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ABSTRACT

In this report crosstalk and distortion of high speed
pulses due to multiple reflections are studied. The moment
method is used to solve for the currents and charges on a set
of parallel microstrip transmission lines. Next, these
solutions are employed to construct the capacitance and
inductance matrices for the system. A modal analysis of an
n-line transmission line system is used to evaluate the de-
pendence of crosstalk on line spacing and input pulse risetime.
Otner results are given which demonstrate the difficulty of

obtaining accurate data for poorly matched loads.
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l. INTRODUCTIOWN

This report is an analysis of crosstalk and reflections
in digital circuits on printed circuit (pc) boards. Every
year packaging densities go up and switching times come down
with the result being an increase in crosstalk and reflections
in the circuits. Therefore, a need has risen for applying
microwave techniques to digital circuits in order to be able
to predict crosstalk and reflection voltages in a given
circuit which may result in false switching of the devices.

We begin in chapter two by analyzing a simple trans-
mission line system consisting of two parallel microstrip
transmission lines that are infinite in length. The network
analysis of electromagnetic fields is used to derive a super-
position integral relating the charge distribution on a strip
to the voltage on the strip. This is done by finding a

Green's function due to an arbitrary current source placed

at the z=0 plane (fig. 1) (page 5) in a transmission line se: :

]
3

in the transverse direction. Galerkii.'s method is used to
find an approximate solution for the charge distribution.
The application of Galerkin's method resulted in several
integrals that could only be done numerically. These integrals
were found to have slow convergence when calculated on a

large Cyber computer system. Asymptotic approximations
applied to the integrals along with a good choice of basis
functions resulted in fast convergence. From the calculated
charge distribution the capacitance coefficients are then

soived for.




The same analysis is then used to derive a superposition
integral relating the current distribution on a strip to the
flux linking the strip to the ground plane. Again, Galerkin's

method was applied to give an approximate solution for the

current distribution on the strip. The inductance coefficients
are then solved for from the calculated current distribution.

In chapter three a general analysis of an N-conductor
transmission line system is presented. The technigque used
is one of modal analysis.

The telegrapher eguations for a multi-conductor
transmission line system are combined to giQe an eigenvalue
equation. The eigenvalues are the inverse of the propagation
constants of the system squared and are found from the pro-

duct of the inductance and capacitance matrices associated

with the system. The eigenvectors represent the modal
i voltage amplitudes. The idea of modal transmission and
‘i reflection matrices is developed here.

The general modal transmission line theory is then

P RN R A
AR

specialized to the original problem of two parallel micro-*

*’ strip transmission lines terminated by digital devices. The
E

‘ . . .

s inductance and capacitance matrices are found through the

[

tecnniques presented in chapter two.
- A computer program was written from the results of
. tne analysis given in chapters two and three. The program
assunes the input to the system to be a pulse with rise time

anc length specified by the user. The program uses a time

. - >‘_ '._». ..'._ - - " - . N .
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stepping technigque where the input voltage ramp of the pulse
1s approximated by a series of step functions.

Numerical results are given for the load voltages in
tne system as a function of time. Different sets of results

are presented for varying rise times of the input pulse as well

as varying dimensions of the microstrip transmission lines.




2. DETERMINATION OF CAPACITANCE AND

INDUCTANCLE COEFFICIENT MATRICES

In this chapter, the inductance and capacitance
coefficient matrices associated with a system of two parallel
microstrip transmission lines that are infinite in length

are found. From elementary electrostatics we have

(Q] (cl(vl] (2-1a)

(o]

(L1[1] (2-1b)

The problem cgn be solved by the formulation of two
integral equations. One integral eguation relates the voltage
on the strip to the charge distribution on the strip, and
the other relates the current distribution on the strip to
the flux linking the strip to the reference conductor ground
plane. The rasults from these integral eguations are then
used in equations (2-1l) to solve for both the capacitance

and inductance matrices.

2.1 Formulation of the Integral Relating Voltage and Charge.

Figure 1 shows the geometry of the initial problem.
The conductor is assumed to be perfectly conducting with
zero thickness and infinite length. The ground planes and
dielectric are assumed to extend to infinity in all direcﬁions
with the dielectric being lossless. This is a good assumption
for the strip width being much less than that of the width

r4

of the ground planes and dielectric.
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E .
l 'i The transverse fields in each region are given by
1 the following integral [1], [8].
o N € § _ _
' Bt = I (08, (@2 8g(0X) jaqe300Y (2-2)
! ;| Ht =1 I, (a;z)xfz(a;x)

i=1,2

€or Uo 1

€ v Mo 2

. Figure 1 - Microstrip Cross Section
where
. -jax -
F, = - %.° , £, = £, x Z,
r- Lo 2 1
: <, =K
N ° K

E = Ro0 + Y4846, K = IEI

&, is tne propagation constant in the y-direction, ﬁo’ 90, and 20
[ are the x, y, and 2z directed unit vectors respectively, and =1
ir# and 1=2 represent TM waves (HZ-O) and TE waves (Ez=0)respectively.

By substituting equation (2-2) into Maxwell's curl equations

A we can get the following expression




6
d (i) o (1), (1) o (1)
- T2 = JkyUZy Iyt
(2-3)
4 (i) (1) (1),, (1)
- 324 = jky Y, Ty,
where
k, Y = IO 2 j = /-1
X - K
(1) . (i) ( o B
1 i) °
2,/ 7 = z,/ =
V=1 woEs Y g=2 K,
(i) .
YZ(1) - - %i) KZ - w2€(1)u?

L

Equations (2-3) are the transmission line equations in each

region. kz(l) is the propagation constant in the z direction

for both the TE and TM waves for each media and Za(i) is
the impedance in the z-direction for both the TE and TV
waves in each media.

Figure 2 shows a transmission line in a transverse
section of the microstrip line. The shorts at z=d and

z=-t correspond to the ground planes located at those points.

The boundary conditions to be satisfied are as follows:

v, M@ =0 (2-4a)
v, Yo" = v, 07 (2-4b)
1, 0% - 1,07 =i, (2-4c)
v, -e) =0 (2-4d)

Boundary conditions (2-4a) and (2-4d) state that the voltages
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z =d
(1) (1)
Kz ! zi
z =0
ii
k (2 4 (2
7 ]
zZ = -t

Figure 2 - Equivalent Transmission Line Circuit

for Transverse Section of Microstrip
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on the ground planes are zero. Boundary condition (2-1b)

A '- . [,
N

states that the voltage is continuous across the z=0 plane
and boundary condition (2-4c) states that the currents in
each region are discontinuous by the test current, i, .

X

The voltage and current in region 1 are given by

[ _a (1) . (1)
t; Vl(l)(z) = Ae sz Z 4 Bejkz 2 (2=5)
= v, (1) o (1)
t 1.z = ——%TT (ae”3% 2 _ pelke T2y, (2-6)
- z
A
b,
fe
- The voltage and current in region 2 are given by
_ . (2) ., (2)
- Vl(Z)(z) = Ce'sz L oejkf z (2-7)
' 1 () L (2)
h 1, (z) = ;O ree™ e % mpedf A (2-8)

- A negative sign in the exponent indicates a wave traveling
!i in the positive 2z direction.

By applying the boundary conditions (2-4a), (2-4b),
(2-4¢c), and (2-4d) to equations (2-5) through (2-8) we have

the following

(1)

ae”3Ky T4 4 gedk, T oy,
A+B=C+oD,
1 1
A - 8] - (C - D] =1i.,
Z:(l) g (2)
(2) o (2)
cel®: Tt 4 peTIk Tt o, .

e’ r "t .
*ata!
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More conveniently we can write,

- -r- ~ -
(1) (1)
"Ik, a3k 0 A 0
1 -1 -1 B 0
1 o1 ! 1 o7 | 29
(1) o (1) (2) 2) 1,
Z, Z, Z, 2,
. (2) . (2)
ik t _-jk 4
LO 0 e” 1 e '3 -‘LD- L_O_
From the matrix egquation (2-9) the constants A, B, C, and D
are easily solved for and are given as
.. (1)
A = iiejkt d sin(kQ(Z)t)A‘ (2-10)
.. (1) -
B = ~i2e'3kl d sin(k)(Z)t)A (2-11)
. (2)
c = -i e IK2 sin(x, ‘Maya- (2-12)
. (2)

b = i elk, sin(x, Paya- (2-13)

where
22(1)21(2)
AT = - -
2[Z,(l)cos(kl(Z)t)sin(ki(l)d)+zl(2)sin(k)(Z)t)cos(k,(l)d)]

Substituting (2-10) through (2-13) into equations (2-6) and

(2-3) yields

(2) (1)

[
[

sin(k, t)d “cos (k.

- 2
z‘(1)

sin(x. P a)yicos(x

(2)

2

(d=-2) i : (2-14)

2 (erzri (2-15)
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The test current i2 can be expressed by the following

Fourier integral in the x direction

i, = -2f (a,x7) * T(x7dx- (2-16)

where I(x”) = i,ix(x) + Q,iy(x‘).

In digital circuits the bandwidth of the signal is
determined by the rise time of the pulses being transmitted.
For rise times on the order of one nsec., the -3 dB frequency
f is .35 GHz. Studies done by Kitazawa [l] indicate that a
* static approximation would be quite useful at frequencies

this low on typical printed circuit boards. The static

approximation simplifies the analysis a good deal.

(V
- Expanding the expression for the transverse H-field
i; and applying the approximation 8, + 0 we have
o g (B o prp W) (g el d omdexg, (2-17)
2 t =71 el Ay
- w21, P (o) He L eTIMXg,
A- [ l 2“
L
The voltage on the strip may be found by either

integrating the E_- field in region one from 0 to 4 or in-

® tegrating the Ez-field in region two from -t to 0. The

choice here is arbitrary so the succeeding equations will
all apply to region one only. The EZ field component only
can be found from the =1 TM field since no Ez component

exists for the 1=2 TE field. Now,
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NI lim
o 3, >, 1 (l)(q;z
1
and
n
: ‘ il(a) =
Therefore, the tr

is given by

(1)

H =
1

t

The E, co

Maxwell's curl eq

11

coshl(z=-d)) |a]] 11(a)

) = TE;coth(lalt)+coth(laI d) Isinh(Ta] 4)

D) .
/Im eIX i (x7)dx”

ansverse H field component of the TM wave

-l cosh[(z-d} |a])
5. === (e coth([alt) +coth(|a[d) rsinh([ald)
i (x1el = ¥ gyeqq

mponent is found from the H field from

uvation which can be expressed as

Of continuilty

e ez o L __ 7. @Y ki, (2-18)
. (D) t

:_ ).t 1l

F. _ 1 =~ ;acosh[(z - d) |a}]

:’ - 2,_Ua(l) oo lercoth(jajt)+coth([a/d) fsinh(]a]d)"

[ Lx(x‘)e-JO‘(x"x )dx*da.

o

b

f To get equation (2-18) into a form that relates the

2 charge distribution to the electric field £z, the integration

% with respect to x° is performed by parts and the equation

g
L.
b.
- a
’ - N - rd - . - 4
- -j.six = i (x (2~19
- j (x7) I X( ) )
. 13 used. Eguation (2-18) then becomes
-
l®
r . .
e NS A OO
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(1) 1 o, -Ja(x=-x") , .. oy @
E = I {/aT(as2)e dx“i_(x") |
2 27Twall) X -

di_(x7)

dx')—%—x—r—dx‘} da (2-20)

_ Lz(faT(a;z)e'ia(x'x )

cosh((z-d) |al)

where T = 1orcoth(lalt) + coth([ald) sinh(]a]d)

The first term in equation (2-20) goes to zero since

i (=) = ix(—”) so that equation (2-20) becomes
_ o ® s jax”
Ez(l) = ———lTTT meTl(a;z)e Jax S?a—— a(=-je0(x”))dx"da
2Twe = J
= %l) £:f% (oz;z)eJOL(X -X)o(x’)dx‘da (2-21)
2me =1

Now, the wvoltage on the strip conductor is Jjust the
integral of the z component of the electric field from the

top ground plane to the strip.

Vi{x) = ngz(x,z)dz.
» - -]Q(X-X’)
Vix) = 1 > @ 6({x7) e

2~T€(l) im-#ercoth([a}t) + coth([u]d);;afdadx (2-22)

The structure of the microstrip used in digital circuits
such as printed circuit boards does not have the top ground
olane shown in figure 1. It is easy to transform the original
oroblem to that of the problem we are concerned with by taking
the limit of V(x) as 4 goes to infinity. The only term in-
volving the constant d is coth{|x!d) which goes to one as

1 goes to infinity. Therefore, equation (2-22) becomes

Tig) = 0 Gla,% . x7) s(x")dudx” (2-23)
-0

Y
'
arcbcad




e

: g where

-ja(x-x")
Gla, x|x*) = —= e L (2-214)
2me, e coth(falt)+1l |af

All modes of propagation for the two strip case can
be expressed as a linear combination of the basis modes
called the even mode and the odd mode. The even mode is the
# s mode for which the potential on the two strips is equal.

The odd mode is the mode for which the potential on the two
strips 1is equal in amnlitude but opnosite in sign. There-
t‘ ' fore, symmetry can be used to simplify the expression for

b voltage. Ejuations (2-23) and (2-24) then become

V) = Jo/G(a,x|x")o(x")dadx” (2-25)
where
Gla,x|x") = ;%— Eéil COs 11X cosax’ (2-26)
[P !

for the even mode

=2 Bl sinax sinax”
TE, O

for the odd mode
and

1
- cecoth(at)+1

Since charge will only exist on the conductor, then
the integration with respect to x° is zero at all points on

the plane not occupied by the conductor. Eguation (2-25) then

becomes

P U P - .
....... LT T B S e e
PN I P Iy T YT Uy TR T P TPRT TG Y W PR
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b . . . . -
Vix) = IaIOG(a,xlx )o(x~*|dadx (2-27)
where G is as given before. ij
2.2 Solution of the Voltage Charge Integral Eguation. =

Prior to the advent of large computers, engineers and
scientists would try to find some form of a given integral
ejuation which could be solved analytically. Now, computers

can be used to find highly accurate "approximate" solutions.

The integral equation that was derived in the previous section
relating voltage to charge would be very difficult if not
impossible to solve. The method that is commonly used to e
solve these problems is called the method of moments.

It is assumed that the reader has some background
in linear spaces. A more detailed explanation is given in
reference (7]. Given,

L(u) = s

where s is known and L is unknown, then u may be found by Ii

To do this, L is expanded in a set of linearly in-

dependent basis functions

Since any function may be exactly represented as an infinite -

series, then the finite expansion for u is only an approximation.

A

. ..
e A e e
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A set of testing functions is selected W in the domain
of L. The inner product of L(u = s is evaluated for each L
Therefore, we have

N

W, L(W>=<W, ZaLly)>

or

N
WS> = i a <W ., L(u)>. (2-28)

The resulting set of linear algebraic equations can then be
solved for the unknown cdefficients.

The method used here is a special case of the method
of moments. The testing functions selected are the same
as the basis functions. 1In this case the method of mements
1s properly called Galerkin's method.

The unknown function in the case of equation (2-27) is
the charge distribution o(x). The exact solution is given

for a microstrip in free space over a ground plane as

g(x) =

A is a constant determined by the potential of the strip with
respect to the ground plane. For the perturbed strip over a
Jdielectric substrate in the presence of another strip, vari-
ational terms can be added to give a good approximation of
the charge distribution.

The basis functions selected in this case are
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A B(x-s)

6(x) = + (2-29)
/l _ [2(x-s)]2 /l _ [2(x-s)]2
w w
where s = 519.
2
i The testing functions are the same as the basis functions

since the basis functions can be integrated analyticall:.

!
ti More terms could be added for more accuracy, but the analytical
L complexity increases rapidly.

The charge distribution must be calculated for both the
i. even and odd order cases. Let the even order voltage distri-

bution be given as

vstripl = Vstripz = 1 volt,

and the odd order voltage distribution be given as

vstripl 1 volt

v .. 2 = =1 volt.
strip

RN
A

Due to the symmetry of the problem, the integration
as shown in equation (2-26) need only be done for strip 2. 3

Using egquations (2-27) and (2-28) we have for the even order case,

. 24 - . * 1
':) 1 dx = wel A F;a) é? CoOs X dx ” =
Vl - [Z(X-S)lz ° V/l - [2(X’-s)]2 .

A é? cosax dxda :

/l _ [2(x—s)]2 ]

N

.......................
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. ;.':Bl J.: P(a) fb (x =3)cCosax dx»fab cosax dxde
€o o 3y 2(x--g) .2 X=-8)
1 - [-—w——l 1 - (-'w—']
(2-30)
and
2A .

fb X=3 dx = ’1 A’F(a)fb cosax dx‘.’ab (X~=8)COSAX xda
2 v 2(x-3),2 e AT (2(x=s1,2 1. (2x=sl?

1 - (55 ] w w

. 231 f!‘(rz) J-b (x‘-s)cosux‘ix. ib (X-8) cOSAX 4 .

"ce * a a PIESETIN a ,——T(_Tl-[%ﬂ] (2-31)

1- (T8

Similarly for the odd order case,

2a . . )
-1 . . y . T %l :
‘;b 1 %« = 7:2}: F(x) ‘ab sin 1x Ax "ab sin 3 4.4y
SWHESETR R SIELEACHIN To(2x=s1,?
o - N w

28 (2-32)

2 £ C= iaux" . .. ir
2 ‘-:.(4) b(x =s)siaux" . ..b Sin aX dxda

. A 4,
Tie 2 a«',_{z(x =812 “"/l_tzix-s)li
l-{ == ==

N
and,
b X~5 ZA2 ®: .2) b 3in ax’ . .5 (x-3)sinax
- .’a ——dx » = .ﬁ a - dx .; dxda
1-(aiX=s), e vy _e2(X7=3),2 Cpapale=s) .
] ! T ‘ w
]
222 mF(a) bix =) sinax” 5 : ,
. =2 _:)‘, X =s)3inax A’ - (X=5) siaax .
U A TTTE e Tt
- P . w
(2-33)
Several of these integrals can be analytically integrated
o and are given as follows
1]
.. -2 ) -
... ‘R ———————l W —’ = 2, (2"34)
- - 2 X
- 'l'f Re5)
‘A
e e e e e e e e e T e e e e e e e T TN T :;-;ng
R S R R I A R A S Ty AL P P ST A TR AL Wl S S ST ST ST AL I AT G Sy s WL S P L Y
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é? X=5S ax = 0 (2-35)
v 2(x-s),2
l-[—T—]
é? cos aXx dx” = %F cos(as)Jo(%y) =P, (2-36)
VREICEORY:
_ W
= b(x-s) cosax Wl wa
: ) fa dx = - —4— Sin(dS)Jl(T) = P3 (2-37)
ki e
- sp_sin ax dx = %¥ sin(as)Jo(%F) =, (2-38)
- 2 /I-[giﬁlil]z
‘;' ; W
& b ) 2
QxoS)SingX gy o T cos(as)d, (%) = 2. (2-39)
vV, (2(x-s),2
l-[—w——]

From equations (2-30) through (2-33) and equations

(2-34) through (2-39) we have

P, = nsf I”F(“) 230 + iji LTF;a)c3P2da (2-40)

0 = iji LTF;Q)P2P3da + ij} LTF;a)p32da (2-41)

P = ifiﬁfF;a) P42da + ;;% LE@), o g (2-42)
a 5 4

0 ijz FEHAp poga + i?i Sl p 24, (2-43)

5ix different integrals must be solved in this set
of equations in order to solve for the unknown coefficients.
The integrals were first evaluated directly using the IMSL com-

puter subroutine DCADRE. The cost of evaluating these integrals
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was too high because of slow convergence for each integral.
Asymptotic approximations of the six functions to be in-
tegrated can be found in a table of integrals [9] and are

given as follows:

g Féa) Pzzda -
W e cos2as sin wa + cos 2as + sin(wa) + 1 da
4 (cr+l)° az + 32
W m -2s8 1 -wh= _ w8 _
d(er+1) {EE e +-5§[e Ei(wB) e Ei( wR) ]

v l _-wB, 2s8 - -2S8
+ 55+ 318 © {e Ei[B(w 2s)] + e Ei[B(w+25)]}
- 1 "Be®%Pe (g (wi2s) ] + e ?%%e (8(25-w)1} } (2-44)
an(a) ->
o T P3P2da
2 :
wom fn sin 2as cos(wa) da
8(er+l) az + 82
J_win 1 =258 wB taac ) 4 o B (g(2s4w) 1)
= F(er+) ‘38 © By v i
- {L-ezss{ewsE.[-B(Zs+w)] + e_WBE.[B(w—Zs)]} ' (2-45)
3 i i
»F () 2., .
° P3 da
w4w2 4 ~ 1 - sin wa - cos 2as + cos 2as sin wa da
16 (¢r+l) mw “° 2 52
a® + 8
- _wm T Ll —wi3s _ Wi - _ m _=2s3
= 16D {23 zs[e Ei(wﬁ) e Ei( wd) ) 33 e
+ e 8?58 (3 (w-20)1 + €758 (3(ur2e) ]}

T
...........
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- iL-eWB{eZSBE.[-B(w+Zs)] + e72%8; (g(25-w) 1)} (2-46)
8 i i

fo;a)P da -

™w f”l + sin wa - cos 2as - cos 2as sin wa da

(-]

4 (er+l) aZ + B2
_ _Tw o, 1 -WwB— _ W8 - _ T _-2s3
= Ty {28 + 33 [e Ei(wS) e Ei( w3) ] 38 ©

1 ~-wB, 2sB -238
-3z ¢ {e Ei[B(w-Zs)] + e Ei[B(w-Zs)]} (2-47)
LT F(a) P.P da -

5

2 .
w'm >~ sin 2as cos(wa=T) da

o ——— ]
8(er+l) °° az + B

2

W T 1 -2s8 wi3 -wi
T B(er+l) {IE e {e""E; (B(2s-w)] + e E; [8(2s+w) ]}

- 3 2% (-8 25+ 1 + ™35 [B(w-25)1}) (2-18)
PE(3) . 2,
© T P da
(wzn;Z 4 fwl - sin wa + cos 20s - cos 2as sin wa da
Kl (er+l) mw "° az N 82
_w'T, 1 D P T _aWB. m _-2s8
= T6 Trel) 23 T z3te B (w8-elTE; (mwd ]+ 5
- A e TWB(e253k [g(w-2s)] + e 25y [2(ws2s) ]}
+3 1 1 .
+ 35 ee?%%E (~a(wr2s)] + 7255 (8(25-w) 1} (2-19) ,
[ l [

In each equation, 2 is a constant that was added to the

denominator so that each integral could be calculated analytically.
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The accuracy of each equation is therefore dependent on
small 8. The method to calculate each intejral is given as
follows.

Let A(a) be the asymptotic approximation of the
function f(a) to be integrated. Then the integral can be

approximated as
I = 2% (a)- Ala)de + £A(a)da.

The first part of the integration was done on the
computer using the IMSL subroutine DCADRE. The second part
of the integration could in each case be calculated analyti-
cally. A4a was taken large enough so as to ensure good
convergence of the sum of the two integrals. The cost of
evaluating these integrals using this method was found to
be low without much loss of accuracy as compared to the
exact form.

Once the six integrals given in equations (2-40)
through (2-43) have been calculated, then the constant

coefficients of the basis functions are easily determined.

Let
o= 2 O R, 24
1 Tee ° o 2

- - 2 ®F ()

R e S TP
_ 2 © F(a)_ 2

I, = T 5 < P3 do
_ 2 » pa)_ 2

14 - ,,TE o 4’0 l P4 dCt.

L e . . L. NEIEI. I L O I e e U e T T M e e .
e e e T S e e T e e e e e e e e e A e T e e
'.!'A'l'-l*.ﬁ")‘.n".'l'.l"'.n'_n‘_-'" .'.e'l' oY vt . '-“-'\'f e AT et e et et T e et T T T e T P, N

ri
®
k.
k;
n'j'-\ -
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I, = e 5 P, Pgda
_ 2 oF(a), 2
I6 TE o % o PS da
.l Then we have for the even mode
TTW-:
t 3 I, I |3
: 0 Ip I3 By
2
and for the odd mode
W
i. -7 Iy Is) (A2
E; = {(2-51)
.0 Is I |8, .

These egquations are easily solved by either matrix inversion

or algebraic manipulation.

2.3 Capacitance Coefficients

The total charge on the conductor is given as

_ b
Q = i o(x)dx.

This integral is easily evaluated £o5r both the even and odd

modes. We have for the even mode

3 A B, (x-s)
Q(L) = £P 1 + 1 ax
/l_[Z(x-s)]Z /I;[z(x-s)]z
W W
= A (W -
= Al(z) + Bl(O) (2-52)

and similarly for the odd mode
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h
o
$ 23
L
(2) _ W _
h 5 Q = a,(5H + B,y(0). (2-53)
:
! In a multiconductor transmission line with transverse
o
’ fields [10]
h.
, n
p
e Q. =% C..V.
- boy=1 233
3
*: where Cij are Maxwell's capacitance coefficients. In our
i case n=2 so that we have for the even mode
(1)
Q; €11 Ci2f |t
= (2-54)
(1)
2, Ca1 C22| |1
and for the odd mode
r~ - =T r
(2) r
2 i1 Cipf | L
= (2=-53)
(2}
2] S C2f 7Y
h— - b -l e

Using the symmetry of the problem the charges on the two

strips are related by

-
i Q1(l) - (L)

i
O
~

(2) _ . (2)
Ql = QZ .

Zquations (2-54) and (2-55) together with these conditions

can then be used to solve for the capacitance coefficients.
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2.4 rFormulation of the Integral Relating Inductance and Current

The formulation here is much the same as that given
for the charge voltage integral equation. Figure 1 shows
the geometry of the problem. From equation (2-2) the trans-

verse H fields are given as

(2) _ > ;(2)

_ + 4 . . »
R(-8,) y(a)] I omIeXg,e= %0y

—
v aZ + 82 vam

r (2) [ﬁ(a) + y(Bo)] l g-dexg o jBLY
= 1 27
Y/ 2 2
a” + B

+

2) (2)

1 and 1, are as given in equation (2-15).
Since it is desired to find the flux linking the ground
olane to the strip, then only the X component of the H field

1s needed. Applying the zero frequency approximation we have

-jax

= _l_ 3 -
g, o 2 = e I qq (2-56)
where
I ! .
1(2) _ cosh( |z (t+2)) lz(a)
2 cosh( x;t) + sinh( x|t) coth( x d)
Let d go to infinity so that
1(2) ) cosh( 'z} (t+2)) 12(1)
2 cosh( 2 t) + sinh(;2 t)
where i,(1)is given as
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[ The flux linking the strip to the ground plane is
= fo
P(x) = e poﬂxdz
" = 2 %/ o cosh(|a] (t+z)) LI
_ - cosH(|alt) + sinh(|aft) |al
1 . )
> c 5 (x)e 3¢ XX 424
i’ y
: - %% [Zf a - 1 i (x')e—Ja(x_x )dx'da
|a|“ coth(|ajt) + 1 ¥
p
¢ (2-57)
: Using the symmetry of the problem we finally have
S(x) = Iy o, xlx )i (x7)dx"da (2-58)
! where
Gl x;x") = 3;1 EéiL cos 1x cos ax’ (2-59)
r for the even mode and
Glx,x x7) = %fl §£3L sin ax sin ax’
) for the odd mode and
T Zt)t:"".xt + 1
That th.s 2juation 1s very similar to the one given
Ior wol=aie sn ne :trio should not be surprising since the
;: “~D Tr3plems ars :ua. %2 each other. Therefore, the same

~echnlzie 4sei =3 solve for the charge distribution on one

strip due =5 a roitaje on the strip can also be used to solve

.
“te “rteT ot [ I . . .o T T S e e T
B A R A P R e T T T T et T e e, R . P T T S R ST R SN I
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for the current distribution on the strip due to a flux -

linking the strip with ground.

2.5 Inductance Coefficients

To find the current distribution on the strip, the
same method is used as that used for finding the charge
distribution. Once the current distribution is known then

the total current is found by

I =21 (x)4x.
a 'y

In an N conductor transmission system, the magnetic

£lux linking the nEE conductor and ground is the resultant

of currents flowing in the N independent conductors [10]

where the an are the line coefficients of inductance. 1In

T

finding the currents on a strip, the magnetic flux was assumed

to have a certain value

o
£ N= o, =1
¢
h\
\ for the 2ven case and
0
= 5 = -
bl 1, s 1

for the odd case. Therefore, for the even case

.
t
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-
.
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L
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and for the odd case
(2)
L Lt B2 [f1
= . (2-61)
(2)
-1 Loy Loz | %2
Again using the symmetry of the problem, the currents on
the strips are related by
(1) _ (1)
L, =1
for the even case and
(2) (2)
- =1
for the odd case. Eguations (2-60) and (2-61) together with
these conditions can then be solved for the inductance co-
efficients.
........ _',,' _‘.“.,'.' ..\. . ".. IS - . . ) . 4'..-'._' ." .‘- .‘- ,.« ...
oy -1‘ s ‘A. RIS I, .‘;‘-' “o '.'.‘-' -.‘.' TR S S R ;'...\_. o P .L oo < g "X.A_'.L. R .'L- kf.....“ -
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3. D. C. TRANSIENT ANALYSIS OF COUPLED LOSSLESS
TRANSMISSION LINES

The D. C. transient analysis of coupled microstrip =
transmission lines is covered in detail in the literature. 1In
this thesis an effort has been made to apply these techniques
to real world digital circuits. The loads are the digital
devices and the transmission line is the microstrip conductor
connecting two devices on a printed circuit board. The output
and input impedances of digital circuits are highly non-linear
and the reflections from these types of loads can cause dis-
tortion to the original signal so that false switching of the

receiving-device may occur. In addition, coupling to adjacent lines

occurs from the drive-~line which can cause false switching to
occur on the non-drive-lines. In this chapter a method is pre-
sented which can be used to calculate distortion from both

coupling and reflections.
°

3.1 Eigenmode Expansion Method for Multi-Conductor
Transmission Lines

Several papers [2,3,4] were published during the 60's
and early 70's on crosstalk between conductors in three wire
transmission line systems. The models used are not easily
extendable to more than three conductor transmission lines and li
do not take into account reflections £rom the tarminating

imnedances. Recently, some technigues using eigenmode expansion

......
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_n methods have been presented [5,6]. The advantage of a modal
analysis technique is that an N conductor transmission line
system can be modeled as a single tube terminated by a network

- through which N modes of propagation are possible.

We begin by defining the following matrices which give
the line voltages and currents of the system (fig. 3) and the
capacitance and inductance coefficients coupling those lines.

V) (v, £) 1]
(V(y,t)] : (3-1)

e —

e ] (3-2)

[I(y.,t)] .
' it:,(y.t)

— -

- _
Loy ... L
(L] il 1N

(3-3)

(C] = . (3-4)

The telegrapher equations for an N+l conductor trans-

mission line system are given as

! 3 _
ay[V(Y:t)] '[L];E[I(Y,t)] (3-5a)

2 2 -
3§(I(y.t)] -[Clviy,e)l. (3=5b)
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Equations (3-5) can then be combined to give the wave equations

for both voltage and current,

az az
—5[V(y,t)] = [L][C]—(V(y,t)] (3-6a)
ay at
a2 a2
_z'[I(Yrt)] = [C] [L]"_Z[I(y:t)]- (3-6Db)
ay at

It should be stressed that these equations are for a TEM mode of
éropagation only. At high frequencies the mode of propagation
is not TEM for a microstrip structure. However, at low fre-
guencies the propagation is very nearly TEM so that very good
calculations can be gained with this method.

Now, define matrices for generator voltages and source

and load impedances.

s .. IS
(Rg] = 511 nﬂ ' (3-7)
rsS rS
N1 NN
L _
211 ... r2lN]
[R'L] = : ’ (3-8)
 FAN1 T INN |
v
Vg ()] = fl . (3-9)
o

SN
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The source and load matrices describe the networks that termi-
nate each end of the system (fig. 3), and the source matrix
gives a description of all the generators at the y=0 end of the
system.

Solutions to (3-6) are given as

Viy,0)] = V] = gt = I (3-10a)
[(T(y,&)] = [I]] - g(t = D) (3-10b)

The variable v is the wave velocity. A positive sign in front
of % denotes a wave propagating in the negative y direction and
a negative sign denotes a wave propagating in the positive y
direction. Iow we substitute (3-10a) into (3-6a) to get

fE[Vo] g (¢ %) = (Litclv] g (£ ¢ &), (3-11)
Eguation (3-11l) is an eigenvalue equation where ;if are the eigen-
values and [Vo(m)] are the eigenvectors. Since £8r an N con-
ductor transmission line system [L][C] is an NxN matrix, then
there will be N eigenvalues (not necessarily distinct) and N
eigenvectors. The eigenvalues and eigenvectors are related to
the modes of the system, each mode having a velocity éL-and

m
(m)]. Thus we can model our system of N conductors

amplitude [Vo
as a single tube with N modes of propagation. Similarly, from

equations (3-10b) and (3-6b) an eigenvalue equation for the
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currents can be found with —%— again being the eigenvalues and

V'm
[Io(m)] being the eigenvectors corresmonding to the eigenvalues.

Let
= (1) (2) (N)
(8,1 = (Vg™ 1, (vg<'l, «.oy [V 1) (3-12)
and
= (1) (2) (N) _
[SI] = {[Io 1, [Io ) RPN [Io 1} . (3-13)

From equation (3-5a) the modal voltages and currents are related
by

tv.™

-1 m
ol = & (M

m

or from (3-12) and (3-13)
(s.1 = (L1 (s 110A] (3-14)
I v

where [A] is a diagonal matrix whose elements are the eigen-
values —*— of the matrix [LI[C].

ul

The total voltage at any point on the line is the sum of

the incident and reflected voltages

(V(y,t)] = [V (y,8)] + [vref(y,t)}

inc

Thus, the modal voltages can be related to the conductor volt-

ages by

a2 p

PO S
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gl(t- g%) g(t+ ei) 1
V(y,£)] = [S,] ¥ .
g(t- L) g(t+ L)
YN Vi J
= Sv{[Fipc(y,t)]+[Fref(y,t)]}. (3-15)

This is a general equation that has not been subject to any

boundary conditions.
We now develop the idea of a characteristic iwipedance

matrix. By definition

(Viy,t)] = [2C] [I(y,t)]
for the line voltages and

(s,] = [zCl(s ] (3-16)
for the modal voltages. Substitute (3-14) into (3-16) to get

(zcl = (s 1(s,17"

1 -1

= [S_1[A177(S,]

v (L]. (3-17)

From equation (3-15) the voltages anywhere on the line
can be found, but the main interest in our case is to find the

voltages at either end of the line. At y=o

[V(o,£)] = (S, 1{IF, _(0,6)] + [F  z(0,£)]} . ' (3-18)
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Since the generator voltages are located at y=o, then we can

write

[V, (0,8)] = [1 ][V (0,8)] + (o ][V, c(0,)] (2-19)

where Ts and os are the transmission and reflection coefficients

at the source end, respectively. [Ts] and [oS] are defined by

[tg] = [zCI{IRJ] + [zc]}7* (3-20)

S

and

fo_]

]

([Rg] - [zc]}+{[RJ) + [2C]} 7. (3-21)

From (3-18) and (3-19)

(s,1(F, _(0,0)] = [1_1[V_(0,8)] + [p ][V _,(0,t)]
or
[F, (0,81 = (817 it v (e, 8] + (S, o ]
[V, g (0,8)]
= (5,17 e v e )] + (5,17 o)
[S,][F o¢l- (3-22)
Let
™1 = s )7 e ) (3-23)

.....................................................
............................
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and
(m), _ -1 -
[og 1 = (8,17 [p ] (S,] (3-24)

be the modal reflection and transmission coefficients at the

source end. Thén (3-22) can be written

- (m) (m)
[Ficlort)] = [1g ][Vs(o,t)] + log J[Fo.elort)].

(3-25)
Similarly, at the load end of the line
(v(l,t)] = [sv]{[Finc(l't)] + [Fref(l,t)]}- | (3-26)
Now
[Vref(l,t)] = [pL][Vinc(l’t)] (3-27)

where [OL] is the voltage reflection coefficient matrix at the

load end of the line given by
= - . -1 _
[oL] = {[RL] (zC)} {[RL] + (2cl} ~. (3-28)
From (3-26) and (3-27)
[S 1 IF e L t)] = [0, 11V, @, )]
or

_ -1
[Free @, 8)] = [S,17 (o 1 (v, @,E)]. (3-29)
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Thus, we can define the modal reflection coefficient matrix at

the load end of the system by

(m), _ -1
o, ™1 = (8,07 01, (3-30)
Therefore,
(F__.(1,t)] = [o, ™I(Fr, (1,8)] (3-31)
ref'”’ L inc'*™’ °

It can be seen that once the source voltage matrix, the
terminating impedances and the inductance and capacitance

coefficient matrices are known, then we can find the voltages on

the lines in our system.




From the equations developed in chapters 2 and 3, a

program was written to evaluate the voltages on both ends

1

of a system of two varallel microstrio transmission lines
with any type of resistive loads. This chaoter gives some

results from that program as well as some experimental

results.

4.1 Assumptions and Simplifications.

We would like to be able to find the response of a
system to a nulse with finite fall and rise times (figure

4). For computational purposes an anproximation to this

RN e

pulse can be used where the wvoltage ramps at the beginnina
and end of the pulse can be approximated by a series of posi-

tive and negative going voltage stevs, each with an amplitude -

and length determined by the rise time and amplitude of the
original pulse (figqure 5). The time between stens, it, is
given by the rise time divided by some constant ¢. Simi-

larly, the amplitude, Av, of each step is given by the ampli-

T —— "a-vvv‘v—

- tude., Vo' of the original pulse divided by the same constant c.

—

® The larger the constant ¢, the better the amoroximation
Lecomes.

- Therefore, our problem essentially becomes one of

exciting the transmission line system with a series of steo

R . s . . S o R . . . . . . . T e T m e T e AT e I . e ~ - - - R R Tl P L I - u ® . -
RO L . T T S S R T TP St S FOE Wl VAV N E N -~
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Figure 4 - Input Pulse
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Figure 5 - Approximation to Input Pulse
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i functions. From equation 3-25, it can be seen that both !

r' modes of the system will be excited by a unit step gener- }é
ated on only one line. These model vnltages can be viewed _

- as voltage discontinuities provagating down a tube with r}

E different velocities. T

i: Consider mode 1 of our system only. At time t = g

i l/vl, mode 1 will be incident upon the far end load. Ex- iE
panding 3-31 for the two line system,

- )
b FZref(l’ l/vl) éT; éTg FlinC(l’l/vl) (4-1) 1
| F2ref(l’ l/vl) ) égi é?; 0 Vi

it can be seen that both modes will be reflected back even 'ﬁ
4 thouch only one mode has been incident on the far end load. y
t , After both modal voltage discontinuities have been incident .Q
‘ii on the far end load, four voltage discontinuities will be *m
Ej provagating back towards the source end of the tube. Two V
?:. voltage discontinuities will be in mode one and the other ‘j
5 two in mode two. |

o In general, for an N conductor transmission line svs- b
,:3 tem excited by a unit step on one line, the number of voltage )
; discontinuities all promagating in the same direction down -
&y a tube for a single mode is : ;i
2 .
: No= (N=1) « N o +1 (4-2) N
2 ¥

.........................
.................................




L o e s an g

A B e e o Lame o g an me o or o g

- v

Pl APl ane i Sk and She aeih and ard oaa o

af Bl Bl SR 2 A S ai et g S g i e e g e-g B

41

where

Nm = number of voltage discontinuities existing
along a tube for the mth mode

Nref = number of reflections that have occurred

for all the modes.

It can be seen that as time goes on, an expanding
amount of computer memory will be needed for the bookkeeving-
so to speak. In the current version of the program none of
.the cross-coupled modes are propagated back down the tube
vrast the second reflection. The results to be vresented show

where this approximation mavy or may not work.

4.2 Brief Program Description

The program consists of four basic parts. The first
vcart of the proaram provides interaction with a user. The
user is prompted for data concerning the geometry of the
structure, the input pulse width and rise time, and data
describing the loads at the ends of the lines.

The second part of the proaram calculates the induc-
tance and capacitance coefficient matrices using the ecuations
derived in chapter two. This part of the proaram takes more
cou time than the rest of the program combined due to the
integrals (equations 2-40, 2-41, 2-42, and 2-43). This .

vart of the program is not easily adaptable to microstrip

transmission line systems with more than two signal conductors.

oy
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¢

This is due to the increasing complexity and number of inte-
grals that would have to be computed.

The third part of the program computes the eigen~
values and eigenvectors of the product of the inductance

and capacitance coefficient matrices. 1Initial wvalues for the

modal transmission and reflection matrices are also computed

here assuming that the system has not yet heen excited. 4
The fourth part of the program consists of a loop

" which generates voltage steps into the system and propagates ;!

I3k~ A
(]

the voltage steps through the system. Each iteration through
the loop represents an increment of time 4t given in figure 5. R |
At the end of each loop new modal transmission and reflection ;’

matrices are calculated and the line load voltages are calcu-

— T
A -3'.-"',"

lated from the modal load voltacges and stored. None of the N
cross-counled modes after the second reflection are propa-
gated.

The third and fourth parts of the nrogram are easily

adaptable to transmission line systems with more than two -

signal conductors. -a

T rry AP e g on 5+ ——
P PO
Il . LA PO

4.3 Linear Loads

-

;.

- Consider figure 6. The transmission lines are micro-

- strip lines. The results in figures 7-9 all have the follow- e

.

- .

b - ing parameters: -
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Figure 6 - Two-Line Transmission Line System
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R1 =500

R2 = R3 = R4 = 100 @
ex = 5.0

l = .3m

h =w=10 mils

pulse width = 6.0 ns.

The results in fiqures 7 and 8 show the effects of
increasing the separation between strips. The input pulse
has rise and fall times equal to one nanosecond. Note the
markedly decreased induced voltages on the passive line when
the spacing is doubled. The crosstalk has fallen by about a
factor of two.

The results in figqures 7 and 9 show the effects of
shortening the rise and fall times of the input pulse. The
spacing in both figures 7 and 9 is 10 mils. The rise and
fall times of the input pulse in figure 7 is one nanosecond
while the rise and fall times of the input pulse in fiqure 9
is .5 nanoseconds. The crosstalk increases substantially
with decreasing rise and f£all ﬁimes showing the demendence
0f the crosstalk on the derivative of the input pulse.

In all cases the first-order reflections occurring
at about 3.5 nanoseconds and about 10 nanoseconds have caused
substantial shifts in the locad voltages. Any later reflec-
tions are well damped. Thus, we can say that in these cases

the simplification of not prormagating any ot the

.............................
......................................
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cross-coupled modes after the second reflection will not

significantly alter the results.

4.4 Experimental and Theoretical Results

For figures 10 and 11l the following varameters were
used:

R1

#
w
o
Q

R2 = R3 = R4 = 88 Q
er = 5,0

1 = .381m

h = 21 mils

w = 20 mils

S 5 mils

rise time = 1.0 nanoseconds

input voltage = .4 volts

The pulse width for the theoretical data shown in
figure 10 is only 15 ns as compared with that for the experi-
mental results which used an input pulse width of about 30 ns.
This was done because of the limitation of the number of
points that could be plotted by the plot routine being used.

Other than the difference in pulse widths, the theo-
retical data correspond very well with the experimental .

data.
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(.
This indicates that the input pulse was well damped
Ek. due to loads that were fairly well matched to the line ;
- impedances.
In figures 12 and 13 the following parameters were '
used: R
o Rl = 50 Q
R2 = R3 = R4 = open circuit
er = 5.0
; 1 = .381m
o h = 21 mils
w = 20 mils
= s = 10 mils
rise time = 1.0 nanoseconds
pulse width = 30 nanoseconds i
— input voltage = .4 volts.
Here we see a breakdown in the theoretical results
ff pas£ about 10 ns. This was due to not propagating the cross-
\d coupled modal voltages after the second reflection. The

loads are poorly matched and severe ringing occurs in this

case,
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5. CONCLUSIONS

In this report, we nave studied the problem of cal-
culating voltages at the ends of a three~conductor micro-
strip transmission line system. The problem of calculating
the capacitance and inductance coefficient matrices was first
solved. We first derived an integral equation relating vol-
tage and charge by'analyzing a simple transmission line model

set up in the transverse direction of a microstrip structure.

In a similar fashion, an integral eguation relating magnetic
flux and current was derived. The method of moments was

used to solve for the unknown charges and currents. The

Wf
~™

resulting integrals were found to be very expensive to inte=-
grate so asvmptotic methods were used to shorten the amount

of computer time needed to solve these inteqgrals. Once the

L |

currents and charges were solved for, then the capacitance

and inductance coefficient matrices were easily solved for.
A method for findina the wvoltages at the loads of

an N conductor transmission line system was opresented. The

telegrapher equations were combined to yield a second-order

partial differential equation. A general solution to this

. LIt Pk AL A Ay 1‘! LA ‘“.”.'.'~",', "
f . AN
. . ' o . et .

equation was then substituted into the differential equation
vielding an eigenvalue equation with the principal matrix

being the product of the inductance and cawnacitance coefficient

L )
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=

4
matrices associated with the system. The resulting eigen- g

':I
values were one over the propagation velocities squared, 4
and the eigenvectors were the modal amplitudes of the system. :T

Y
The result was that an N-conductor, transmission line system !
could be modeled as a single tube with N modes of propaga- i
tion. The idea of modal transmission and reflection coeffi-

-3
cient matrices was developed. The modal load voltages were -4

then solved for by relating the incident and reflected modal
voltages through the modal transmission and coefficient
matrices.

In chapter four some results were presented which
showea some of tne difficulties of using time-domain methods
for analyzing a transmission line system. The chief problem
was the need for an expanding memory to keep track of cross-

coupleu nodes produced when a single mode was incident upon

a load. For loads fairly well matched to a transmission
line system, an input pulse is damped gquickly enough so that

cross~coupled modes need not be propagated after the second

-—v'—*. LI S an ae an o

reflection.

Yol ACRIAAR Sratas

K ‘.‘-'.'.‘ St 'a"-.\ ""
~ . -. e n " - * RN
R ." e Y ‘l'~'.p .L"‘.z".a Ay .“"-A‘-!~\-:) At

~ Lt . e e
All,\-.l-.,, . T e te e, - e .




—— -

M o ,m‘ LA SR AR AL S natdn a
.
.

v -

55

REFERENCES

T. Kitazawa and Y. Hayashi, "Propagation Characteristics
of Strinlines with Multilayered Anisotropic Media,"”

IEEE Trans. Microwave Theory Tech., vol. MTT-31,

po. 429-433, June 1983.

J. Defalco, "Reflection and Crosstalk in Logic Circuit
Interconnections," IEEE Smectrum, pp. 44-50, July
1970.

R. G. Saenz and E. M. Fulcher, "An Approach To Logic
Circuit Noise Problems In Comnuter Design," Computer
Desian, pp. 84-91, April 1969.

A. Feller, H. R. Kaupp and J. J. Digiacomo, "Crosstalk
And Reflections In High Speed Digital Systems,"
Proceedings - Full Joint Computer Conference, po. 511-
525, 1965.

C. F. Baum, T. K. Liu, P. M. Tesche, "On The Analysis
of General Multiconductor Transmission-Line Netwonrks,"
Interaction Note 350, November 1978.

A. Kjordjevic and T. X. Sarkar, "Analysis of Lossless
Multiconductor Transmission Line Time Response,"
unprublished, July 1983.

R. F. Harrington, Field Comnutation Bv Moment Methods
New York: Macmillan, 1968.

R. F. Harrington, Time Harmonic Electromacnetic Fields
New York: McGraw=-Hill, 1961.

I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals
Series And Products New York: Academic Press, 1965.

S. Frankel, Multiconductor Transmission Line Analvsis

Artech House, 1977.

EENA S LTIl At i S . T T T T W Y T Y-




M S g i AUt

12-85

S e




