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ABS"fCT

The new projective linear programming alqorithp by

Karmarkar requires solution of symmetric, positive 4-finite

systems of equations. One key to solving these svstemi

efficiently is minimizing the fill-in, i.e., the nnmhpr of

new nonzero elements in the reduce4 matrix, in the varinu

forms of ,aussian elimination usel to solve these svstams.

Fill-in is affectal only by symmetric reoriering of roys ani

columns of the system of equations. Various heuristic

orderinq algorithms are testel ani comoared with the

heuristic minimum Aeqree aliorith of ,eorge ani !iu.

Computational results are reoortei for sixteen large-scale

real-worli and artificial problems. The minimum Menre.

algorithm of aporae and tin is the most effective if six

tested methods.
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T. ZBWBODUCTTOH

1, IIYUODJCITOW

The nev projective linear programming alaorithm by

.ararkar rPef. 11 requires solution of symmetric, nositive

definite systems of equations. One of the keys to solvinq

these systems efficiently is controlling the fill-in, i.e.,

the number of new nonzero elements in the reduced matrix, in

the various forms of Gaussian elimination used to solve

these systems. 9nder the assumotion of noncancellation of

terms, fill-in createi by direct solution techniguqs is

affected only by symmetric reordering -of the rows ani

columns of the system to Se solved.

The problem of minimizing fill-in by svmmetric reorl-

ering is known to be NP-couplete ref. I so, in this

thesis, we examine a number of heuristic rpordering alao-

rithms for this nroblem.

Several different algorithms for reducing fill-in in

Gaussian elimination are compared for sixteen lars-scale

matrices derived from linear and intempr nrorammin

,roblems.

B. PROJEC'!IV! LP ALGO ITU

D Consider the linear programming problem

T
min c x
s.t. Ax = b

x~CO

"Aa-'S



where A is an m-by-n matrix, c is an n-element column vector

and b is an r-element column vector.. Karmarkar's alorithm

requires the solution of B T = Bc, where

B f j j, E is an n-by-n diagonal matrix, and 1 is

a n-element column vector of Is. Thus,

T

T ~ TA

E- 11A

We will not be concerned with the bottom row and riih+-

most column; they will typicallv be 10 0
- dense when usina an

artificial starting solution and will be placed last in inv

ordering. Tnder the assumption of noncancellation of terms,

the nonueros created in AAT will be the same as in AP-F,

both when creating these matrices an4 when oerforina t

elimination. Thus, we may restrict study to solvinq qv.tms

of the form AATz = Ac = b'.

C. DIRECT SOLUTION METRODS

Symmetrv and nositive definiteness are important in.

computation with the matrices. The mat rix D is symmptric

when DT = p. Otherwise, n in asvmmetric. A symmetric

matrix D is said to he positive definite if T ' I for all

nonzero vectors 7.

Three basic metho4s are available for lirect solution of

positive definite systems of the form AA 7 = = h'. '"bes.

methods are basic raussian ltmiration r.ef. r-, rhole.syv

factorization rwPf. 4l and ') factorization r o.f. -1. All

three methods eni up creating an tipper or lovr triannular

matrix which is used with b', or a modified version of h,,

to solve for z by hackwarl and/or forward Rubsti%.tnion.

* * .9.



One key to success of these methods is keeping tha

triangular matrix as sparse as possible by symmetricallv

reordering the rows and columns of D. This keeps cououta-

tion time down and round-off errors to a minimum.

1. Basic Gaussian Elimination

The Gaussian elimination method we will consider for

the solution of a set of equations is just an generalization

of the familiar method of eliminating one unknown by substi-

tution between a oair of simultaneous equations and is the

basic pattern of a large number of solution methods that can

be classed as direct methods.

Let us consider the system 92 = b', represented by

the augmented matrix [D,b'1, where D is an m-hy-m onsitive

definite symmetric matrix and b' is an P-vector. laussiln

elimination by columns consists of a steps. 'he purnosm ol

the kth step is to eliminate all the nonzero elements of the

augmented matrix which lie on -1olumn k below the diaaonal o6_

P. .t the kth step, dc w.itIh is the diiAon"A1 of +ho

active subatrix (formed by rows k to m ant column k to % ov

D(k)) is selected to be the pivot. Row k o' the auvfmentel

matrix is normalized and the elements in column k below tl

liagonal of D.kI are eliminated by suatraction of multiplli

of the normalized row k Oros all those rows which hava A

nonzero in column k below the diaronal. The auqmprte!

system frCk),b'(k)1 is obtainei where D(C) has zeros in ifs

first k columns below the Aiaqonal and Is on the Firqt k

positions of the diagonal.

'he process is continuA until the unp-r triarntular

syste-m [ncm),b'cm)i is ohtained and z can !e o rv

backward substitution.

.*. V.. ...



2. Choltz.2ft ractorization

There exists a unique lover trianqlar matrix T. such

that U7 = D. rholesky factoriza'ion creates t from D

directly without consideration of b. Then, T'z = ni = b'

is solved for by:

(1) Solve 1t = b' for y.

T
(21 Solve L z = Y for z.

Suppose a positive definite symmetric u-1v-m matrix

D is 7iven. The way in vhich Fil1-in occur when comuptinq

t is best illustratP4 by shoving a proof, folovinq qporap

and f.iu [Ref. 41, of one of 9he Crolesky factoriiatin

techniques.

Let D = I( aI where d Iis a scalar, a is a.m-i
1 111 1 1

lI

vector and K(is an (a-1)-by-(m-1) snbmatrix. "%_en ve r-an

write

1/2/2 - 1/?

!) 141/2j 1 !11 a !

1/7 I
1

la /I T I I i I T

1 1 1 1

= L 1D tI
T

where w- a a /I anid T lepfes an ilentitv

1 1 11 I



.. k

matrix of order k. Then,

01 1,0 I = I °° 0

d 2a

0 a "2 21

2 In 1 0 ii

= I I11/

2/2m2 In 2

where I 2 .

2 2 r2 2i

T
2 2 L 2

D L T t.
U-1 a m

lere, for 1<i<m, 1i is a positive scalar, al is a

vector of lenath m-i, and 11 is an (m-i1-hv-(m-i1 nnsi#iv-

definite symmetric matrix.

After 2 steps o fhp algorithm, we have

1) - t T. ... L L ... L i T T.
1 2 m m 21

where i+ can be shown that

1. = I + T. 2 ... + T - In-1)T
1 2 m

Thus, the ith column of !. is nreciPlv tho it column nf

Tn t'is scheme, the columns of I arp comnutepd onp Iv

one. At thi same time, each qtnp involvas the mnoificifion

..... ... .-p-.-.- . .. ..... ..- . . . .. . . .............. . . ...... ,..-,. %" . -. ,%"-'-""" "+"+_.a + a J .% " + " "a.- ' ' . .""" .- -..""" " "'"" .. ,, ,r""'" "',. . . . .'"I" ' '"" " "" " '" - - " "



of the submatrix .i by the outer product alai/fd to give R,

which is the submatrix remaining to be factored. Thas, the

structure of Ri s different from dI due to aiaTid i -

aai/d. creates new fill-ins if (ajj,(aQ)- 0 but (;!I=v

o inhere (aj)K is a kth element of vector at and (R)j is

the scalar element in row k and column I if R.

It can be seen from the above derivation that the

matrices D(k) and RK correspond in their patterns of

nonzeros, and if the normalization step of standard Gaussian

elimination is replaced by "divide row k by f(k))t/2,"

the upper triangular matrix produced is actually 1.T. Tnder

the assumption of noncancellation of terms, the pattern of

noneros in LT and the arver trianqular Dortion of n(m) will

be the same.

3. R Factorization

For completeness let us also consiler QR orthoonal

factorization. Orthogonal factorization me.bods compute thp

trianealar Cholesky factor L directly from A rather than

AT and thus avoid eyplicit formation of the cross product

used in basic naussian elimination and roleqv

factorization. Tn OR factorization, an orthogonal matrix I

of order n is compnted which rpduces A and c to t.he form

l A = 1 1andflc= r

where q is a vector of dimension m, and r is a vector on

dimension x-n.

Then, Dz = b' is eauivalent to

AA z = r

T T T
A== O AZ = A00 c,

-,: v..,,:,.-,.',",: ..' -" .', -,. ". '...... ' .. ' ... ... - .. . ... -. .. ... .... ... .- . - ". ,'v .'- ,1,.,.'-



=--> t Ol 1 = (t 01 t

---- LTz = Lqr

,P

SadL L z q.

Thus, after comini.inq tT and q using the orthogonal ma*tri

O, we need only solve for 2 by backward substitution.

0. GRAPY THtOP!?!C tOD!t

Consider the two matrices below wbere x inlicaten

nonzero. If we Perform Gaussian elimination on the vo

matrices, we met the upper triannular forms shovn.

1 2 3 4 1 2 3 4

i2x2 xxx

x x I1 x

1" 2 3 41 1 2 3 4

42-r x rx x

.n4er assumption of noncancellation of terms, the Cholpelv

factor of (1) is 101l5 dense. T! the first and last columnq

of (I) are interchanged, y.8 +he First an4 last rows of (11

are interchanued, then naussian elipina~ion will prndntes no

fill-in at all. Relov, a graph theoretic model iq Isc'ri4e



[Ref. 31 vhich helps clarify the process of. creatinq fill-

ins and how this can be modified by reordering.

an undirected graph G=(V,P, consists of a finite set of

vertices V together with a set R of edges, where an ed-m. iq

an unordered pair of vertices (u,v) such that u * v. An

undirected graph may be associated with any symmetric matrix

0 of order a. The "adjacency qraph* of P is a graph ,=(V,w)

such that V--v ,...,v and fvLYv Q T if and only if

di V 0 for all i - 1* The adjacency graph G(k) associate

with the active submatrix of D(k) is called an "elimination

graph." Note that an adjacency graph 6 associated with I is

unaffected by any symmetric reordering of the rows ani

colqamns n.

If (u,v) is an edge, u aud v in 9 are -adjacp.i." Por

S C V, the adjacent set of 9, denoted by dij (S) , ig the so#-

of all vertices not in S which are adjacent to vertices in

S. That is,

AdI(S) = (u 6 v-s I (u,v) for naome v 6 Si

where V-S is the set of all vertices of V which are not in

S.

A smbqrapb '9 = (V',F') of P = V,) is a araph Ohich

consists of some or all vertices of G and soge of P-he eAoe-

of 9: V' C VW' C . A subararh is a clique if every pair

of vertices in a snbqranh is adjacent.

Toet us consiler a symmetric qoarse matrix and its asso-

ciated undirected Iraph. The matrix is of order R.

fx IN II- - -
! xx x

Txx I I
I XKI 1l

SIN Xf -------

's

. . , , v .. " .". " .' . . £ . - ' ".14- , '-



If we perform Gaussian elimination at column 1, we obtain

D)(C

12345678
-j -- - ---

D sI • • I 7

87 x xx ------

where new fill-ins are noted by circles ani - corresponds to

a nonzero in the nonactive part o' D(k). will-in in nct)

corresponds to edges of GC(t) which were not in n(O) . .-(,)

is created from G(O) by deletine vI and all incident pderes

and by then connecting all vertices which were adiacent to

v, and not already connected. This is for2alizee below.

Let G(k) be an elimination granh. Tf verte-

vi correspondinet to row i and column i iq next selecte-a nr

elimination, then the new fill-in created will be equal to

the number of edges in the complement of the qranh lndixceO

from G(k) by Adj(vj). A graph G'(T',"9) is "indune" prnm

G(VL) by V 1.V i " = '-r(uIv) C ? S.t. a 7' or

v 0 V'. G'' (V,'' is the "complement" of I if 1 '-

((uv) S.t. U, V .V, U~v ] -

The next elimination step is shown below &nr

completeness.

123456781 -S-
2I

(2) *31 xxx / \
1) 1 xx xl I/

51 xoo 1 6 ------- 7f;! x oxx i !
71 xxxt

T he notion of "reachable sets" is ueftil for tha stnAv

of Gaussian elimination (George and ti'i, 1q8a) . liven a

granh and a subset 5 of vertices, if u ani v are tvn

distinct vertices whtic. lo not belona to S, v sav t% t w is

15
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reachable from u through S when u and v are connected be a

path which is either of length I (u and v are adiacent) or

is composed entirely of vertices which belonq to S. Given S

and u 0 S, the reachable set 'Reachfu,S) of a through S is

defined to be the set of all vertices which are reachable

from a through S. When S is empty, or when a does not

belong to Adi(S), then Peach(u,S) = Adie).

A tree is an undirected acyclic graph which is connectel

and has no cycles. A matrix may have a graph which is a

tree. If the tree is labelled in increasino order of vertex

degree and the matrix is peruted accordinaly, then laissian

elimination with diagonal pivoting can be performed vithou-

any fill-in being produced. When the graph of a matrix is

not a tree, then it is possible to find a tree partitioning

of the qraph, i.e., a partitioning such that the "quotient

graph" is a tree. Let the set of vertices V of a granh G -e

partitioned into the disloint subsets U1, t,---,1g- -hp

quotient graph has the k sets ff1 as composite vertices, and

its edges are defined by the condition that r'v,) i an

edge if and only if two vertices u 4R VT and v C "j" can ho

found such that q and v are adjacent in G. When the

quotient qranh is a tree, it in called a "quotient," .n4 tbh

corresponding partitionina a "tree partitioning."

2. CI3rlNT R!TWODS

A number of reordering methods are known which 4ramati-

cally reduce the fill-in resulting from Factor'aRtior.

These include the minimon deqre algorithm, varions di-sic-

tion schemes, and vprious bandyidth or profil, orleri-i

schemss.

land and profile methods regir the Oill-in in a ,tobal

manner, and confine it to certain areas, i.e., the ',anM or

profile of the matrix.

.-'..,-..'-, ,'. -- . . ; / v . , , " : ---. ..1.-



The dissection ordering method is a method for systemat-

ical!y partitioning the graph associated with a matrix using

separators. Tn the dissection method, the fill-in cauqed by

Gaussian elimination with diagonal pivoting is confine4 to

nested partitioned areas of the matrix.

It is difficult to compare methods because the effi-

cieacy of a method denends on the problem or class of

problems for which it is being used. Thus, we will onl, be

concerned with algorithms which do not erploit svpcial

structure except implicitly. The metho, which is currqnltv

accepted as best for "unstructured" problems is the "Pinimum

degree algorithm" of george an tin [Pef. 4]. This thesis

tests for efficiency the georqe and Tiu algorithm ani

several other algorithms inclueina variants of the lenrie

and 'in algorithm.

F. TEST PROWLERS

The algorithms described in this thpnis are tegtP4 on

sixteen linear proqramminn and mixel inteer proiramminq

problems. These problems consist of fourteen real-vnrli

problems (AIR, CnAt, C, PS, BUS, rtwC, FOA4, JCAO, YrTTN,

PASTORI, ?AD, PTPES, OT!.OT, vrrnY, mIG'R) an4 two 4rtiici~.

problems (ST1rN!PI, S7TFWP2). The dimensions ^f 9hspo

problems are shown in Table T.

All programs are writen in wOnTP i, compilel ,nner

FOPTPAX H-Extended (npt 2) and run on an IT 30311') under

VM/C'qS. Comnutation times presented in thq followin chap-

ters are accurate to the number of lecimal places shown.

-o17
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11. N 8_INVI DEGRIT AtGORYTT

I. .WTODVCTOI

In this chapter we discuss the minimum degree aanrithtm,

with details of the implementation by George an. tin rT=f.

41. This algorithm is te most commonly used ordering al.qo-

rithm which does not erilicitly exploit special matrix

structures.. It is used here as a standard for comiariqnn

against the aloorithms givan in chaDter TI1.

The main idea of the minimum degree algorithm is that

when w. Derform Gaussian Plivination ,e choose the vprfy nf

minimum dearee from the elimination qra-h at every ip..

This myopically ninimizes the total fill-in versos the new

fill-in. If there are sevpral minimnm deree verti(e-q m a

particular step, ties are broken arbitrarily.

B. BASIC ALGORITHM

Alaorithm : The Basic Minimum np eree AIqorithm.

Input : _limination graph Gc") associafte with a
positive defirite svmsptric matrix.

Output 2 A pprmutation vector .?P.( I for the

vertices of G(O)

Step 1. (Tnifializatilon)

Set i = 1.
Ster 2. (Select minimni degre. vertex)

,- (i-i)
Tn the elimiDation graph 1 : {V , 1 ',

"" i-i i-i

select a vertex v vi_1 which is of minimiiq

deqree.

oI



Step 3. ('ransform the graph)

(1)
orm the new elimination graph G = (VT, )

ii

by eliminating the vertex v from G

(i-i)
where all vertices adjacent to v in ,

are connected to form a clique.

Set PMR(i) = k.

Step 4. (Loop or stop)

Set i - i + 1.

Tf i > IVI, go to ste 5.

Otherwise, go fo step 2.

Step r. (Output)

W'or I = I to IVI, print PFPR(j).

!nd of The Basic 4inimum Deqre. Algorithm.

C. L!WhINCLD ALGOWTR

We can enhance the minimum degree algorithm by using fhq

concept of "inlistinguishable" vertices by (eorqe anI

Liu(1981). Two untabelled vertices u, v 6 v-S are saii fn

be indistinouishable tF Reach(,S) Ui fal = Peach(v,S) U (vA.

At any step k, if we find In-isttnauisha0lP vertices thpy

can he labelled next without any minimum Mparp. search.

Algorif.hm -. The Fnhanced Flinimum T.epree k.aorithm.

Tnput : Flimination qraph r,(O) associated vith a

positive 4efinite symmetric mntrix.

Outnut : A nermutation vector IDRPP.( ) for the

vertiCps of Go)
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Step 1. (Initialization)

Set i = 1.
Step 2.. tSelect minimum 4eqree vertex)

(i-1)Tn the elimination graph I = (V i, 1,i-I" i-1*

select a vertex 'v Vi-1 which is of mini,,,um

degree.

Sten 3. (Find the indist inguishable vertieps)

Pini the vertices which are indistinguishable

from v. ,et ! be the set of v ani all vprtieq

indistinquishable from v.

Step 4. (7limination)

Por each ver~ez u ET Tliminate u in I

ii)
to obtain a e set PERt1i) = n, and

set I I .
Step 5. (Loop or stop)

Tf i '> IV!, jo to st.ep 6.

Otherwise go to step 2.
Sten 6. (Output)

Vor I = I to IVI, print Tv'tj1.

Pn. of The 'nhanceA Minimum Deqree Alorithm.

T'1. implementation of +he minimum dPTree alqorithm ns'on

the basic ideas of elimination graphs, rarhable sef.,
indistinquishable vertices ani is further enhanced throunah a

• ..... -,. 'o-....- .,- , --,.-. ,,-.. -, ... ,' ,,,'..- -,. ,;.'.;,.,- ;.,;; .,, , , , ., . ,.,- . -21 . .



quotient graph partitioning of the initial elimination

graph.

The graph G (VOE) is stored usinq the adjacency array

pair (YADJk1)JWCY) in which the amount of storage used is

O(Il) and O(IRW), respectively. The amount of storage of

the remaining arrays is f(IVl). AOJWCY gives the adjacen+
sets %dj(v) in contiguous storaie locations for all v.

XADJ(v) gives the location of the firs+ element Adj(v) in

NDJICY. The resulting ordering array pair is P'4. T'he

algorithm requires the determination of reachable sets for

degree uodate.

Vertices identified as indistinguishable are m.rqpA

together to form a suoervertpr. They are treated as ona

vertex as the algorithm continues. Theo current degrees of

the vertices in the elimination araph are kept in tho irriv

DG -.

An initial partitioning of the graph is made to creatp a
quotient araph which is a tree. '"hen, vprtices of t*h elim-

ination graoh are selecte4 only from within subsets o

vertices making up a composite dcvree-1 vprtw-x of +le *ho

quotient graph. Tn this way, fill-in can he guarant. not

to extend outside of the quotient graph. This *enhniqni
helps keen fill-in low globally.



111. TN ETWINU_ PI t-IWAORYTWW AD TARIAWTS

I. INTIRODUCION

In this chapter we introduce the minimum fill-in
algorithm. In the minimum degree algorithm, the main

concept is to select that row and column which viells the

least total fill-in in the next active submatrix, while In

the minimum fill-in algorithm th- central idea is to selpct

that row and column which introducos the least new fill-in.

Suppose (Tit ,V...0, v;_.1  have been labelled. Tt is a

simple matter, conceptually, to cnmpute the new f.ll-in

which would be introduced bv selectinn any verter is bc-

next vYrtex to be labelled as vi . ?ill(v1 l is the nmber '

vertices v*, vj4E %dJ(v1) quch that vj is not adjacent to

v k . In practice, this number can be comoutal 4&q-mlv if

Adj(v) is kept as a linked list for all unlabeltei verticaq

v. Below, the 2inimum fill-in aliorithm is Iescritba

followed hv more detail on its implementation.

go E mn!IYnn ritL-IN ALcoIyrTR

Alqorithu : The 4inimum Fill-in hl'orithm.

Input : rlimination graph I(o) associated with i

positive 1efinite svmpetric matrix.

Outout- R pprmutation vector v-Pq I for tho vprticen

Of q(0)

Step 1. (Initialization)

Set i - 1.
ComNPutp VtLTl,(vI for all v C V, th9 amount

of new fill-in which would be crpatel if v i-.

elimina+el.
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Step 2. (Select minimum fill-in vertex)
(i-i)

Tn the elimination qraph r = (V , 1-i-I1 -

select a vertex v 6 V such that rTT'.T'I(v)1! i-i

is minimum.

Step 3. (Transform the qraph)

Form the new elimination rah , = f(.,.

ri-l1i

by eliminating the vertex v k from r

(i-Il

where all vertices adjacent *n v in I

are connectee to Corm a cliane.

Set P!P. (i) = k.

Step 4. (Irlate. W!tUT! array)

Undafe RTTALT(v) for all v E V .i
Step 5. (toop or stop)

Set i = i+1.

If i > 1V, go to step 6.

Otherwise qo fo sfep 2.

Step 6. (Output)

?or j = I to IVI, print o0FROI(j).

PnI of The .Ninimum Fill-in Aloorithm.

24
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C. IPLERWTITIOW OF THE WIITNTU FILL-It ILGORIT'WE

The graph 6 = (V,.I) is stored using the linked adjacency

list arrays (XRDJ,ADJWCY,LIN 1) rfef. 41 where the pointqr

XADJ(i) starts the adjacency list for vertex i, with .'N'Y

containing a neighbor of vertex i and T.?. containing th

pointer to the location of the next neighbor of vertex i.

The number of vertices in V is given by REON9. This Aata

structure requires more space than the Georie ane tiu

algorithm; but, it requires space proportional to fha'

necessary for carrying out one of the Gaussian eliminatiqn

techniques. Thus, this is not really a limi+ntion if

storage is reused.

The purpose of the above algorithm is to firl *ho

minimum fill-in vertex for a qeneral graph. Tt ooera-s on

the input graph as given by 97ONS and the linked a4jafencv

list structure (XA!J,A RT)1CV,LtWr1), and returns the orierinr

in vector !

The array TT.tTIW(v) stores the number of new fill-inc if

vertex u is eliiinated at the next stpo. ?T'T.T41vN iq

updatei after each elimination step. This need be ' oo onlv

for those vertices which are a distance oP two edaes or lasq

from u before the elimination step. 1"be TTLIN value fn-
vertices that have been elimina*ed is set neative.

'nitial testing of the minilmum fill-in alqorithm !,R-

shown that it is much too time-consuminq. Consenuentlv, 1

restricted version has been developed which only searchnq

among the minimum legree vertices for 'he minimum fil-ir
ver+ex. This is really a hybril of the minimum deqrep tlqo-

*-'; rithm and the minimum fill-in alaorithm a.,d is callel thp

a"min dearee / min fill-in airorithm".

...



D. 311 D2G22 / RM FILL-IN ALCORITH

Algorithm z The min Degree / Min Fill-in Alqorithm.

Input : .limination graph GCo) associated with a

positive definite symmetric matrix.

Output: A permutation vector PPP( I for the vertices

of GC o )

Step 1. (Initialization)

Set i = 1 and ad = 0.

Sten 2. (tazy update of fill-in array PTU.TTW)

Find minimum degree mindeq.

If md * mindeg, set ad = mindeg anA compute

F!LLIR(v) for all vertices v with

deq(v) = m4.
Otherwise go to step 3.

Sten 3. (Selection)

In the elimination qran1 G =' - 1 
j (V

select a vertex v CV vhich is of minim im
k i-I

fill-in among the minimum degree vertic ,:.

Step 4. (Transform the graob)

(ii
Form the new elimination araph = (v,.)

7. 1

by eliminating the vertex v from G

where all vertices aA jacent to v in ,k

are connectel to form a clione.

Set P P, (i) = k.

Step 5. Itov. or stop)

set i ii1.
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If i > ITl, go to step 6.

Otherwise go to step 2.

Step 6. (Output)

For j = 1 to lV!, print PEW11).

Rnd of The Min Degree / _Yin Fill-in Algorithm.

I. oTRVU VAiTINTS

?he linked a4jacencT liti structure uid in the min

degree / min fill-in algorithm makes it easy to trv other

ordering methods. Three additional methods will be testei i

a simple minimum-degree algorithm, an initial minimum ddpqree

algorithm, and an initial ordering algorithm.

The "simple minimum-degree algorithm" is essentially th:

George and Lin algorithm hut with a different data struc~ure

and without the reachable set and quotient tiraph

enhancements. The "initial minimum ieqree algorithm"

computes the degrees of the vertices in GCo) qnd selec,

vertices in increasing order of these degrees. No un4ate of

the initial degrees is ever made. The "initial orderipa

algorithm" lust takes the vertices of GCo) in th" order i"

which they are given, ie., in the order in which the rows

of the A matrix are (iven. This in a rather trivial alffo-

rithm but the time to create the compact data gtructure for

sparse Gaussian elimination, included for the other algo-

rithms is shown.

21
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IT. COPUTTOA_ WXPUWNCR AND DIYFICULTIES

To solve the sixteen test problems, we have use4 six

methods to see which method is most effective. The methods

are:

Method 1. The minimum degree algorithm of Georqe and

Lini.

Method 2. The minimum fill-in algorithm.

Method 3. The min degree / min fill-in algorithm.

Method 4. The simole minimum-degree algorithm.

Method S. The initial minimum degree alqorithm.

4etho 6. Initial ordering algorithm.

Results for method 2 are not included becanse initial

run times were excessive even for the smallest problems. As

shown in Table TiT, two problems (JCRP., Pn)D were not solved

due to lack of computer memory. Time is rp1 seconis necPs-

sary to obtain the orlerinq and to then create *hq

compressed data structure used by George ani lin.

The minimum degree ordering algorithm of neorqP ani Tin

is best. The simple minimum degree algorithm with linked

data structures is almost as good - it is sometimes faster,

and it is sometimes slower. nut, new fill-ins created arp

always more than that of the minimum degree alqorithm nf

George and Lin. The quotient graph enhancement of 'h

George and Lin algorithm is probably resonsible for its

superior performance. Althounh storage requirements usina

the linkel list data structure are areater, this only seemeA

to be a problem when the fill-in became? very large. This

structure gives a very flexible fram.worv for trvina

different heuristics.

2R
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TABLE ITT I
FrLL-IN W S1S I

I
I

T nitial Final Fill-in New Pill-in
nroblem Fill-in No Order Best order No nrder Rest nrier If
AIlR 20.8 98.6 22.1 77.R 1.3
81yS 55.7 79.5 76.4 23.8 20.6COAL 26.1 38.0 34.5 11.9 i.11
CUPS 1.3 R.A 2.9 7.5 1.6 ITLF.C 2.n 15.0 1.( 1;1.1% 1. f; I
FORM! 1.8 2.? 2.0 13.4 1.2 !
,7CAP - - - - -NTT9 3.8 .1.4. 1.,9 0.5
PASTORl 1.7 27.4 5.7 9. 4.1
PAD - - - -

.Tt5 1.9 69.8 11.0 1R " 9.1IPILOT9  2.5 441.3 11.9 1 1. $ 9.14
STvL 3.0 25.1 8.7 22.1 5.6
,St?tNP1 31.0 R7.2 A7.4 156.2 56.1 1
ST ,TI2 19.1 89.8 Rq.4 7m. 7 09. 3 I
TICER 14.7 35.3 24.6 20.6 Q.0 I

T'he min deqree / in fill-in alqorithm paformel ,oorlv.

It is always slower, anl the npy fill-ins createi a-e alvAys

more than that of the neorae ani Liu alaori+hm. Tt canno*

be recouemrne4 in ary case and it is unclear vv it

performed so poorly.

?inal fill-in for ST T IWv1 aniA 5TvTW3v2 in "'Rhlp TT T !q

high, but these are artificial combinatoric prolhlem. !1i4

is a small real-world problem with a best final fill-in oO

76.4% which is inch higher than thp othprs. ?1ha probable

reason for this is that BPqS is a set nartitionina orler.

30



TIG with 24.6% final fill-in is also a set partitioning

problem. This indicates that the projective algorithm might

not work very well on many set partitioning and set civering
problems since these seem to have a lot of intersections

along rows. The lowest final fill-in founi was ?.It on
-OAM. Six of the problems had less than in.15 final fill-in.

An interesting comp arison can be made between the initial

fill-in and the original densities of these problems. Th-

initial fill-in can be compared to the densitv of matrix 4
which is about the same as the density for a basis in th*P

simplex algorithm. This gives a idea of bow hard creAtinn L

is compared to creating B-1 for the simpler algorithi. 'ah

initial fill-in of RnS, STrTW .1 an! STTW'T2 was qrpa~r
than 19.1q and they had 4ensities qreater than 6.7q. qqt,

ATR, COAL and TTG! had more than 14.7w initial fill-in,

while these had densities of only 1.2v, 1.7. and 4.1w

respectively. The simplex algorithm miiht have a relativalv

greater advantage in these last cases.
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V. CONCLUSIONS AND N!COHNINDTIOWS

This thesis examined various heuristic algorithms for

orderinq symmetric linear systems of equations to minimize

fill-in. The algorithms were tested on problems derived

from linear programming rroblems in the manner of +he

projective algorithm for linear programming.

The minimum degree algorithm of George anA Ti Is the

most effective of six tested methods. Solution times for

this algorithm are sometimes better than and sometimes worse

than the times using a simple minimum-4egree algorithm, but

new fill-ins created are always less. As a Rs,il+ of

storage limitations, the simple minimum degree algorithm

failed to solve two arohlems whic the George and tin alio-
rithm solved. This shoulA not be a prohlem in nrictir: if

storage is reused.

The minimum fill-in algorithm and the min iecrea / min

fill-in algorithm used here do not perform as well a4 miiht

be hoped. The minimum fill-in alaorithm is too slow to usa

in most cases. Both algorithms involve more work than the

minimum degree alqorithm of George and tiu and tte orlering

produced is rarely much better than thp one produced bv tba

minimum degree algorithm of George and Lin.

The quotient graph enhancement of tho George and Tiu

algorithm is probably resnonsible for its saoerior

performance. Thus, future research should examine the usp

of the quotient qraph and the min ionree / min fill-in ideAs

since it mav still he possible to sionificantlv imnrovc n-or

the new fill-ins obtained without sacrificing much computa-

tional sueed. Different heuristics for creating guotient

graphs should be examined, too.
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