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ABSTRACT

We study the existence of periodic solutions for a class of Hamiltonian 1

systems of the form

-JH (t,z) - f(t)
z

By using the Leray-Schauder Theorem to solve a modified problem and passing to

a limit, we show Z-JHZ (t,z) has dense range in L. We also obtain

similar density results for second order Hamiltonian operators.
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SIGNIFICANCE AND EXPLANATION

There has been a lot of recent work on showing certain classes of

Hamiltonian systems of ordinary differential equations have multiple time

periodic solutions. This paper addresses the simpler question of when do such

operators have dense range in L . Several results of this type are proved

both for general and for second order Hamiltonian systems. -
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SOKX SUP3RgUADRATIC OPRATORS

S1. _Introduction

During the past few years there has been a considerable. amount of research on the

existence of multiple solutions of 4sperlinear- diferential equations. By superlinear
/3
ve-mem the equations possess a nonlinearity which grows more rapidly than linearly at

infinity. This research has been done in the setting of boundary value problems for

semilinear elliptic partial differential equations, and periodicity problems for

Hamiltonian systems of ordinary differential equations and semilinear wave equations.

(See e.g. [1-71) For example, Rabinowitz proved [2]

Theorem 1.1 Let H S CI(Rn,R) and satisfy: there is an r > 0 and u > 2 such that

0< (z) H (z) • z

for all IzI ' r. Then for all T, R > 0, the Hamiltonian system

=H (a) (1.2)

possesses a T-periodic solution z(t) with uaxtg[O,TII(t)t ) R.

4i The existence of multiple periodic solutions of (1.2) is based on a variational

formulation of (1.2) which is invariant under a group of symmetries. A natural question

to ask is what happens if a perturbation is made which destroys the symmetries. This has

been done by Dahrn and Derestycki [6] for (1.2) who proved

Theorem 1.3 Let H satisfy conditions

<1> e C c2(*2 , R}

2> 0 < VH(z) 4 H (z) - z for all z 0 R
I
n, IzI ) R, v > 2

<3> alz P+I' - b 4 H(z) 4 a1 lsl
q + l + b, with 1 < p < q < 2p + 1

where a, a > 0, b, bI ) 0 and R > 0 are constants.

, Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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Let T > 0 be given and f e C (R, R2 n ) be a given T-periodic function. Then

; - JHz (z) = f(t) (1.4)

possesses infinitely many distinct T-periodic solutions {zklkeM* Moreover

Iz kI + - as k + + -.
kL's

We will prove another kind of existence result for (1.4), namely

Theorem 1.5 Let H satisfy

(Hi) H e CI(R2n,R)

H (z)-z
(H2) lim = +

IzI++.. 1z1
Then for any T > 0, there exists a dense set D in the space E of T-periodic functions

2 2n
in L ((0,T),R ) such that for any f e D, (1.4) possesses a T-periodic solution. (i.e.

d
the range of the operator I -2 - JH () is dense in E).dt z

Note that we require much milder conditions on H than Theorem 1.3, but we also get

a weaker existence statement. However Theorem 1.5 suggests that a stronger result than

Theorem 1.3 may be true.

The proof of Theorem 1.5 is fairly elementary and was motivated by an analogous kind

of result for a semilinear wave equations that was recently proved by Tanaka (9]. A more

complicated density theorem was proved by Bahri in an elliptic setting [8]. For other

density results, we refer the readers to the results of Hofer [11] and Willem [12].

In §2 we will prove Theorem 1.5 as well as some other results when H = H(t,z). In

§3 we will prove some parallel results for second order Hamiltonian systems. Finally in

§4 we will make a slight extension to Tanaka's work on semilinear wave equations.

-2-
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12. First Order Superquadratic Hamiltonian Operators

Consider the perturbed Hamiltonian system

- z (Z) - f(t) (2.1)

2n dzwhere 1 6 1 2n *dz = (0 1) is the identity matrix on 10 (or on a
2n

later). H : R2 n 
, R, and H zW) is its gradiant. Let z.y denot, the usual inner

z

product in R2n and jz12 _ z.z. For T > 0, let 3 denote all the T-periodic

functions in L
2
([0,T],

2n
).

For our first result, we shall prove Theorem 1.5. Without loss of generality ws may

r~4. assume T = 2w in the following discussion.42.

Consider (2.1) in the space W = (Wl,2(Sl))
2
n with norm

, (t (1;1
2 + 1z12)dt)

1/2

0

Let (Z,Y)l f 2Zyft , ZIE = (z'Z) 8
0

To prove Theorem 1.5, we first study the modified problem

ez - c + cFJ( - ez) - Aj 5 (z) = Af(t) (2.2)

where X 6 [0,1], e 6 (0,1]. We shall establish an estimate for any solution of (2.2)

in W independently of x e [0,1]. By using the Leray-Schauder theorem, this shows that

for each e e (0,1] the problem

; - Cz + EJ(z - £z) - JH z (Z) = f(t) (2.3)

possesses a solution z in W. Then by showing that elftlw . 0 as e + 0, we will

obtain Theorem 1.5. This sort of approach was used by Tanaka in his study of semilinear

wave equations [9).

To begin, we need the following estimate

-- . Lemma 2.4 If H satisfies (HI) and

(H3) there is a constant C > 0 such that

kw H (z)z ) -C for all ea

-3-
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Then if z is a solution of (2.2) in W we have

Izl L If, + (2.5)
13

Remark 2.6 (H2) implies (U3).

Proof. Notice that J= -I, J* - -J, Jz.z - 0 for any z ef

Multiply (2.2) by J(; - ez) and integrate over [0,2w]. Since

(z,z) = 0 and (H z(Z),;)E = 0, we get

2- + C €3,., + Ae(H (z),)- X(f,J;) 3 - C(f.Jz). (2.7)
E 3 z E E

By (H3) we get

S;-I 2 + I3 Z* 2  
2wCX 4 AM lfi III + ACIfi 1zi

E!1; + Iz 2) + I 1f12

2 3 3 3 9£

so

*Z,2 4
2 If2 + 4wC

W 6 3 2C £

and this gives (2.5). 0

Now we let I - eJ act on (2.2) and get

(1 + e 2) _ (1 + C2 )z - A(3z (z) + £ll(z)] - A[f - cjf]

i.e.

- z 2- . [JH (a) + H z (Z) + f -Cif (2.8)1(2.8)1+z

Since I - cJ is invertible, (2.8) is equivalent to (2.2). We will solve (2.8)

in W. In order to do so, consider the corresponding linear problem

a-Cz - g(t) (2.9)

We have

Lemma 2.10 For any g e E, (2.9) possesses a unique solution z e w, which satisfies

n w 6g " (2.11)

"-4-

.:--
%/



1
Proof Suppose z is a solution of (2.9). multiply (2.9) by z - z, and then

integrate over [0,2w]. We get

11 2 + II 2 . (ga) 9 2

9 za C E C E W

which gives (2.11).

Observe that (2.11) implies the uniqueness of the solution of (2.9).

For any g 6 Z, expand g in Fourier series

g- a0 + 1 (a, sin jt + b1 cos it) a0 , abj e R

By (2.11), it is easy to find that

S+ 1 [l(Jb A sin(jt) - (Ca1 + eb cos(jt)]

is the solution of (2.9). o

Denote the solution operator of (2.9) by S€ .  Then 8 is continuous from E to

W by (2.11). For f 6 3, define

T (y) -- 1 [J% (y) + CH (y) + f -eJf] for all y e W
1+C

Since H 6 C (2n, R), by the rmllich theorem, T is compact from W to E. Let

Ke - SeoTC. Then K is a compact operator from W to itself. By Lemma 2.4, for any

z 6 w, x e [0e11 if z - xKYz then

IZlw 4 const. (e,lfl ) •

Therefore by the Leray-Schauder theorem (Theorem 10.3 [101), KC has a fixed point

z e W and we have proved

Proposition 2.12 If H satisfies (HI) and (W3), then for any £ e (0,1] and any

f 6 X, (2.3) possesses a solution z e w.

In order to prove Theorem 1.5 we need the following estimates.

6
-. 40
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Lemma 2.13 If H satisfies (Hi) and (H2), f e W, and e 8 (0,1], then any solution

z of (2.3) satisfies

lir elze1W U - 0

C*0

Proof. For convenience we omit the subindex e of z * From (2.7) with A = I we have

2 + 31z1
2 

+ C(H (z),Z) = - (,Jz) - (f,Jz) (2.14)

E E

By (H2), for any K > 0, there is a constant C K  0 such that

Hz(z)°z > K1 2 
- CK for all z e R2n  (2.15)

Therefore (2.14) gives us
£KzIK iz2+-Il

2 21cC 4 (Ifi + III )IZlE I LK 2 + 1 1f
2

E K E E E 2 E CK W

so

22 CK 2E 2 K

K

and

lirn *CZI
2 C 1 If2

€+0 K

Letting K + , we get

lim CIZIE = 0 • (2.16)

c+0

By (2.14) and (2.15) with K , 1 we get

ril 2- 2wrC 1 e IZi (fl + IE

so

lC.2l < 2czl EIfi w + 2irCLC

and by (2.16) this gives

lim C n1 = 0
C O

This completes the proof of Lemma 2.13. 0

-6-
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The proof of Theorem 1.5

Given f e w, by Proposition 2.12, we have that for any e 6 (0,11, the problem

- JH (Z) = eZ - EJ(z - Cz) + f
z

has solution za e W. lemma 2.13 shows that Cze - cJ(ze - x e) + f + f in 2 as

e 4 0. So this shows that any f 6 W belongs to the closure in 9 of the range of the

operator I . - Jz(-). Since W is dense in 3, this completes the proof of Theoremdt z

1.5. 13

Next we will study some generalized versions of Theorem 1.5. Their proofs are close

to that of Theorem 1.5 and therefore we will not carry out all details.

Consider

H- 1z *t,z) - f(t) (2.17)

We shall prove

Theorem 2.18 Given T > 0. Let H satisfy

(H4) H e C1(R x Rln,R)

(H5) H(t + T,z) -H(t,z) for all (t,z) e R x .
2n

(H6) There is a constant U ) 2 such that

H z(t,z)"z
lrm +=+. for all t e R
IZIjzj++ JJ'

(WT) There are constants a, b > 0, such that

H (t,z) ; -ajzI"
/2 - b for all (t,z) e a x R2n

4) t

Then there exists a dense set D C E such that for any f e D, (2.17) possesses a T-

d
periodic solution (i.e. the range of the operator I - - JHz(t,.) is dense in Z).

Remark 2.19 To illustrate the conditions (H6) and (H7), we may consider the case.4.
H(t,z) - H 0(z) + h(t)H1 (z)

where H1O, HI and h are C1, h is T-periodic, H0 satisfies (H6), and II satisfies

(). Por example

-7- %
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H(tz) - Iz14log(jz 2 + 1) + (sin t)lIZ2  A

To prove this theorem, we consider the modified problem

- - £z + CJ(; - £z) - AJH (t,z) X Af(t) (2.20)
z

where A e (0,1], C e (0,1].

We have the following estimates

Lemma 2.21 Suppose H satisfies (H4), (H5), (H6) and

(WT) There exist constants a, b > 0 such that

Ht(t,z) > -ajzjU - b for all (t,z) e R x R2n

If z is a solution of (2.20) then

IZIW 4 C

where C = C(cIflEH)

Proof. Multiply (2.20) by J(; - ez) and integrate over (0,2w]. Then we get

2w2 3 22
l£2E + C IZI E + X[(H z(t,z),z)E + f H (tz)dt] = ,(fJ;)E - A£(f,Jz) (2.22)

0

By (H6) for any K > 0 there is a constant CK ; 0 such that

H z(t,z) * z > KIZIU - Cr for all (t,z) e R x It2n

so
•2 3 2

Cl2l E + C Izl E + A[CKIzIU - e2wC - azlI
j 

- 2wb]

LU L

4 X(f,Jz) - AE(fjz) (2.23)

a

Taking K - , we get

C112+6 Z C2wC + 2wb + Efl (111 + N21
E K K E E E

4 2w(C K + b) + L3 1z12 + If1
2

K2 W 3 E

Therefore

2 47w 2 aIzl (C K + b) + 6 Ifl where K =

This completes the proof.

?-8-
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Lemma 2.24 Let H satisfy (HO4, (M1), (H16) and

(H19) There are constants a, b > 0, 0 4 p 4 Uj-1 such that

H t(t,z) ), -alzIP - b for all (t,z) e R R2 n

Given f e W, if z eis a solution of the problem

z ez + eJ(; - z) -JH z(t,z) =f~t) (2.25)

corresponding to e e (0,1], we have

lim izIZ 1 0 (2.26)
L+0 e E

Proof. For convenience, we omit the subindex e of z

From (2.22) with X. - 1, (H16) and (H19), we get

dt +eii -
2 waCK a f 21 zj'dt - 2wb 4 (f,Jz) + Lift izi

0 E 3

Since

IzIP 4 y- Iz I U + (LE~) U-P

C.2 + L- WO 4 ,( + b) + LK UP+ ) if (2.27)
E 2 LU 2a '3p+('; Cf EE

From now on we shall use A,, A2, etc., to denote constants independent of

c and K.

Since

k.(f,J;) < f In i 61 4 .;12 +AI

E E 2 R C

and1

Lft izi (LCA izi L- izi + A K
3 E 2 LUV 4 LU 3

Substituting into (2.27) we get

C* 1;1 2 X U KII1 4 (c + LX 1- + (CK) i)
L

-9

'e



so

lIzl A51 C !± e + 
C i-- 1 +  p-2 + CpK P-1 + E 1-P K 1'P)

E 5 L AK K

Since p > 2 and p 4 p - 1, we get

- A6 _ _i

n lira l ( - + A6K - 0 as k +
S+0 E K 6

This proves (2.26) 0

Lemma 2.28 Let H satisfy (4)(HS) and (7) and f e w. Then if z is a solution of

(2.25) corresponding to e 6 (0,1], we have

lir e 1wzI = 0 (2.29)
6+0

Proof. Since (H7) implies (09) (with p 2 ), by Lema 2.24 we only need to estimate

Isz I * From (2.27), since f e W, we get

C 2

el~l 2< A 0P + il lI + offi Iz E ( AlJ£CK + I + (CK) -P + I E KI l

or

IlzIl 2( A1 (C 
2c + C + C l1-P K P1P) + 2 t1*l lezi 3

Therefore

limfil
,,2 

e A K U-P 0 as K +
C £4 K 1

here since without loss of generality we assume p > 0. This completes the proof of

(2.29). 0

The proof of Theorem 2.18

(W1) implies (HS) and (H9). Arguing as in Theorem 1.5 by using Lena 2.21, we get a

solution z of (2.25) corresponding to each e e (0,1]. So

-10-



Iamma 2.24 Let 8 satisfy (H4), (HS), (H16) and

(H9) There are constants a, b > 0, 0 (p U -1 such that

t(t,z) ) -aIzx'
P - b for all (t,z) e R x Rn2n

Given f 6 W, if z is a solution of the problem

z - Cz + cJ(; - ez) - J3 x(t,z) = f(t) (2.25)

corresponding to e 6 (0,11, we have

lie elm CI - 0 (2.26)
6+0

Proof. For convenience, we omit the subin4ex e of z¢.

From (2.22) with A - 1, (H6) and (M1), we get

2ii+cKm 1  
2wec a f 2w zI~dt - 2%b 4 (f,j;) + elf! IziI K 0 i

Since

CK IZI + ( -P

4[
I

2 2aK '

CIZi +- WO 2,(eCK, + b) + + , e fl(2.27)z 2 Lua2a UK f~z E (2.27)

From now on we shall use AI, A21 etc., to denote constants independent of

e and K.

Since
(f,3z) 4 IfI 1 (5C i 2, 1

z R 2 11 9

and I

K KL p-1Y
CM liZl E f. eA21Zl 4 --' Izlp + A CK -

Substituting into (2.27) we get

-z.2 ",0 4 A4(cK + 1 + -1 + -1
2 3 4 ,

-9-
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so

U 6 _Ul- - Li. !z--a _ _1
UZI A ezi CI C + 

' 1 + C + CUK +u-p K 1A-p)
El 5 LU K K

Since w ) 2 and p < p - 1, we get

C A6 -- --
limIczIl- +6K Uep 4 0  as k +

This proves (2.26) a

Lemma 2.28 Let H satisfy (H4)(HS) and (H7) and f e w. Then if z is a solution ofC

(2.25) corresponding to e e (0,1], we have

li<r elz I - 0 (2.29)

C+0

Proof. Since (WT) implies (19) (with p = 2 1 , by Lena 2.24 we only need to estimate

li e I * From (2.27), since f e W, we get

Cn ;12 4 A (CCK + 1 + (CK) U-P) + ol IZIn + Ifi nzI

or
=&_ p

*el 2CI ( AjeC2C + C + C U K UiP) + 21f15 ICZI

Therefore

ltmleiz ( AK A + 0 as K +
C+0

here since without loss of generality we assume p > 0. This completes the proof of

(2.29).

The proof of Theorem 2.18

(H7) implies (H8) and (H9). Arguing as in Theorem 1.5 by using Lemma 2.21, we get a

solution z of (2.25) corresponding to each £ e (0,1]. So

-10-
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;C- i X (t,zg) C Cz6 - cj( e - Cz ) + f(t)

By Lama 2.28, Cz - cJ( - cz ) f + f in V as 9 + 0 * This CMqle te the proof of

Theorem 2.18.

eAt W
"  be the completion of 3 with respect to the V'1'2(fOTJ) norm. Next we

show how (H7) can be weakened at the expense of density in N " 1 . We have

Theorem 2.30 Given T > 0. Let H satisfy (4), (HS), (M6), and (Mg). Then there

exists a dense set 0 C el such that for any f e D, (2.17) posseeses a T-periodic

solution. (i.e., the range of the operator I -A - im (t,.) is dense in WU).

Proof Since (H9) implies (HS), Lema 2.21 is true. Arguing as in dlke.93s. 1.5, we get a

solution z of (2.25) corresponding to each c e (0,). so
t2

- (z ,) - (ON (tZ ),V)t " (f + Cze- C 2 Jz,9) - €(J1,9)

for any # 6 W.

By Iamma 2.24, for f e z nW-

(2 ,+C9 - a(J, C (fog)E  an C + 0(f + cz ) (f) 3  a a*0

Since 3 is dense in W
"1
, this completes the proof.

The following result where V ) 3 in (HG) allows us to weaken (H?).

Theorem 2.31 Given T > 0. LEt H satisfy (84), (3S) and

(H10) There is a constant V o 3 such that

H zlt,zl'z

ltm t + for all t OR

and (Ha). Then the conclusion of Theorem 2.30 is still true.

We need the following estimate

Loa 2.32 Lot H satisfy (H4), (05), (IO), and (HO). Then the conclusion of the lama

2.24 is true.

Proof Mltiplying (2.20) by J(; - z), we get

%!



1z +2 + 2 + ( (tz),z) + 2Ht(tz)dt

z 0

" (fJ;)z - (f.Jz) 9 + C(z'J;) 
+ 

(z'Jz)z

By (H10), for any K > 0 there in a constant CK - 0 such that

H (t,z).z )xjzj0 - c. for al (tz) e i -x f

Hence by (HS) we get

£1z1 + K]Iz,4 - 2wC - alzi - 2ib C Ift ,;, + IfI :I + 21zI' 1 (2.33)

z LP K L" z 9 z 9 9 (233

Observe that

1if,,I 1 --1 1;112 + 1 AI

nfl Izi C A taB -C IzIP + A3
a l 2 Li LP

and

211 ~ 6 2 + IZ2 < .*2 v-2

- 4 E 3 4L~ is

* Substituting into (2.33) we get

(K-a-2)IzEU < AS(Cr * 1 + C
1 + 6 -

2 )

Lo

and
A7  "(u-3)

A 7 ( j (

6z'U 4( A Use +C£c + 1) + ,,-1 + C '-2I
z 6 LU (K-a-2) K

C A7  CI(K+I 2)

( --a-2) ( (c +1) +

Therefore
2A7

T9 ICZ t 4 2 7 0 as K + +

+0 K (K-a-2)

This completes the proof. 0

Now combining lama 2.21 and Lemma 2.32, we get Theorem 2.31.

-12-



13. Second order 8uperquadratic Iamiltonian operators

In this section, results similar to those of 12 will be proved for the second order

Nemiltonian system

q ( V(q) - f(t) (3.1)

- d2

where q t R* p q- -q. Vq(o) isthegradientof Vt R *3. let 3 beallthe

T-periodic functions in L2 ( [0,T], r). we shall prove

Theorem 3.2 Let V satisfy

(V) va CI(I?,i)
.: V (q) -q

(V2) i 
- + -

lq+- Iq12'

Then for any T > 0, there exits dense set D C 3 such that for any f 1 D, (3.1)

2
possesses a T-periodic solution (i.e. the range of the operator I 4dt+ V q. ) is dense

in 5).

Remark 3.3 (3.1) is a special case of (2.1) with H(q,x) . Ix I
2 + V(q), which

satisfies (V) but not (H). (Here (q,x) * .2n,.

Since the discussion of the second order Hamiltonian system closely parallels that of

the first order case and is simpler, we will be rather sketchy in our exposition here.

In order to prove the Theorem 3.2, we consider a modified problem

q + 9q + eq + X (q) - )f(t) (3.4)

in the space V2 z (W2,2(SI))n, where c 6 (0,1], X 6 10,1], T - 2w.

We need the following estimate

Lems 3.5 If V satisfies (V) and

M) v3(q).q -K for ese N,0 andall q61.

Then the solution q of (3.4) satisfies

-- : .Iql 2 C

where C - C(e,lfJ3 ,V)

* v ~*'13-



Proof Multiplying (3.4) by q and integrating over (0,2w), gives

l I C. IfI (3.6)
9 z

Multiplying (3.4) by q and integrating over (0,2w], ye get (by(3.6))

2 4 2 4wM (37)
x 3 3 C

Therefore, there is a constant M1  MI(c,lflV) > 0 such that

Iql 4 A I ql E E N1

:Let M2  sup IV lq
qe[-lMn1

From the equation (3.4), we get

S4(2 2 2 2 ifl
( qIf2 + M 2q13 + *V(q)i,, f

(I + + 4wM + 2, (3.8)

Now (3.6), (3.7) and (3.8) give the Lesma.

Consider the linear problem

q + qc + eq - g(t) (3.9)

We have

Lemma 3.10 Given e e (0,1], for any g e E, (3.9) possesses a unique solution q in

W2 which satisfies

, Iql 4 (1 + -. /) 1Igl

Proof. As in Lemma 2.10.

Using Lemma 3.5 and 3.10, as in 12, we get

Proposition 3.11 If V satisfies (VI) and (V8), then for any e e (0,11 any f e a

q + + eq + V (q) f(t) (3.12)

possesses a solution in w2 .

-14-
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In order to prove Theorem 3.2, we have

IAma 3.13 Let V satisfy (VI) and (V2), f 41W 1 - (W 12(a)) If % is a solution

of (3.12) corresponding to c a (0,1], then

list elqCI - 0

Proof. As in TAma 2.13 0

The above Lama completes the proof of the Theorem 3.2.

As in section 2, there are analogous results for the problem

q + V q(t,q) - f(t) (3.14)

4. In particular we have the following two theorems

Theorem 3.15 Given T > 0, let V satisfy

(4) V 6 CI(it XRn,3)

(V5) V(t + Tq) - V(tq) for all (tq) O R x R

(V6) There is a constant j ) 2 such that

V (t,q) .q

lim V q t ,.--a + for all t a alql**" Iql'

(V) There are constants a, b > 0 such that

Vt(tpq) 4 ajq( / 2 + b for all (t,q) RN x le

Then there exists a dense set D C 9 such that for any f • Do (3.14) posesee a T-

periodic solution, (i.e. the range of the operator I d + V (t,) is dense in B.)

_T q

Let W" 1 be the completion of I with respect to the W" 1 ,2 ((0,T) norm. Then we

have

Theorem 3.16 Given T o 0, let V satisfy (V4), (VS), (V6),

and (VS) There are constants a, b ) 0, such that

Vt(tq) 4 alqU' + b for all (t,q) a a x I.

I -15-
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Then there exists a dense set D C W"1  such that for any f e D, (3.14) possesses a T-

2
periodic solution (i.e. the ranqe of the operator I d + VIq(t,e) is dense in W- I

The proofs of the above two theorems follow in the same fashion as those already done

and shall be omitted.

14. Superlinear Hyperbolic Operators

We conclude this paper with some remarks about the hyperbolic case.

Let C be the real vector space of arbitrarily often continuously differentiable

functions on (0,w) x R which are T-periodic in t e R and satisfy u(0,t) - u(T,t) - 0

for all t e R. Denote by E the completion of C" with respect to the norm

"u uu /2 i*er =T
lUz = (uu) 2 where (uv)= f f u(xt).v(xt)dxdt

0 0

Let W-1  be the completion of Z with respect to the W-1 ,2 ((O,w) x (0,T)) norm.

Call u e E a weak solution of the problem

utt - uxx + u+ = f(x,t) (x,t) 6 (0,w) x R (4.1)

u(0,t) - u(W,t) = 0 t 6 R (4.2)

u(x,t + T) - u(x,t) (xt) e (0,W) x R

for f e z, if

(u'*tt - #xx - 40E= (f") for all # C

In (9], Tanaka studied the problem

utt - Uxx + g(u) = f(x,t) , (xt) (0,w) x R (4.3)

with boundary and periodicity condition (4.2).

He proved

Theorem 4.4 Given T > 0 let g satisfy

<1> g e C(3,,)

<2> G(s) 4 C(1 + ag(s)) for some C > 0 and all a e R

5

where G(s) f f g(t)dt
0

-16-
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<~~3> Urn g( a)=+..

Then for all f(x,t) in a dense subset D C Z, (4.3) (4.2) possesses a weak solution.

By using estimates similar to those in 12, together with Tanaka's techniques, one can

easily extend his result to the following problem

.tt - uxx + g(x,t,u) - f(x,t) (x,t) 6 (Ow) x R (4.5)

N with the boundary and periodicity condition (4.2).

we have

Theorem 4.6 Given T > 0, let g satisfy

(Gi) g e C((0,w) x R x 3,R)

(G2) g(x,t+Ts) = g(x,t,s) for all (x,t,s) I (0,w) x R x R

(G3) There is a constant C > 0 such that

G(xt,s) ( C(1 + g(x,ts)*) for all (x,tos) I (0,w) x Ix a

where G(x,t,s) -f g(X,t*r)df
0

(G4) There is a constant p o 2 such that

ltn g(x,t,sj. + 40 for all (x,t) 6 (0,w) x R

(G5) There are constants a, b > 0 such that

Igt(x,to)I C aIS 2 + b for all (xt,s) e (0,) x R x R

Then there exists a dense set D C 3 such that for any f e D, (4.5) (4.2) possesses e

T-periodic weak solution.

Theorem 4.7 Given T > 0, let g satisfy (GI) (G2) (G3) (G4) and

(G6) There are constants a, b > 0, such that

Ig t(x,t,s) -C a(sj"p2 + b for all (x,t,s) 6 (0,:) x It x R

* Then there exists a dense set D C W "1 such that for any f I D. (4.5) (4.2) possesses a

T-periodic weak soltuion.

-17-
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Remark 4.8 Tanaka considered the problem

utt - Au + g(x,t,u) - f(x,t) (x,t) e 0 x R

u(x,t) = 0 (x,t) e an x R

u(x,t+T) - u(x,t) (x,t) e n x R

where n C Rn  is a bounded domain with smooth boundary and g was independent of x

and t. In a similar fashion if g satisfies (GI) - (G5) (or (G6)) and

(G7) Ig(x,ts)l C X(1 + IsIP), for all (x,t,s) e n x R x R

with constants M 0, p > 0 if n - 2, 0 ( p < - if n > 2, then results similar
n-2

to Theorems 4.5 and 4.7 are still true. Here (G7) gives us the compactness of the
2n

composition operator W 1 ' 2 + L n-2 + Z, where j(u) g(.,.,u(.,*)). We shall omit

the details of the proofs.
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