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ABSTRACT
We consider the problem of electing a leader in a synchronous ring of n processors. We obtain both
positive and negative results. On the one hand, if proeessor ID's are chosen from some countable set, then
there is an algorithm which uses only O(n) messages in the worst case. On the other hand, any algorithm that
is restricted to use only comparisons of ID's requires Q(n log n) messages in the worst case. Alternatively, if
the number of rounds is required to be bounded by some t in the worst case, and ID’s are chosen from any set
having at least f(n,t) elements, for a certain very fast-growing function f, then any algorithm requires €(n log

n) messages in the worst case.
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1. Introduction

Communication in a network can be performed in either a synchronous or an asynchronous mode. How
does the choice of communication mode affect the computational resources required to solve a problem? We
examine this question by considering the problem of electing a leader in a ring-shaped network. In this
problem there are n processors, which are identical except that each has its own unique identifier. At various
points in time, one or more of the processors independently initiate their participation in an election to decide
on a leader. The relevant resources for such a distributed computation are the total number of messages

used and the amount of time expended from the time that the first processor wakes up.

The problem of electing a leader efficiently has been studied by a number of researchers [Bu, CR, DKR,
GHS, HS, IR, L, P]. The best previous deterministic algorithms have used O(n log n) messages for either
bidirectional rings [HS, GHS, Bu] or unidirectional rings [DKR, P]. These algorithms work for both the
synchronous and asynchronous models, and use comparisons of ID's only. [n addition, Burns has
established a lower bound of @(n log n) on the number of messages required if communication is
asynchronous [Bu]. However, the proof in {Bu] does not extend to the case of synchronous communication.
It is, therefore, quite natural to ask whether the 2(n log n}) lower bound can be achieved in the synchronous
case as well as the asynchronous, or whether there are algorithms that somehow make use of the synchrony

to limit the number of messages transmitted.

We obtain both positive and negative answers to our question of whether synchrony helps. On the one
hand, we show that if processor ID's are chosen from some countable set (such as the integers), then there is

an algorithm which uses only O(n) messages in the worst case. The processors may initiate the algorithm at
different rounds, and do not know the value of n. Qur algorithm is thus an improvement on a probabilistic
algorithm of [IR] that uses O(n) messages on average and assumes that the processors do know the value n.
Unlike the earlier algorithms, our algorithm uses not only comparisons on ID's, but also the numerical value of
the ID's to count rounds. However, the number of synchronous rounds used by our algorithm can be very
large in the worst case. An algorithm similar to ours has been developed independently by Vitanyi [V].

On the other hand, we show that both the departure from the comparison model, and the possibility of using
a large number of rounds, are necessary in order to obtain an algorithm of linear message complexity. More

specifically, if the algorithm is restricted to use only comparisons of ID's, then we obtain an £(n log n) lower
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bound for the number of messages required in the worst case. To achieve this bound we generate an

assignment of ID's to processors that exhibits a large amount of "replication symmetry"” around the ring. We
give a relatively simple assignment of values if n is a power of 2, and a somewhat more involved assignment

for general values of n. More recently, a different assignment of I1D’s has been given in [ASW].

Alternatively, if the number of rounds is required to be bounded by some t in the worst case, then there is a
(very fast-growing) function f(n, t) which has the following very interesting property. If ID's are chosen from
any set T having at least {(n, t) elements, then any t-bounded algorithm requires 2(n log n) messages in the
worst case. In particular, if t is a function of n, say t(n), then any t(n)-bounded algorithm for a set T with at
least f(n.t(n)) elements exhibits the given lower bound on messages. We achieve this result by giving a
transformation from any algorithm in what we call free form, over such a set T, to a comparison-based
algorithm. The ideas for this transformation are derived from earlier work of Snir [S1]. Both of our lower
bound results hold even in the case that the number of processors in the ring is known to each processor,

and all the processors are known to start at the same round.

2. The Algorithm

In this section, we present an algorithm for electing a leader in a synchronous ring. The algorithm uses only
O(n) messages, but may require a very large number of rounds. The elected processor, and only this
processor, eventually enters one of a set of distinguished "elected” states. The total number of messages
used, including any messages which might be sent after the winner is elected, is O(n). The algorithm
presented is for a unidirectional ring, with communication assumed to be countercltockwise. Of course,
essentially the same algorithm will work on a bidirectional ring. We assume that the unique ID of each
processor is an integer. This assumption is reasonable if communication is implemented by transmitting
packets of bits. In the description of the algorithm, we shall refer to the processor with ID i as "processor i".

The algorithm is initiated by individual processors deciding independently to wake up. The processors
need not wake up at the same time, but no processor is allowed to wake after it has received a message from
an awakened processor. When it wakes up, a processor (henceforth called a "participating processor")
spawns a message process, which moves around the ring, carrying the ID of the originating processor. The

message process is charged one message for each edge which it traverses.

Our algorithm uses two ideas. The first is that message processes that originate at different processors are

transmitted at different rates: the message process carrying processor ID i travels at the rate of one message
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transmission every 2' rounds. (Specifically, each processor delays for 2' - 1 rounds before transmitting
message process i.) Any slower message process that is overtaken by a faster message process is killed.
Also, a message process carrying ID i arriving at processor j is killed if j < i and processor j has also spawned
a message process. A message process which returns to its originator causes that originator to become
elected.

Suppose that all participating processors were to wake up at the same round. The above strategy would
then guarantee that the total number of messages is O(n). To see this, consider the following. Let i be the
smallest ID of any participating processor. Message process i traverses all edges, for a total cost of n.
Consider any other message process, j. During message process i's circuit, either message process i
overtakes message process j, or else message process j reaches processor i. In either case, message
process j is killed by the time i's circuit is completed. Because of the different rates of travel, message
process j could travel at most distance n/(2"') during the time that message process i travels distance n.

Summing over all message processes, the total number of messages expended would be less than 2n.

However, this variable rate of transmission scheme is by itself not enough to realize O(n) messages, in the
case that not all participating processors wake up at the same time. The processors with smaller ID's could
wake up correspondingly later, and spawn message processes that would chase and ultimately overtake the
slower message processes, but not before Q(n) messages had been expended by each of §(n) message

processes.

The second idea is to have a preliminary phase for each message process, before the variable rate phase
begins. In this phase, all message processes travel at the same rate, one message transmission per round.
When a processor decides it wants to participate, it spawns its message process and sends it off to its
neighbor. The message process is transmitted around the ring, until it encounters the next participating
processor. At this point, the message process continues into the second phase, moving at its variable rate,

and acting as previously described.

Lemma 1: There is an algorithm that elects a leader in a synchronous ring of n processors using
fewer than 4n messages, and O(n2') time, where i is the ID of the eventual winner.

Proof: We divide the messages into three categories, and bound each category separately. The
categories are (1) the first phase messages, (2) the second phase messages sent before the
eventual winner enters its second phase, and (3) the second phase messages sent after the
o eventual winner enters its second phase.

First consider (1). Since exactly one message from the first phase will be transmitted along each
edge, the total number of first phase messages is exactly n. Next, consider (2). Every message
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process that is activated will enter its second phase within n rounds of the time that the first of the
processors awakens. Thus at most n rounds need to be considered. Furthermore, message
process i sends no second phase messages during the rounds under consideration. Since the
smallest ID that a winner can have is 0, the smallest possible ID for a processor which is not an
eventual winner is 1. Thus the maximum number of second phase messages for message process
j in these rounds is n/2', for >0. Summing, the total number of messages sent for all the message
processes in these rounds is less than n.

Finally, consider (3). The argument is similar to the one used for the case in which all processors
awaken at the same round. That is, message process i makes a circuit, for a total cost of n. Any
other message process j can send at most n/2!" phase two messages during the time i travels
distance n. As before, the total number of messages used in (3) is less than 2n. Thus the total
number of messages for all categories is less than 4n.

Because of the variable transmission rate, the number of rounds required is O(n 2‘), where i is
the ID of the eventual winner. §

The bound of 4n messages for the algorithm above is reasonably tight. Consider the following example,
where f(n) = log n - log log n. Let processor 1 be at distance 1 from processor 0, and let processor k, k =
2....K(n), be at distance k + L(2%" - 2)n/(2%" - 1)J from processor 0. Let processors 1 and 2 awaken at round
1, and each processor k, k = 3,...,f(n), awaken the round before it would be visited by the first phase message
from processor k-1. Similarly, let processor 0 awaken the round before it would be visited, which would be
round n - f(n). Message process k, k = 1,...,}(n), will start its second phase at round 2 + L(2* - 2)n/(2% - 1" 1.
1t will be killed when it reaches processor 0, or when it is overtaken near processor 0, and thus will traverse at
least n/(2k - 1) - f(n) links before it is killed. There will be n first phase messages, at least 2k= 1. 4() (n/(2" -1)
- f(n)) second phase messages for message processes k = 1,...f(n), and n - 1 second phase messages for
message process 0. Of the second phase messages for message process k, note that [n/(2"-1) - f(n) - 2]/2"
of them will fall under category (2), and the remainder under (3). For large n, the total is slightly more than

3.6n messages in all.

It is possible to achieve a tradeoff between the number of messages and the number of rounds by using
powers of c, for any constant ¢ > 1, rather than powers of 2. As before, there will be exactly n messages in
category (1). In category (2), there will be fewer than 2j= 1'_._'wn/c" = n/(c-1) messe 2s, while in categoiy
(3), there will be fewer than 2‘.= oan/c' = nc/(c-1) messages. Thus, we obtain an algorithm which elects a
leader in a synchronous ring of n processors using fewer than 2cn/(c-1) messages, and using at most O(n c')
rounds, where i is the ID of the eventual winner. It is possible to retain the 2cn/(c-1) message bound, while

reducing the time to O(n c'), where i is the minimum ID of all processors in the ring. The basic idea is to allow
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each processor to awaken and begin its algorithm (spawning its message process) as soon as it receives any

message from its neighbor, if it has not already awakened on its own. We thus obtain:

Theorem 2: Let ¢ > 1. There is an algorithm that elects a leader in a synchronous ring of n
processors using fewer than 2cn/(c-1) messages, and O(n c') time, where i is the smallest 1D of the
processors in the ring.

Note that the algorithm works correctly in the case where communication is purely asynchronous. It is only
its complexity that depends on the synchrony. In the general, asynchronous, case, the algorithm is
essentially the same as that of [CR], and so exhibits a worst-case message behavior which is O(n?).

3. Formal Model and Problem Statement
In this section, we describe the formal model we use for our lower bounds. The contents of this section are

summarized from [FL], and the reader is referred to this paper for further details.

3.1. Algorithms

We use the following model for ring algorithms. Each processor is assumed to be identical to every other
one except for its own unique identifier, chosen from an /D space X, a totally ordered set. The processors all
begin their identical election algorithms at the same time. Each processor behaves like an automaton as
follows. Initially the state of the processor consists of its ID. At each round, the processor examines its state
and decides whether to send a message to each of its neighbors, and what message to send. Then each
processor receives any messages sent to it in that round. The processor uses its current state and these new
messages to update its state. Certain of the states are designated as "elected” states.

it may be assumed, without loss of generality, that a ring algorithm is in a certain normal form. In this
normal form, the state of each processor records exactly its initial ID and the history of messages received,
and each message that is sent contains the entire state of the sending processor. We represent such history
information by means of LISP S-expressions. The S-expressions that arise during computation are of a
special type, which we will call well-formed. A well-formed S-expression over X is either: (1) an element of X,
or (2) an exprassion of the form (s‘,sz.sa), where s, is a well-formed S-expression over X, and each of s, and
Sq is either a well-formed S-expression over X or the atom NIL. Let #(X) denote the set of well-formed

S-expressions over X.

We refer to an algorithm in such a form as a free algorithm , and we restrict attention in this paper to

algorithms which are free. An initial state of a processor will just be its ID. Each message will contain exactly i
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the siate of the sending processor. When a processor in state s receives messages s, and s, from its
counterclockwise and clockwise neighbors respectively, its new state will be the S-expression (5,.5.8,). If no
m2ssage is received from « neighbor, the atom NIL is used in place of s 10rs,asa placeholder. To complete
the algorithm specification, we define a function which determines when messages are to be sent in either

direction, and a designation of which states indicate that the processor has been elected. Thus, an algorithm

over X is a pair (E,u), where E C f(X) is the set of elected states, and u, a mapping from #(X) x {clockwise,
o counterclockwise} to {yes,no}, is the message generation function. We assume that the set E of elected
i~ states is "closed", so that once a processor has been elected, it will remain elected.

o 3.2. Executions

X ' To facilitate discussion, we index the processors in the ring clockwise, as 0,...,n-1. (For convenience we are
: switching from the naming convention which we used in Section 2. There, by "processor i” we meant "the
rrocessor with 1D i", whereas for the rest of the paper we shall mean "the processor with index i". We count
indices modulo n. A ring of size n over ID space X is an n-tuple of elements of X, giving the initial ID's of the
processors 0,....n-1, in order. A configuration of size n is an n-tuple of S-expressions in f(X), representing the
states for the n processors. A message vector of size n is an n-tuple of ordered pairs of elements of f(X) U
{nJil}. It represents the messages sent counterclockwise and clockwise by each of the n processors.

An execution of an algorithm for ring R of size n is an infinite sequence of triples (C 1.M.C2), where C' and 02

are configurations and M is a message vector, all of size n. We require executions to satisfy several
properties. First, the initial configuration must be R. Second, the second configuration in each triple must be
the same as the first configuration in the next triple. Finally, each triple in an execution must describe correct
message generation, as given by g, and correct state changes, as described earlier. An execution fragment

is any finite prefix of an execution.
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We now define our complexity measures. We measure the number of messages sent and the number of

rounds taken only up to the point where a processor becomes elected. (This convention only serves to
strengthen our lower bound.) For any execution e, let finishtime(e) denote the number of the first round after
which a processor has entered a state in E. Let messages(e) denote the number of messages sent during e,

up to and including round finishtime(e).

3.3. Election of a Leader
Let X be an 1D space with |[X| > n. A ring algorithm over X is said to elect a leader in rings of size n provided

that in each execution, e, of the algorithm, for a ring R of size n over X, exactly one processor eventually

enters a state in E.

3.4. Comparison Algorithms

We next define algorithms whose only operation with respect to processor ID’s is to compare them. We say
that two S-expressions, s and s', over X are order-equivalent provided that they are structurally equivalent as
S-expressions, and if two atoms from s satisty one of the order relations <, = or >, then the corresponding
atoms from s’ satisfy the same relation. An algorithm is a comparison algorithm provided that if s and s’ are
order-equivalent well-formed S-expressions over X, then processors with states s and s' transmit messages in
the same direction or directions and have the same election status. That s, u(s,clockwise) = u(s'.clockwise),

p(s,counterclockwise) = u(s',counterclockwise), and s is in E exactly if s’ isin E.

4. Chains

In this section, we describe the general theory needed for our lower bound proof for comparison algorithms.
We introduce the concept of a "chain", which describes information flow during an execution of a ring
algorithm. The notion ~f a "chain" used in this paper is a substantial generalization of the notion of a "chain"”
used for a similar purpose in [FL]. For comparison algorithms, we show that nonexistence of certain chains

implies that certain processors in a ring remain indistinguishable.

4.1. Basic Definitions

A k-segment of a ring is a length k sequence of consecutive processors in the ring, in clockwise order. Let
S and T be two k-segments in a ring, with first processors p and g respectively and last processors p’ and q'
respectively, and let e be an execution (or execution fragment) of an aigorithm in the ring. Then a clockwise

chain in e for (S,T) is a length k subsequence of the steps ot e, e, , e, , ..., € , such that the following is true.
v 2 K

In each step e, , a message is sent either by processor p + j - 2to processor p + j - 1, or else by processor q
i
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+ |- 2toprocessorq + j- 1. Thus, a clockwise chain for a pair of segments describes combined information

flow clockwise in the two segments, from outside the two segments up to the last processors p' and q'. A
counterclockwise chain in e tor (S,T) is defined analogously, for information flow counterclockwise: in each
step e, , a message is sent either by processor p' - j + 2to processorp' -j + 1, or else by processorq’ -j + 2

j
to processorqg’ -j + 1.

Two length k vectors of X-elements are said to be order-equivalent provided that the elements in
corresponding positions satisfy the same ordering relations in the two vectors. That is, if the two vectors are
a and b, then a, and a satisfy the same relation, ¢, = or >, as b, and bi' Two segments S and T are said to be
order-equivalent in a particular ring R provided that the sequences of initial ID's of the processors in the two

segments are order-equivalent.

Let e be an execution fragment. Then maxcw(e) is defined to be the maximum k for which there are
order-equivalent length k segments S and T (possibly with S = T), such that e contains a clockwise chain for

{S.T). The quantity maxccw(e) is defined analogously. Let sum(e) = maxcw(e) + maxccw(e).

4.2, Limitations on Chains
From the definitions of maxccw, maxcw, and sum, it follows that a length 0 execution e has maxcw(e) =
maxccw(e) = sum(e) = 0. We show that chains cannot grow unreasonably quickly. The fength of a longest
chain can grow by at most 1 in any time step, and only if a message is sent in the appropriate direction.
Lemma 3: Let e and e' be execution fragments for a ring R, such that e' consists of ail but the
last step of e. Then (a) maxcw(e) < maxcw(e')} + 1, with maxcw(e) = maxcw(e') if no messages

are sent clockwise at the last step of e, and (b) maxccw(e) < maxccw(e’) + 1, with maxccw(e) =
maxccw(e') if no messages are sent counterclockwise at the last step of e.

Proof: We argue part (a). Part (b) is analogous. The second half of the claim is obvious. We
argue the inequality maxcw(e) < maxcw(e') + 1. We may assume that maxcw(e) > 1, since
otherwise the result is obvious.

Let S and T be order-equivalent segments of length maxcw(e) for which there is a clockwise
chain in e. Let S' and T' be the segments of length maxcw(e) - 1 consisting of all but the last
processor in S and T respectively. Then S’ and T' are order-equivalent. Moreover, since only the
last message in the chain could have been sent at the last step of e, it must be that e' contains a
clockwise chain for (S',T'). Thus, maxcw(e’) 2> maxcw(e) - 1, as required. I
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4.3. Bisegments

We next introduce notation that allows us to describe at the same time a counterclockwise chain and a
clockwise chain leading to the same processor. |If k‘ and k2 are positive integers, a (k,,kz)-bisegmenr is
defined to be a pair of segments, the first of size k, and the second of size k,. which overlap in a single
processor. (The last processor of the first segment is the first of the second segment.) The processor which
appears in both segments is called the center of the bisegment. The spanning segment of a bisegment is the
segment obtained by concatenating the two segments in the bisegment, and removing the duplicated center.
Two bisegments are said to be order-equivalent in a particular ring provided their spanning segments are
order-equivalent. Two processors p and q are (k1.k2)-equiva/ent in a particular ring provided that their

(kl,kz)-bisegments (i.e. the (k1,k2)-bisegments centered at p and q) are order-equivalent.

LetS = (S,.Sz) and T = (T1.T2) be two (k,.kz)-bisegments. and let e be an execution or execution fragment.
Then a clockwise chain in e for (S,T) is a clockwise chain in e for (SI.T1). and a counterclockwise chain tor
(S,T) is a counterclockwise chain for (S2.T2). A chain in e for (S,T) is either a clockwise chain or a

counterclockwise chain for (S,T).

4.4. Indistinguishability

In this subsection, we show that, for comparison algorithms, the absence of long enough chains implies that
certain processors must remain "indistinguishable”. The absence of these chains then also implies that a
correspondingly large number of messages will be sent in the next round.

Our notion of "indistinguishability” is defined as follows. If S and T are two ID sequences, each of length k,
and s and t are two S-expressions, then s is congruent to t with respect to (S,T) provided that s and t are
structurally equivalent, and corresponding positions in s and t contains elements from corresponding
positions of S and T, respectively. If S and T are two segments of a particular ring, then s and t are congruent
with respect to (S,T) provided that s and t are congruent with respect to the corresponding sequences of ID's.
Similarly, if S and T are two bisegments of a ring, we say that s and t are congruent with respectto Sand T

provided that they are congruent with respect to their spanning segments.
Lemma 4: Let e be an execution fragment of a comparison algorithm for ring R. Letk, and k, be
positive integers. Let p and g be any pair of (k 1,k2)-equivalent processors in R,and letSand T be

their respective (ki,kz)-bisegments. If there are no chains in e for (S,T), then at the end of e, the
states of p and q are congruent with respect to (S,T).

Proof: The proof is by induction on the length of e.
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Base: |e] = 0. Neither p nor q has received any messages in e, s0 they will remain in states which
are congruent with respect to (S,T).

Inductive step: |e| > 0. Assume as the induction hypothesis that the resuit holds for any execution
fragment of lenath shorter than |e| and any values of k, and k,. Let e’ denote e except for its last
step. Then by inductive hypothesis, p and q remain in states which are congruent with respect to
(S.T) up to the end of e'. Consider what happens at the last step. Let p' and q' be the respective
counterclockwise neighbors of p and q, and p'' and q'' the respective clockwise neighbors.

Case 1: Both of the following hold: (a) Either p' and q' are in states which are congruent with
respect to (S,T) just after €', or else neither p' nor q' sends a message clockwise at the last step of
e. (b) Either p" and q" are in states which are congruent with respect to (S,T) just after ', or else
neither p”’ nor q"’ sends a message counterclockwise at the last step of e.

In this case, it is easy to see that p and q remain in states which are congruent with respect to
(S.T). after e. For if p’ and q’ are in states which are congruent with respect to (S,T) just after e',
then since the algorithm is a comparison algorithm, they both make the same decision about
whether or not to send a message clockwise at the last step of e. If they both send a message,
Then the messages they send are just their respective states, which are congruent with respect to
(S.T). A similar argument applies to p”’ and q"'. It follows that p and q remain in states which are
congruent with respect to (S, T) after the last step of e.

Case 2: Pracessors p' and g’ are in states which are not congruent with respect to (S,T) just after
€', and at least one of them sends a message clockwise at the last step of e.

Ifk, = 1 (i.e.if pand q are at the counterclockwise ends of their respective bisegments), then a
clockwise chain for (S,T) is produced by the message sent at the fast step, a contradiction. So
assume that k, > 1. Since p and q are (k1,k2)‘equivalent, it follows that p' and q' are
-1k, + 1)-equivalent. Let §' and T' denote their respective LW *, +1)-bisegments. §' and T'
contain exactly the same processors as S and T respectively, but are centered at p' and q' rather
than p and g. Since the states of p’ and q’ just after e’ are not congruent with respect to {S,T), they
are also not congruent with respect to (S',T’). By the inductive hypothesis, there must be a chain
in ¢ for (S'.T'). |If there is a counterclockwise chain in €' for (S',T'), then it is also a
counterclockwise chain for (S,T), so there is a counterclockwise chain in e for (S,T). On the other
hand, if there is a clockwise chain in €' for (S',T°), then since at least one of p' and q' sends a
message clockwise at the last step of e, we obtain a clockwise chain in e for (S,T). Either case is a
contradiction.

Case 3: Processors p* and q" are in states which are not congruent with respect to (S,T) just
after €', and at least one of them sends a message count