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TRANSIENT ANALYSIS OF DIGITAL CIRCUITS
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Department of Electrical Engineering
University of Illinois at Urbana—Champaign, 1984

In the VLSI microelectronics era, the cost of the immense CPU
time and memory storage for a 'standard’ circuit simulator has become
prohibitive. In order to achieve dramatic improvement in the perfor—
mance of the circuit simulator, there are two principal poj.nts of

departure from the 'standard’ simulation approach, namely, ’‘tearing’

decomposition and 'relazatior’ doc:c-posi.ti.on.1

This research is to study the nmerical convergence and stabil-
ity properties of several of the relaxation algorithms that have been
proposed for the simulation of VLSI circuits. The time-point Gauss—
Seidel method with prediction, the exploitation of latency and event
scheduling algorithms are implemented into a gemeral purpose circuit
simulator SLATE-R (a Simulator with Latency and Tearing —Relaxed
version). The performance of the SLATE-R program in the anaslysis of

various types of integrated circuit techmologies is studied.

ICmpnrod with the conventional techmniques, the tearing decomposi-
tion is just some special reordering strategy, therefore, it shares
the same numerical properties with the conventional techniques. How-
ever, the relaxation decomposition processes ome subcircuit at a time
and relaxes all other subcircuits, therefore, it is characterized by
completely different numerical properties.

g P SR j-'" IR AW MY A A
bRV RN £ e ¢ ST VP i L I

o i 2R,

M.

H -—,;l"
. w o ol
L | Mt

N0
A,

R, X, T 5
B30I

R -

1 A




R 2 =

e &2

3
¥

iii

ACKNOWLEDGEMENTS

I would like to express my gratitude to Professor T. N. Trick,
my dissertation advisor. With his thorough knowledge of the field, he
provided invaluable guidance and eacouragsment through the course of
this research. Alsc his great persomality provided me with support
and inspiration in my life throughout my graduate study. I would also
l1ike to thank Professor I. N, Hajj for many helpful discussions and
suggestions. I also wish to thank Professor J. H. Patel for his

helpful suggestions as a member of my dissertation committee.

I am indebted to my wife, Chiou—-Sheng, for her support and

understanding in all respects thronghout my graduate study.

Finally, I would like to thank my pareats, especially my mother,
who passed away two years ago, for their love and support through the

past years.

Accesion For

NTIS CRA&I
OTiIC TAB

Uriannounced
Justitication

ooy

Dist ibution|

Avaitability Codes

, Avail ai .d_l or
Dict Special

G

e

TERErE

-‘;," e "
i N |

arn e PR

- -

bt

!

PTG
B .

,
£7.0

e S R Y 1%
: W._“_“ \._Q._‘\. el



B

TABLE OF CONTENTS

CHAPTER
1. INTRODUCTION ...cccocscenccoscsocscsscccscscsssscnsacccnans
2. REVIEVW OF SIMULATION TECHNIQUES ..cccccccosvncorccosscscsce
2.1 Standard Circuit Simulators ...cccesvecccocssasccccns
2.2 System Docomposition ...ccovceoccecesscnccccscssansas
2.3 Tearing Decomposition .ceccccececsssrtstecncocsctesassses
2.4 Relaxation Decomposition ....vccececcccccccsssccssane
2.5 Concluding Remarks ....cccceveecosessscscveccccecanns
3. The MODIFIED GAUSS-SEIDEL NETHOD AND ITS NUMERICAL
PROPERTIES .ccocccccetsnncsccrsrscosceosscasscsssssscacsnnsne
3.1 MNathematical Formulation cecevccscccccccccscsscccccas
3.1.1 Gsuss~Jacobi Relaxstion Method ......cccccueee
3.1.2 Gauss—Seidel Relaxation Method ...cco0cocvevae
3.1.3 Modified Gauss—-Seidel Relaxation Method ......
3.2 The Convergence and Stabdbility Properties ...ccccceaee
3.2.1 Convergence of the Time—Point Gauss—Seidel
Iteration Method .cc.cccocessvcecsscsscccoaces
3.2.2 Numerical Stadility of the One-sweep
Gauss—Seidel Iteration Nethod with
Prediction .ccevcessccecssccnccscseccecvcaccane
3.3 Concluding Remarks ....ceccvcsecccsccccsccansvcscnane
3.3.1 Bemark I ..cccvecccracocctesccsoctesscveacsosvans
3.3.2 Remark Il ....cceecccrccncooncsssccccsssnsnses
4, THE WAVEFORM RELAXATION METHOD AND ITS NUMERICAL
PROPERTIBS ..coccccecaccacccccsocsccsnsnssssnsssssscnssssse
4,1 Mathematical Formulation .....cecosesc00c0ctcvccsssss
4.1.1 The Assignment-Partitioning Process .....cccee
4.1.2 The Relaxation Process ......ecccccvoccscsases
4,2 The Modified Waveform Relaxation Method and Its
Numerical Properties ....cceor00v0e00c0ccecesscssccce
4.2.1 The Modified VWaveform Relaxation Method ......
4.2.2 The Numerical Properties of the Waveform
Relaxation Method ...cccvvvevecccssacnscncssns
4,2.3 The Waveform Relaxation Method Applied to
the State EqQuations ....ccveeccesceconssccanss
4,3 Concluding Remarks ...cccceecccrveeccccsccccrsscassnnae
5. EVENT-DRIVEN AND LATENCY SCHEMES ..ccccocescncnscscastsncs

20 WP XV VG Thty (00
Tad iyt ‘n.l’a.t\‘ IS IR IR

S5.1 Brief Review of the SLATE Program ....ccovcoccscccses

L™ ) ~

d » |‘

“w

¥

RS Qe

“

A"L'

vt

W

5

iv l.:
v.%fi

v

Ko

g

Puge %
1 .'."
8 i,
11 gt
12 Q
18 "*
19 b
i
22 l".‘gl
23 A
25 :
26 N
27 %%
29 :;
{
\J
o
t I.t
36 )

L)

41 :a':
41 e,
42 !.‘ ‘a
Q}J
47 R
47 ay
48 ’aa
49 ;.&
KVt
W
52 e?v%s
1] "
61 &:
]
.;(‘ ,
67 B
69 L
e
171 '.::;'::
3
T A
‘ .' \i
N

P

S UL [ S N N

N e T Lot e et



5.2 The Relaxation Tochnique ..cccsceccoccccccncsoscsccne 76
5.3 Event-Driven Teochnique .ccccecvccccsnscscccsanscsccss 81
5.4 Latency Exploitation cccecevccscvecsccccccsscsccncnces 81

5.4.1 Thoe Latency Criterion ...cccceceecccscscscccne 83

5.4.2 Ezxperimental Results for

Latency Exploitation ....cccccveccccncccccecee 84

5.5 Numerical Properties ..ccocesecccssncscsscsscsscsscses 93
5.6 Concluding Remarks ....ccccovveccsccececsccscscsnecses 112 d
THE SLATE-R PROGRANM .......ccvcecevcoscasoccasscsassaasces 113 :
6.1 The Input Processing —— READIN Overlay .....ccce0c0.. 113
6.2 Analysis Sequencing —— ERRCHK Overlay ....cocevcrces 115
6.3 Matrix Setup and Matrix Location —— SEIUP Overlay

P & &
6.4 Analysis Procedure —— DCTRAN Overlay in SLATE ]
PrOGLaM .cecsssetcscessscssssssssccsssassscscsssnancs 116 '
6.4.1 Algorithms in SLATE Program ...cccccceccccoses 116
6.4.2 Iteration Scheme in SLATE Program ........cc.. 117 \
6.5 Modification of the Analysis Procedure —— DCIRAN
Overlay in SLATE~R Progra® .cccccececocccccscassscnee 120
6.5.1 Algorithms in SLATE-R Program .....ccccccoenee 120 ‘ ;
6.5.2 Iteration Scheme I in SLATE-R Program ........ 122 ‘
6.5.3 Iteration Scheme II in SLATE-R Program ....... 124 ;
6.6 Experimental Results ....ccocecevovecccctonscccscscnes 126
6.7 Concluding Remarks .....cceoceceensseccscccsccssacsane 129
6.7.1 Remark I ....cceceececscenccccscocsoscnsasscas 129
6.7.2 Remark I ....coctececcocsnvenococnsncncascase 131 '
6.7.3 Remark IIT .....ciceecceenvecscsssoncascscnsnos 134 N
7. CONCLUSIONS ..c..ccvcocscaccacscssascesncsnsascsccasscrsesss 138 i
REFERENCES .cccocecscvscoscasescasssosssassccccscosscosonssnscss 143

mA ® 0 00000 0¢ 00000 G ETIUN SN IOOPINITRSOEsQReePROOtErEBPOIRIOEOISENNLY 1‘7

2

OO

r - 1o AT O e i A 5y A A A n Ay w AN AR LRI ELELRTCT N LSS T DTN
1 M2 VST AT ak, TSR ) £ Lot USRNSSR SOOI O o e G T ST e \ ~



55 W=
[
A

CHAPTER 1

csn Gl

INTRODUCTION oy

Circuit simulation has become a significant tool in the design
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of integrated circuits. 'Standard’ circuit simulators, such as

A

SPICE2 [1] and ASTAP [2], substantially include the following four

e
e

algorithmic techniques :

ol el " '," M

-« 138
E{_‘! 1) Stiffly stable implicit integration methods, such as the ',\\-
1 e
2 ;

backward Euler or Trapezoidal formulas, which replace the original

system of nonlinear differential-algebraic equations, describing the

&

solving a sequence of linear equations.

- behavior of the circuit, into a system of nonlinear algebraic equa- R
& tions. ‘.t
g 2) Automatic control of the time step h by using approxima- :

tion differentiation to estimate the local truncation error so as to {'\
g ensure accuracy of the solution. 5"

S 3) The quadratically convergent Newton-Raphson method to .3-
~ solve the system of the nonlinear algebraic equations by iteratively :E
Eg e

4) Sparse Gaussian elimination methods to solve the linear

r
y A9

‘J‘\' ‘;'.."f.

algebraic equations in each Newton—Raphson iteration.
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Because of the good numerical stability and accuracy properties
of the implicit integration methods, these circuit simulators can
handle a wide variety of ordimary differential equations very well.
Also with the variable time step size control techmique, these
methods have a simulation speed advantage in stiff systems (widely
separated eigenvalues), becasse omne can vary the integration step
size according to the rate of change of the response and not
encounter numerical stability problems. For nonlinear equations,
Newton—Raphson iteration can be used to achieve convergence over a
wide range of integration step sizes. Finally, modified nodal
methods are used to formulate the circuit equations because they are
efficient and result in sparse arrays. Thus, in order to minimize the
number of nmmerical operations, these equations are solved by means

of sparse matrix techniques.

Although these circuit simulators are very efficient, their
memory and CPU requiremeants typically limit their use to a few hun—
dred transistors. However, with the rapid growth in the scale, meas-
ured in device count, of integrated circuits being designed in the
VLSI microelectronics era, the cost of the immense CPU time and
memory storage for ‘‘standard’ circuit simnlators has become prohibi-
tive. In order to achieve even faster circuit simulation with less
memory requirements, one must take advantage of some of the special
features of these circuits, such as (a) the repetitiveness of the
circuit (many gates are of the same type), (b) the different levels

of activity of the various gates in a given time interval, and (c¢)
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the almost onme-way propagation of the signal in many gates. Hence a T
series of new generation methods of circuit simulation, such as NOTIS ‘5{5{
e
[3], MOTIS-C [4], DIANA [5], SPLIE [6] and MACRO [7] have been ot
developed. These new simulators, in their gquest for speed, elim '
inated ome or more of the principal features of the ’‘standard’ simu-— ":k
lator in order to make a2 favorable trade—off between cost (i.e., the '
CPU time and memory storage) and resolution (i.e., the attainable ;‘
level of detail). The program SLATE [8] takes advantage of items (a) ::3::5
and (b) above by using node tesring to partition the circuit into 3§:§;
subcircuits so that the sparse matrix pointers only have to be gen [
erated snd stored for each different type of gate and not for all :'S:,_
gates. Secondly, gates that are latent im & given time interval can i'
be bypassed in the solution of the circuit in that time interval. 5.;
These improvements have resulted in approximately a factor of two ‘F:,:
improvement in both memory and CPU requirements. ‘
However, in order to achieve more dramatic improvement in the -§
performance of the circuit simulator, one must take advantage of the Q‘.‘«"
one-way propagation of the signal in most gates, that is, the ‘5
response of a gate has little effect om its input signals, or in (_‘
other words, there is little feedback to the input nodes. When this V‘\_'t
ol
feedback coupling is sufficiently wesk, one can relax certain vari- s
ables in order to decouple the gates. N
i
There are two principal points of departure from the '‘standard’ ,‘E
simulation approach which may be taken at any of the three main lev-— &
els of circuit simulation (i.e., the time level, nonlinear equation '\
o
i
e BT g AR I I I e L S o
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level and the linear equation level), namely, 'tearing’’ decomposition
and ‘temporal’’ decomposition. As to these two techmigues, the former
aims to retain the coavergence and stability properties of the ''stan—
dard’ method, while the latter is related to the so-called ‘Telaxa-
tion’’ or 'indirect’’ method [9,10], and is characterized by completely

different convergence and stability properties.

Ever since the development of the MOTIS frogrln in 1975, the
first relaxation-based mnonlinear time—domain transient circuit simu—
lator, there have been a series of relaxstion-based simulators
developed. However, some of these simulators suffer from serious
numerical properties. In the era of VLSI circuits, the relaxation—
base? techniques seem to be an inevitable tendency [11] im order to
achieve the speed necessary to anslyze large circuits. Thus, & com—
plete, deterministic study of the numerical stability and comvergence
properties of relaxation methods is a valuable and interesting

research topic.

This research is concerned with the investigation of the numer—
icaJ stability and convergence properties of the two commonly used
relaxation methods, waveform and time—point (Gauss—Seidel), as a
function of the degree of coupling. The modified waveform relaxation
method for the simulation of VLSI circuits in the time domain is stu-—
died. This approach is similar to the waveform relaxation method in
RELAX [9]. However, the entire time interval is separated into small
time windows. 1Instead of a sweeping iteration in the entire time

interval [ O, T ], the sweep iteration is processed sequentislly in

4 'A'fl‘ﬂ
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each window and the waveforms are concatenated. The experimental

g
£ -

roesults [12] show that the modified technique can get better resolu-

S 'I'J',l' Jrl‘

tion with reduced cost, thus permitting larger systems to be simu-

F lated. %
.‘.Av "

gy

e In the transient analysis of MOS circuits in which the floating §:
r: gate to drain capacitance is modeled, the pole—splitting phenomenon FE
Ei {13] occurs when the tramsistors are active. The stiffness of the gé
- system is determined by the degree to which the poles split. In this %é
gé research, the numerical properties of the waveform relaxation method ti-
3 are studied for the analysis of linear stiff systems. We examine the &:
i: numerical properties by means of the test circuit which was generated tﬁ

by linearizing the model of a cascade of two inverters in which the

o
»
3

% 1

transistors are assumed to be active. VWhen the window size is shrunk

Eak ek ]
g Yty
e

1

to the time step size, the waveform relaxation method is equivalent

to a time—point relaxation method. The time—point relaxation method

considered in this research is the modified Gauss—~Seidel method [9],

which uses a forward predictor for the unsolved variables, It has

"1;4;.:..
'/

. _:\r;'.)‘r":r‘ )

been demonstrated to be an efficient technique in the timing analysis

-2

) of M)S circuits. The numerical properties of the modified Gauss- é:
. Seidel method are also observed for linear stiff systems. 5
o S
.,A

The SLATE program is modified to implement the relaxation tech-

EHE

o
niques in this research. Chapter 2 describes briefly the different t‘
relaxation techniques used in electrical simulation., In Chapter 3 the i

A
1

modified Gauss—Seidel technique and its numerical properties for the

23

l'k}‘

analysis of a linear stiff system are discussed. An introduction of
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the waveform relaxation method (WERN) and the modified window waveform
relazation method and its numerical properties are discussed in
Chapter 4. The experimental results of the program SLATE-R (a Simu-
lator with Latency and Tearing - Relaxed version) are shown in
Chapter 5. Chapter 6 describes the implementations of the SLATE-R

program. Finslly, the conclusions are in Chapter 7.
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CHAPTER 2

REVIEW OF SIMULATION TECHNIQUES ]

W {ei“g-
Standard circuit simulators have provem to be reliable and ::\E &:

[} \}
effoctive when the size of the circuit is limited to several hundred U

transistors. As the size of the circuit increases, the primary

e 2

nemory storage and CPU time used by these simulators increase rapidly o3\
t'. [14] despite the use of sparse matrix techniques. In order to simu- Wi
late LSI and VLSI circuits, a number of techaniques have been used to SR
improve the performance of the standard circuit simulators. Basi- '!,
cally, these nonstandard simulators can be meaningfully classified by SRR

the decomposition techniques. Wi

g Decomposition refers to the technique that subdivides the whole gzz
set of the system oquﬁons into several subsets. Decomposition canm =
be taken at any of the three main levels of circuit simulation (i.e., “»
the time level, nonlinear equation level and linear equation level). ’Q\g:t
Actually, the system of equations, no matter at what level it is, is =

B processed by a decomposition technique as a composition of several ”:Pé‘e?

! systems with interactions between them. Once the system is decomposed \ff
into subsystems, the techmique of solving each subsystem is identical

to the conventional numerical approsches. £

In this chapter, we will briefly review the analysis techniques f'm'
used in conventional circuit simulation. Then we will describe the r

i
i basic concepts and properties of two systematic approaches to "b:%';‘,
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accomplish system decomposition. -

£y
et &

2.1 Standaxd Circuit Simuletors

¢ The nonlinear algebraic~differential equations which describe

3 the performance of the integrated circuits are genorally of the fol-

lowing form :

5=

£(x(t),x(t),n)=0 (2.1)

=3

E(x(0)-x_)=0 (2.2)

oy

where x ¢ RP is the unknown variable at time t with the given ini-

e e

tisl value x ; x is the time derivative of x at time t; u ¢ RBY is

»

the vector of all the inputs and possidbly their time derivatives;

B BRS

£ :RP x RP x R* — RP is s continuous functionm; and E ¢ R®*P, » ¢ »p

is s matrix of rank n such that E(x(t)) is the state of the system at

§ time ¢, Let { ti ; i=0,1,...,N } denote a sequence of increasing !,
% time points selected by the simulator with to =0 and ty = T, where T EE
t is the given simulation time interval. gﬂ
: By using an implicit integration method, the system of equa-

; tions (2.1) is transformed into a discrete time sequence of nonlinear Eﬁ
Li algebraic equations. At each time point ti' the corresponding alge- &
k X

o

braic equation can be written as

LR 2
| %

v L YW W) % 0 R P N W, N e
RN RN A P e D e A 4 4 NN (2 Dt

4

. ;(x‘)-o (2.3)
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where xl denotes the computed valus of x(ti).

The solution of (2.3) is obtained by applying the Newton-
Raphson method. At each iteration in the Newton—Raphson method, the

resulting linearized equations are of the form:

Ax=Db (2.4)

The NewtomRaphson iteration is carried out until the conver—
gonce is achieved or the iteration limit is exceeded. At each iteras-
tion count, the function and Jacobian matrix evaluations are nece s-
sary to construct the coefficient matrix A in Equation (2.4). Because
in the circuit simulation eavironment, the matrix A is usually very
sparse; hence, the Gaussian eoliminstion method is implemented by

using a sparse matrix techmique to rednce the computational opera-

tions,

It is very important to exploit the sparse technique, since the

computational complexity of the Gaussisn elimination method applied

to an nxn full matrix is proportionsl to n3 while the computational

complexity of the Gaussian eliminstion method with sparse techniques

in on the average [1] proportional to n® ; @ ¢ (1.2, 1.5]. Pigure 2.1
shows the hierarchical organization of conventional numerical methods

for time domain simulation.

As the size of the circuit increases beyond several hundred
transistors, sparse techniques alome are nut enough to provide simu-

lation results in a reasonadle time. In the next section we will
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describe the features of system decomposition, which have led to the

development of several new generations of circuit simulators.

2.2 System Decompogition

The new generationm of circuit simulators for large digital cir &

cuits uses two principles, namely the 'tearing'’ decomposition and the

'relaxzation’’ decomposition [15]. Compared with the conventional

techniques, the tearing approach is just some special reordering HA

strategy. Therefore, the computational operations of the tearing f?5

approach depends mainly on the structure of the system. If the system

structure is not sparse or when the block structure of the system can

not be exploited, this approach does not offer any benefit over com

ventional techniques. In other words, the tearing method will be h

powerful omly if it is combined with some other strategies such as

the exploitation of latemcy and the exploitation of the repetitive—

ness of a limited number of subcircuits.

In contrast, the techniques classified as relaxation methods are

characterized by completely different convergence and stability pro—

perties.

We will discuss the numerical properties of the relaxation ;‘$

techniques in detail in Chapter 3 amd Chapter 4.

These two different approaches to decomposition techniques will

. be descridbed in more detail in the next sections.

o,
M

'TT: ./:,:,z
AL,

ﬁﬁﬁa '!V

. A -
"f,}..'

-

vy e AP AT L AN PN J
l-,)’ L_is‘}'»,’ﬂ. h' o V'." ﬁ' BANY 4 b, e

A I LA S T T > o



'] - ~ ™ "

2- o
" E
:_\-’: T
* 'C'V
“- 12 W

‘}:;
" L» C‘?
2.3 Toaring Decomposition -

- A

The idea of tearing decomposition techniques is to select a set

e
LT

G of tearing varisbles to separate the entire system into several sub-

1‘&2 systems. There are two different approaches to tearing decompositiosn, g
s namely, branch tearing and node tearing. The former uses tearing 1:}
.:'* branches as the tearing variables (Figure 2.2) while the latter nuses

tearing nodes as the tearing variables (Figure 2.3)., The eatire sys—

5
ﬁ tem is torn apart into several subsystems by removing these tearing

&=

variables.

Algebraically, the branch tearing method is equivalent to a spe~

X
-’-.
s

cial —reordering of the hybrid analysis equations, whereas the node

tearing method is equivalent to a special reordering of nodal

QK

analysis equations. However, both methods result in a Bordered Block

=

Diagonal (BBD) matrix structure (Figure 2.4a). Each block

‘. corresponds to a subsystem, and the border corresponds to the inter- E
;Q“:
3‘:‘? connections, The more general matrix form that is suitable for tear-
e ©
::;: ing decomposition is the Border Bloock Lower Triangular (BBLT) struc- &3
W

ture (Figure 2.4b).

"o
A
K551 ]

I Tearing decomposition of linear algebraic equations can be

. implemented through the Block LU Factorization [16]. Let us consider ;?
he fal
o the system of equations shown in Figure 2.5, i.e., \
i'p %
O\ ‘
b s
:i Ax=D)

1 e
i 8
"'; where x = [ v w 1T ¢ R @ is the vector of the unknown varisbles and w

\ .
:::’ is the vector of the tearing variables. The solution strategy has ;:S;

"
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been to first eliminate the variables v from the system of equations
to obtain the following reduced subsystem from which the value of the

tearing variable w is achieved.

— - -1
(E C)w b -DB b,

where the corresponding meanings of the matrices and vectors are
given in Figure 2.5. The computed solution of w is then used to com—
pute the solution of v blockwise. Some other techniques, such as the
Tearing Algorithm [16], can also be used in implementing tearing
decomposition. However, the Tearing Algorithm is just some particu—
lar form of the Block LU Factorization [17]. The details of this

approach are given in [16].

A series of new circuit simulators, such as SLATE [8] and SAMSON
[18], implement tearing decomposition techniques in the solution of
the linear algebraic equations and give reasonable improvement.
Actually, SAMSON is s mixed mode simulator that also implements a
block relaxation technique for solving the nonlinear algebraic equa—
tions. We will discuss the relaxation technique 1later im this

chapter.

Nultilevel NewtonRaphson techniques [7] canm also be used in
solving a system of nonlinear algebrasic equations decomposed by means
of the tearing method. Here we just describe this procedure briefly.
The solution strategy has been to estimate the tearing variables

(e.g., current or voltage) at each tearing port and to excite the

T2 R

y Ay

v ”
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v torn subsystems with independent sources at these ports. The remain-

.

ing port responses are computed and are substituted into the inter—

If these equations are not satisfied, another

connection equations.

guess is made of the variables chosen as port excitations. This

iterative procedure continues until convergence is achieved. MACRO

[7) is an example of the simulator that implements the multilevel :

Newton—Raphson method for solving the nonlinear algebraic equations.

2.4 Relaxation Deco ition '

In the tearing decomposition approach, the original system of

may be sparse while the reduced interconmection matrix may

equations

not. Therefore, the computational advantage of the tearing decomposi-

tion technique over the conventiomal circuit simulator depends cru-

cially on how small each decomposed subsystem and the reduced inter—

connection matrix are.

However, in the relaxation decomposition approach, the system of

is simply partitioned into several subsystems. There is no

equations

restriction on the block structure of the system. Within each sub-

the variables to be solved for are defined as internal vari-

system,

ables and the other variables are defined as external variables.

The solution strategy of the relaxation decomposition approach

is to solve each subsystem individeally, and iterate through all the :

subsystems until the convergence is achieved. In order to solve a 3

subsystem for its internal variables, the subsystem has to be decou-

<.

o~

2.

pled by replacing the values of its external variables. Usually, it

LA,
SR
4.4 2 &

e g

X b

...............

---------------------
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) 19 &
l takes a number of iterations, repeatedly solving each of the decou-

pled subsystems, so that the values of the external variables of each

C‘.: o

subsystem can be updated. :-
g There are two well—-known types of relaxation techniques, namely ;
< the Gauss—Jacobi (GJ) relaxation [3] and the Gauss-Seidel (GS) relax— %
12‘ ation [4]. These approaches as well as the Gauss-Seidel predictor 3
| ": technique [10] will be discussed in detail in Chapter 3. Figure 2.6
a shows the use of the relaxation technigque at various 1levels of the :
L’g system of equations. The relaxation approach applied at the system
2, level of the nonlinear differential equations such as RELAX [9] is :
;:‘)' the so~called waveform relaxation method which will be discussed in :
T, Chapter 4. The relaxation approach applied at the system of algebraic :
equations such as MDTIS [3], MOTIS-C [4], ,SPLICE [6] and PREMOS [10] E
Iﬂ, is the time—point relaxation method which will be discussed in ':
Chapter 3. :
’
3
3 2.5 Concluding Remarks S‘
-t \
We have reviewed various decomposition techaniques that have
:C? been proposed and implemented. The relaxation approach has the poten— :L
tial of achieving the speeds necessary for the next new generationm of K_"
> circuit simulators ([11]. However, the relaxation approach does not
$ guarantee that the sequence of the iterated solutions will converge :g;
o to the exact solution unless the convergence condition on the parti- E.:E
1 tioned system is satisfied. ‘
. 3
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CHAPTER 3

THE MODIFIED GAUSS-SEIDEL METHOD AND ITS NUMERICAL PROPERTIES

In the simulation of integrated circuits , relaxation tech-
niques were proposed for the solution of simultaneous algebraic equa-
tions in order to speed up the simulator so that larger circuits
could be handled. These methods are iterative snd convergence depends
on the coupling among the variables. Since many digital MOS circuits
have rather weak coupling from output nodes to iaput nodes because
the input is the high impedance gate, these methods should perform
well on digital MOS circuits. This reasoning led to the development
of the MOTIS progras [3], a landmark for the CAD area. Following the
MOTIS simulator, s series of the MNOTIS-type simulators, .ich as
MOTIS-C [4], SPLICE [6] and PREMOS [10] were doeveloped. The -elax.-
tion techniques used in these simulators decompose the system at the

level of the differemce equation.

In this chapter, we describe the time—point relaxation tech-~
niques, such as Gauss—Jacobi relaxation and Gauss~Seidel relaxationm,
together with a study of their convergence and stability properties.
This study reveals why time-point relaxation methods work well onm
some special classes of circuits, but perform very poorly om other

types of circuits.

. v _ - o "t " -,
w )l N = . - ,ﬁa\"-‘.}a

A

G Sk A T SN Ly oo
" A s . R . e Y

[
x

-~

28

425

[RAPE EE?

gE

¥
.\."
Al

PR
=)
.

weed O30




T R EE B

25 ol

A

-
"

=Y

.
l- W

it e

&2s R

2B

23

3.1 Mathematical Formulation

The systems of the nonlinear differential-algebraic equations
which desoride the performance of the integrated circuits are gen—

erally of the following form :
£(x(t),x(t),u)=0 (3.1)

E(z(0)-x )=0 (3.2)

where x 8 RP is the unknown variables at time t with the given

initial value x,; ; is the time derivative of x at time t; u ¢ R is

the vector of all the inputs and their time derivatives;

f:RP x RP x R* — RP is a continuous function; and E ¢ R™*P, 5 ¢ p
is a matrix of rank n such that E(x(t)) is the state of the system at
time t. Let ( ti 3 i=0,1,.,.,N} denote a sequence of increasing

time points selected by the simulator with t° = 0 and ty = T where T

is the given simulation time interval.

At every time point t ., Equation (3.1) can be approximated by
using an implicit integral formula, such as the backward Euler for-
mula, to genmerate a set of nonmlinear slgebraic equations of the fol-

lowing form:

g(z®) =0 (3.3)

In a standard circuit simulator, Equatiomn (3.3) is solved by

using the modified Newton's method which may take a number of
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i iterations to reach the solution, At each iteration, a series of ”

:

! algorithmic procedures, such as function and Jacobian evaluations, LU X

&} hey
Sk

factorization and sparse matrix solution techniques, are repeated.

The linearized equations at each iteration in the Newton’s method are

2

g .
A
?

L.

of the form:

o
(35

Ax=b (3.4)
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3.1.1 Gauss—Jacobi Relsxation Method

To fit the fast growth of VLSI systems, a series of new genera- °
; tion simulators have been proposed which depart radically from the ”?
5 standard algorithmic techniques, One of the primcipal points of ii
ﬂ departure from the standard simulation approach is relaxation decom- =
" position, There are two common types of time—point relaxzation tech- &

- an

niques used in the new generation simulators, namely the Gauss—Jacobi

o

relaxation, e.g., in the MOTIS oprogram [3], and the Gauss—Seidel

b -

relaxation, e.g., in the MOTIS-C program [4].

- L ]

P

In MOTIS, the components of x® in Equation (3.3) are obtained

-
§ one at a time by solving a sequence of scalar equations, i.e., at 2
N time tu+1' the k-th compomnent of xn+1. x:+} is obtained by solving ;;
3 the following scalar equation: B
4

,.,
[

'k(x:l xgl soay x:_ll xk, !:+15 veeyp x:) = 0 (3'5)
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In the solution sequence, for each scalar equation, the previ-

- ons values are used for all the ’'exogenous’ variables. This process ‘
fj’* yields an approximation to the solution which can be substituted into E
g Equation (3.3) to determine if the values satisfy the equation. If “t
not, the process is repeated and hopefully the iterates converge ?‘~
:u:% rapidly to the solution. '

-

F {
3.1.2 Gauss—Seidol Relaxation Method vy

=22 =3
=

MOTIS-C used the Gauss—Seidel algorithm to achieve a better

result than thst of MOITIS. The Gauss—Seidel relaxation method is

- 7 >
& .

\
; quite similar to the Gaunss—Jacobi method, but recently updated values 5
f-. of the solved vn;iahle are retained, The solution sequence is to i

solve the following equation for x:ﬂ‘: "“
:
e R TR . T R R (3.6) 5
¥
i The process is repeated until the sequence conjerges to the ;y
&,\ solution or the number of iterations becomes excessive. If each sub- 'c‘.
@( system has only one internal variable, i.e., the x;'s in Equation
* (3.5) and Equation (3.6) are scalar, the relaxation approaches are t
:Rt ssid to be dome pointwise, that is, point Gauss—Jacobi relaxation t_:\
. method and point Gaunss—Seidel relaxation. Otherwise, it is said to be : "
"': blockwise. From the network point of view, the pointwise relaxation .}
g methods are equivalent to decomposing the network at each node, :‘

whereas the blockwise relaxation methods decompose the network iato ("‘.
%’ subnetworks which may consist of more than ome node. \
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X

B =
‘“ In the Ganss-Seidel method, because the previous values are ]

< used for those unsolved variables, it has been found that usually the

iy
o
Fatate
S ot

sequence converges much more rapidly to the solution, Originally

i MOTIS and MOTIS-C were programmed to only do the first iteration and &
i: to control the time step to achieve accuracy. For large-scale cir- .
% cuit analysis, this one-sweep approach was used to save additional E;

computational steps. In order to achieve less error and better con- gﬁ

%; vergence for the unsolved variahles; PREMOS [10] used a one—sweep B
5 Gauss-Seidel technique with prediction and got reasomable improvement E}
& in the transient analysis of MDS circuits. This technique is c
X described below. &g

b £)
[ &]
s 3.1.3 Modified Gauss—Seidel Relaxation Method
% The solution strategy of the modified Gauss-Seidel wmethod has ?ﬁ
been to use a forward first-order linear predictor for the unsolved

R ¥

variables. That is, at the i—-th scalar equatiom, to solve for x,,

the values for the unsolved variables xj',, j > i are predicted

according to the following formula:

A A
00 T T

- .
‘. xn - xn-l =l
: guess T %+ B 3. 2
. ’ 1 i

2

el

E]

- Experience has shown that of the above time-point relaxation

methods, the Gauss-Seidel method with prediction, used in the program

| ¥

PREMOS, usually performs the best for bk small enough. However, the

fact that all three methods take only ome sweep has proven to cause
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accuracy problems in some circuits. Thus more recent versions of
MOTIS [19] and SPLICE1 [20] jterate until the sequence converges to a

solution., If the number of iterations becomes excessive, the time

step is reduced to improve comvergence. However, this approach can

become computationally inefficient under certain conditions., To
understand why, the convergence and stability properties of these

time-point relaxation methods are analyzed in the next sectiom.

3.2 The Convergonce snd Stability Properties

In order to study the stability properties of numerical

integration methods, a simple first-order differential equation of

the form

X = ax (3.8)

is chosen by numerical anslysts as a test vehicle. Similarly, in
order to study the numerical properties of relaxation methods used to
decouple s system of differential equations describing the behavior
of digital circuits, the simple linear test circuit in Figure 3.1 was
chosen [21]. This test circuit was generated by linearizing the model
of a cascade of two inverters in which the transistors are assumed to
be active. The olements i , g, and C, represent the Norton equivalent
circuit at the output of the first inverter, amnd the capacitor Cc
represents the coupling (feedback) from the output node of the second
inverter to its input node #1. The elements Cl, cz, 5 and 8, are all

scaled to 1, and g and C, are adjustable,.
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L oA
5'. The test circuit has two natural frequencies on the negative =
H
Z:L real axis, and their ratio (degree of stiffness) can be increased by
'i" :‘
::} incressing C  or 8, #s shown in Table 3.1.
|

i "
gy

::. Table 3.1

.:!: Effect of C  and 8y on the time constants of the test circuit
"
i W&
|2

§ : case C.(F) g (8 T =1/A () Ty=1/0y(s) M/2y o
) b
- 1 0.01 1 1.1 0.92 1.22

I 2 | o.10 1 1.5 0.80 1.88 -
| 3 3 1.00 1 4.3 0.70 6.17 3
s 4 0.01 10 1.4 0.74 1.87 o
- .
e s | o.10 10 2.8 0.43 6.37 %
,*: [
". 6 1.00 10 13.8 0.22 63.30

7 0.01 100 ~.6 0.39 6.80 M
P
Y 8 0.10 100 12.1 0.099 122.00 "
-\, é
K'- 9 1.00 100 104.0 0.029 3597.00

Dt 1)
"2 10 0.01 1000 11.9 0.085 140.00 o
- i
'§ 11 0.10 1000 102.0 0.012 8696 .00

"l ._(\..
j 12 1.00 1000 1004.0 0.0030 335570.00 &
[\ -
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. The transient solution to this test circuit is of the form Ny
ol
. 2]
\ -t/x ~-t/t EJ' ]
} Vo(t) =k, ¢ 1, ke 2 (3.9) .l
w
v, g
f. The dominant natursl frequency is 11, and it determines bow "_
slowly the transient response decays. Ome can estimate the dominant '
§ .}-\'_
", nastursl frequency using the Miller effect approximastion. In the next .\’-‘4
d)“.n‘
. section, we examine the Gauss—Seidel relaxation method and determine :: :
L% °
the relation between the stiffness of the test circuit and the time o
"_L:-
fj step h needed in order to achieve good comvergence to the solution.
%
'F.)-
3.2.1 Comversence of the TimePoint Gauss-Seidel Iterstion Method
- :‘:::;:
’ The numerical solution is begun in the ususl way, t!at is, the :
A o
differential-slgebrsic Equations (3.1) are coamverted to a set of A
slgebraic Bquations (3.3, by means of an implicit integration for- _;.,:
Pf...‘
muls, The equivalent circuit resulting from this transformation is t::},“
¥ R (.-:.:
‘ obtained by replacing the ensrgy storage elements with their compan la)
: ion models, For instance, the node equation of the test circmit of ::f_-:"
Figure 3.1 can be expressed in the following form:
..1'..
C [ ‘{‘i
b +C ~C v '] 0 v v
r 177 o e (1 o (3.10) e
Ce Ca*Ce | | V2 ta 82|72
"
T
* :-:':~
: &
“A‘-“
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By using the backward Euler formula as follows:
. xn - X -
x - —_uh (3.11)
n

where hn is the size of the time step, the equivalent circuit is as

shown in Figure 3.2. The equations for this circuit are

_1 C1*Ce*Ba8y -, V1,2
h
n
=C. + bysy hn32+cz+cc_‘ V2,n
(3.12)
__1 c1+cc _cc Y1,n-1 is(tn)
h =
"l -c C,+C 0
i 27 | V2,01 N

Note that if C = 0, the two nodes are decoupled. Thus we can
solve for vy first (the output of the first gate), and then we can
solve for v, (the output of the second gate) without inverting the
circuit matrix, In special purpose circuit simulators for large
digital circuits, this is essentially what is done, except on a much

larger scale.

If C # 0, the equations (gates) can be decoupled by relaxing
certain nodes by means of the Ganss—Seidel method. For instance, for

the test circuit, we express Equation (3.12) in the form

F]
»
=

> AN g S
r‘"\ A A =f i St
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(3.13)

—cc/hn

0

The Gauss~Seidel method of solution for Equation (3.13) is the itera—

tion

(x) . - -1 , (k-1)
x. (L+D) IJ_vn + Bgn_

1 v4

¢ Bnly

C h +C,+C
-(L"'D)—IU = [ [ 0 82 n c2 c ]

C1+cc+51hn)(c2+cc+32hn, 0 ¢

No matrix inversion is required, since L+D is triangular. A suf-

ficient condition for these iterates to converge to the solution is




o et
erCi B N

d F

given by the following inequality:

x,t‘
2R

Ha+ ol < 1 (3.19)

The above norm is a function of the step size hn’ Using the 1,

el o .

norm, we found the upper bound on the step size hn for the range of

SN X

o

parameter values in Table 3.1 such that Equation (3.19) is satisfied.

This upper bound, b , is given in Table 3.2.

!
' Table 3.2 d
W L1} o the t tep with the Gauss—Seidel method ‘
g
‘P case | Co(F) g,(8) vy 2 by Bunstable 0
1 0.01 1 1.1 0.92 . . u
5 2 0.10 1 1.5 0.80 . . ﬁ
C 3 1.00 1 4.3 0.70 . *
;é 4 0.01 10 1.4 0.74 . . a
_ 5 0.10 10 2.8 0.43 . . E
b 6 1.00 10 13.8  0.22 1.0 2.0
0 7 0.01 100 2.6 0.39 . i v
P 8§ | 0.0 100 12.1  0.099  0.16 0.32 |
:_' 9 1.00 100 104.0  0.029 0.052 0.104 33
g 10 0.01 1000 11.9 0.085 0.14 0.26 §
11 0.10 1000 102.0 0.012 0.012 0.025 '
b 12 1.00 1000 1004.0 0.0030  0.0050 0.010 E

i’ :
'
a!

b ®Criterion satisfied for all h > O
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The term hunstablo is the step size at which the solution 's
J
ES becomes unstable in the modified Gaunss—Seidel method which will be ¥
ﬁ discussed in the next section. -
;
From Table 3.2 we found that im order to satisfy inequality ﬁ
;
gg (3.19) the step size h has to be approximately less than or equal to :
the size of the smallest time constant in the system. For example, f
,‘;n . 9;3
for C.=0.1F and g =100 S, then h ¢ 0.16 s is sufficient for con- ¥
E§ vergence. If 8, is increased to 1000 8, then h ( 0.013 s is suffi- i
cient for convergence. Our numerical experiments for this circuit ;
; concur with the sbove observations. For imnstance, for Cc = 0.1 F and %
i3
ii 8, =100 S, if h = 0.1 s the iterative solution sequences converged, f
but they did not comverge for h = 0.2 s, (o
- 3
(
3
3.2.2 Numerijoa] Stability of the One—sweop Gauss—Seidel Jterstion
& Mothod with Prediction
:
.
Ei In our test circuit we used the following predictor it
b)
4
(0) Y221 " "2.22 y
& v. = v +h ( ) (3.20) "

L_ 2,n 2,21 n by

) o

in order to initislize Equation (3.16). If k = 1 in Equation (3.16),

then gupon substitution of Equation (3.20) into Equation (3.16) we

FFn

AT | Y

obtain the difference equation:

BE”
|

ENEeS

Jmz
6~

el
- e

-

. q»"vr‘ RN " »e 2
) '.‘ 8 \4“"’% *’.‘?§‘1f ‘7? !‘3. .‘P. & A
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* By
¥ -c. —>
¥ [c1+cc + hygy 0 ] ~(Cy+C;) ¢ hn—l
! I, * - b §
S (=C) + sgh, hn'z +Cy+Ce a Ce (Cz+c°) =1
b c i.(t,)
g + 2 [ 0 "¢ ] v =k [ $' n ] (3.21)
3 i, 0 0 JInr2 =Dy 0
; Applying the Z-transform yields the following characteristic
\ polynomial:
P23 + @2 + RE 45 =0 (3.22)
M
;: where for hn = hn—l = h
(4
P= (slh + Cy + C)(gah+ Cy +C)
N = -
) Q= =€y + €)(Cy + C; +ggh) = (Cy + CH(Cy + Cy + gah)
4 |
)
) *CelBan - ¢ )
: ; ,
t- ;
p) cz
b R = (cl + CJ(Cy + C) + Cp+ C(C-gy D)
k- S = -Cz i‘_\
. c
[}

: 3
- .
- i

f The term h . _i1e Tepresents the time step at which Equation

Te v
6.
»

:.'..‘.

(3.22) has a root on the unit circle. For our test circuit the values

- !
y 3

-
EE"
. )

of hnnstable are given in Table 3.2. If the time step becomes greater

i

e o _l
g
kit

than b .apie the integration becomes nmerically unstable.
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Furthermore, the root loci inm Figure 3.3 and Figure 3.4 give
more details about the stability of the modified Gauss—Seidel method
for the stiff case. The roots of the characteristic equation (3.22)
are a function of h, In order for the modified Gauss—Seidel method to
be numerically stable, the roots of Equation (3.22) must 1lie inside
the wunit circle. For B  small enough, this is the case. However, we
found from the root locus that if hn is much larger than the smallest
time constant in the circuit (approximately a factor of two), these
roots lie outside the unit circle. For example, the root locus of the
case when C, = 0.1 F and g, = 1000 S is shown in Figure 3.3. Note
that for h > 0.025 s one of the roots lies outside the unit circle.
From Table 3.1 this is approximately th, Thus, in this case we are
constrained by the numerical stability properties of the algorithm to
keep the step size in the neighborhood of the smallest time constant

over the entire time interval,

Table 3.3 demonstrates the constraint condition of the modified
Gauss-Seidel algorithm. The analysis time interval in Table 3.3 is
311. where Ty is the larger time constant of the system in each case,
such that the system