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Abstract

. ~

%7Although many of the rules for detecting and dealing with
initjalization bias in computer simulation experiments are eaﬁzngo
understand and implement, they are nonetheless heuristic. 4he~ég;nenb
paper uses the theory of standardized time series to ggpstruct tests
which (under certain conditions) detect :Qignificant“/initializltion
bias in a process. Previous tests for initialization bias can be

viewed as special cases of the general family of tests to be presented

here.
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1. INTRODUCTION

When a system is simulated, it is sometimes difficult to select
appropriate initial conditions to drive the simulation. We often wish
to initialize the process with "typical” system values; however, if
there is little a priori knowledge of the process available, we might
initialize the system in a state which has a very low probability of
occurring. This initialization bias (or initial transient) can then
result in incorrect conclusions on the part of the experimenter.

A caoammon way of dealing with the initial transient is to take a
very large (possibly wasteful) number of observations — large enough
sa that the initialization effects are overwhelmed. Perhaps a better
method of counteracting the bias problem is simply to delete
(truncate) a portion of the output from the beginning of the
simulation run. The experimenter would then hope that the offending
biased observations had been eliminated. Unfortunately, if the output
is truncated too early, then significant initialization bias might
still be present. If it is truncated too late, then "good"
observations are lost. [cf. Snell and Schruben (1979).1

Although many of the rules for detecting and dealing with
initialization bias are easy to understand and implement, they are
nonetheless heuristic [see, e.g., the surveys by Wilson and Pritsker
(1978) and Schruben and Goldsman (1984)1]. The current paper uses the
theory of standardized time series to construct tests which (under
certain conditions) detect "significant” initialization bias in a
process. Previous tests from Schruben (1982) and Schruben, Singh, and
Tierney (1983) can be viewed as special cases of the general family of

tests to be presented here.

This paper is organized as follows. Background material is
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provided in Section 2. Dur new tests are introduced in Section 3.

Bection 4 is concerned with power calculations for the new tests.

2. PRELIMINARIES

2.1 Some Standardized Time Series Results

Consider the stochastic process xl,...,xm. For j=1,...,m, let

< 1 ¢J < - , 2 . - i
Xj B 5 die1 Xi and Sj E Xm Xj; also, define ¢° = lme*mear(Xm). a
lmtlsmt|

ovm y 0< t <1, where

The standardized time series is Tm(t) =

l.l is the greatest integer function.

Suppose that xl,...,xm is a sequence of stationary, finite
o variance random variables. In Schruben (1983), it is shown that under

ii- rather mild assumptions, T, (8 3 B, as m 4+ o, where B, is a standard

Brownian bridge process. Further, Tm(t) is asymptotically independent
of mX .

m

Let us divide the stationary, finite variance series xl,...,xn

into b adjacent batches, each consisting of m Xj's (n=bm)3; the random

(i-l)m+1'x(i—1)m+2""’xim comprise batch i, i=l,...,b. I¥f

e m is large enough, we can treat the batches as if they were

variables X

(approximately) independent. Each individual batch can then be

standardized; this yields b standardized time series which are
approximately independent Brownian bridges.

For i=1,...,b and j=1,...,m, define the random variables:

. - -1 ci .
{: xi,j =3 Zp=1 x(i—i)m+p (cumulative averages).

(Observe that 71 m is the random variable corresponding tao the i-th

batched mean.)
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o 3
* - 1 cb 1 ¢n
f xn E 5 imi ,m n zi-l (grand mean),
‘I
(N -
- Sivi® Xim ~ Xy 50
'S
b\ Ki E argmaxk(ksi‘k},
J ~ -
- Si E szx,Ki’ and
| A = Zg-l i, 5"
& Theorem: We have the following collection of estimators for 02:
. (O) Classical batched means estimator:
- Q
b = o’b
& vO,b = g1 + where
b 1 ¢b - 20 2.2

i %, = ® ey Ky o B Li=1 X5, 2 o2, b > 1.
S (1) Area estimator:
’ Q
1 = _1,b

vl,b = 5 where
9 12 b ~2D0 2.2
| . Q = oy A A e x(b)y b 2> 1.
W 1,b m3—m zl 1 "
;-
. (2) Combined classical—area estimator:
- - ’
3 v2,b = 5po7 where

= D 22 _

R 02,b=Qo,b+Ql'b-oa"x (2b-1), b > 1.
-
N
A
>
“,
T e T e i

N PRl




Y (3) Maximum estimator:

N 25 .b
Vs'b ® —s%— sy Where

a2
Emzil;———gozxz(Sb),bZl. |
S K, (m-K )

(A) Combined classical-maximum estimator:

[ 'ric e.0 fltad
Vv E Q“‘b where WS e Kk
4’b = 35:1_ ’ ‘ ' {
el
D 2.2 -
f— 4 . P
Q4’b=Q°’b+03’b:¢x(bl),b)l YA

Proof: See, e.g., Goldsman (1984).,,

The above variance estimators will be used in this paper to test

output from a stochastic process for initialization bias.

Remark: Other variance estimators arise from spectral methods
[Heidelberger and Welch (1981)1 and ARMA time series modelling methods

[Fishman (1971,1973,1978) and Andrews and Schriber (1982)1; the

current paper will not caoncentrate specifically on these estimators.

’

2.2 Previous Initialization Bias Tests

2.2.1 Motivation

Suppase that we model xl,...,xn as xi =, + Yi’ 1i=1,...,,n, where
E[Xi] = n, for all i, and the Yi's are stationary. We say that no
initialization bias is present if n, = u, say, for all i. Otherwise,
bias is present. Initialization bias might exist for higher order
moments, but this case is not considered [see Schruben (1981)1.

(ui) is the transient mean process. Figure 1(a) is

representative of so—called negative initialization bias (as might be

]

s

d

i

i« .t T e et U el e s ; ..‘_;,A-_;‘-' “‘. .\d.: Tt ey PPV Y, Y PV PRV LTS ¥V |
AT e S U Sy JE U i S T TR AT R A S S R . ootk b R

----- SR SRV SN P PR . S s




L "R b 8 RN o ™2 e« SN ™ winlh M e e ek i i A RS R gL p i i gt e i CR R ped it iSRS I e i R

- AR sttt lincadian d pfinnuiin o e n ahiialin i inr gt o hat ullait At e 7

w

encountered in a queue-length process when starting a system empty and
idle). Figure 1(b) illustrates positive bias (e.g., inventory level
aftter starting a system fully stocked). Figure 1(c) is a transient
mean process which damps out. Processes (a), (b), and (c) each appear
to be approaching “steady state"y this is indicative of
initialization bias dying out as run-length increases. The process in
Figure 1(d) has not yet apprvoached steady state (and, in fact, may
never).

It is unrealistic to expect that B, = u for all i. Hence, we
will only be interested in detecting significant initialization bias.

The tests to be described in this paper can be motivated in the
following ANOVA sense: We partition the process xl,....xn into two
contiguous, non—-overlapping portions. For a particular realization of
the process, a variance estimate based solely on the first portion of
the output (or, alternatively, on the entirety of the output) is
calculated. A variance estimate from the latter portion only of the
output is also calculated. If the two variance estimates are deemed
to be significantly different, then we reject Ho= n, =n for all i,
{For the transient mean processes illustrated in Figures 1(a), (b),
and (c), we would expect a variance estimate formed from the first

portion of the output to be greater than an estimate from the latter

portion.]

2.2.2 A Test Based on the Maximum Estimator

With the intent of applying the theory of standardized time
series, Schruben (1982) assumes that the Yi's satisfy the mild
requirements alluded to in Section 2.1. The entire cxi} process is

then standardized into one (Tn(t)} process.
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Under the "stationarity" hypothesis Ho: B, = u for all i, recall

that the saximum estimator for variance (when the number of batches

. ~ 2 2 2 . -
b= 1) is given by \/3’1 = (@7 /3)RT(3), where o7 E lxmn*DnV.r(zx‘/n)

limn4°nVar(ZYi/n) and the notation "z" is read "is approximately

distributed as".

Schruben also gives a variance estimator 02 based exclusively on

-~

the latter portion of the stochastic process. 02 arises from

Fishman's autoregressive time series modelling methad; Fishman

~ ~
supposes that 902 I azxz(v), where v must be estimated. Note that 02

and V3 1 are not necessarily independent.
L ]

1f we nevertheless assume that V3 1 and 02 are independent, then
9

~2

F Vs’llo = F(3,v), (2-1)

the F distribution with 3 and v degrees of freedam. Let f be a
realization of the randam variable F. If we assume that the form of
the initialization bias is arbitrary (negative) [positivel, then we

reject H, at the a level if £ < f3,v,a/2 or > f3,v,1-c/2

£ > ¢ Yy tf >

is th ;
3,v,1-a ‘3,.,,1-¢]v where ‘3',,,, is the upper ¥ quantile

of the F(3,v) distribution and f is the realization of F resulting

from the process -xl,—xz,...,—xn.

The above testing procedure appears to work well for the battery
of simulated systems studied in Schruben (1982). However, the test
may not perform adequately if the simulation run is very short (since
the test is asymptotic) or if initialization bias pervades the entire
process (in which case the experimenter should be able to detect the

bias visually). There are also a number of problems inherent with 62

including the fact that 02 and V3 , are not necessarily independent.
’

Schruben gives an alternative estimator to 02- It is suggested
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RS S e s S 28 IR S
A I DY DI P T S !

s

4

N R - RN . i
P T e e DT S S I R S S .
PRSI S SNPRIP A S A ¥ uig S oSN JEUPIRPAJR WA WY O SR YR U .



that the process be divided into b = 2 batches, each of s1z2e m = n/2

s0 that (assuming the batches are "approximately independent”),

/-2
mSl
: ~ .-\2 -'.-\
hz(m—kﬂ) S‘ aKl(m-Kl)
— = = ———"  F(3,3), (2-2)
hl(m—kl) 52 m52
okz(m—Kz)

where the subscripts 1 and 2 refer to the estimators from the first

and second batches, respectively.

We will investigate the natural generalization of this test

statistic in Section 3.

2.2.5 A Test Based on _the Area Estimator

Schruben, Singh, and Tierney (1983) works with a weighted form of
the area estimator for variance to test HO vs. le u, = n(l—ai) for
all-i, for some arbitrary, pre-specified constants ai, i=l,...,n.
LThis test is unrealistic when p = 0; in this case, an alternative of
the form H1= B, =4 + a, could be used.] The authors standardize the

entire output series and find that (under certain strong assumptions)

the most powerful test is to reject H. when the statistic

(0]
Z = :=l ckkSk
is large, where €y = 3, -~ LT They give several examples and
xf arguments which show that the experimenter can offer “reasonable®
F'Ui choices for the ck’s.
i
ﬁf: Since Tn(t) 2 Bt as n 4 o,
z = :=l ckk‘E‘ak = Jyn ¢ z:=1 can(k/n) = Jyn o k=1 ckBk/n' (2-3)
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2]
Thie implies that:
2
Z = NortQo,ne“v), where
(2-4)
n n . N
.c .k . o .
v E 21=1 z)cl cch mnli/n,j/n) i3/n")

Given the ck’s it is simple to explicitly calculate v [See Goldsman
(1984) for additional discussion concerning weighted area variance

estimators. ]

As in Section 2.2.2, Schruben, Singh, and Tierney calculate

-

. ~ ~2
another variance estimator 02 and suppose that veo = vzzz(v). The

same comments and caveats as before still apply to v and 02. Further

supposing that Z and 02 are independent yields:

Z - Z/(nczv)llz = (W)
Eet) = =S - .
(rur‘v)l/2 (¢72/¢72)1/2

Depending on whether we wish to test for arbitrary, negative, or
positive initialization bias, the appropriate test should be performed
as in Section 2.2.2. The Schruben, Singh, and Tierney test procedure

appears to work well for the examples given in their paper. We will

generalize this procedure in the next section.

3. A NEW CLASS OF TESTS FOR INITIALIZATION RIAS

In the ensuing discussion, the various variance estimators given

[ in the previous section will be used to construct new tests for

g

b

v, initialization bias. Divade Xl,.....Xn into b adjacent batches, each
b

[T

i;, of size m. Variance estimators based on the first b’ batches will be

compared to the corresponding estimators from the remaining b-b’
batches. This comparison is to be accomplished via an F test.

Using the notation and results from Section 2, we have (under

PR Y dndidttdes S S T e - -.__-.'.".~.-A~-'.\.\j




Hox u. =~ u 4or all 1):
i

B .
L SN S I SN Y W

g o 2
PUCA]

7
A
- 2 )
. W oo (b'~-1), 1 <« b < b-1 (classical),
. O,b
. 2 o
" Q . 2 e R (b)), 1 <b’" ¢ b-1 (arer),
1,b
[ o, b' - © 12(2b’—1), 1 <b" < b-1 (combined classical-area),
r *
"~
| 2.2, . .
Q = 6 % (3b°), 1 < b’ < b-1 (maximum) ,
o 3,b =
[ 2.2
2 Q4 e - 9% (4b°'-1), 1 < b’ < b-1 (combined classical-maximum).
. 9
¢ . .
- By similar reasoning,
* - b = _ 1 b = 2 _ 22 .,
Oy pp- =M Zi=b,ﬂ[xi’m e Zj=b'+1 xj,m] = 6% (b-b"~1),
* _ _ - 2.2 0,
. i Ql,b-b’ = Ql,b Ql,b' = o 2 (b-b'),
* - * * - 2 2 b J TR, } ? -
DZ,b—b‘ = QO,b—b’ + Ql,b—b' = o x (2b-2b°'-1),
[\
o * _ . 2.2 o
% Q3,b-b' = Q3,b Q3,b’ = 6 2 (3b-3Ib°),
o »* _ »* * - 2 2 - .
Q4,b-b' = DO,b—b' + Q3,b—b’ = o X (4b—-4b°'-1).

To condense notation a bit, define:

r-1 for k=0

P for k=1

dy = 2p—-1 for k=2
<P 3p for k=3
4p-1 for k=4

Then for all k,
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%% (d ) * 2329

Oppr = @2 9 p) and B 57 Y b
Fur ther, detaine for all k and b:
»*

Qk,b' » uk.b—b'

Vk b 5 — and Vk b-b’ a -
’ k.b’ ’ kb-b"

Clearly, the '/'s are variance estimators calculated from the first b’

*
batches, and the V ‘s are the analogous estimators from the remaining

b-b’ batches. Under the assumption of independent batches, Qk b- is
1’

. *

independent of ka,b—b" for all Ll,kz.

We could thus consider test statistics of the form (under Ho):

Vkl,b'
v = F(dkl’b,, «
k,yb=b’

d z’b_b,). (3-1)

One could attempt to use a test statistic of the form Vk b./-02_: but
1,

since the numerator is not necessarily independent of the denominator,

this statistic might not be distributed as F(d ).

kl,b"v
The test statistics from Section 2.2.2 are easily seen to be

special cases of the above (N.B. (2-1) and (2-2) have m = n and

m = n/2, respectively.]

For simplicity, we will only work with test statistics of the

form (under HO):

The goal now i1s to find that combination of k, b’, and b which, in

N some sense, yields the "optimal” test statistic.
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4. POWER CALCULATIONG FOR_THE NEW TESTS

A reasonable criterion for comparison among tests (with +1xed
level Bf significance) is power. Consider

HO: "i,j E E[xi‘j] = n, where xi is the j-th observation

3
]
from batch i3 i=1,...,b and Jj=1,...,m.

VS.

le "i,j = “(l-ai,j)' where the ai,j s are pre-specified.

We assume that the form of the initialization bias under Hl is

negative. (The cases of arbitrary and positive bias are similar.)

Then (3-1) implies that we must reject Ho at level a if

+*
Vo LIV > f .
kyb'"Vk,b-b 9 .b Y%, beb 1%

We give analytic results for the cases k = 0, 1, and 2

N (classical, area, and classical-area). Limited Monte Carlo results

for k = 3 and 4 will be given in Section 4.6.

4.1 (Classical Batched Means Tests

Suppose that E[Xi jJ = u(l—ai j) for all i,j. Define:

Y = X. + ( £Y. .1 =)
i, i3 ua , so E i, R
— 1 3j
Y. . = =
i, J zp=1 Yl,p’
- _ 1o
al’j 3 p=1 ai,p’

Wil
1]

1 zb 3
b = b Li=t % m

Q
i

lxmm*QmVar(Yi’m).

Assuming that the Yi j's satisfy the mild requirements alluded to in
’

Section 2.1, a direct consequence of Theorem 21.1 of Billingsley

onun: N eI L e T
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. g . 2 1 ¢m -
(1968) is that ¥, = Nor(u, ¢“/m). Hence, X, & o Yimy X5 7

Nor(u(l—;i RE ¢2/m). This leads to the following:

b = = 2 220 2 2.¢b - = 2
m ¥ X, X% = o%xf[b-1, (wmse )zi=1(ai,m a ),
where xz(d,é) is the noncentral 12 distribution with d degrees of
freedom and noncentrality parameter &.
Proof: See the Appendix. 77

The theorem immediately implies that:

e = o2x (b'-1, & ) and Q. = 62x%(b-b'—1, ¢ )
0,b" * *0,b" 0,b-b" * *o,b-b"’"
where &, .. = (w2m/e%) 2?;1[31,m - %7 23;1 Ej'mlz and
“o,b-b° = UL FIR C 557 Ly=b a1 ;j,mlz'
Henée, Ro.b- = Vo,b"V;,b—b' $ F(B =1,b-b'=1,5, \ ,e ), where

F(dl'dz’vl'y“) is the doubly noncentral F distribution with d1 and d2
degrees of freedom and respective noncentrality parameters ?1 and ?2-

The power of the test is therefore:

. 1 = -
Pr{Reject HOIH1 truesl Pr{Ro’b. > fb’—l.b—b'—l,l—a}

4.2 Area Tests

The standardized time series from the i-th batch, denoted by

{Ti m(t)}, is given by:

*

'mtlsi,lmtl

i.m = ovm '

-
(g
n

t e [0,1].

Thus,

Twt et
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1S, J¢X, ~-X. ) pc.
i, ism 143 n T 1,
1i,m“,m = oym evm Ti,m(j/m) * ovm '
where 1i'm(3/m) 4 J(Yi’m—Yi’j)/aJm and ci,) E -J(.i.m_ai,j)’ with
the Vi j's and ;i j's defined as in Section 4.1. Hence,
L]

’
A m = m . m
Ay = ey 38, = vme 30 T G/m w30 e

’ 1,)

Note that T{ m(.) converges to a Brownian bridge asymptotically in m.
*

It is now easy to see [cf. Schruben (1983)) that for large m:

* »* . m
ue, = EfA. 1 = zj=1 €5, and

-

2 % ~ - m . , . mo—m 2
c vi = Var(Ai) = Var(#m o 2j=1 T m(J/m)] = o .

i, 12
So as m becomes large, these results imply that
™~ 2 . . »
Ai = Nnr(uc:,c v:) for all i. Since v* BV T ... = v:, we have:

1 b 22 _ 2.2 2,2 » b * 2
:; Zi=1 Ai e [b, (nW /0 v) Zi=1(ci) ] .

Then
- 2. 27 . 2,2 % b’ * 2
Q) p- = o [br, WtV Y0 teH®)  and
* - 2. 20 . 2, 2% »* 2
O ppr 7 R (b-b°, w76V 2?=b,+1(ci) ].
So
R = _2112;_ = F(b'y b=b*, & € )
1,b° v ' ’ " "1, T1,b-b°" "
1,b-b’

where 81 b* and € b-p: 2T the obvious noncentrality parameters. The
v 9’

power is Pr{Rl,b’ > *b',b—b',l—a}'

4.3 Classical-—-Area Tests

Clearly,

Q2,b' = QO,b' + Q = ¢ x (2b'~1, ¢ ),

z’b‘

where
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b2b ® Popr T fa1,pct
Bimilarly,
» * * Lo a2 oy
Qs b-b = Y,b-br ¥ Fi,b-pr T OA 2MbTDIL, 6y
where
2.b-b° = "o,b-b° ¥ f1,b-b""
So
V2 b’
2 = - - ') -
Rz.b' E ;;____- 2 F(2b'-1, 2(b-b')-1, sz’b., ‘2,b—b"'
2,b-b
which has power Pr(Rz'b. > {Zb'—l,Z(b—b')—l.l-c}'

4.4 Weighted Area Tests

As an aside, we describe some additional tests for initialization
bias which are similar to those in Schruben, Singh, and Tierney
(1983). Once again, test HO: B, =n for all i vs. le B, = u(l—ai)
for all i. We construct a test statistic based on (2-3) from the

first b’ batches of the xx,...,xn process. This statistic is compared

*

to vk,b—b' in order to test for bias.

By (2-3) and (2-4),

n

N _ b . . —-— _ — — 2'\'
zb, s Zi=1 cix(xnb Xi) = Nor(O,nb,c vb,) v
where Ny - = b'm (b’ batches of m xi s each), €S 8 — a4 and
~ " b- . . ., 2
V- E 2i=1 j=1 cicj(mxn(xlnb,,J/nb,) - 1J/nb.] .
~ *
Assuming independent batches, Zb, and Vk b-b * are independent; then
T
under Ho,
> 2~ 172
Z ./¢n_ v V" y1/2 - oM ” Vb = t(d )
b """ Vb Vk,b-b" ¥ 2.172 kyb-b*’"*
QY] L/67)
k’b—b
Power analysis similar to that from subsections 4.1 — 4.3 can now be

performed.

A \-"T
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4,5 _bhnalytical Comparison of lests
We can compare the power of the classical, area, and
clascical-area test for initialization bias. For given b, b’, m, and

k (= O, 1, or 2), consider the alternative hypothesis Hl: E[Xi jJ -
v

u(l—ai j), i = 1,...4b J=1,...,m. By previous work, the statistic
9’

Rk,b' = F(d

Pre(R, ,. > ¢ _ ).
ksb % ,b Y%, ,b-b17C

K,b'* dk,b—b" Sk,b" ‘k,b-b') and has power

Bince tables for (singly and doubly) nonventral F distributions

are not readily available, we approximate the distribution of Rk b’ by
’

using the familiar result [cf. Johnson and Kotz (1970), pg. 197] that:

N N
F(vl, Voo ?1, 72) = cF(vl, uz),
where
\J 2 2
C - (v1+)l)v2 ; _ (v1+vl) g ; _ (u2+v2)
(Vo*y,)v, ' 1 v +2y, ' 2 v *2Y,
This gives:
2 2

R B Y R Y S B o b "Bk ,b? @y bbb *tk,b-b) |

ksb e b-b " k,b-b ' Tk,b- [ Yk,b- 3k, T r"k,b—b'*“k,b—b"J'
So the power is approximately: A

P { Feo, o) > > ¢ }
r V, 4V > = _ . (%)
1772 c dk,b"dk,b-b"l a

where c, vl, and v2 are the appropriate quantities.

~

Since c, vl, and v, are functions of sk,b’ and Gk,b—b" they are
functions of u2/02, which is unknown. If we are willing to estimate

the value of u2/02, that combination of b, b, m, and k can be found

which maximizes (#),

A simple example
Suppose that m = 100, b = 20, and H_: E[Xi j] = u(l-ai j)’ where

1 [] v

EAE SN T . D N . . L el L e e e T e T
L I '.".n'.--",-‘.-‘.‘u\. R AT LT T e e B L e T T e e S e T e e
. . ; . P RIS . o K e e e e e e . Sl e el R oo . :'
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a .y (s - il:%%ﬂil]‘ for all i,j. Figures 2 through 7 give plots ot
]

b
(#) a5 a function of n‘/oz for b’ = 2,5,8,10,1%5, and 18,
respectively. Each of the si1x figures illustrate plots {4or the

k = 0, 1, and 2 cases with the level a = 0,05,

Suppose we fix b’ = 2. From Figure 2, it is easily seen that for

all values of u2/02 ¢ (0,5], the power for the specific alternative

hypothesis is maximized when k = 1 (area test).

Alternatively, fix b’ = B and consult Figure 4. We see that the
power (#) is maximized for u2/a2 € (0,.5) by k = O (classical test)
and for uzla2 € [.5,5) by k = 2 (combined classical-area test).
Finally, Figure 7 reveals that when b’ = 18, (#) is maximized for
u2/02 € (0,51 by k = 2.

The above results are to be expected if we note that the

classical and combined classical-maximum variance estimators are more

sensitive to between batch changes in mean than is the area variance

estimator.

4.6 Empirical Comparison of Tests: An Example

We empirically compare the power of the classical, area,
classical—area, maximum, and classical-maximum initialization bias
tests for the following example:

Consider the stationary first order autoregressive process

XyseeoeaX s with

.. 2
Xi = sxi N + Ei’ where !i ~ iid Nor(0,1-87).

Let Yi,j = xi’j + “(1-ai,j)’ i=l,...4b3 J=1,...,m. We test

Hoz E[Yi,j] = u for all i,ji against le E[Yi‘jl = “(l-ai,j)' Suppose

- > - - - ‘- .h -- ‘. -

~ - - . ~ S, LAUE R S S ) et . et DR MER -‘."

" ﬂ-'ﬁ < s S e T e e T e T e T et L. .. SRS e
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we take b = 1 and m, b, and a, ) aw in the previous example. Let the
9.

level a = 0.05.

For each of various values of b’ and AR(1) coefficient B, we ran
500 i1ndependent Monte Carlo experiments; we applied the five
initialization bias tests (k = 0,1,2,3,4) to each experiment. For

given b, 8, and k, the estimated power = (number of experiments for

which Ho is rejected) /500. Table 1 summarizes these results.

Remarks:
(1) For this example, the maximum test (k = 3) or the
classical-maximum test (k = 4) appear to be the most powerful.

(2) For this example, it turns out [cf. the proof of Result 5-5 in

b
Goldsman (1984)1] that ¢ = (1+8)/(1-8); soO u2/02 = (1-8)/7(14+8), We

then see that the k = 0, 1, and 2 entries in Table 1 closely match the

results in Figures 2 through 7.

S. CONCLUSIONS

We have constructed a general family of tests for detecting
initialization bias in a simulated process: The process is divided
into two adjacent, non-overlapping portions. A variance estimate is
then calculated from each of the two portions. I¥ these estimates are
deemed to be significantly different, then bias is said to be
present. Of course, a good deal of the simulation literature deals
with the question of variance estimation; our estimators are

primarily rooted in the recent standardized time series work, but use

of other variance estimators is straightforward.

A criterion of desirahility for a particular initialization bias

ES
‘
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tost is that 1t be powerful. (We were able to derive analytic power
results for the classical, area, and combined classical -area cases.)
However, as the examples ot the previous section show, there is not
necessarily a choice of k, b, and b’ which yields the most powerful
test in all situations. Therefore, the authors are currently

addressing this problem of determining the best k, b, and b’ for

general processes,
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= Appendix
;S} We prove the thecorem in Section 4.1; viz., {f
o _ _ o2
xi, ~ Nor(u(l-ai’m). ;’).
.
then
b 2 b
- = 2 2 2 ym - = 2
m (X, - X)) =X (b1, ) (a, -a)F)
1=1 i,m n o2 =1 i,m b
Proof: Consider independent Ui ~ Nor (Vi,Tz), i=1,...,b. There exists a

'~\‘-‘--'-.'.."‘-'; A .
4 B LN
'i"i’.-&j‘!i.hb S ) At et ') -‘\ -.:-’

el .4“._.. PP

nonrandom orthogonal bxb matrix H whose last row is

-/ - -
(b 1/‘,b 1/2,...,b 1/2). (An example of such a matrix is easy to
construct.) Define Z= (Zl""’zb) by Z = QHT. Then Zb = /b Eb’
Uy = % lia1 U
Since H is orthogonal, QZT = QHT(QHT)T u THQT = ggT; so
2
Toar? = Iyy Up+ Thus,
b b b b-1
2 = .2 2 =2 2 2 2
s“=z § (u~-U) 1 U - bU 1 2y -2z = ) z7.
=1+ b =1+ b oyt
. T T
Since H 1s a nonrandom matrix, E[Z] = E[UH'] = vi . The

variance-covariance matrix of Z is given by:

. - To- l‘. ‘.".'_-,-. N . . .
[ ! > A A
J-'u;&ljn_nm_“,s.r -\__h_‘. i -

where

0

) :;q

‘,.'-'A'I‘.A.'A'J\" Lsonia




\::
T plz] = EL(z-yH))T(z-yh"))
-

ElCun vt Tun-vn)

P
L}

¥
o = E[H(U-w) (-]

F;

o = HE[(U-v)T(u-») ]8T = Hrc?nT,

because the Ui's are independent Nor(vi,tz) random variables. So
D[z) = 1%
Since each Zi is a linear combination of normal random variables, we

N
K. have:
ih

o2
.

"'4
L zZ ~ Norb(gHT,Irz)-
‘3ﬁ I.e., the Zi's are independent normal random variables each with variance
L 2. Thus,

)

y 2 b1 2

: S 2

== 1 (z;/7) ~x"(b-1,8),
v T i=1

where 6 is computed as follows: It Q ~ xz(b-l,é), then E[Q]) = b~-1+8 [see

Rohatgi (1976), pg. 315]. This yields:




::' Do \ by =2
- EIS/17) = — (El Y U} - bElU.])
< 11. 1‘_1 i b

i

b
) - . N2y = = 2
- _17 (121 l\ar(Ui) + (EUi) ] biVar(ub) + (hUb) 13

b b
1 2 2 2 -2 - 1
= — {(br" + E v, = 1 - bu_}, where v, = — 2 v
T2 is1 i b b b {=1 i
1 ® -
- b-l + —7 z (Vi"\)b) .
T i=1
So
b
1 - .2
§ = T (v,-v ).
Ly LD
i The proof is completed if we identify 02/m with 12, ii o with Ui’
’

and u(l_ai,m) with vy i=1,...,b. //

An alternative proof is given in Appendix A.3 of Goldsman (1984).
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Figure 1: Various transient mean processes (drawn as continuous
functions for clarity).
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ok = 2 (combined classical-area test)
k = 0 {classical test)
0.00 0.77 1.54 2. 3.08 3.8% 4.62
RATIO

Figure 2: The power (*) as a function of the ratio uzlc2 for the
example described in the text for b' =2 and k = 0,1.2.
N.B. The ordinate axis runs from 0.00 to 0.10.
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Figure 3

N.B. The ordinate axis runs from 0.00 to 0.10.
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The power {*)} as a function of the ratio ;2/:2 for the
example described in the text for b' = 5 and &k = 0,1,2.
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Ficure 4: The power (*) as a function of the ratio ;2/52 for the

example adescribed in the text for b' = 8 and k = 0,1,2.
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k = 2 (combined classical-area test)

k » 0 (classical test)
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POWER

.5001

.25

k =1 (area test)

— i 1 3 4 1
| 4

0.00 0.77 1.54 2.3 3.08 3.85 4.62 I
RATIO -

Figqure 5: The power (*) as a function of the ratio -..2/:2 for the
example described in the text for b' = 10 and k = 0,1,2.
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k =1 (area test)
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. 2,2
Figure 6: The power (*) as a function of the r?t1c_: /2% for the
example described in the text for b’ =% and k = 0,1,2.
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k = 2 (combined classical-area test)
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k = C (classical test)
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k =1 ({a-ea test)
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0.00 0.77 1.54 2.3 3.c2 3.85 4.62

Ficure 7: The power (*) as a functiz-a of the ratic _Z/CZ for the

exarple described in the <ext for b' = 18 and k = 0,1,2.
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. b' = 2 5 8 10 15 18
a = -0.5 l
k=0 .000 .000 .396 .970 .992 .270 l
k =1 .058 .060 .092 .088 .066 .066
k =2 .000 .000 .626 .996 1.000 .812 l
k =3 .056 .082 116 .086 .108 .096
k = 4 .000 .000 .710 .996 1.000 .948 l
a=0.0 # l
k=0 .000 .002 .260 .658 .762 170 '
k=1 .070 .076 .050 .064 .044 .064
k =2 .000  .005 .304 732 .886 .422 '
k=3 .099 .108 .076 .098 .10 .0890
k =4 .000 .012 .368 .742 .942 .652 l
a =0.5 I
k=0 .006 .016 .164 .312 .370 .092
k=1 .050 .054 .038 .044 .060 .068 l
"k =2 .006 .022 .166 .290 .436 .156 l
k =3 .066 .108 132 122 .124 110
k=4 .010 .052 .208 .364 .532 .322 l
Table 1 I
Estimated power of tests for initialization bias for a shifted AR(1)
process. For given b' and a, the five table entries are based l
on the same 500 (% = 1000) independent experiments. The level
of significance = 0.05. See the text for details.
|
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