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ABSTRACT

The new projective linear proqgramming algorithe hy
Karmarkar requires solution of symmetric, positive dafinite
systeas of equations. One key to solving these svstems
efficiently is miniaizing the fill-in, i.e., the nnmher of
nev nonzero elements in the rednced matrix, in *he varinus
forms of Gaussian elimination ased to solve these svstenas,
Pill-in is affectel only by syametric reordering of rovs and
columns of the system of equations. Vacrious hearistic
ordering algorithms are tested anl comvared with the
heuristic nminimum degree alroritha of feorqe and Tiu,
Computational results are reported for sixteen large-scale
real-wyorld and artificial oproblens. The nainimum Aearee
algorith® 0f Georage and Lin is the most effective nf six

tested methods.
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2 Y. INTRODUCTION

- . INTRODUCTION

The new projective 1linear programming alagorithm bhy
rarmarkar [Pef. 1) requires solution of svametric, nositive
definite systems of equations. One of the Xeys to solving
these systems efficiently is controlling the €ill-in, i.e.,
the namber of newv nonzero elements in the reduced matrix, in
the various forms of Gaussian elimination used to solve
these systeas, Tnder the assumption of noncancellation of
teras, £ill-in created hy direct solution technigunes is
affected only by symmetric reordering - of the rows anAd
—; columns of the system to he solved,

The problem of sinimizing €ill-in by svametric reori-
ering is knovn to he NP-coaplete fRef, 27 so0, in ¢this
thesis, vwe examine a number of heuristic reordering alao-
rithas for this nroblen.

Several different algorithas €for reducing fill-in in
) Gaussian elimination are compared for sixteen larage-scale
.- ‘matrices derived from linear and inteaer ornaranming
- nroblenms.

o B. PROJECTIVE LP ALGORITHN
Consider the linear programming problem

T
min ¢ x

Se.te AX = b

x 20




vhere A is an a~-by-n matrix, ¢ is an n-element column vector
and b is an m-element column vector.. Karmarkar's alaorithm
requires the solation of BéTz = Bc, vhere

AR }
,, P is an n-by-n dAiagonal matrix, and 1 is

T
1

a n-eleaent column vector of 1s. Thus,

T
T | ARZ2A A?l!

BB =
T T
L1 |

n
We will not be <concerned with ¢the bhottom row and riqh+-
nost column; they will ¢vypicallv be 1007 dense when usina an
artificial starting solution and will be placed last in anv
ordering. WUnder tbhe assumption of noncancellation of ternms,

the nonzeros created in AKT

will be ¢the same as in A%21,
both when creating these matrices and when operforming *+he
elimination, Thus, we mav restrict study to solving svstenms

of the forn AiT = Ac = h',

C. DIRECT SOLUTION NETHODS

Symmetrv and opositive dAefiniteness are 1important in
computation with the matrices, The matrix D is svmmetric
vhen DT = b, Ntherwvise, N 1is asvmmetric. A syvymmetric
matrix D is said to he positive definife if zTnz > N far all
nonzero vectors 7.

Three basic methods are availahle for Airect solution of
positive definite systens of the fornm AATz = N2 = h', ~hese
methods are basic Gaussian elimination rRef. F7], Cholesky
factorization fRref, 841 and N® factorization TRef, 77, 11
three methods en1 up creating an upoer or lower trianaular
patrix vwhich is used with be, or a mndified version of h',
to solve for z by backward and/or forvard substitution,

3




“ - -
A D S s i A R

One key to success of these nmethods is keeving the
triangular satrix as sparse as possible hy svametrically
. reordering the rows and columns of D, This keeps comoduta-
" tion time down and round-off errors to a miniman,

1. Basjic Gaussian Flimipnation

-~ The Gaussian elimipation method ve will consider for
the solution of a set of equations is just an generalization
of the familiar method of eliminating one unknown by suhsti-
tution between a vair of sisultaneous eguations and is the
basic pattern of a large number of solution methods tha* can
be classed as direct methods,

Let us consider the system Dz = b', represented hv
the augmented matrix [D,b*], vhere D is an m-hy-m onsitive
definite symaetric matrix and b* is an m-vector. 5aussian

: elinmination by columns consists of m steps. "he purposa of

the kth step is ®o eliminate all the nonzero elements of the

augmented matrix which lie on ~olumn k below the diagonal of

) M. At the kth step,’ d%i' vhirh is the Aiagons] of ths

- active submatrix (formed "y rows k to m an? column k *o n af

] DCk?) is selected to be the »nivot, Row % 0Ff the anamented

matrix is normalized and the elements in column k helow *ta

4iaqonal of Dk? are eliminated bHy subtraction of multiples

of the normalized row ¥ “ronm all those rows which have a

nonzero in column % telow the dJdiaacoral. The angmente?d

systea fD(k) h'<(k)1 is ohtained where D(¥) has zeros in its
first X columns below *the Adiagonal and 15 on the Firs: %
positions of the diagnnal.

The process is continaed? until the uoper *riananlar
systen [N(n) ,h?'(n?] is ohtained and z can ke solved fFar hy
backward syhstitution.
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2. Cholasky Pactorization

There exists a uniaque lower triangular matrix T sach
that LLT = p. Cholesky factorization creates 1 from D
directly vithout consideratinn of bHh', Then, 117z = Nz = b
is solved for by:

{') Solve Ly = b*' for v.

T
{2) Solve L z = y for z.

Suppose a positive definite symmetric m-btv-m matrix
D is given. *he vay in which Fill-in occurs whken computing
L is best illustrated by showing a proof, ¥following fReorae
and viu ([Ref. 41, of one of the Cholesky factorizatinn
techniqgues.

-«
4 a ] wvhere d 1is a scalar, a is an m-1
1 1 1 1

|
o

1

Let D =

vector and X;is an (m-1)-hy-(m-1) snhsatrix. Then we ran

¥rite
1/2 /2 = 1/?
14 n '1 9 1 11 a 7143 {
oo | T M
Lo s .
1 1 m-1 1 m-1
‘ 1 01 T
=1, 1.
1 !1
N q
1
T
= LDEL,
1t 11

T
where H = ¥ = a a /14, and I Adenntes an identite
LIRS S B M ¥

LRA)

PRI W )
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Here, Ffor 1<i<m, d; is a positive scalar, a; is a
vector of lenath m-i, and 7 is an (m-i}) -hv-(m-i' onsitive
definite symaetric matrix.

After m steps of the algorithm, we have

LK. ] m

™
D=17T oo L L ..o LL =177,
12 mom 21

vhere i+ can he shown that

L =1 + 1 ¢ cea + 1, - f'ﬂl")r -
1 2 m m

Thus, the ith column nf % is nreciselv the itk column nf ~ .

Tn this scheme, the cnlumns of L are comnuted one hv

one. At tha same time, each stop involves the modificatinn
11
e e e e e o NN e e

PP i g




of the snbnatrix‘xi by the outer product aié{/di to give LT
wvhich is the submatrix remaining to be factored. Thus, the
structure of Hl is d4ifferent from X{ due ¢to aiéI/di.

T . v -—
alai/di creates nev fill-ins if (ai’K(aiB 4+ 0 bat (qshg =
0 where (aj), is a kth element of vector a] and (Hiuj is

the scalar element in rov k and column { if Rjy.

It can be seen from the above derivation that the
matrices D¢(k? and H correspond in their patterns of
nonzeros, and if the normalization step of standard Gaussian
elimination is replaced by "divide row % by (d%ﬁ’)!/t," then
the upper triangular matrix produced is actnally AL nder
the assumption of noncancellation of terms, the pattern of
nonzeros in 1T and the nnper trianqular vportion of ND(m) will
be the sane.

3. QR Pactorization

For conapleteness let us also congiler QR orthoqgonal
factorization. Orthogonal factorization methods compnte the
triangolar Cholesky €factor I Adirectly from A rather than
Air and thus avoid explicit formation of the cross product
used in hasic Gaussian elimination anAi Chnlesky
factorization. In 0% factorization, an orthogonal matrix 9
of order n is compnted which reduces A and ¢ to the forn

TT LT

_ | T q
nyT = o ! and 0 ¢ = i r E,

vhere q is a vector of dimension m, and r is a vectnr »n*
dimension m-n.
Then, Dz = k' is ecuivalent to

T
RA z = Ac,

TT T
==5 AOO Az = ADO o,

...............
...............
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[LO]‘%T.‘2==[LOI‘3‘,.

"
U
v

T
LL z = lLq,

T
=> and L z = q.

T

Thus, after comnuting L' and 9 using the orthogonal matrix

0, ve need only solve for 2z by backvard substitation.

D. GRAPH THEORETIC MODEL

Consider the tvo matrices helow vwhere x indicates a
nonzero. Yf we pverform Gaussian elimination on *he tvo
matrices, wve aget the upoer trianaular forms shown,

1234 12 34
M1xxxx ‘ Mxxxx |
2y x s 2 X X ™
3 ¢ x ‘ 3 XX
8] x X * 41 x |
123218 1234
11 = x x X
2 x x x x
== (?‘
3 x XX
Bl x g x X x

Under assumotion of nnncancellation of terms, the Choleskyv
factor of (1) is 100" Aense. 1€ the first and last colunn<
of (1) are interchanged, and +the First and las* rows of (N
are interchanged, ¢then raussian elimination will prndace no
fill-in at all. Below, a qraph theoretic model is Aascrithed

1?




{Ref. 3) vhich helps clarify the process of creating fill-
ins and ho; this can be modified by reorderina.

An undirected graph G={V,%) consists of a finite set of
vertices V together with a set P of edges, vhere an edse is
an unordered pair of vertices (u,v) such that u +# v, An
andirected graph may be associated with anvy symmetric matrix
D of order m. The “adjacency qraph®™ of D is a graph G=(V,?)
sach that vV=(v, ,...,v,}] and "L";’ € % if and only if
d;j # 0 for all 1 + 1, The adjacency qraph G(k) associated
with the active submatrix of D(kx) is called an "elimination
graph." Note that an adjacency graph G associated with 0 is
anaffected by any symmetric reordering of the rows anAi
colamns N,

If (u,v) 1is an edge, .u aed v in G are "adjacent " Por
SC vV, the adjacent set of S, Adenoted by A4§{S), is the =seat
of all vertices nnt in S vhich are adjacent ¢to vertices in
S. That is,

Ad§(SY) = (u & ¥-S | (u,v) &€ R for some v €

where V-S is the set of all vertices of vV which are not in
S.

A subgraph ~?* = (V' ,F')Y of ¢ = (V,P) is a araph which
consists of some or all vertices of G and some of *he edaes
of G2 VL V,P'C ", A snbararh is a cligue if every pair
of vertices in a subgranh is adfacent,

TLet us consider a symmetric sparse matrix and its asso-
ciated undirected nraph. The matrix is of order A,

12305679
,
41] 3 xx x m

D = D( = u‘ X X G( = l l
‘,‘xx x - -
6fx ¥ xx | 1
7 x xxx &
a R [Ty | e

Ay
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1f ve nerform Gaussian elimination at column 1, we obhtain

pDC1Y,
12385678
1)~ - Se==2
2l ¢ x x / ‘
o™ 3 B M-/
= X { =
5t * xo ’ foemcnee ;
6: X OXX l g
M x XXX
81 £ xx =l

vhere nev fill-ins are noted by circles and - corresponds to
a nonzero in the nonactive part of D(k), *ill-in in nCY
corresponds to edges of G(1) which were not in GCO) nCL)
is created from G¢(9) hy deletina v and all incident eAqes
and by then connecting all vertices wvhich were adjacent to
v, and not alreadv connected. This is formalized belov,

Let G<(k?> be an elimination graoh, 1f vertev

v{ corresponding to rov i and column i is next selected fnr
elimination, ¢then the nev fill-in created will be equal %o
the nuaamber of edges in the complement of the qranh induceAd
from G¢k? by Adj(v;). A graph G'(V?,P?) is "indu~ed" from

[ b A%

G(V,B) by V' &V if P' = ®-q((u,v) € T s.t. uﬁv' or °

vEVY.  G'" = (V,°') is the "complement” of § if ®'t =
{(u,v) S.t. ua, v &V, utv } - E, _
The next elimination step is shown helow at=

conmpleteness.
12345678
1’- - ‘ 5
{2) % “xx x ?) // \\

) = h, XX x' 6 = 7 \
S X00 femem——a 7
;‘ X OxXX ‘ \ !
Al "Nk S|

The notion of "reachahle sets" is usefnl for the studvy
of Gaussian 2limination (George and 1Lin, 1978a), i
granh and a suhset S of vertices, if u an1 v are *twn

distinct vertices whick 410 not helona +to S, ve sav tYat v is

o




................

reachable froa u throuagh S vhen u and v are connected hv a
path which is either of length 1 (u and v are adiacent) or
is composed entirely of vertices which belong to S. Given S
and u é S, the reachable set Reach (q,S) of u throuqgh S is
defined to be the set of all vertices which are reachable
from u through S. When S is emoty, or when u Adoes not
belong to Ad§(S), then Reach(u,S) = Adj(u).

A tree is an undirected acyclic graph which is connecteAq
and has no cycles, A matrix may have a graph which is a
tree. If the tree is lahelled in increasino order of vertex
deqree and the matrix is permuted accordinagly, then fanssian
elimination with diagonal pivoting can be performed wvithout
any fill-in being prodaced. When the graph of a matrix is
not a tree, then it is possible to find a tree partitioning
of the araph, i.m., a partitioning such that the "quotient
graph®™ is a tree. Llet the set of vertices V of a granh G he
partitioned into the disjoint subsets U, Ug,..., . “he
quotient graph has the X sets 1M} as composite vertices, and
its edges are dJdefined by the condition that t"l,nj) is an
edge if and only if two vertices u @"5 and v vaj " can he
found such that n and v are adjacent imn G. ° When ¢the
quotient gqranh is a tree, it is called a "quotient,” and the
corresponiing partitioning a "tree partitioning.”

E. CURRFENT AETHODS

A nuaber of reordering methods are known which Aramati-
cally reduce *he fill'-in resulting from Factorization.
These include the sinimnm deqree alqoritha, varions Adissaec-
tion schemes, and various handwidth or profile orderirq
schenes,

Band and onrofile methods regqard the €ill-in in a alobha?
manner, and confine it to certain areas, 1i.e., the hand or
profile of the matrix.

16
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- The dissection ordefinq nethod is a method for systenmat-
fcally pattitioning the graph associated with a matrix using
' separators. Yn the dissection method, the fill-in caused hv
: Gaussian elimination with diagonal pivoting is confined %o
nested partitioned areas of the matrir.
i It is difficult to compare methods because the effi-
- ciency of a method demnends on the oproblem or class of
probleas for vhich it is being used. Thus, ve will onlv he
Ry concerned with algorithas vwvhich do not exploit special
. structure except implicitly. The metho? which is current*ly
accepted as best for "unstructured” probless is the "minimum
degree algoritha” of George and Liu [Ref, U4]. This thesis
tests for efficiency the George and tia algorithm anAd
N several other algorithms including variants of the Seorae
- and Lin algoritha.

F. TEST PROBLENS

The algorithms descrihed in this thesis are tested on
. sixteen 1linear programmina and mixed integer proaramming
- probleas. These pfoblens consist of fourteen real-vorlAd
- problems (AIR, CDAL, CMPS, BUS, PL®C, POAY, JCAP, NTTT™INR,
PASTORY, PAD, PTI®S, PTLOT, ST, TIG®R) and two artificial
prohlems (STEINFPRY, STPINFP2). The dimensions nf thase
problens are shown in Tahle 7T, '
All programs are vwritten in ©NRTPAN, compiled aurder
PORTRAN H-Extended (Opt 2) and run on an JI"Y 3033A" under
V8 /CYS. Comxputation times presented in the followinqg chap-

- ters are accurate to the number of decimal places shown.

1

.
e

\{‘-( \""‘:'0.:\: *, Cal s 8 e V¥ N ORONCY -. Vo

..--‘-‘(..{..(-.."..‘.'-I..:.--..- [ LIS S .."."n \-."-...:.- ) ..' ..q ." _-'._'\ PN ‘v \( \.-:‘f,‘c




LA A

T

L Nl S e el e Jows e ar

. - —— — —— i e o e S S " ——— - - - -

*gEUNTO0d Yo2ed UT SOTAZTOU JO IdTaAnu abeiaar any ST

: ann
) *XTIJOW JUTPIISUOD 7 fJ ® au)l T SOI3ZUOU JO IAJANU TPICGI 943 S1 132

~NO

., buraaao) 3Ias
, eleg [PIOTITIIV
eyeq teioizijay

*3ISI0 9 UOTIONPOII OTIIDWONOOT
futuuerd 3nawdoyaAaq Lbiaugl
*ads)H ] *upag £baosugz

*dansuo)y 9 °*3s1g ?°d%011v Kbiauj
2273034 SOTI0O}RUTIIMOD

woammuum L£ouaiiIn) reuorjvuoiajzul
urTnpayss juazirgs 3 -poagd
burTnpayss Tor3I2npoi3
=owum-=m=om 9 worjonporl Kbiaug
gITNPaYoSs uor3onpoig

puruuvtgd Ab1aul fevoTyeN
(butriasao) 3o5) Hurjnox sny
7oT3INITAISTG TeoTsh3

~
]
L&
-

[
)
= 4
ha)
-
E 4
L]
~
Q

b
-
=N
L]
] ]
e B

T g -
RlaalasEaN g
(&1
17
~O
HUYOFObdfd ORI 2%
L) R O iad o€ w bt U (2 (23 - Crdbad {2l 2D

NONO Q™ NP O™ == NN
O DNMION=NISARNIWD DN
LaalTalag Nele Tiglielo B o g paooloel o T4 Jod
P T ODVMIMNOOVOMI OrN
- EmOOTW TrermaIy e
P NN
OMONOMNIONTIOOO
e 8 @ 0 % s ¥ 00 0 e
(NG IONTNMM NN T =P O~
e<
NTICLD P MID ™ O™
@ @ ¢ ¢ 6 * g 0 b 0 s B e 2
OO DONOOOOMN™.H
-
MIN QO N P e O W (e
NOO FTOWR™ DN NOUNON
OHONFONIMDOIMNDOMIN
OISTOMOY LN MIENOY
[ o
QMO DI (N WS
NN PO N POy
TR 2VO V=D CID N .
he BN E- do ]
COODPTAOVNPN P ™=DO
IS 0OV NNNOMNMe=MYO
Laad ad an ] W T SN I0. W aToaYe ol dagl 4
DO OUBI o bt ft Bt Tl pt ™ (N
MLl ™y o QAL L 2 NN ) Fe
18

(=]
4
o
[ag]

§IV

- - - - - e —— - e e e W e - .- -

12pOoN N\.—nsv*aNNUz xuamcwo_amNz SUENTO) SAROY WaT]O1J

SROISNINIQ WITA0Hd
I 379VL

e e e i e e e e e e e e e e 3




----------

IY., THE BHININON DRGREE ALGORYTHAN

A. . INTRODOCTION

In this chapter we discuss the minimum deqree alanritha,
vith details of the implementation bv George and tin fRaf,
8. This algorithm is the most coamonly used ordering alqo-
rithe which Adoes not explicitly exploit special matrix
structures.. It 1is used here as a standard for comvarison
against the aloorithms given in chanter YIY,

The main idea of the minimus degree algorithm {is that
vhen we perforam Gaussian elimination we chnose the vartex of

ainiman deqree from the elimination qranh at every sten,
"his mynpically minimizes the total fill~-in versns the new
£il1l1-in. ‘If there are several rinimum Aearee vartices a% a
particular step, ties are broken arbitrarilv,

B. BASIC ALGORITHM
Alaorithm : The Basic Nirimam Dearee Alaonrithm.

Input ¢ Flimination aqraph G(0) associated with 2
positive Aefirite svmmetric matrix.

Output : A permutation vector PEPM({ ) for the
vertices of Gto) '

Step 1. {Tnitialization)
Set i = 1,

Sten 2. (Select minimnm degree vertox)

. . . (i- v
- Tn the elimination graph 6 =

select a vertex v'r € v, 1 vhich is of minimunm
1-

dearee.
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Step 3. (Transform *the graph)

rorm the new elimination graph G = (vi,! )
by eliminating the vertex vk from G v

vhere all vertices adjacent %o vk in G(

are connected to form a cliqgue.
Set PERM(i) = k.

Step 4. {(Loop or stop)
Set i =1 + 1,
IfF i > {Vl, ao to stenr 5,
Othervise, go to step 2,
Step 5. {Dutout)
Yor § = 1 to |V{, print PEPN({).

rnd of The Basic Minimum Neqree Algoritha.

C. ENHANCED ALGORITHN

We can enhance the mininum degree algorithm by using *he
concept of "indistinguishahle" vertices hy George and
Lia(1981). Two unlabelled vertices u, v & ¥=S are said ¢o
be indistinquishable if Reach(n,S) U fav = reach(v,s) U for.
At any step %k, if wve find 1indistinquishable vertices they
can bhe lahelled next without any ninimum Aegree search.

Algorithm : The Pnhanced Minimam Nearee Alancithnm,

Input ¢ E'inination granh GCO0) associated with a
positive Aefinite svymmetric matrix.

Output : A nermutation vector PFEM{ ) for the
vertices of G(O)

20
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Step 1. (Initialization)

Set i = 1.
Step 2. {Select ninimum deqree vertex)
(i-1

Tn the elimination graoh 5

select a vertex 'ké'vi 1 vhich is of minimynm

degree,

Sten 3. (Find the indistinquishahle vertices)
Pind the vertices which afe indistingaishahle
from v. let Y he the set of v and all vertices
indistinquishable from v.

Step 4. (Plimination)

ti-1
Por each ver*tex u € Y: ®liminate u in 4

to obtain th), set PERM(i) = n, and
set 1 = 1 + 1,
Sten 5. {Loop or stop)
YF L 5> 1Vy, a0 o step 6,
Otherwise go to step 2.
Sten 6. (Ontput)
Por § = 1 to V], print PERa(i,

?n1 of The "nhanced Minimum Deoree Aljorithms.

D. IWPLENENTATION

The implementatinn of the ainimum deqree algorithm nses
the bhasic ideas of elimination gqraphs, reachahle sets,
indistinguishable vertices and is further enhkanced thronah a

21
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quotient graph partitioning of ¢the imitial eliaination
graph.

The graph G = (V,B) is stored using the adjacency arrav
pair (XADJ,ANDJNCY) in which the amount of storage used is
0O()V]) and O(IP1), respectively. The amount of storage of
the remaining arrays is n{ivy). ADJINCY gives the adjacent
sets Adj({v) in contiguous storate locations for all v,
XADJ({v) gives the location of the first element Adj(v) in
ADINCY, The resunlting ordering array pair is vpeery, The
algoritha requires the determination of reachable sets for
deqree uvdate,

Vertices identified as indistinguishable are merqeqd
together to form a supervertex. Thev éte treated as one
vertex as the algoritha continues, The curvent Adeqrees of
the vertices in the elimination aranh are kxept in *he arrav
DPG. .

An initial partitioning of the graph is made %o create a
quotient agraph which is a tree. ™hen, vertices of the elim-
ination granh are selected only from within suhsets of
vertices making up a composite Adaaree-1 vertex of +he *he
quotient graph. Tn this wav, fill-in can %»e guaranteed nnt

to extend outside of the aquotient gravh. This +echniqu-
helps keep fill-in lowv globallyv.
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ITY. THE NINTNOR PILL-YN ALGORYTHN AND VARIANTS [
‘ [

A. INTRODUCTION

Bl ol o

In this chanter vwe introduce ¢the aminimum Fill-in
algorithna, In the minimum degree algorithm, *+he main
concept is to select that rov and column which vields the
least total €fill-in in the next active suhmatrix, while in
the minimunm fill-in algorithm the ceatral idea is tn selecrt
that rov and colnmn which introduces the least nev fill-in.

Suppose {V s Vjysccee, vi_'} have been labelled, Tt is a

siaple matter, conceptually, to compute the new fill-in

vhich would be introduced by selecting anv vertex as the
next vertex *o he labelled as v;. Pill(vy) is the namher oFf

vertices ‘j. q‘é'ndjtvi) such that v5 is not adjacent ¢ton
Yk In practice, +his number can bhe compnted ea<ily jf
Adj(v) 1is kept as a linked list far all unlabelled verticas
v. Relow, the minimum *ill-in alaoori*thm is AescrithaAd
folloved by more detail on its implementation.

B THE NININON PILL-IN ALGORITHN
Algorithm 2 The Yinimum ®ill-in Alnorithum.

Input : ®Plimination graph (€9) agsociated with 2
pnsitive 1efinite svmmetric matrix,

Ontout: A permatation vector PRRY{ }) for the vertices
of (o)

Step 1. (Initialization)
Set i = 1,
Compute TILITN(v) for all v € V, the amount
of new fill-in wvhich would be created if v is.
eliminated.

23
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Step 2. (Select minimum fill-in vertex)

i-Nn
Tn the elimination qraph G( =

select a vertex vké'v 1 sach that PILT.TV({v)

is minimun.
Step 3. (Transform the graph)

(1)

FPorm the nev eliminatiom graoh - = (VY ,%)
i i
' L (i-1
{ by eliminating the vertex vk from G R
i ti-n

vhere all vertices adljacent *n vk in 3

are connected +to form a cliane,
Set PROM(i) = k.
Step 4. (Tndate PYLLYN array)

Tndate FYLLIN{v) for all v €v .,
Step S. (Loop or stop) t
Set i = i+t
IE i > 1V1, go *o step K,
Othervise go *o step 2.
Step 6. (Output) .

ror § = 1 to [V{, print OFRA(T).

Pnd1 of The %inimum Pill-in Alaoorithnm,




C. THNPLENENTATION OF THE NININUN PILL-IN ALGORYTHN

The graph 6 = (V,P) is stored nsing the linked adjacency
list arrays (XADJ,ADJNCY,LINK1) (fPef, 47 vhere the pointer
XADJ (i) starts the adilacency list for vertex i, vith ADINCY
containing a neighhor of vertex i and LTNK containing the
pointer to the location of the next neighbor of verterx i,
The numbher of vertices in Vv is given hy NEQONS, This Aata
structure requires nore space than the George and ULin
algorithna; bat, it requires space proportional to tha*
necessary for carrving out one of the Gaussian eliminatinn
technigues. Thus, ¢this is not reallvy a limitatinn if
storage is reuased.

The purpose of the ahove algorithm is to find +he
minisum Fill-in vertex for a gqeneral qgraph. It ovperates on
the input graph as given bv NPONS and the linked adjacency
list-structure {YADJ,ADINCY,LINY 1), and returns the ordering
in vector PERN,

The arrav PITLIN{(v) stores the number of new fill-ins if
vertex u is elinminated at the next steo, PITITN (VY  is
updated after each ~limination step. This need he Jone onlv
for those vertices which are a distance o€ twn edges nr lass
from u beforea the elimination step, "he FYVLLIY value fn-~
vertices that have been eliminated is set neaative,

Tnitial testing of ¢the minimam fill~in algorithm tax
shown that it is much %too timwe-consuamina, Consequentlv, a
restricted version has been developed which only searches
among the aminimunm degteé vertices for *the minimum fill-in
vertex. This is really a kyhrid of the minimnm dearee alqgo-
cithe and the minimum fill-in alagorithm and is called the
"min deqree / min €ill-in alaorithm”.

25




D. HIN DEGREE / NIN PILL-IN ALGORITHAN
Algorithm : The Nin Degree / Nin Pill-in Algorithm.

Input ¢ Plimination graph G(O9) associated with 2
positive definite syametric matrix.

Output: A permutation vector PERM{ ) for the vertices
of Gto)

Step 1. (Initialization)
Set i = 1 and ad = 0.

L Step 2. {Lazy update of fill-in arcvay PTILIIN)

L Pind minimum degree mindeq.

If nd # mindeq, set md = mindeg anAd compute

FYILLIN{v) for all vertices v with

{ dea{v) = md,

Otherwise go to step 13,
Sten 3. (Selection)

i
In the elimination granh G( = (Y , Y,

select a vertex vke \ ; vhich is of ainimum
. i-

fill-in among the minimum dearee verticer.
Step 4. {Transform the graobl)

i
FPorm the new elimination araph G( ! = (Vv ,7)
i i

i-1
by eliminating the vertex vk from G( ‘,

ti-1
vhere all vertices a?jacent to vk in

are connected to form a cliaue,
Set PrERWMi) = X,

Step S. {(Loon or ston)
Set i = i+1,




If i > |1, go to step 6,
Othervise go to step 2.

Step 6. {Outpal)
vor § = 1 to VY, print PERN(Y).

Pnd of The Min Degree / %Min Pill-in Algorithna,

E. OTHER VARIANTS

The 1linked adjacency 1list structure used in the wnin
degree / min fill-in algorithm makes it easy to ¢try other
ordering methods. Three additional methods will be tested :
a simple minimum-deqree algorithm, an initial minimum deqreae
algoritha, and an initial ordering algoritha.

The "silpie nininum-degree algoritha” is essentiallvy the
George and Lia algoritha hut with a different Aata structure
and without the reachahle set and quotient graph
enhanceaents. The "initial pinimsum dearee alqgoritha®
conputes the deqgrees of the vertices in G(9) and select*s
vertices in increasing order of these deqgrees. VYo upndate of
the initial Aegrees is ever made, The #injtial orderina
algoritha™ just takes the vertices of G(O0) in the order in
vhich they are given, i.e., in the order in which the rows
of the A matrix are given, This is a rather trivial alno-
ritha but the time to create the compact Aata structure for
sparse Gaussian elimication, included for the other algo-
rithms is shown.
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IV. CONPUTATYONAL EXYPERYIENCE AND DIPPICULTIES

To solve the sixteen test problems, we have used six
aethods to see which method is most effective, The methods
ares

Nethod t. The minimum deqree algoritha of Georqe and
Lin.

Method 2. The minimum fill-in algorithnm.

Method 3. The min degree / min fill-in algorithnm,

Method 4., The simnle minimuom-degree algorithnm.

Method S5, T™he initial minimum degree alagocvithnm,

Yethod 6, Initial ordering algorithnm.

4 Pesults for method 2 are not incladed Precanse initial
run times vere excessive even for the smallest probhlams, \s

shovn in Table ITY, two prohlems (JCAT, PAD) were not solved
due to lack of coaputer menmory. Time is €PN seconds neces-
sary to obtain the ordering and *o then create +ha
coapressed data structure used hy George and lin,

The minimun degree ordering algorithm of George and Tiu
is best. The sinple ainimum degree algorithm with linkeAd
data structuares is almost as good - it is snmetimes faster,
and it is sometimes slowver. Ryt, nev fill-ins created are
always more than that of the minimum dearee alanrithm n€
George and liu. The quotient qraph enhancement o€ the
George and Lin algorithm is probahly resnonsidble For its
superior performance, Althoaah storage requirements usina
the linked list data structure are areater, this onlv seenme”?
to be a problem when the fill-in became very larqge. This
structure gives a very flexible framevor®* for +trving

diffFerent heuristics.
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TABLE IIIX
PILL-IN RESULTS

Tnitial Pinal Pill-in ¥evw Pill-in
‘ "roblem Pill-in Yo Order Best Order No 0Order BRest NrAder
AIR 20.8 98,6 22.1 77.8 1.7
BOS 55.7 79.5 76.8 23.8 2.6
COAY, 26.1 38.9 38.5 11.9 2.4
cors 1.3 R.R 2.9 7.5 1.6
PLPC 2.0 15.9 3.6 13." 1.6
FPOAN 1.8 2.2 2.0 N.4a n.2
JCAP - - - - -
NETTING 3.8 81.8 4,7 17.9 N.5 l
gigTOR1 1.7 27.4 5.7 26.8 8.1
DTI®S 1.9 69.9%8 11.0 AR, N 9.1 l
PYILOT 2.5 48,3 1.2 81.2 9.4 ]
STPFL 3.9 25.1 8.7 22.1 5.6 {
STFIN®RT 31.0 87.2 R7.0 56.2 56.8 {
STRINFER2 19.1 89.8 39.4 .7 £9.3 !
TIGER 14.7 35.3 24,6 20.6 a,0 |
|
|
|
2

The mnin deqree / min fill-in algorithm performedt nroncly,
It is always slower, and the new fill-ins created are alwvays
nore than that of the feorae and Lin alaorithm. Tt canno*
he recommended in any case and it {is nunclear whv i+
performed so poorly.

Pinal fill-in for STEINE®P1 and STRIN®R2 in ™ahle ITT i«
high, hut these are artificial combinatoric prohleams. ansg
is a small real-vorld problem with a hest final fill-in oFf
76.4% which is mnnch higher than the others, The probable
reason for this 1is that BNS is a set nmartitioning ornhlen,

an
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TIGER with 28.6% final fill-in is also a set partitioning
problen. This indicates that the profective algorithm might

EI aot work very well on many set partitioning and set covering
probless since these seem to have a lot of intersections
= along rows. The lowest final fill-in found wvas 2.0% on

T POAM. Six of the problems had less than 11.7% final fill-in.
An interesting comnarison can be made between the initial
fil;-in and the original densities of these problenms. The
initial fill-in can be compared to the densitv of matrix 1
vhich is about ¢the same as the Adensity for a basis in th»
simplex algorithm. This gives a idea of how hard creatina L
is compared to creating B-! for the simplex algorithn, The
initial fill-in of ®RNUS, STRYIN?R] and SPPIN®RY yas qreater
than 19.1% and they had densities greater than 6,77, qt,
AIR, COAL and TIGE® had more than 18.7% initial fill-in,
vhile these had densities of onlvy 1.2°, 1.29 and 4.1"
respectively. The simplex algorithm miqht have a relativalv
greater advantage in these last cases.




EEINAR N SNLACE ¥ A AR A0 N M A N P L e g e R

¥. CONCLUSIONS AND RECONNENDATIONS

This thesis exasmined various heuristic algorithms for
ordering symmetric 1linear systems of equations +*o nminimize
fill-in. The algorithas were tested on prohleas derived
from 1linear proqramming nroblems in ¢the manner of ¢he
projective algoritha for linear prograaming.

The pinimua deqree algorithe of George and Yiu is the
most effective of six tested methods, Solution times for
this algorithsm are sometimes better than and sometimes wnrse
than the times using a simple ainimom-deqree alqorithm, bhut
newy fill-ins created are always less, AS a rasnlt of
storage limitations, the simple nminimsum deqree algorithnm
failed to solve *two orohlems whichd ¢the Geonrge and Lin alwn-
ritha solved. This should not be a prohlea in nractice if
storage is reused.

The ainimum fill-in algorithm and the min Aegree / min
£ill-in alqgoriths used here Ao not perfornm as vell as miaht
be hoped. The aminimum fill-in alaorithm is *o0o slow tn nse
in most cases, Both algorithms involve more work than the
minimum degree algorithm of Georgqe and Tiu and thke ordering
produced is varely much better than the one produced bv the
miniaun degree alqorithm of Georqe and Liu.

The quotient graph enhancement of the George and Uliu
alaorithnm is prohabdly resnonsible for 1its snoerior
performance. Thus, €future research should examine *the use
of the quotient araph and the min Aeqaree / ain Fill-in ideas
since it may still he possihle to sianificantlv imoprove nnon
the nev fill-ins ohtained without sacrificing much compnta-
tional =peed, Differernt heuristics for creating ﬁnotient
gqraphs should be examined, ton.
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