is fixed and the imaginary part is
reduced from the original. That is why the original Q has
to be high, otherwise additional noise will add into this
systenm.

1.3 The Realization of a Prototype Wide Band Superspring

System for Ground Motion Isolation

Let us investigate equation (l1.7) which is the transfer

function of the system 1in Fig.l.1l. The Bode plot of
K
2 1
equation (1.7) 1s shown in Fig.l.3, where « = ——(1 - G).
1
When 1 - G and wy tend to zero good noise isolation can be

achieved in all frequencies which are higher than resonance

Wy - Figure 1.4 shows the relation between the loop gain G
and the resonant frequency fz which 1s proportional to the
spring constant K.

Now let me explain how the active single mass-spring
filter works. From Fig.l.l the motion of my can go through
spring kj and B, to make m, move For example, when m,
pushes the spring down, then the spring pushes my and LY
follows m, when the frequency of the motion is lower than

the resonant frequency. fy,» which is a force generator and

controlled by an amplifier which amplifies the signal from
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Figure 2.10 gives typical data of an FET's noise

‘ performance. We can see clearly that the voltage and

current noise are functions of frequency as well as
j- impedance of the capacitor bridge. When the reference
frequency increases, the decrease 1in the impedance of the
* capacitor is faster than the 1increase of the current
noise. And the voltage noise is decreasing too. After
. 1--2 MHz, the voltage noise will increase again
[Linsay,1982]. Therefore, the signal to noise ratio 1is
better in the high frequency range. However, the gain of
[% the FET will be reduced at high frequencies. This gives,
therefore, a kind of trade off between the gain and signal
to noise ratio.
. The whole circuit of the preamplifier stages is
described in Fig.2.11. The operating point of the first
o differential FET amplifier 1is chosen at 10mA in order to
reduce the voltage noise. The tank circuit works at 200KHz
in order to reduce the second harmonic distortion. By using
a transformer, the D.C. component in the capacitor bridge

can be balanced by adjusting a potentiometer which |is

~ connected on the primary coil. The other advantage is that
the common mode rejection of a transformer is a constant.

; It is not like the common mode rejection of a differential
amplifier which is a function of the common mode voltage.
b. Demodulator

f The signal from the bridge is shown is Fig.2.3. 1t has

the phase and amplitude information which is modulated by
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the motion of the mass. In order to recover the modulating

signal, a synchronized detector is required. Due to the %
noise, white noise and the 1limited frequency range, a
multiplier circuit 1is not desired. Therefore, an analog

switch circuit plus phase shift circuit has been conceived

to demodulate the signal shown in Fig.2.3. The circuit is

shown in Fig.2.12. The noise from the switch circuit is

mainly due to the timing of the two out of phase trigger

square waves. These two trigger signals have to be 180° out

of phase. If these two trigger's do not have a 180° phase

difference, it will cause a noisy output. That is why I use

two digital gates to make the trigger have correct timing

from the single square wave output. In order to make the

analog switch work under high frequency conditions, a load

resistor is required, otherwise, the charge or the current

in the switch has no way to dissipate during the switching
time. The phase shift circuit 1is shown in Fig.2.13. When
the potentiometer equals zero, this operational amplifier
operates 1like a voltage follower with zero phase shift.
When the potentiometer equals 200KO | which is taken as an
open circuit, the operational amplifier operates 1like an
inverter with 180° phase shift. The transfer function 1is
given by
Vout Ry - 2 Vout - 2 xRyx ue
v = A or |V"-~| l1 , 6= tg e e oo
in 1t 2 in 1= (R x ee)?
v (2.21)
1 out
where Z = Joe When Ry; = O, v 1 , there is no phase
in
- n.' '.’.q.".. .

L T R




sa8e3g sajjyrdueaaqg 3yl jo weasdefq IFNIIFD IYl

YALVINAOHW3Q OlL

AS

c.—moNcwﬂuﬂ

30d1dd
40LIOVdVD Koud

400!

|
G SR



38
>
0
+

103eInpomag Iyl 3o Laynmdayy 3yl °*zI1°z°3¥4

N
o—r wig

TYNDIS
4300141 oee

HOLIMS B -
’ wean N L
NGl +

8 y 2XN9GE 4T |

x_ g

€00 . . V. .
ws L L

=ﬂ>




39

e T T Y™ ™%

IFN22FD IJFYS @seyqd dyi jo weidejq 24l “gl1°7°31d

AV T

d00L ==

Ino, Q\ Iy

=ﬂ>

.
-b
.
4
‘.‘
g
]
. - . - - - . - - - ' w . LR Y . . LI - L > . B

P [ " "y e . I o % oW .. r -.. s N Cm Lo 4 ol
”-- .-t a’a’al n-\a L, L] ..pﬁ?& ) Wl A ' B [ . vh ..-. — R RIS ] . R ( l-.-.n. - &
L]

oo s e y o o« o0 w_ - Y LR o 0 o vy R B Y 4 . . e - w 0 e e v -,




40

\Y
t
shife. When R; >> Z, gﬂg— = -1 , there is phase shift by

180°. When O<R;< 200 KQi? there 1is phase shift between 0°
to 180 depends on value of R,;.
c. V - I Converter

In this portion of the circuit, a coil which is moving
in a magnetic field to produce a force has been used.
Because the force, produced by the coil, is proportional to
current going through the «coil, a voltage to current
converter is required.

In our system, the total mass is about 20Kg. In order
to move this kind of big mass, a big force has to be applied
to this mass. Also, a big current through the coil 1is
necessary. Therefore, a V - 1 converter has to be made by
using some large power transistor. In general, the large
power transistor is very noisy. In these experiments, a
feedback circuit is applied with a large amount of feedback,
the circuit being shown in Fig.2.14., The V - 1 gain equals
one, so the noise in the output can be neglected.

d. Compensation Filter

In the appendix B, 1 discuss that the characteristics
of an active mass-:pring system depend on what kind of
features of the feedback network is required. For example,
for the velocity term, a differentiation network is
required. Since a differentiation circuit is very noisy at
high frequencies, we need a low-pass filter to work with the

differentfation filter. In other words, it is a bandpass

filter which gives the differential function 1{in some
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51 frequency range. Also, having the resonant frequency of the
n filter variable 18 very useful. The compensation filter is

shown in Fig.2.15 [Ghausi), with the detailed analysis

3: following. Let us redraw the bandpass filter part of the
compensation filter in Fig.2.16. The transfer function {is
o
- given by [Ghausi]
1%
1
v 1 - =
o Vi_ - - -k __ — (2.22)
in 2 €162
S+ 8(6y8) + G618y = g=1) * 6,6,5,5,
. R
f' where G = 1, s, = -1 and K =1+ =2 Let
i R, ° 1t T n Ry ° €
o C;y =C2 =1 uF ; Ry = 10 Ry; Ry = 1 KO and fo = 100 Hz. We

can find that R; = 0.5 KO and Ry = 5 KQ . Let R; and Ry
l change at the same time. We get a variable resonant

frequency bandpass filter. Therefore, the transfer function

s is
]
g v - -7
= VE_ - 4,§_£9__§_7? ) (2.23)
IN S$” + 4005 + 628
Let us 1look at the integration part 1in Fig.2.15. The
{ transfer function is given by
_L
-l

by setting R = 50 KO | C = 1 yF ; we get

H(S) = gég . (2.25)
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}j Now, 1let us go back to Fig.2.15. The overall transfer
Q function {s given by
N e
ry Vout K x 4x10"7+ 20 x 4 x 10”7
. v - — ¥ T St . (2.26)
A in S+ 400s + 628
=
o The advantage of this filter is that we can get different
. transfer functions between different nodes. It 1is very
- convenient for being able to make different frequency
N compensations.
The design of the electrical <control <circuit 1is
r' completed. The % noise due to the amplifiers is limited.
- The white noise is dominated by the voltage noise of the FET
o in the preamplifier. The sensitivty is high enough to pick
. up the weak ground motion. The next chapter will discuss
. the mechanical structure of the wideband superspring.
e
;:":
P
. re
T
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,

L -
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CHAPTER 3
MECHANICAL DESIGN

In this chapter discussion is given on the structure of
the active single mass-spring low-pass filter from the
sensor to the force <converter, a so-called wide band
superspring. And mainly, a study 1s made of how to confirm
the motion of the mass in one direction.
3.1. Construction of the Sensor

From the last chapter, we know that the signal from the
four variable capacitors bridge is four times bigger than
from the one variable capacitor bridge. The design of the
capacitor bridge 1is dependent on four variables. The
structure is shown in Fig.3.1. The middle fibre glass rod
is connected to the mass and spring combination. When the
mass 1s moving, the capacitances between the plates are
changing. The capacitancc between two plates 1is about
300pF. All the plates are made of aluminum and lapped to
2.5 x 1072 n flatness.
3.2. Current-Force Converter

The structure of the coaverter is shown in Fig.3.2. 1In
order to get a big magnetic field in the small gap
(62.5 x 1073 m), p — metal 4is used to guide the magnetic
field to the gap. The two flexures are used to confirm the
coil to move up and down only without contacting

p — metal. The centre rod is used to connect the

displacement sensor and mass. The equation of the force vs

current 1is given by [Chen,1983]
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f = 0.1BnDNI dynes (3.1)

where B (in gauss) 1is the radial flux density in the air
gap, D (in cm) 1is the mean diameter of the coil, N is the
number of the turns of the coil and I (in amp.) represents
the control current. Ia equation (3.1), the force f 1is
linearly proportional to the current 1I. Therefore, this
converter looks like the force generator f,.
3.3. Control of Spring Modes

In a mass-spring system the spring has at least five
different modes of oscillation. As shown in Fig.3.3, all
these different modes have different phase and amplitude
relationships with the main mode. When the main mode 1is
fedback in phase, the other modes are out of phase. That is
likely to cause oscillations. These oscillations will
saturate the preamplifier as well as make the mass have a
large oscillatory motion causing the system to be non-
ad justable. In my system there are three pleces of flexure
to confirm the main spring and mass. A simple schematic is
shown in Fig.3.4. These flexures control the wobble,
pendulum, and torsion modes while the plastic foam gives a
big damping factor to violin string and accordian modes.
The flexure is shown in Fig.3.5. 1In order to reduce the can
factor from the flexure, this flexure only has two circle
springs, it is thus not like others which have three or four

circle springs [Rinker 111,1983), and three gaps at the
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o™ outside circle.
'i The whole test set 18 shown 1in the next chapter

(Fig.4.1). The mass in Fig.4.1 1s well defined for one
directional motion only. It makes the control loop easy to
adjust, otherwise the additional modes of these springs will

cause failure of test.

o e S g
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CHAPTER 4
PERFORMANCE OF THE ACTIVE SINGLE MASS-SPRING
LOW-PASS FILTER FOR GROUND MOTION ISOLATION

Since we studied all parts of a wideband superspring,we
are ready to test it. 1In this chapter, a test result of the
superspring will be discussed.

In oeder to test the low-pass filter charactristic of
the superspring, we need an accelerometer to measure the
acceleration of the platform (mass). I used an
accelerometer, which was developed by Dr. Moody inm our Lab,
and was attached to the platform. The housing of this
accelerometer is the mass 1itself which 1s shown 1in
Fig.4.1. The output of the accelerometer is the
acceleration at the mass due to the force from the springs.

The whole set of the active mass-spring system is shown
in Fig.4.1. The middle accelerometer, which can tell us how
much _ the acceleration has dropped after the feedback loop is
closed and the gain of the 1loop is varied, is wused for

independent checking. Also the weight of the accelerometer

is a part of the platform. The block diagram of the
electrical circuit 1{is shown {in Fig.2.1. The electrical
circuit represents the methmatical function

fy, = GH(S)(X; - X;), as shown 1in section 1.2. Equation
(1.7) discribes the motion of the active filter. The output
signal of the accelerometer (Fig.4.3.) shows that the

regsonant frequency of the superspring is shifted down when

the feedback loop is closed.
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o Table 1. shows the resulting data where f2 is

proportional to the spring constant k; in Fig 1.1. When the

gain of the loop is increasing, the resonant frequency and

et
I'l. ]

the spring constant are decreasing. Figure 4.2 shows that

the relationship of frequency vs spring constant is a

=
E stralight 1line. Figure 4.3 gives a very clear view of the
NN ground motion 1isolation characteristic of the active mass-
o spring system. Figure 4.3a shows the acceleration on the
mass with the control 1loop open. Then Fig.4.3b,c,d show
& that the resonant frequency of the superspring is shifted
. ;“ down to 2.2 Hz, 2.0 Hz and 1.2 Hz, correspondingly. It is
E o seen that the acceleration of mass 1s slowed down, when

comparied with the wupper trace, which 1is open loop

acceleration of the mass.

Now, let us compare the experimental results, as shown

i in Fig.4.2 with the theoretical value which was developed in

a chapter 1 and as shown in Fig.l.4. They are both a straight
; N line with negative slope and almost identical except below 1

iﬁ Hz. This 1is very strong proof that the wideband superspring

” is a very good ground motion isolation system not only in

-

L theory but also in practice.
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£2(Hz)2 £(Hz) G

. 4 2 4.86x10"3

9 3 4.35%10°3

11.56 3.4 3.87x10°3

14.44 3.8 3.44x10"3

?3 17.64 4.2 3.07x1073

: 21.16 4.6 2.72x1073
- 23.04 4.8 2.17x1073
. l 29.16 5.4 1.70x10"3
31.36 5.6 1.17x10”3

34.81 5.9 7.63x107%

36 6 4.16x10"%

39.69 6.3 6.52x10"°

~ 40.96 6.4 0

- Table 1. The Data of the Result

where G is measured from the output of the modulator

to the output of the V - 1 converter
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PART II

A MASS-SPRING SYSTEM AT LOW TEMPERATURES
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n CHAPTER 5
5 ) SUPERCONDUCTING MASS-SPRING SYSTEM
i é; The previous chapters discussed passive and active
: - mass~-spring systems. Due to thermal noise, the sensitivity
: of an accelerometer is limited to 10_9gHz-1/2. In order to
f i‘ increase the sensitivity and decrease the thermal noise, we
| < have to use 1low temperature devices because the thermal
noise 1s proportional to the temperature.
L This chapter will discuss a superconducting
‘ f’ accelerometer which wuses a SQUID amplifier which has
o sensitivity approaching 0.1x10” 18y (lo—llgauss cm?). The
i sensitivity of the superconducting accelerometer is about
. 10'13[Chan,1982]. Due to its contribution to high
sensitivity, the Q of the accelerometer is a very serious
E problen. It can cause the SQUID to unlock. The Q of a Nb
[ § superconducting accelerometer is about 50x103 under a
: pressure equal to 4:(10_S TORR. A high output voltage at the
i ;: resonance frequency will saturate the SQUID amplifier which
) _: puts a limit on the sensitivity. In order to make the
O sensitivity high, the Q of the superconducting accelerometer
N has to be controlled. This chapter will describe two
j different methods to reduce the Q of the superconducting
‘E ;: accelerometer without decreasing the sensitivity 1in the

3 signal range.

"l
L_ 5.1. Superconducting Displacement Sensor[Paik,1974)

. Superconducting materials form almost perfect

o« o w 040 8§
L)
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;'- electromagnatic shields. The total magnetic flux threading
u a superconducting loop cannot change as long as the circuit

. remains resistanceless. This flux 1s

- ¢ = LI = constant . (5.1)
If the inductance L 1is increased, the persistent current, I,
will decrease to keep the magnetic flux é constant. That

i E: is
r LI, = LI, = ¢ (5.2)
N where L;' and I,' are the values after changing L; and I,.
- - This 1is the fundamental principle of a superconducting
5 displacement sensor. A schematic of a superconducting
:; displacement sensor 1is shown in Fig.5.1. In Fig.5.1 the
. R inductance L; is a function of d(Paik,1974]. When d 1is
é N changed by movement of the mass, the value of L, |is
5 :f modulated by d. Since the flux ¢ is a constant, the
< :_ current I, has to be changed too. This can be represented
f : as
;- , Lo- L L
. I =1, - I, =1, ——eeee—) = Il(l - —) . (5.3)
Ly L

CaNONE)
IO AN

Then VI will be coupled to the SQUID by the inductor L,.

—-

Therefore, the output of the SQUID 1is proportional to the

displacement d between L; and the mass shown in Fig.5.1.
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When the persistent I; and L;' are bigger then VI will be

! higher, from equation (5.3). 1In other words, using a big
N persistent current and small gap between the mass and coll,
:E the sensitivity of the displacement sensor will be high.
- That is why we always try to store a big current in a
-:": superconducting accelerometer. However, due to the high Q
(50x103), we cannot store too large a current, otherwise,
~ the peak of the resonant frequency will saturate the SQUID
amplifier. In order to 1increase the sensitivity of a
- superconducting accelerometer, we have to reduce its Q. The
(f next two sections will discuss two different ways to reduce
B Q.
! 5.2. Reduction of Q by Electromechanical Feedback Control
- A simple experimental setup 1is shown in Fig.5.2. The
gravity gradiometer consists of two superconducting
:' accelerometers which are worked 1In a differential mode.
. This structure 1Is equivalent ¢to the double mass-spring
7 system shown 1in Fig.A.l, where the m,, kl and B1 are
': associated with the accelerometer 1in the gradiometer.
— Therefore, we can set GH(S) = g in equation (B.9). Then we
: get
- (;-z-s + :—2)(:715 + :——l—)x3
P X, = __"“"“E'“%_Eml_-"“k—i""“i"‘—“E_" . (5.4)
2 2 2 2 1 1
(s™ + -t m—')(s + (E‘*‘ m—‘)s + E_)
2 2 1 2 1

L The Q of the accelerometer is given by
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Wy
Q F;__-d" (5.5)
—_ 4 —
M ™
2 _ &
wvhere uwy = (E_) . When the control gain G is 1Increased,
1
Q is reduced. Dependent on this concept, a control circuit
is shown 1in Fig.5.2. The bandpass filter 1is wmade by

cascading a high pass and a low-pass filter. This bandpass
filter makes the gain higher at the resonant frequency and
the gain lower elsewhere. This filter will limit the noise
of the control circuit in the signal range. Figure 5.3
shows test results. The resonant frequency of 19.8 Hz was
dropped about 20 db. From equation (5.5), Q can be reduced
to 1. But here it 1s lowered about 204db. The reason is
that the gradiometer consists of two accelerometers. They
have resonant frequencies which differ only a little and
they are out of phase with each other. Therefore, after
19.8 Hz 1is lowered the other resonance peak will be driven
if the gain and phase are right. But the electromechanical
damping cannot give us more attenuation in this special
structure. We need to find some other way. The next
section will discuss a electronic damping method.
5.3, Electronic Damping [Wang,1979])

A mass-spring accelerometer, as shown in Fig.5.1 can be
represented by an LCR circuit as shown in Fig.5.4. If we
have some ways to increase the resistance R, the Q of the LC

circuit will be reduced. A simple block diagram is shown in

Fig.5.5. An additional electronic resistor is introduced by
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l“;

Sy vf(S)

) !’ 1) in the signal pickup loop. The new Q factor is
. Ve(8) V.(S)
T R + ———- —= .-
A 1(s) If we can control I(s) we can control the
! Q of the LCR circuit. 1In Fig.5.5 the electronic resistance
-
» is given by
Ve(s)

— V—s—(—s—)' = GH(S) = Re . (5.6)
¥ Because we are only interested in the behavior at the
¢ Fi resonance, H(S) can be a bandpass filter,

as H(S) —7—~—g§-—— which has a high gain at the resonance

S™ + AS + B
frequency. When the gain G, 1in equation (5.6), 1is
I- increased, the resistance R 18 increased and the Q of the
N - RLC circuit is decreased. The actual block digram is shown
- Q: in Fig.2.15 from Vigp to V;. This bandpass filter has a 50db
difference in the frequency range from 0.5 Hz to 20 Hz. The

n

X test results are shown in Fig.5.7. The resonant frequency

) 19.6 Hz is dropped about 40db.

S 5.4.Minimum Q Achievable [Wang,1979;Mapoles,1980]

. :E From equation (5.6), R, may be as large as we want by
2 increasing the gain of the feedback path. Thus it would
: }' seem that the Q@ of the accelerometer can be made as low as
R desired. This is not quite possible in practice, since the
Do current induced by V¢(S) in the 1input of the SQUID in
. tf Fig.5.5 1is not considered 1in this model. Actually the

current detected by the SQUID is the difference of the
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O CHAPTER 4

PERFORMANCE OF THE ACTIVE SINGLE MASS-SPRING

LOW-PASS FILTER FOR GROUND MOTION ISOLATION

;3 Since we studied all parts of a wideband superspring,we
" are ready to test it. 1In this chapter, a test result of the
H: superspring will be discussed.
t% In oeder to test the low-pass filter charactristic of
= the superspring, we need an accelerometer to measure the
? acceleration of the platform (mass). I used an
. accelerometer, which was developed by Dr. Moody in our Lab,
f; and was attached to the platform. The housing of this
{i accelerometer is the mass itself which 1is shown 1in
- Fig.4.1. The output of the accelerometer is the
i acceleration at the mass due to the force from the springs.
; The whole set of the active mass—-spring system is shown
&: in Fig.4.1. The middle accelerometer, which can tell us how
L much the acceleration has dropped after the feedback loop 1is
- closed and the gain of the 1loop is varied, is used for
;: independent checking. Also the weight of the accelerometer
h is a part of the platform. The block diagram of the
' electrical c¢ircuit 1is shown 1in Fig.2.1. The electrical
- circuit represents the methmatical function
- fp, = GH(S)(X; - X;), as shown 1in section 1.2. Equation
- (1.7) discribes the motion of the active filter. The output
signal of the accelerometer (Fig.4.3.) shows that the
{' resonant frequency of the superspring is shifted down when
. the feedback loop 18 closed.
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Table 1. shows the resulting data where £2 is
proportional to the spring constant k; in Fig 1.1. When the
gain of the loop 1s 1lucreasing, the resonant frequency and
the spring constant are decreasing. Figure 4.2 shows that
the relationship of frequency vs spring constant 1is a
straight 1line. Figure 4.3 gives a very clear view of the
ground wmotion 1isolation characteristic of the active mass-
spring system. Figure 4.3a shows the acceleration on the
mass with the control 1loop open. Then Fig.4.3b,c,d show
that the resonant frequency of the superspring is shifted
down to 2.2 Hz, 2.0 Hz and 1.2 Hz, correspondingly. It 1is
seen that the acceleration of mass 1Is slowed down, when
comparied with the upper trace, which 1is open 1loop
acceleration of the mass.

Now, let us compare the experimental results, as shown
in Fig.4.2 with the theoretical value which was developed in
chapter 1 and as shown in Fig.l.4. They are both a straight
line with negative slope and almost identical except below 1
Hz. This is very strong proof that the wideband superspring

is a very good ground motion isolation system not oniy in

theory but also in practice.

T

(RS il Eaic e )
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:
B
&3
' £2(Hz)? £(Hz) G
- 4 2 4.86x10"3
- 9 3 4.35x10"3
11.56 3.4 3.87x1073
14.44 3.8 3.44x10"3
F; 17.64 4.2 3.07x1073
. 21.16 6.6 2.72x1073
- 23.04 4.8 2.17x1073
i 29.16 5.4 1.70x10"3
- 31.36 5.6 1.17x10"3
: E 34.81 5.9 7.63x107%
" 36 6 4.16x1074
- 39.69 6.3 6.52x10°°
- 40.96 6.4 0
-
u- Table 1. The Data of the Result
: - where G is measured from the output of the modulator
T to the output of the V - 1 converter

M




B Bt Bt Bt Bhge St s Sadn Ao Sk @ 8 & &0 ¢

- 58

44.".
N
/7
G

. Iz
- . ¢
N o
- &
F o :
% a
=)
) £
- X u
“.' Ud
x °
= [ Y]
l' u
- ° :
X - = pot
[#]
. L)
. X a
- v
£
=
.| X
Jdo
- ~

X
Fig.4.2.




w

pey1dde 87 T10I3U0) . 12313V 8] 20931l IImOoT Iyl puw PaTtO0230)

59

Jou 8} 90wy}l 3addn Y3 Wi9yMm e8PH 9Yl JO UOFILIAITIIIY jo Indang dyy ‘g y°B1a

ZHn
2 ENM

‘. m~\

Y

W & AE2

g g Lot

. % Y

o
ely ‘. N
Ql--’l.
b%
A
--.-4
o
v
-c'\‘
s & - - LI . . .' l
NOSVEEE DA -C-ORNN SOVEEERGCR) BENSOUAEEES SIS TR S L ad s b -

A

SN




A |

A |

PART II

A MASS-SPRING SYSTEM AT LOW TEMPERATURES
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CHAPTER 5

SUPERCONDUCTING MASS-SPRING SYSTEM

The previous chapters discussed passive and active
mass—-spring systems. Due to thermal noise, the sensitivity
of an accelerometer is limited to 10—9gHz-1/2. In order to
increase the sensitivity and decrease the thermal noise, we
have to use 1low temperature devices because the thermal
noise 1s proportional to the temperature.

This chapter will discuss a superconducting
accelerometer which wuses a SQUID amplifier which has
sensitivity approaching 0.1x10 18y (lo_llgauss cm?). The
sensitivity of the superconducting accelerometer is about
10-'3[(chan,1982]. Due to 1its contribution to high
sensitivity, the Q of the accelerometer is a very serious
problen. It can cause the SQUID to unlock. The Q of a Nb
superconducting accelerometer is about 50x107 under a
pressure equal to 4x10™> TORR. A high output voltage at the
resonance frequency will saturate the SQUID amplifier which
puts a limit on the sensitivity. In order to make the
sensitivity high, the Q of the superconducting accelerometer
has to be controlled. This chapter will describe two
different methods to reduce the Q of the superconducting
accelerometer without decreasing the sensitivity 1in the

signal range.

5.1. Superconducting Displacement Sensor[Paik,1974]

Superconducting materials form almost perfect
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electromagnatic shields. The total magnetic flux threading
a superconducting loop cannot change as long as the circuit

remains resistanceless. This flux 1is
¢ = LI = constant . (5.1)

If the inductance L is increased, the persistent current, I,

will decrease to keep the magnetic flux ¢ constant. That

is
[ 4 r
111 = ¢ (5.2)

where L;' and I;' are the values after changing L; and I.
This 1s the fundamental principle of a superconducting
displacement sensor. A schematic of a superconducting
displacement sensor 1s shown in Fig.5.1. In Fig.5.1 the
inductance L, is a function of d[Paik,1974]. When d 1is

changed by movement of the mass, the value of Ll is

modulated by d. Since the flux ¢ is a constant, the
current I; has to be changed too. This can be represented
as
L
. L1 L, L1
VI = I, - I, = I (==-p—) = I (1 = —%) . (5.3)
1 1 1 1
Ly L

Then VI will be coupled to the SQUID by the inductor L,.

Therefore, the output of the SQUID i{s proportional to the

displacement d between L; and the mass shown in Fig.5.1.
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When the persistent I, and L;' are bigger then VI will be
higher, from equation (5.3). 1In other words, using a big
persistent current and small gap between the mass and coll,
the sensitivity of the displacement sensor will be high.
That 1is why we always try to store a big current 1in a
superconducting accelerometer. However, due to the high Q
(50x103), we cannot store too large a current, otherwise,
the peak of the resonant frequency will saturate the SQUID
amplifier. In order to increase the sensitivity of a
superconducting accelerometer, we have to reduce its Q. The
next two sections will discuss two different ways to reduce
Q.
5.2. Reduction of Q by Electromechanical Feedback Control

A simple experimental setup is shown 1in Fig.5.2. The
gravity gradiometer consists of two superconducting
accelerometers which are worked in a differential mode.
This structure 1is equivalent ¢to the double mass-spring
system shown 1n Fig.A.l, where the my;, k; and By are
associated with the accelerometer in the gradiometer.

Therefore, we can set GH(S) = g in equation (B.9). Then we

S
get
B K B K
(—2-8 + -2-)(-—1-8 + -—l-)x
m m m n 3
X, »~ —n 2 2 Y o . (5.4)
1 2 By Ky B, © Ky .
82+ 2+ Zyest e (h e s + L

The Q of the accelerometer is given by
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Q - . . (5.5)

K
where wg - (El) . When the control gain G is increased,
1

Q@ is reduced. Dependent on this concept, a control circuit

;"; '.l )

-
{i is shown {in Fig.5.2. The bandpass filter 1is made by
E: cascading a high pass and a low-pass filter. This bandpass
L filter makes the gain higher at the resonant frequency and
the gain lower elsewhere. This filter will limit the noise
. of the control circuit 1in the signal range. Figure 5.3
t! shows test results. The resonant frequency of 19.8 Hz was
N dropped about 20 db. From equationmn (5.5), Q can be reduced
- to 1. But here it 1is lowered about 20db. The reason 1is
- that the gradiometer consists of two accelerometers. They
- have resonant frequencies which differ only a 1little and
-

they are out of phase with each other. Therefore, after

19.8 Hz 1s lowered the other resonance peak will be driven

3

r
"

if the gain and phase are right. But the electromechanical

g damping cannot give us wmore attenuation in this special
structure. We need to find some other way. The next
}: section will discuss a electronic damping method.

5.3. Electronic Damping [Wang,1979]

-y
£
(]

= A mass-gpring accelerometer, as shown in Fig.5.1 can be
.;& represented by an LCR circuit as shown in Fig.5.4. If we
{ B have some ways to increase the resistance R, the Q of the LC
if circuit will be reduced. A simple block diagram is shown in
o Fig.5.5. An additional electronic resistor is introduced by
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SQUID

Fig.5.4.The equivalent circuit of Fig.5.1
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-
: V(S)
: s! f(g)‘ in the signal pickup loop. The new Q factor 1is
S
: v (8) v (S)
- 5t + ———— —_— .
‘éi R I(s5) . If we can control 1(s) . we can control the
. Q of the LCR circuit. In Fig.5.5 the electronic resistance
3 .-P is given by

2 vV (S)

= V—s-(—s—) = GH(S) = Re . (5.6)

Because we are only interested 1in the ©behavior at the

r; resonance, H(S) can be a bandpass filter,
as H(S) —7~~-9§—-- which has a high gain at the resonance

. S° + AS + B
o frequency. When the gain G, in equation (5.6), 1is
.’ increased, the resistance R 1is 1increased and the Q of the
- RLC circuit is decreased. The actual block digram is shown

in Fig.2.15 from V; to V;. This bandpass filter has a 50db

A

difference in the frequency range from 0.5 Hz to 20 Hz. The
test results are shown in Fig.5.7. The resonant frequency

o 19.6 Hz is dropped about 40db.

et e al

- - 5.4.Minimum Q Achievable [(Wang,1979;Mapoles,1980]
From equation (5.6), R, may be as large as we want by
increasing the gain of the feedback path. Thus it would
- seem that the Q of the accelerometer can be made as low as
desired. This is not quite possible in practice, since the

current 1induced by Vf(S) in the 1input of the SQUID in

: i- Fig.5.5 1s not considered in this model. Actually the

curreant detected by the SQUID is the difference of the
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signal and the induced feedback current. The block diagram

!E of the closed-loop feedback 1is shown in Fig.5.8 where % is
o due to the transformer associated with L and L,, N 1is
-

¥ I(s) . _ M .

W defined by f;f§7 i] +7L, ; G 18 the control gain; M 1is

- the mutual inductance between L and L. Solving the

closed-loop equation, the feedback voltage is

. _GS
Ve (8) —

- S +

ew 1(S) . (5.7)
- M

| =22

-, The impedance seen by the 1input circuit at the resonant

frequency is

g V. (Sy) Mas
2e(80) = (s T (s, &y (5.8)
B
L where a = %ﬁ . Substituting jwb for Sg, the impedance is
“2
- u%+ja%
» Zf(Jub) Bl i . (5.9)
W w, + a
- 0
3 2
JRSE The real part of Zf(jmo) is the equivalent resistor.
- The imaginary part of Zf(jmo) is positive and increases the
- inductance of the resonating circuit. They are
e a Wy
Re = 27773 ; (5.10)
P wy + a
i .2 wg
’ Le = —2—':--*-2— . (5.11)
[: wy a
}{ When the feedback gain G 1is varied, the parameter a 18

A ST
* Y g

SR T
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o
e varied too. The resistance R attains a maximum at a = u, .
o 5|, . . " ;N& . (5.12)
.
N
- The resistive feedback will 1{increase energy dissipation
i? while the Inductive feedback will pump energy back into the
e system. The system's Q will be minimum when these two are
- balanced.
&: The minimum Q 1is about 10 as calculated by Evan R.
b
‘ Mapoles ([Maooles,1981]. In my experiment, the resonance
E‘ peak 1is reduced about 40db; therefore, the minimum Q {is
g about 500. The reason mine is larger than Mapoles is that I
B feedback the output of the SQUID amplifier to the SQUID
- itself directly so the loop gain is 1limited otherwise the
| additional input signal will overload the SQUID.
. 5.5. Discussion of Results
n This chapter tests two different ways to reduce the Q
N of an accelerometer at 1low temperature. There are some
;! adventages and disadventages in these methods. In the
) electromechanical method, as introduced in section 5.2, the
g; Q of the superconducting accelerometer tends to zero
.. theoretically which 1s shown in equation (5.5). But, in
;' practice, due to the different spring modes associated with
52 the accelerometers, the reduction Q of the accelerometer is
b limited by driving up different spring modes in this system,
r: in which, while the resonant peak 1s reduced, the other new

peak will go up. If we have a very narrow bandpass filter
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without phase changing 1in the feedback loop, for example,
only a single frequency can go through this filter, then the
expression of Q is just like equationm (5.5), and the Q of
this system, shown in Fig.5.2, will drop to zero. The major
disadventage of this method {s the gradiometer has to be
soft mounted, otherwise, the current-force converter cannot
work.

In contradistinction to the above discussion, the
gradiometer with electrical Q damping can be hard mounted.
This 1s a very attractive feature because the size of the
whole set will be much simplified. It is possible to put
this gradiometer in the space shuttle bus to test the
gravity of the earth. Due to feedback inductance into the
signal pickup loop, the Q of the accelerometer cannot tend
to one. If we need to reduce the Q of the accelerometer to
one, a special filter is needed in which the filter has a
pole at the right side of the S plane. Those special

filters will be discussed in the next chapter.
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Fig.5.7. The Test Result of the Electronic Cool Damping

" a. The Output of the Gradiometer with the Feedback Loop Open
{; b. The Output of the Gradiometer with the Feedback Loop
closed
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. CHAPTER 6
DISCUSSION AND OPEN PROBLEMS

We have studied different mass-spring systems. The

oo
E-j primary results demonstrate that the performance of these
- systems 1is very close to the expected behavior, although
. some problems remain to be solved.
o In the wide band superspring experiment, the overall
= gain G is given by (see equation (1.7))

2

“
. G =1 - —2- (6.1)
.‘; wo

g Where wyg is the open loop resonant frequency and w 1is the

- closed loop resonant frequency. When
. wy = 6.4Hz and w = 1.2Hz, we get G = 0.965. Therefore
5 the acceleration of m;, which is due to the pressure of my,
:: ': has been cancelled by about 96.5% by the feedback. 1In order
R to make G = 1, some special amplitude control circuit is
" needed. Let us recall equation (l1.4) here;
- s?x,
- X2 - Xl = B“;:'———'K—l— . (6.2)
1 ~ E‘S + E—
5 1 1
)
3 :{:‘.
;= After closing the feedback loop, equation (6.2) becomes
T szx2
: xz - xl = -B—l— - - — 'R—l- . (6.3)
: t: —s + (1 - 6)—

.
v e~
. .
e

RIS R e
PRDREICSIENG S S SRR Y




Assuming B; is very small the amplitude Xy - X, 1is

2

‘»
N

.
€
>

- |x2 - x1| - '] . (6.3)
o (1 - G);I

K
:3 When (1 - G);l tends to zero Xz - X; will be infinite
- 1

Therefore an amplitude control circuit 1is necessary to use

in future designs.

| AN

In the electromechanical Q@ reduction experiment of
- Chapter 5, a special single frequency bandpass filter 1is
mentioned. By using this kind of filter, it is possible to
cut down on very resonant peaks. A prototype filter's block
ii diagram is shown in Fig.6.1. After the phase 1lock 1loop
:l locks on one resonance frequency of interest, the VCO
_. outputs a sine wave with the same phase as the locked
N resonance frequency. The second phase detector outputs an
amplitude for the resonance. Then these two signals are
!! multiplied to give a single frequency which has the same
' phase and amplitude as the resonance frequency of interest.

In the electrical Q reduction experiment, we found the

- minimum value of Q in Chapter 5. In order to reduce Q more
e let us look at Fig.5.8. again and insert a filter H(S) in
o the wmain path. The transfer function is given by
2]
5 VeS| seacs) 6.4)
o IS(S S + GNMH(S) ' '
ta Ve(s)
- In order to get Q = 1, —~(§5 has to be a resistive
s
r I
b j

e e s R I
N A A AN AN SN R I S A B NN

o’ o, @0,
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ve(s)

constant. Now let f;(éf = Re' We can find that

R_S
H(S) = .- . (6.5)

SGTS GNHR

This transfer function has a pole in the right half §
plane. It is an unstable system. If we can find some
special way to realize this transfer function, for example

by a digital network, we will reduce Q to 1 and the

sensitivity will be tremendously increased.
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APPENDIX A

THE MOTION OF A DOUBLE MASS-SPRING SYSTEM
The structure of a double mass-spring system is shown

in Fig.A.l, where K; and K, are the spring constants; B; and

B, are the damping factors of these springs; X, Xy and X4

are the absolute displacement; and fy 1is the additional

driving force which is from a control system. In the time

domain, the equation of motion for m; due to m3 and m; is

" ' ' ' '
szz + BZ(XZ - X3) + KZ(XZ - X3) + Bl(xz - xl)

Ky(X, = X;) =0 (A.1)

where fy = 0 for the time being; the dot 1is a symbol of

differentiation. In the Laplace traansform S domain,

equation (A.l) becomes

2
mZXZS + B2(X2 X3)S + KZ(XZ X3) + BI(XZ Xl)S
which is
2 - -
(mZS + BZS + KZ)X2 + BI(XZ Xl)S + KI(XZ Xl)

= (B,S + K,)X,4 . (A.3)

The equation of motifon of m; due to my is

" ] '
Xm, + B (X, -~ X)) + K (X, - X,) =0 . (A.4)

. - PR R . . . . . o Te Y . - fy A .
- oy - - o’ o . - . T_e * e LI . . L R N ) Al - Tat .. T BT T P Tt e Ye et at
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In the S domain, the equation (A.4) becomes
2
mlxls + BI(X1 XZ)S + Kl(x1 xz) 0 (A.5)
which 1s
X282
x2 - xl = _;_-.._B_.I_Q———K-i— . (A'6)
$" + —S + —-
™ |
Substituting (A.6) into (A.3), we get
B K
(—-Z—S + —2—)82)(
m, o, 3
L AR IO T UPRS TP R
(s +—‘S+E_)(S + =S + —) + —-87 + _—5
T2 2 | ! 2 2
B3 . &
In the denominator, we can omit E—S + ;-S terms because
2 2
2 K 2 5
they only shiit the two resonances of w, = = and w = -— a
m, o
little. They will not affect the transfer function.
Therefore, we replace equation (A.7) by
B K
(-Es + -E)Szx3
T2 M2
X % = LT LS N L LT : (A.8)
(87 + =5 + E‘)(S + =5 + m_)
2 2 1 1
Substituting (A.6) into (A.8) we get
B K
(=Ls + _2)x
o, m, 3
X2 B e O (A.9)

2 2., 2

s° + _%5 +
b )
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o
I or
II“‘ w
2 2
5 (6;8 +owy )X,
Lo X, = — e (A.10)
L 2 a2 w 2
S + 6—8 + Wy
-~ 2
B K
- where _Z = Ez and —E = ug- In the Bode plot,
- m,  Q m, 2
equation (A.10) is represented by Fig.A.2.
From equation (A.4), we get
= X, s
X2 - Xl = EI"———-I(-I . (A'll)
Fo —S + —
b ™
i Substituting equation (A.11) into equation (A.8) we get
i B K B ¥
| (25 + 2yls 4 “Lyx
m m m m 3
2 2 1l 1
Xl = & s (A.12)
- 2 By K, o By K
. (s +E-S+E—)(S +E—s+m—)
) 2 2 1 1
.' or
- w
2 2., % 2,..3
—_— ——S +
(QZS + uﬁ)(QIS wl)x
Xy = B (A.13)
(s? + 2+ 2ys? + Ls o+ WD
- Q, 2 Q 1
B K B ® K
2 W
c where —— = -3 —% = a;; —l = —L and —l = ui. In the Bode
my Qp m o) m
[ )

plot, equation (A.13) is represented in Fig.A.3.
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APPENDIX B

THE MOTION OF AN ACTIVE DOUBLE MASS-SPRING SYSTEM
Now let us set, in Fig.A.l., fy to equal
GH(S) (X, - Xl), where G is the control gain and H(S) 1is the

frequency compensation function if any. The new equation of

the motion is

2 _ - -
mzxzs + BZ(XZ x3)s + Kz(x2 x3) + Bl(x2 xl)

+ K (X, = X;) + GH(S)(X, - X;) = 0 . (B.1)

In the ideal situation, we can omit

B1(X, - X,)S + K;(X, - X,). We get
1 (X3 1 1 (X2 1

2
B, X,87 + By(X; = X308 + Ky (X, - X3)

+ GH(S)(X2 - Xl) =0 . (B.2)

By substituting equation (A.6) into (B.2), we get

B K
(-%s + _2ys2x
m2 m2 3
X, = X, = — -2 2. (B.3)
2 1 8 X B K
(s? + 225+ Dys? 4 ds o+ D 4 57 SIS
2 2 1 1 2

By substituting equation (A.6) into (B.3), we get

B K B K
(2s + 2ys? + Ls + _Lyx
m m m m 3
2 2 1 1
Xz S g K ITTTCRT TR, T T T . (B.4)
(s2 + E%s + Ez)(sz + _ls + _l) + 52 GH(S)
2 2 s b "2

By substituting equation (A.11) into (B.3), we get
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g,
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v
‘ B K B K
R e T T PR U
m m m m 3
2 2 1 1
xl = ._._-_._.-_B ._..K - —i K —— — . (B.S)
= 2 2 1 1 2

Z 'l.

Now, we look at equation (B.4) in detall. By rearranging

E: equation (B.4), we find
' B, K,
(—S + —)X
-, o, m, 3
By x2 - e . (B.6)
B K S“GH(S)/m
. (32 + ._z.s + —2.) + 3 2
- 2 n2 S + sB,/m, + K. /m
E! 1°71 1°71
Lo 2 K1
o When the frequency w is lower than w = (==) , equation
g 1
(B.6) can be written as following:
’. B K
(_is + _E)x

. m, o, 3
", x W o e ———— e = = ———
. 2 B K 2
o (s? + 535 + 53) + 5—9%551

2 2 2
r. flgiBZ/mz + Ky/my)
- (1 + GH(S)/m,)
N e e e e . (B.7)
-',‘ 2 332711'!2 K2/m2
’ ST + S _ _
T+ cﬁ(§57m2 1 + cu(5)7m2
-
= 2
e 2 my
Th fr i i b W T ——— = -
. € new resonance equency is given by 3 T . GH(S)
o u2
2 X1

- When the frequency w is highter than w = (=) , in
’ : 1
{- equation (B.6), the equation (B.6) can be writenm as

e following:




By the same analysis method, from equation (B.5), we find

B
(2s + _2
By

X, = —— ' 2 W<y

2 2 2 2 1 1 S"GH(S)
(s +;—S+;-)(S +rs+-—— —_—

2 2 1
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APPENDIX C

POLE AND ZERO ANALYSIS OF ACTIVE MASS-SPRING SYSTEM

The appendices A and B are represented here by
mathematical analysis. In this appendix, the root-locus
method 1s used to analyse the equations shomn in appendices
A and B. This will give us a very clear picture of the
overall performance of a mass-spring system, specially,
after changing gain of the loop or some parameter of the
equations.

In the double mass-spring, from equation (B.4), the
root-locus diag;am is represented in Fig.C.l by setting the
denominator of equation (B.4) equal to zero where

2 _ X2 2 . B

= (E;) and w = (EI) . Because the poles are always at

the left side of the diagram, this system is always
stable. The only trouble is that the Q of the w factor
becomes higher and higher when the loop gain is
increasing. From Fig.C.l1 you can see that Py towards
infinity of the iwaginary axis after the 1loop gain 1is
increased. 1In other words, the real part of P, is fixed and
the imaginary part 1is increased. Then the system will be
uncontrolable and this system will lose the feature of a
low-pass filter. Consequently, a special compensation
network is necessary to control the Q of wy. By setting
H(S) = _zk_t_ég___ and choosing appropriate A, B and C, the

S + BS + C

root~locus diagram of the results is shown in Fig.C.2 where

P, and z, are from A, B and C. In this new system, P; and

P, both tend toward zero frequency. The new peak 1s caused




. v,

| P

o

UERES

by P

e Which comes from the compensation network.

The P, is

not in the mass-spring system, so this system will not see

this peak. In this method, the key point 1is to make a

frequency compensation network. However, it is not easy to

find and its ad justment is very complicated[Rinker

111,1983).
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APPENDIX D

THEORY OF THE SQUID [Lounasmaa,l1974]

The operation of the SQUID is based on London's (1950)
concept of fluxoid quantization in a superconductor and on
Josephson (1962,1951) tunneling through a “weak 1ink”
between two superconductors. The SQUID can be used for
measurment of magnetic flux with an unprecedented
sensitivity aproaching 0.1x10"18yp (10'11gauss cmz).

Figure D.1 is a schematic illustration of a dc-SQUID,
consisting of a superconducting ring, with two extensions
and two Josephson junctions (weak 1links). The Josephson
junctions are weakly superconducting. The current which
just makes the Josephson junction operation normal is the
critical current of this Jjunction. When the external
current J has been increased to its critical value Jc, a
voltage suddenly appears across the Josephpson junction. A
curve representing the transfer function of the
superconducting ring when an external current J goes through

the ring is shown in Fig.D.2. The critical current is not a

constant. It will change when the flux in the ring 1is
changed. Figure D.3 shows the relationship between the
critical current and the external flux where ¢ is the
quaxntam flux. Now 1let wus combine Fig.D.2 and Fig.D.3.

Doing this we can find the transfer function between the
voltage across the Josephson junction and the external
applied flux. This relationships is illustrated in Fig.D.4.

For a bias current Jg in Fig.D.4., when the external




95
flux changes by only %- &0, the SQUID has a big voltage
Vo = V; output. The sensitivity of a SQUID is about
10mV/pWb (106V/Wb). A typical circuit of a SQUID amplifier

is shown in Fig.D.5{Lounasmaa,1974].
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