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ABSTRACT Roa

ARt
We study the existence of periodic solutions for a class of Hamiltonian K%J\’f
L A o L%

By

systems of the form

z - JB,_(t,z) = £(t) .

By using the lLeray-Schauder Theorem to solve a modified problem and passing to
a limit, we show z - JH,(t,2) has dense range in Lz. We also obtain

similar density results for second order Hamiltonian operators.

AMS(MOS) Subject Classifications: 34C25, 35L10
Key Words: Hamiltonian systems, nonlinear hyperbolic equations, dense ranges,
periodic solutions

Work Unit Number 1 (Applied Analysis)
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SIGNIFICANCE AND EXPLANATION

There has been a lot of recent work on showing certain classes of

Hamiltonian systems of ordinary differential equations have multiple time

periodic solutions. This paper addresses the simpler question of when do such

operators have dense range in L2. Several results of this type are proved

both for general and for second order Hamiltonian systems.
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7 During the past few years there has been a considerable amount of research on the
existence of multiple solutions of J:gﬁorlineaz;rsz;fercntial equations. By superlinear
/{'G;;;;n the equations possess a nonlinearity which grows more rapidly than linearly at
infinity. This research has been done in the setting of boundary value problems for
semilinear elliptic partial differential eguations, and periodicity problems for
Hamiltonian systems of ordinary differential equations and semilinear wave equations.
(See e.g. {1=7]) For example, Rabinowitz proved (2]
Theorem 1.1 Let H @ c1(‘2n'l) and satisfy: there is an r > 0 and y > 2 such that
0 < uH(z) < ﬂz(z) .z
for all |z| » r. Then for all T, R » 0, the Hamiltonian system
z = (2) (1.2)

possesses a T-periodic solution z(t) with max lz(t)] > R

. te(o0,T)
The existence of multiple periodic solutions of (1.2) is based on a variational

formulation of (1.2) which is invariant under a group of symmetries. A natural question

to ask is what happens if a perturbation ig made which destroys the symmetries. This has

been done by Bahri and Berestycki {6] for (1.2) who proved
Theorem 1.3 Let H satisfy conditions

<> Hec(n™,R

<2> 0 < pH(z) < H (2) * 2 for all z e r®, lz| >R, uw>2.

<3 alz|P*' - b < H2) < a1|=|“” +b, with 1<p<q<2p+ 1

where a, a;>0, b, b1 »0 and R > 0 are constants.

Sponsored by the United States Army under Contract No. DAAG29~80-C-0041.
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let T >0 be given and f € C (R,KR ") be a given T-periodic function. Then
z - JH () = £(t) (1.4)
possesses infinitely many distinct T-periodic solutions {zk}ke!' Moreover

'zklnu ++® ag k + + o,

We will prove another kind of existence result for (1.4), namely
Theorem 1.5 ILet H satisfy

(w1 Hec'(r®,Rp

Hz(z)-z
(H2) lim —_— e,
2l 2|
Then for any T > 0, there exists a dense set D in the space E of T-periodic functions
in Lz(IOIT]:RZH) such that for any f € D, (1.4) possesses a T-periodic solution. (i.e.
the range of the operator I ag - JHz(-) is dense in E).

Note that we require much milder conditions on H than Theorem 1.3, but we also get
a weaker existence statement. However Theorem 1.5 suggests that a stronger result than
Theorem 1.3 may be true.

The proof of Theorem 1.5 is fairly elementary and was motivated by an analogous kind
of result for a semilinear wave equations that was recently proved by Tanaka [9). A more
complicated density theorem was proved by Bahri in an elliptic setting [8]. For other
density results, we refer the readers to the results of Hofer [11] and Willem [12].

In §2 we will prove Theorem 1.5 as well as some other results when H = H(t,z). In

§3 we will prove some parallel results for second order Hamiltonian systems. Finally in

§4 we will make a slight extension to Tanaka's work on semilinear wave equations.
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§2. First order Superquadratic Hamiltonian Operators

Consider the perturbed Hamiltonian system

z - ou (z) = £(¢) (2.1)
2n s _dz 0 -I
vwhere z € R, 2z = ax’ I ( 0) . I is the identity matrix on K" (or on G

later). H : RN o R, and Hz(z) is its gradiant. Let ze+y dencte the usual inner
product in R" and |z|2 = 2e2, For T > 0, let E denote all the T-periodic
functions in Lz([O,Tl,I?n).

For our first result, we shall prove Theorem 1.5. Without loss of generality we may
assume T = 2r 1in the following discussion.

Consider (2.1) in the space W = (W'72(s%))2™ with norm

(ETI (Ih(lil2 + |z]Hae) LI
0

2.
E
To prove Theorem 1.5, we first study the modified problem

w
Let (z,y)E = £ zeydt , IzlE = (z,2)

Z - ez + ed(Z - cz) - AJH (z) = AE(t) (2.2)
where X\ @ [0,1], e €@ (0,1]. We shall establish an estimate for any solution of (2.2)
in W independently of X € [0,1]. By using the leray-Schauder theorem, this shows that
for each ¢ € (0,1] the problem

z - ez +eJ(z - €2) - JH_(2) = £(¢t) (2.3)
possesses a solution z. in W. Then by showing that elzglw +0 as ¢ + 0, we will
obtain Theorem 1.5. This sort of approach was used by Tanaka in his study of semilinear
wave equations [9).

To begin, we need the following estimate

lemma 2.4 If H satisfies (H1) and

(H3) there 18 a constant C > 0 such that

H (2)ez > =C for all z e R .
3=
I w.'.&.\ : e e e e ‘
\u \ ‘e J. .

1&um\‘ t"$«‘




Then if z is a solution of (2.2) in W we have

/2 2~
|z|W < =5 Itlg + s VxC

€

Remark 2.6 (H2) implies (H3).

Proof. Notice that JJ = -I, J° = -J, Jz+z = 0 for any z € R°".

Multiply (2.2) by J(z - €2) and integrate over [0,2%]. Since
(z,i)E =0 and (nz(z),i)E =0, we get

ezl 3

o N

By (H3) we get

s 2 3 2 .
elzl! + ¢ lzlE 2nCle < xltl!I:I' + lelfl:lzl:

3
€ 2
<5 sz + S n
€
80
1202 < 2 14 «Tc
€ €

and this gives (2.5).

Now we let I ~ £J act on (2.2) and get

(1 +e)2 -c(1 +ed)z - ALTH_(£) + eH_(2)] = Alf - €Jf)

. A
zZ -~€z = -_—3 (JH.(z) + tuz(z) + £ - eJE) .
1 4+ ¢

+ ¢ lzl + Ae(H (2),2), = x(t,ai)E - Aelf,J2)

(2.5)

(2.7)

(2.8)

Since I - €J 1is invertible, (2.8) is equivalent to (2.2). We will solve (2.8)

in W. 1In order to do so, consider the corregponding linear problem
t -¢cz = g(t) .

We have

Lemma 2.10 For any g € E, (2.9) possesses a unique solution z € W,

2
lzlw < T lglE .

(2.9)

which satisfies

(2.11)




Proof Suppose z is a solution of (2.9). Multiply (2.9) by z - % £, and then

integrate over [0,2v]. We get
212 2. (gpy -1 2
lzll + Izll (q.z)n T (g.z)z < < lgI!Izlw

which gives (2.11).
Observe that (2.11) implies the unigueness of the solution of (2.9).

For any g €@ E, expand g in Fourier series

g = .0 + 321 (aj sin jt + bj cos jt) a, ‘j' bj e n?n
By (2.11), it is easy to find that
I I ) [(3b, - €a,) sin(3t) ~ (Ja, + eb,) cos(it)]
€ I=1 (j2+ ez) 3 3 3 3
is the solution of (2.9). =]

Denote the solution operator of (2.9) by Se. Then st is continuous from E to
W by (2.11). For f @ E, define

T (y) = —L tau (y) + cU_ly) + £ - ef) for all yew .

1+¢

Since H @ C'(l?n- R), by the Rellich theorem, Te is compact from W to E. let
xe = se°Te° Then xe is a compact operator from W to itself. By Lemma 2.4, for any
z€e@W, Aej[0,1] if z = Axez then

Izl“ < congt. (e,lflg) .

Therefore by the leray-Schauder theorem (Theorem 10.3 {10]), Ke has a fixed point

zZ @ W and we have proved

Proposition 2.12 If H satisfies (H1) and (H3), then for any ¢ € (0,1) and any

f eE, (2.3) possesses a solution 2z € W.

In order to prove Theorem 1.5 we need the following estimates.
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Lemma 2.13 If H satisfies (H1) and (H2), f €W, and ¢ € (0,1], then any solution

z, of (2.3) satisfies

lim ebz 8 = 0
e+0 €W

Proof. For convenience we omit the subindex ¢ of L From (2.7) with 1\ = 1

2 3 2

e|2|E +elhzis + e (2),2) = - (f,az)E - e(£,32)

By (H2), for any K > 0, there is a constant Cx » 0 such that

H,(2)ez > Klz|? - Cx for all z e R

Therefore (2.14) gives us

2 €K 2 1 2
- + —— ——
eKlzlg - 2meC € (11, |£|E)|z|E <5 zip v 1fRg
80
2n
2 1 2 % 2
lEZ'E < -—i- lflw + X €
K
and

lim tezt? ¢ -1 a2 .
g <3y
€+0 X

Letting K + ®», we get

lim ezl =0 .
E
e+0

By (2.14) and (2.15) with K = 1 we get

.2
e1zlg - 2meC, < MzI(NfN + lflE)

1
so

. 2
lezl_ < 2elzIElflw + 2nC. €

2
E 1

and by (2.16) this gives

1im elqu =0
€+0

This completes the proof of Lemma 2.13.

we have

(2.14)

(2.15)

(2.16)

e

R A
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The proof of Theorem 1.5

Given f € W, by Proposition 2.12, we have that for any e € (0,1], the problem
z-0H(2) =ez-el(Z-ez)+f

has solution z_ @ W. Llemma 2.13 shows that €z, - €J(Z, - €z ) + £+ £ in E as
€ + 0. So this shows that any £ @ W belongs to the closure in E of the range of the
operator I E% - JHz(°). Since W is dense in E, this completes the proof of Theorem
1.5, o
Next we will study some generalized versions of Theorem 1.5. Their proofs are close
to that of Theorem 1.5 and therefore we will not carry out all details.
Consider
z - JH (t,3) = £(¢) (2.17)
We shall prove
Theorem 2.18 Given T > 0. Let H satisfy
(1a) Hec'(rx ’R®,R)
(RS) H(t + T,z) = H(t,z) for all (t,z) € R x .?n .
(H6) There is a constant u » 2 such that

Hz(t,z)-z
lim = 4 o for all t €R .

Jzse= 2|*

(H7) There are constants a, b > 0, such that

B (t,2) > -alz|¥2 - p for all (t,z) € R x R*" .

) e a_ATK,

Then there exists a denge set D C E such that for any £ € D, (2.17) possesses a T-

periodic solution (i.e. the range of the operator I 3% - Jﬂz(t.-) is dense in E).

Remark 2.19 To illustrate the conditions (H6) and (H7), we may consider the cage

£ .

~%c

H(t,2z) = Ho(z) + h(t)H1(z)

T e el
~tet

where Hy, H, and h are C', h is T-periodic, Hy satisfies (N6), and H, satisfies

(H7). For example

-7-
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H(t,z) = |z|4log(|z|2 + 1) + (sin t)|z|2
To prove this theorem, we consider the modified problem

z - ez + eJ(z - €2) - A (t,2) = AE(E) (2.20)
where X €@ [0,1], ¢ € (0,1].

We have the following estimates

lemma 2.21 Suppose H satisfies (H4), (HS), (H6) and
(H7) There exist constants a, b > 0 such that

H (t,2) > -alz|¥ - b for all (t,z) € R x R
If z is a solution of (2.20) then

1zl

where C = C(e,lflE,H)

Proof. Multiply (2.20) by J(z - €z) and integrate over (0,27]. Then we get
2n

* 2 3 2 .
€1z + e hzly + Ale(H (t,2),2), + {) H (t,2)dt) = A(£,32), - Aelf,J2) (2.22)
By (H6) for any K > 0 there is a constant CK > 0 such that
Ho(t,2) » 2> Kz]" ¢, for all (t,2) e Rx &
80
e1212 + ¢31z1? + Alexizi® - c2nc_ - anzi® - 2mb)
E E o K !
L L
< A(£,JZ) - Ae(f,Jz) (2.23)
a
Taking K = T Ve get
. 2 3 2 .
+ +
elzlE € IzlE < 2ncK 2n1b + lflE(lzlE + lzlE)
Camic, + b) & S azi? + <) e
X 2 w3 E
Therefore
2 4n 2 2 a
lz|w<—3(cx+b)«r-—s-lt‘lE where K=E-
€ €
This completes the proof. [s]
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lemma 2.24 let H satisfy (H4), (HS), (H6) and

(H9) There are constants a, b > 0, 0 < p < -t such that

H (t,2) > -a|z|P - b for all (t,z) € R x R2P
Given f e W, if ze is a solution of the problem
2 -€z +ed(Z -c2) - JH_(t,z) = £(t) (2.25)
corresponding to € € (0,1], we have
lim elzel 0 (2.26)
€*0
Proof. For convenience, we omit the subindex ¢ of LI
From (2.22) with X = 1, (H6) and (H9), we get
2%
c1z0? + extzt’ - 2rec, - a [ |z|Pat - 2mb < (£,32) + erfr_nzi
E u K E E
L 0
Since
X _ i J
P ¢ EK | (M, EK, u-P
|z|® < % [z|™ + (53
2, eX K,
212 4+ X €Ky u-p :
clzl +t= 1z1¥ " < 2w(scK + b) + (23) + (£,3z) + eIfIEIzIE (2.27)

L

From now on we shall use Ay, A,, etc., to denote constants independent of
¢ and K.
Since
o 2 A

L] L] 1
< < € —
(f,Jz) |fIElzl 3 lzlE <

and 1

L eret tzl_ < eatzt < S gz? 4 aex M
E E 2 u 4 u 3
L L
; Substituting into (2.27) we get
ﬂlr' S| - P
Y € 2.2 € o -1 u=1 u=p
3 1zt + < Aecy + 1+ € +ex + (eK) )
e
-\--—‘
. -

. "

5
’




: e o
P

P

WSO

A
4
)
2
i '!
%ﬂ
: so
A, . - _11 plu=-1-p) B
Cd ezt < atezt! <2 (Mo v !N et 2 a Mk VT e WP ¢ WP '
- E 5 ¥ K K
..
%;ﬁ Since u » 2 and p< uy -1 we get
N J— A - B
b lim lezt* < L +ax ¥P.g as k + @
NN E K 6
. €+0
E ":
ﬁ This proves (2.26) o
Lemma 2.28 Let H satisfy (H4)(HS) and (H7) and f € W. Then if z, is a solution of
e
b4 "'
", (2.25) corresponding to € € (0,1], we have
<o
>
-, —_—
o lim etz 1, = 0 (2.29)
€+0
tﬁ‘ Proof. Since (H7) implies (H9) (with p = % )}, by Lemma 2.24 we only need to estimate
o —_—
’“3 IszelE. From (2.27), since f € W, we get
-
2 = .
L] - *
s e1z1g < A (ec, + 1+ (eK) ) I FINEIMEN LW T
e
%_ or
| ) , =22 _ P )
\ M u-p u=p
U lezdy < A1(e Cg tete K ] + 21f8 ezl
Y Therefore
¥ —_ - B :
g limiezt? < Ak ¥ P o as K+ = ‘
; K 1
‘e €+0
Pg
;N‘ here since without loss of generality we assume p > 0. This completes the proof of
X8 (2.29). o ;
v(} The proof of Theorem 2.18 )
1 [
:i (H7) implies (H8) and (H9). Arguing as in Theorem 1.5 by using Lemma 2.21, we get a \
(o |

|

solution z, of (2.25) corresponding to each ¢ €@ (0,1]. So

-10-
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lemma 2.24 let H satisfy (H4), (HS), (H6) and

(H9) There are constants a, b > 0, 0 < p < y-1 such that

H, (t,2) > -a|z|P - b for all (t,z) e R x R®®
Given f e w, if z, is a solution of the problem
2 -€z +el(z - ¢2) ~ JHz(t,z) = f(t) (2.25)
corresponding to ¢ € (3,1], we have
:i; ez 1, =0 (2.26)

€+0 € E

Proof. For convenience, we omit the subindex ¢ of zo.

From (2.22) with A = 1, (H6) and (H9), we get

. 2 2n
1 P (3
elzl + €Kizl - 2wec_ - a [ |z|Fat - 29b < (£,32) + eifn_uz}
E u ) E E

L K
Since

€K ex =

u U=

|z|p < Ty |z| + (-2-;) P

- R

e1z1? + L 1z® <anie, + by + (5N VP 4 (g,38) + erfr iz 2.27
etz u S by ' ' (2.27)

L

From now on we shall use Ay, Ay, etc., to denote constants independent of

€ and K.

Since
A

. . € ° 2
(£,J2) < lf.l!lzlz < 3 Izl!

and _ 1
it 2l < enel < 5T Kizi* +aex ¥
E E 2 Lu I‘u 3

Substituting into (2.27) we get

- -2
u

! "V aetey VR

" -
+ ——
2 lzlLu < “4(“:1: +1+€  +eK
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a8, e d

L §
.

vl

2 i
Y

b.7w>

4

..
£Y

Peeg or ¥

2o
R

80
" b Re - -2 -_‘1 pla=t-p)  _ p
_s - - u= u-p u-p
tezly < Agdezd’ ¢ —= (efc, + ¥ 4 €70 4 oMk +e x )

L

Since p > 2 and p< uyu=-1, we get

_— A -
11m|ez|“<—-°—+ax P , o as k + @
X 6
€+0
This proves (2.26) s

Lemma 2.28 Let H satisfy (H4)(H5) and (H7) and f € W. Then if z, is a solution of

(2.25) corresponding to ¢ € (0,1], we have

lim elz l (2.29)
€+0

Proof. Since (H7) implies (H9) (with p = % )¢ by Lemma 2.24 we only need to estimate

leielg- From (2.27), since f € W, we get

2 - 2
* “-p [ 3
etziy < A (eCp + 1 + (eR) ) + 1 0zl + NENNzE

or
2 2 2 -
o u~p u=-p
lezly < A1(e Cgtete K ) +2ien ezl
Therefore
—_ - B
limleil: < AKX WP, as K+ »

e*0
here since without loss of generality we assume p > 0. This completes the proof of

(2.29). o]

The proof of Theorem 2.18

(H7) implies (H8) and (H9). Arguing as in Theorem 1.5 by using Lemma 2.21, we get a

solution zc of (2.25) corresponding to each ¢ @ (0,1]. So

-10=
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z - ‘m;("‘g) ez - t::.t(le - ezt) + £(t)

By Lemma 2.28, €z_ - eJ(ic- €z ) + £+ £ in W as ¢+ 0. This completes the proof of
Theorem 2.18. a

Let W~ ! be the completion of E with respect to the w12¢(0,7]) norm. Next we

LA, AT I NN b 4 e v A

o

show how (H7) can be weakened at the expense of density in H". We have

Theorem 2.30 Given T > 0. let H satisfy (H4), (B5), (H6), and (H9). Then there
exists a dense set D C W~ ! such that for any £ € D, (2.17) possesses a T-periodic

solution. (i.e., the range of the operator I -é - JH (t,*) is dense in H").

Proof Since (H9) implies (H8), Lemma 2.21 is true. Arquing as in d3keqrex 1.5, we get a

solution z, of (2.25) corresponding to each ¢ € (0,1}. So
. 2 .
(zt,q)z (.‘Jl‘lz(t:,z‘:),o)E (f + ez - € ch.o)‘ c(J:t ")'

for any ¢ € W.

By lemma 2.24, for teenw!
2 .
. (£ +ez, = eIz ,0), - €Iz 0l + (£,0), as ¢+ 0.
Since E is dense in W', this completes the proof. -]

The following result where u > 3 in (H6) allows us to weaken (H7).

Theorem 2.31 Given T > 0. Iet H satisfy (H4), (HS) and

(H10) There is a constant u » 3 such that
Hz(t,z)-z
lim m
|z}sem 2|

and (H8). Then the conclusion of Theorem 2.30 is still true.

-4 for all t e R

We need the following estimate

lemma 2.32 let H satisfy (H4), (H5), (H10), and (H8). Then the conclusion of the Lemma

2.24 is true.

. Proof Multiplying (2.20) by J(£ = £), we get

A ] =R

e

¥
»

s 8 '

-l

> o

"-’:-* A

.

‘-,x s.‘r"w 2




“
vl
i
i

b

o ;:
-

e 2 2 2 2
elziy + € Mzl + (H (t,2),2), + % B, (t,z)at

- (f,Ji)! - (£,30), + e(:,ai)‘ + (2,30,

By (H10), for any X > 0 there is a constant CK > 0 such that

H (t,z)ez > Klg|¥ - ¢, for all (t,2) e R x e
Hence by (H8) we get
°_ 2 v - v . .
elzlg + KlzlLu ZICx ""L" 2ndb < Iﬂ‘lsl‘ + Itlxlzlx + 2lzlslzlB (2.33)
Observe that
) € ,2.2 ]
Ifl!l:l‘ < ry lzl' + < 51 .
"
Ifl!lzl‘ < AZ'"LU < IzlLu + A3,
and
2 .4 ,..2_¢€ 22 T -2
L) -e- L] LR € * u “—
2lzl=lzlB < r lzls + . Izlx < ry lll! + l:lnu# A‘:
Substituting into (2.33) we get
N )
(K-a 2)l:lLu < AS(CK + 14+  +¢ )
and
A, ply=3)
¥ B n u=1 u-2
tezl) < AG'“'LM STy (E(Cg+ 1) 467 b )
¢ —1— (e¥(c_+1) + 2)
(K-a-2) K
Therefore
1lim lezl, € o=~ 4+ 0 a8 K+ ¢+,
€50 (X~-a~-2)
This completes the proof. o )

Now combining Lemma 2.271 and lemma 2.32, we get Theorem 2.31.

-12-




§3. Second Order Superquadratic Hamiltonian Operators

In this section, results similar to those of §2 will be proved for the second order

Hamiltonian system

q #vq(q) = £(t) (3.1)
n - c!2 n
where q : R+ R, qQ=—34q Vq(-) is the gradient of V: R + R. let E be all the
ac

T-periodic functions in L2([0,T], K'). We shall prove

Theorem 3.2 let V satisfy

(vt) vec'a.m

— YV (q)eq
(v2) 1= =t
lq|++e  |a}

Then for any T > 0, there exists a dense set DC E such that for any £ @ D, (3.1)
2
possesses a T-periodic solution (i.e. the range of the operator I —d-z- + Vq(-) is dense

at

in E).

Remark 3.3 (3.1) is a special case of (2.1) with H(q,x) -% |x|2 + V(q), which
satisfies (v2) but not (H2). (Here (q.,x) € ®2).

Since the digcussion of the second order Hamiltonian system closely parallels that of
the first order case and is simpler, we will be rather sketchy in our exposition here.

In ordexr to prove the Theorem 3.2, we consider a modified problem

qteq+eq+ AV (@) = Af(t) (3.4)
2 . 2:2 1,0

in the space W° = (W°'“(8')), where ¢ @ (0,1], A € {0,1], T = 2.

We need the following estimate

Lemma 3.5 If V satisfies (V1) and
(v3) V. (qeq>-M for some M > 0 and all g € K. !
Then the solution q of (3.4) satisfies

iql , € C ‘
. '2 |

where C = C(t.l!l.,V)

{3

PeTR T R W

"{ e "}'\"“'
LA \\.\'.
: s

q"f ','l'.' Thvw ‘,‘,"’.J' b

~ B - ~
. "‘,.'-._' .!’.
; <’ -
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SN o SRl £k ; :
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Proof Multiplying (3.4) by q and integrating over (0,2x], gives

v

iRt * 1
“ind € - .
:e"','i Iql! T ltll (3.6)
oy Multiplying (3.4) by q and integrating over (0,2x]), we get (by(3.6))
gty
:&} 2 4 2 4 '
M
igl’ € — = .

. aly > lfI' . (3.7)
K-
9 Therefore, there is a constant H1 - H1(c,I£IE,V) > 0 such that
5
3
s tql _ < Alql, <M,

. L

e Lee M, = % IVq(q)l

Th qe(-M,,M,]
bL]
w‘ From the equation (3.4), we get
e -2 2,02 2 2 2 2

: taly < 4(e”iqig + e igly + lvq(q)lE + £
G
%\ 5 2 2
L2 < 4((E + DIFIG + dnMe + zmz) . (3.8)
>y

7.}
) Now {3.6), (3.7) and (3.8) give the Lemma. o

X Consider the linear problem

N"" e *
B q + eq + €¢q = g(t) . (3.9)
-“.. .

We have

Sy
B s

lemma 3.10 Given ¢ € (0,1), for any g € E, (3.9) possesses a unigque solution q in

K . w? which satisfies
S 1
Syl 6 /2
¥ Iql 2 < (1 + —2) Iglg
‘;:-', w €
-~ Proof. As in Lemma 2.10. o
’fi,_, Using Lemma 3.5 and 3.10, as in §2, we get
d'.
J"ﬁ Propogition 3.11 If V satisfies (V1) and (V8), then for any ¢ € (0,1] any f €eE
L, - .
N q+eq+teq+V (g) = £(t) (3.12)
WSy q
F possesses a solution in wl, .
AN
S8
t 4
'§~
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In order to prove Theorem 3.2, we have
Lemma 3.13 let V satisfy (V1) and (v2), £ ew' = (w'*2(s™)®. 1f g, is a solution

of (3.12) corresponding to ¢ @ (0,1), then
lim clq ! , =0
i A
Proof. As in lemma 2.13

The above Lemma completes the proof of the Theorem 3.2.

4
A A A AN T T Y B S 8 S

As in section 2, there are analogous results for the problea
q+ v (&) = £(t) (3.14)
In particular we have the following two theorems ;.
Theorem 3.15 Given T > 0, let V satisfy :

tv&y veclmx r,m
(VS) Vit + T,q) = V(t,q) for all (t,q) € Rx R "
(V6) There is a constant u » 2 suwch that

lim w..... for all t enRm

la]*+=  lq}¥

(V7) There are constants a, b > 0 such that

v, (t,) ¢ alg/"2+b  forall (t,q) @R x M.

Then there exists & dense set D C X such that for any £ € D, (3.14) possesses a T-
2

periodic solution, (i.e. the range of the operator 1 9—7 + vq(t,-) is dense in I.)
at

Let W' be the completion of E with respect to the W~ '¢2 ([0,T]) norm. Then we

have
Theorem 3.16 Given T > 0, 1let V satisfy (V4), (VS), (V6),

and (V8) There are constants a, b > 0, such that

v, (t,q) ¢ a|q|“'1 +b for all (t,q) e Rx B .

TERY o ® Y
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) Then there exists a dense set D C w" such that for any £ € D, (3.14) possesses a T~

~ oL a2

:f periodic solution (i.e. the range of the operator I —* Vq(t.°) is dense in w V).

dat

\\'v

'\_', The proofs of the above two theorems follow in the same fashion as those already done
Ay and shall be omitted.

L1

;-‘, §4. Superlinear Hyperbolic Operators
b

:; We conclude this paper with some remarks about the hyperbolic case.

e

N Let €” be the real vector space of arbitrarily often continuously differentiable
. functions on (0,%) x R which are T-periodic in ¢t € R and satisfy u(0,t) = u(vx,t) =0
‘;;-“:.‘ for all t € R. Denote by E the completion of C. with respect to the norm

A

o <|/2 T T

"0 fuly = () where (u,v)p = [ [ ulx,t)evix,t)dxat .

: oo

“ et W' be the completion of E with respect to the w12 ((0,7) x (0,T)) norm.

<t

s, Call u €@ E a weak solution of the problem

i
- Uy = U, tu = fixt) (x,t) @ (0,¥) x R (4.1)
. u(0,t) = u(n,t) =0 teRrR (4.2)

A ARty 4,y oy
R ety

u(x,t + T) = u(x,t) (x,t) € (0,x) x R

for f e g, if

(Wrbpy = $p = d¢)g = (£40)g for all ¢ ecC .
S In (9], Tanaka studied the problem
28
:_: Uy U + glu) = £(x,t) , (x,t) e (0,v) x R (4.3)
- with boundary and periodicity condition (4.2).
He proved

. Theorem 4.4 Given T > 0 let g satisfy

o

g <1> g e C(R,R)

Ly

s <2> G(s) € C(1 + sg(s)) for some C > 0 and all s € R
. .
L3 where G(s) = [ g(t)at

X °
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YT

<3 lim 1(—.l - 4 o ,
N

Then for all f£(x,t) in a dense subset D C E, (4.3) (4.2) possesses a weak solution.

By using estimates similar to those in §2, together with Tanaka's techniques, one can
easily extend his result to the following problem

U, -u. o+ g(x,t,u) = f(x,t) (x,t) @ (0,%) x R (4.5)

with the boundary and periodicity condition (4.2).

We have
Theorem 4.6 Given T > 0, let g satisfy

(G1) g ecCc{(0,x) x Rx R,R)

(G2) g(x,t+T,s8) = g(x,t,s) for all (x,t,s) € (O,%) x Rx R

(G3) There is a constant C > 0 such that

G(x,t,s) < C(1 + g(x,t,s)s) for all (x,t,s) € (0,x) x Rx R
 §
where G(x,t,s) = [ g(x,t,7)dr
0

(G4) There is a constant j » 2 such that

1im Hxetesls for all (x,t) @ (0,%) x R
IR I P ile

(G5) There are consgtants a, b > 0 such that

p2
2

lgptx,t,o)] < als] +h for all (x,t,s) @ (0,7) x Rx R

Then there exists a dense set D C E such that for any £ € D, (4.5) (4.2) possesses e
T-periodic weak solution.
Theorem 4.7 Given T > 0, let g satisfy (G1) (G2) (G3) (G4) and

(G6) There are constants a, b > 0, such that

lg, (xet.o)| < als[? 4+ b for all (xt,s) @ (0,%) x Rx R

-1

. Then there exists a dense set DC W such that for any £ € D. (4.5) (4.2) possesses a

T-periodic weak soltuion.
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Remark 4.8 Tanaka considered the problem

., - Au + g{x,t,u) = f(x,t) (x,t) €Q x R
u(x,t) =0 (x,t) € 38 x R
u{x,t+T) = u(x,t) (x,t) € Q2 x R

where 2 C ' is a bounded domain with smooth boundary and g was independent of x
and t. In a similar fashion if g satisfies (G1) - (GS) (or (G6)) and
(67 |gtx,t,8)| < M(1 + |8|P), for all (x,t,s) e x Rx R

n

with constants M > 0, p » 0 if n=2, 0<p<« o3 if n > 2, then results similar
to Theorems 4.5 and 4.7 are still true. Here (G7) gives us the compactness of the

2n
composition operator g wle2 5 772, E, where g(u) = g(s,+,u(+,*)). We shall omit

the details of the proofs.
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