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Abstrat

* ;/Although many of the rules f or detecting and dealing with

iniztialization~ bias in computer simulation experiments are easy to

understand and implement, they are nonetheless heuristic. 4NM ctwrrcnk

paper u!.es the theory of standardized time series to copstruct tests

*which (under certain conditions) detect Osignificant "/initialization

bias in a process. Previous tests for initialization bias can be

viewed as special cases of the general family of tests to be presented

here.
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1. INTRODUCTION

When a system is simulated, it is sometimes difficult to select

appropriate initial conditions to drive the simulation. We often wish

to initialize the process with "typical" system values; however, if

there is little a priori knowledge of the process available, we might

initialize the system in a state which has a very low probability of

occurring. This initialization bias (or initial transient) can then

result in incorrect conclusions on the part of the experimenter.

A common way of dealing with the initial transient is to take a

y very large (possibly wasteful) number of observations - large enough

so that the initialization effects are overwhelmed. Perhaps a better

method of counteracting the bias problem is simply to delete

(truncate) a portion of the output from the beginning of the

simulation run. The experimenter would then hope that the offending

biased observations had been eliminated. Unfortunately, if the output

is truncated too early, then significant initialization bias might

still be present. If it is truncated too late, then "good"

observations are lost. [cf. Snell and Schruben (1979).]

Although many of the rules for detecting and dealing with

initialization bias are easy to understand and implement, they are

nonetheless heuristic [see, e.g., the surveys by Wilson and Pritsker

(1978) and Schruben and Goldsman (1984)]. The current paper uses the

theory of standardized time series to construct tests which (under

certain conditions) detect "significant" initialization bias in a

process. Previous tests from Schruben (1982) and Schruben, Singh, and

Tierney (1983) can be viewed as special cases of the general family of

tests to be presented here.

This paper is organized as follows. Background material is
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provided in Section 2. Our new tests are introduced in Section 3.

Section 4 is concerned with power calculations for the new tests.

2. PRELIMINARIES

2.1 Some Standardized Time Series Results

Consider the stochastic process X, ... ,Xm . For J-l,...,m, let

i=X and S. * X - X.; also, define a 2 lim mVar(X ).i M m .j

| mt ISmt

The standardized time series is Tmlt) - Im , 0 < t < 1, where
m Ol

I. Iis the greatest integer function.

Suppose that X i9..JXM is a sequence of stationary, finite

variance random variables. In Schruben (1983), it is shown that under

Drather mild assumptions, TCt) -+ B as m -, w, where B is a standard
m t t

Brownian bridge process. Further, T (t) is asymptotically independentm
," of mX.

' " m

Let us divide the stationary, finite variance series Xl,..X n

into b adjacent batches, each consisting of m X s (n=bm); the random

variables Xi-l)m+2 Xim comprise batch i, i-,...,b. If

m is large enough, we can treat the batches as if they were

(approximately) independent. Each individual batch can then be

standardized; this yields b standardized time series which are

approximately independent Brownian bridges.

For i=l,...,b and j=l,...,m, define the random variables:

r- i 1= X (i) (cumulative averages).

(Observe that X. is the random variable corresponding to the i-th. 1 ,m

batched mean.)

7:L



xnmE ib.1  im na1 x1  (grand mean),

n b i I im j' I

K. a argmax k MS ik )q

I4 K

A a 1 zK. j

*Theorem: We have the following collection of estimators fora2t

(0) Classical batched means estimator:

=O,b

0,V where

(1) Area estimator:

- 1, 1 ,b , where
I~b

12 ~b ^2D 2 2
Qi- A.- (b), b > 1.

(2) Combined classical-area estimator:

V2, - .2 , where

D 2 2
Q2 0 Q 4 r 6(2b-1) 9b >1.2,b - ,b 1,b
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(3) Maximum estimator:

V3Rb 3 , where

m b __i _

3 b a 1a (3b), b > I.
Q3,b " i-i ~. (m-K.)

a a

(4) Combined classical-maximum estimator:

V 4 ,b E where .

0 + b q 2aX 2 M-1), b > 1.
4,b O,b 39b-

Proof: See, e.g., Goldsman (1984).//

The above variance estimators will be used in this paper to test

output from a stochastic process for initialization bias.

Remark: Other variance estimators arise from spectral methods

[Heidelberger and Welch (1981)] and ARMA time series modelling methods

[Fishman (1971,1973,1978) and Andrews and Schriber (1982)3; the

current paper will not concentrate specifically on these estimators.

2.2 Previous Initialization Bias Tests

2.2.1 Motivation

Suppose that we model X1 , *. Xn as Xi  i + V., il,...n, where

EXi] = ILi for all i, and the Yi's are stationary. We say that no

initialization bias is present if mi = m. say, for all i. Otherwise,

bias is present. Initialization bias might exist for higher order

moments, but this case is not considered [see Schruben (1981)].

(ai) is the transient weatn process. Figure I (a) is

representative of so-called negative initialization bias (as might be

- . .. . . ~ A*~AZ~-i
-- - - - - 1* P- -. - *. .-- '---.



encountered in a queue-length process when starting a system empty and

idle). Figure l(b) illustrates positive bias (e.g., inventory level

ater starting a system fully stocked). Figure 1(c) is a transient

mean process which damps out. Processes (a), (b), and (c) each appear

to be approaching "steady state"; this is indicative of

initialization bias dying out as run-length increases. The process in

Figure l(d) has not yet approached steady state (and, in fact, may

never).

It is unrealistic to expect that M. = M for all i. Hence, we

will only be interested in detecting significant initialization bias.

The tests to be described in this paper can be motivated in the

following ANOVA sense: We partition the process X,..X into two

contiguous, non-overlapping portions. For a particular realization of

the process, a variance estimate based solely on the first portion of

the output (or, alternatively, on the entirety of the output) is

calculated. A variance estimate from the latter portion only of the

output is also calculated. If the two variance estimates are deemed

to be significantly different, then we reject HO: pi for all i.

[For the transient mean processes illustrated in Figures l(a), (b),

and (c), we would expect a variance estimate formed from the first

portion of the output to be greater than an estimate from the latter

portion.]

2.2.2 A Test Based on the Maximum Estimator

With the intent of applying the theory of standardized time

series, Schruben (1982) assumes that the YI. 's satisfy the mild

requirements alluded to in Section 2.1. The entire X.) process is

then standardized into one (T (t)) process.
n

,~~.-....- - . . -.-.. ' .',.....' ......-........ . ...-..... '-. h'..'... " -'.. .... .. ,.' '' '..'....'..,
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Under the "stationarity" hypothesis H 0 9i 1 i for all i, recall

that the maximum estimator for variance (when the number of batches

2 2
b - 1) Is given by V 3 ,1 .;: (a /3)% (3), where a- E limn..nVar(ZX1 /n) -

I niM nVar(EY /n) and the notation '%" is read "is approximately

distributed as".

Schruben also gives a variance estimator a based exclusively on
^2

the latter portion of the stochastic process. a arises from

Fishman's autoregressive time series modelling method; Fishman

supposes that va 2  or 'A M), where v must be estimated. Note that 9
^22

and V are not necessarily independent.
3,1If we nevertheless assume that V3 1and e2 are independent, then

m ''. 3,11 2 : FC3,v), (2-1)

the F distribution with 3 and v degrees of freedom. Let f be a

realization of the random variable F. If we assume that the form of

the initialization bias is arbitrary (negative) Epositive], then we

reject H0 at the a level if f < f 3,v,a/2 or > f3,vl-a/2

"4 > f3,Vl-a) If- > f3,,l 2a3, where f39vPV is the upper 7 quantile

of the F(3,v) distribution and f is the realization of F resulting

from the process -XI-X 2...-X n

The above testing procedure appears to work well for the battery

of simulated systems studied in Schruben (1982). However, the test

may not perform adequately if the simulation run is very short (since

the test is asymptotic) or if initialization bias pervades the entire

.. process (in which case the experimenter should be able to detect the

bias visually). There are also a number of problems inherent with 02

including the fact that a and V are not necessarily independent.
3,1 ^2

Schruben gives an alternative estimator to a : It is suggested

. . .



that the proc-, bp divided into b 2 batches, each of size m = n/2

so that (assuminqi the batches are "approximately indupendent"),

2
mS

K (M-K ) "2 K -K>
2. F (3, 0 (2-2)

I (m - 1) $2 mS2

3K (m-K)
2 2

where the subscripts 1 and 2 refer to the estimators from the first

and second batches, respectively.

We will investigate the natural generalization of this test

statistic in Section 3.

2.2.3 A Test Based on the Area Estimator

Schruben, Singh, and Tierney (1983) works with a Neighted form of

-*- the area estimator for variance to test H vs. H : i_ = 1i(1-a.) for
0 1 11

" all i, for some arbitrary, pre-specified constants a i, i1l,...,n.

[This test is unrealistic when 0; = in this case, an alternative of

the form H I: l + a. could be used.] The authors standardize the

entire output series and find that (under certain strong assumptions)

the most powerful test is to reject H when the statistic
0

Z Kn CkkSk

Sis large, where c a a,. They give several examples and

arguments which show that the experimenter can offer "reasonable"

choices for the c S.

Since T (t) Bt as n 4 o,

Z In = ckS. = ./n # ckT (k/n) -- ,n n (2-3)
kIk I.' =I Vnk=1 ckBk/n"

" *' " , . ** ' -'' , | " ' : - * " " ' - * " -... ... *-~ d , - ,u -. , . , ,-..-*'* ... *, . * -- -- "'



';="," lhis implies tht),t

Z Nor (0,no v), where

(2-4)

v n n cic [m2n(i/n,j/n) - i ./n" 2.

Given the ck'S it is simple to explicitly calculate v [See Goldsman

(1984) for additional discussion concerning weighted area variance

estimators.)

As in Section 2.2.2, Schruben, Singh, and Tierney calculate

,-• 2 "2 2) 2
another variance estimator a and suppose that vo c a (v). The

same comments and caveats as before still apply to v and 9 . Further

supposing that Z and f are independent yields:

2 1/2
Z Z/(no v)1/2

*"2 1/2 "'2 2 1/2
(no v) (C2 /0

Depending on whether we wish to test for arbitrary, negative, or

positive initialization bias, the appropriate test should be performed

as in Section 2.2.2. The Schruben, Singh, and Tierney test procedure

appears to work well for the examples given in their paper. We will

generalize this procedure in the next section.

3. A NEW CLASS OF TESTS FOR INITIALIZATION BIAS

In the ensuing discussion, the various variance estimators given

KO in the previous section will be used to construct new tests for

initialization bias. Divide Xl,...,X into b adjacent batches, each
n

of size m. Variance estimators based on the first b" batches will be

compared to the corresponding estimators from the remaining b-b"

batches. This comparison is to be accomplished via an F test.

Using the notation and results from Section 2, we have (under

o .



Li Oo v 2 (b'-) I ' b-I (Cl asil Cal,

01 'b' : a 2 x (b') I < b '.b-I (arep),

2 2

O 3 :b ar 2' (3b'), 1<b' < b-I (maximum),

0Or I 4'U, 1< b' < b-i (combined classical-maximum).4,b'

By similar reasoning,

-b I b )2 02 2 (b-b.I),
O.,b-b- I.i=b -i- i'm b-b' j=b'+i j

Q- or X (b-b'),
l ,b-b'- I,b 1,b'

2,-b + 0 a (2b-2b'-1),2,bb' O,b-b' lb-b'

O 3, -O or 2'A (3b-3b'),3,b-b' -3b ,b'

04,bb,b-b' Q 0 3,b-b' -2

To condense notation a bit, define:

[P-I for 1,=0
p for k=1

d 2p-1 for k=2
k~ 13p for k=3

L4p-1 for k=4

Then for all k,
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222 22
r, : . (d ) and Qo (dk1:" b" , b' "~-b = "

Further, define for all I and b:

vk b and a k,b-b
k,ba d k,b-b' d

kii 'k,b-b"

Clearly, the 's are variance estimators calculated from the first b"

batches, and the V 's are the analogous estimators from the remaining

b-b' batches. Under the assumption of independent batches, QkUlb' is

independent of Q2 b-b'' for all kl,k 2 .

We could thus consider test statistics of the form (under H ):

Vkb"

F(d d ) (3-1)
•klb' k ,b-b
k2,b-b.

One could attempt to use a test statistic of the form V a 2 but_ l,b'

* since the numerator is not necessarily independent of the denominator,

- this statistic might not be distributed as F(dklv)

The test statistics from Section 2.2.2 are easily seen to be

special cases of the above [N.B. (2-1) and (2-2) have m n and

m n/2, respectively.]

For simplicity, we will only work with test statistics of the

form (under H) :

Vk b -
k-b F(d d

* kb" k,b-b
k,b-b"

The goal now is to find that combination of k, b', and b which, in

some sense, yields the "optimal" test statistic.

- . . . .. . . .. . .. . ... , ... . •.. - .-._ . - . . .- - - - ---.-._- . .. ._ . ,. ... . -.. -.. , .
* **1. ..1 - " . .' * , ' , -u u " . . . * ' . . .i, .' * . l i i iil l i ii ii-i i



11

4. POWE CALCULATIrIN FrOR THE NEW TESTS

A reasonable criterion for comparison amonn tests (with #xied

level of siqnificance) is power. Consider

HO: ti J E[X 3 where X.,. is the j-th observation

CIij i'j 1q 2

from batch i; il1,...,b and j1,...,m.

VS.

Hi: s , ll-a. .), where the a. .'s are pre-specified.
1, 2 9J

We assume that the form of the initialization bias under H is

negative. (The cases of arbitrary and positive bias are similar.)

Then (3-1) implies that we must reject H0 at level a if

Vk~ /V: > fd ~ . d k 1 €
kb k,b-b' d d '

We give analytic results for the cases k = 0, 1, and 2

(classical, area, and classical-area). Limited Monte Carlo results

for k = 3 and 4 will be given in Section 4.6.

4.1 Classical Batched Means Tests

Suppose that EEX. .J = (1-a. .f for all i,j. Define:

"Y . - X . + ia . (so E [Y . .3 )

J Y " -- -" i 'j

a ,j I-p=l ip

ab i=l im'

: 2 _ limm mVar(Vim
-'.2

Assuming that the Y. 's satisfy the mild requirements alluded to in

Section 2.1, a direct consequence of Theorem 21.1 of Billingsley
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(1968J) i's that Y Nor (ji, a /m). Hetitr F X.
Noi:1a "m Jm M ,al ~

No (t I ai ,m) /m). This leads to tha followinqt

Thr2'nrern

rb( -)2 2 2[b (02 2  b= a)=

2 2
where x (d,Z~) is the noncentral X distribution with d degrees of

freedom and noncentrality parameter B.

* Proof B See the Appendix. 1

The theorem immediately implies that:

-12 , OB' and Q;bb 22 b-'I
O,b (' Ob ~ -'Obb

where 6 ( 2 /ff2 _ 1 * - b )2 and

2 2, bi1~ b bj )2

E ,b-b' ~2 / 2  ib'+l~ai'M -bb~b+ i

Hence, Rob Vb/Vb. F(b'-1,b-b'-l,SLbEbb) where

F(dd2,yy) is the doubly noncentral F distribution with d, and d
A.1' 2

degrees of freedom and respective noncentrality parameters V~ and y2

The power of the test is therefore:

Pr(Reject H IH~ true) PrfROb > f

4.2 Area Tests

The standardized time series from the i-th batch, denoted by

(T. (t)I, is given by:

I mt I SiImt I
T. (t) 9im t [ 0,13.

Thus,



J i  (X i  ) i , 

04M O J %m-X' i'Jm)1. (S/rn) - , -4 i rn Ti ,m

where I" (Y) j(Y'. -Y. )am and c u-(a -aI. -) with

the ' s and a s defined as in Section 4.1. Hence,1,j i,j

xm; 1 JS i, - 4m m "i, (J/m) + PIM m

Note that T ,m(.) converges to a Brownian bridge asymptotically in m.

It is now easy to see [cf. Schruben (1983)3 that for large m:

S * m
c i E EA ] ::: j=l ci and

2* m m rr 2o V Var(A.) =.Var m 0 T (im)i 1 arl ,m 12

So as m becomes large, these results imply that
(*c 2* * v*

A . Nor(c. ,o v.) for all i. Since v v = ... Vb, we have:

Sib=l 2 2 2[b, (A2/02v * ) b= 2c).
V

Then

Qb ' 2 'b', ("2 / 2 v*) b-1 (c,
2) and

or "b-b ((M2/2v*) c*).
1,b-b' Iv)i=b'e-1 j

So

V
R 1,b F(b', b-b', lb
l,b- 1,b" 61,b-b'

1 ,b-b'

where £l,b" and sl,b-b" are the obvious noncentrality parameters. The

power is Pr(R 1,b >

4.3 Classical-Area Tests

Cl early,

Qb - QO + Q1 .: 222'1 £2
2,b O,b' ,b ' 2,b"

where

:L
:: : _ . . . . . . - . . . . .... . . .- .. . . . . . . ..-.-. ... . .. - . .. ' ... . . . .. - - . - -.- .- . .- .
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m2,b * 0O,b + 'l,b"

QIb-b' "o,b-b" l,b-b' :2 22bb)1 2,b-b'

where

2,b-b .  O,b-b . + al,b-b..

So

R2 V 2,b' F(2b*-l, 2(b-b')-1, 62 2b )2,' V ,b'" 2,b-b"
2b V,b-b"

which has power Pr(R > f -.
2,b' 2b'-1,2(b-b')-1,1-a

4.4 Weighted Area Tests

As an aside, we describe some additional tests for initialization

" bias which are similar to those in Schruben, Singh, and Tierney

(1983). Once again, test H 0 : i. = i for all i vs. H I: i =(1-a

for all i. We construct a test statistic based on (2-3) from the

first b' batches of the X 1 ,...,Xn process. This statistic is compared

to Vkb-b - in order to test for bias.

By (2-3) and (2-4),

n~ nb" 2"
"...:~ ab [= cii(Xn b - X. ) r-: Nor(O,nb.a vbo

b' U1 i nb Ib' b

where n b ,'-- b'm (b1 batches of m X i 's each), c 1i a a and

n b-n b- 
2m i j .)

:1"- ~Vb-=1b ..b c ic Cmin(ilnb'J/nb'- iilnb . .

Assuming independent batches, Z and V k,b-b  are independent; then

under H O ,

2" 1/2
Z /(n a v

Z"/( b 1/2 b' b' b t "
, b"n v * 2 1/2 tdk,b-b.

b' b b-b(V ,b- ""'

Power analysis similar to that from subsections 4.1 - 4.3 can now be

performed.

-*L



4.5 Analytical Comparson ofl

4We can compare the power o4 the classical, area, and

classical-area test for initialization bias. For given b, b ° , m, and

-*' k (- 0, 1, or 2), consider the alternative hypothesis HI: EX. .3 -

U'I(1-a. ), i = 19-9b; j = 1,B,m. By previous work, the statistic

Rkb F(d kb. dkb-b" ' kb" fk)b-b* and has power

Pr{R > f , .
k,b- d d

k,b' k,b-b'

Since tables for (singly and doubly) nonventral F distributions

are not readily available, we approximate the distribution of Rk, b , by

using the familiar result [cf. Johnson and Kotz (1970), pg. 197] that:

Fl~l 1 2' 71'V 2 ) := cF (9I' '2 )

where

2 2
(V,+1 )2 +, )2 , ( 'u 2 +( 2 )

1 1 2 1 1 2___2
• 2- + - 2 V 1 - I+ 2 1 a n d 2 v 2 + 2 2 "

This gives:

Rk d (dkb +Sk,b" )d k,b-b " F (dk'b +8k,b+ ) (dkb-b- +G kb-b )

S (d k,b-b'+Ek,b-b )dkb" ,b kb k,b-b"Z2 k,b-b'J

So the power is approximately:

"/-:"Pr F (VV} 1 1 Fk(.)

1 1 '2 c dkbdkbob-b' a-

where c, ', and v 2 are the appropriate quantities.

Since c, vI, and v2 are functions of Sk,b" and Ek,b-b, they are

functions of i2/ 2 , which is unknown. If we are willing to estimate

the value of mi2 / 2 , that combination of b, b', m, and k can be found

which maximizes (*).

A simple example

Suppose that m = 100, b = 20, and H E[X. .3 = j(-a. .), where

... . . . . .



M iiJ1 'bm j for all i,j. Figurer. 2 through 7 givu plot% of

(0) as a function of m a for b' 2~81,b and 18,

respectivelv. Each of the six figures illustrate plots for the

k -0, 1, and 2A came% with the level a - 0.05.

Suppose we fix b' 2. From Figure 2, it is easily seen that for

all values of 0 2 a* (0,53, the power for the specific alternative

* hypothesis is maximized when k -1 (area test).

Alternatively, fix b' 8 and consult Figure 4. We see that the

22

and for m~ /a [.5,53 by k = 2 (combined classical-area test).

Finally, Figure 7 reveals that when b' 18, (*) is maximized for

2 2
* ji /a a (0,53 by k = 2.

The above results are to be expected if we note that the

classical and combined classical--maximum variance estimators are more

J. sensitive to between batch changes in mean than is the area variance

estimator.

4.6 Empirical Comparison of Tests: An Example

We empirically compare the power of the classical, area,

classical-area, maximum, and classical-maximum initialization bias

* tests for the following example:

Consider the stationary first order autoregressive process

X1 ... x n , with

X. O X i + Ei, where E. i iid Nor(0,1-B2 )

Let Y.~ X1 , + ia(1-a..,i1..b j1.,. We test

H 0 ELY. .'J 3 for all i,i against H I ELY .'J 3 ua(-a. .). Suppose



-r-. -r l'dr 
"
- - r r --:-r- Nw 'v, . -r . ,_ .- - . rr. r W W-J- r - W r '-r - ': -- 'C. W .. . ° •

I,

we take I = 1 and m, b, and a. am in the previous example. Let the
I ,

level a - 0.05.

For each o4 various values of b' and ARUI) coefficient B, we ran

500 independent Monte Carlo experiments; we applied the five

initialization bias tests (k - 0,1,2,3,4) to each experiment. For

given b', 0, and k, the estimated power - (number of experiments for

which H 0 is rejected)/500. Table 1 summarizes these results.

Remarks:

(1) For this example, the maximum test (k = 3) or the

classical-maximum test (k = 4) appear to be the most powerful.

"" (2) For this example, it turns out [cf. the proof of Result 5-5 in
" 2 ;2/2

* Goldsman (1984)3 that a = (1+B)/(1- ); so & = (1-B)/(1+). We

then see that the k = 0, 1, and 2 entries in Table 1 closely match the

results in Figures 2 through 7.

5. CONCLUSIONS

We have constructed a general family of tests for detecting

initialization bias in a simulated process: The process is divided

, into two adjacent, non-overlapping portions. A variance estimate is

- then calculated from each of the two portions. If these estimates are

.- deemed to be significantly different, then bias is said to be

present. Of course, a good deal of the simulation literature deals

*' with the question of variance estimation; our estimators are

primarily rooted in the recent standardized time series work, but use

of other variance estimators is straightforward.

A criterion of desirability for a particular initialization bias

. . . .-* . . - ---. . - . . . .- * . . o*. ,' ' 4.. . . -. .- , . . - ' .- -, ' j - ' ' . ,". .



trst is that it be powerful. (WP were able to derive analytic power

rrsults for the classical, area, and combined classical-area cases.)

-However, as the examples of the previous section show, there is not

necessarily a choice of k, b, and b' which yields the mnost Powerful

test in all situations. Therefore, the authors are currently

addressing this problem of determining the best k, b, and b' for

N general processes.
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Appendix

We prove tt- theorem in Stztion 4.1; viz., if

2
Xt , No r u1-at ) ,  -,

,mm

then

b 2 b

b 2 2 2 2 b
il m n- x (b-1 (a

Proof: Consider independent U i  Nor (vi,r)2 l9 There exists a

nonrandom orthogonal bxb matrix H whose last row is

(b- /2,b- /2,...,b-1/). (An example of such a matrix is easy to

construct.) Define Z (ZI,...,Zb) by Z _ UT . Then Z bU b' where

Ub b izl

T T TT T T T
Since H is orthogonal, ZZ = UH (T) U u - U ; so

b. l 2= i=l U • Thus,

2 b b b b-1
S 2 (Ui2Ub 2_ b2 2 Z 2 Z 2S2 [ (U-b)2 [ i bZ i  Zb  z "

i=l i=l i=1 ~

Since H is a nonrandom matrix, E[Z] = E[UHT I vH The

variance-covariance matrix of Z is given by:

. . . ,"

. . . . . . . .



T TT 7
DII- EI(IJI-vii (U-vii )

- E[H(U-v) TCU-v)HT

T T 27T0 HEK(U-v) (U-v)]H -HIT H

2
because the U's are independent Nor(v1 ,t) random variables. So

D[ZI - IT2 .

Since each Z is a linear combination of normal random variables, we

have:

Z Norb(VH IT T2

I.e., the Zi's are independent normal random variables each with variance

T. Thus,

2 b-I 2 2

2

where 6 is computed as follows: It Q X (b-1,6), then E[Q] b-1+6 [see

Rohatgi (1976), pg. 3151. This yields:



2 2
E1Sr/i + (- b[Vrj (+ \ 1  btU]

b b

2 b~ 2 2 -2 b
(bT +-V T bvb where vb~ V

T i.1 ii~

-b-i + (V i-2

So

1 b 2

T 1=1

The proof is completed if we identify a 2 /mwith T , X' with Ul

and 11(1-a i' ) with vi = 1..b

An alternative proof is given in Appendix A.3 of Goldsman (1984).
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Ficure 3: The power (*) as a function of the ratio 62/C2 for the
exampie described in the text for V 5 and k *0,1,2.

N.B. The ordinate axis runs from 0.00 to 0.10.



h'-'

1 1. 000

1 .875

.750-

1 .625

k 2 (cv'.bined classical-area test)

1 .500

1 .375

j .250

1 .125
k I (area test)

10.00 0.77 1.54 2.31 3.Cl: 3.85 4.62

*V1Fic-ure 4: The power (*) as a function of the ra:-o ..2 IC2  fcr the
> Iexam~ple described in the text for V 8 and k c 0.1.2.



.6225I

.6250I

o IIae et

- 1 -

0.00 0.77 1.54 2.31 3.08 3.85 4.62I
RATIO -

2?2
Figure 5: The power (*) as a function of the rato I for the

example described in the text for V 10 and k *0.1.2.
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V - 2 5 8 10 15 i

a L -0.5

k = 0 .000 .000 .396 .970 .992 .270

k = 1 .058 .060 .092 .088 .066 .066

k = 2 .000 .000 .626 .996 1.000 .812

k = 3 .056 .082 .116 .086 .108 .096

k = 4 .000 .000 .710 .996 1.000 .948

- 0.0

k = 0 .000 .002 .260 .658 .762 .170

k = 1 .070 .076 .050 .064 .044 .064

k = 2 .000 .005 .304 .732 .886 .422

k = 3 .090 .103 .076 .098 .110 .080

k = 4 .000 .012 .368 .742 .942 .652

a = 0.5 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

k = 0 .006 .016 .164 .312 .370 .092

k = 1 .050 .054 .03 .044 .060 .068

k= 2 .006 .022 .166 .290 .436 .156

k 3 .066 .108 .132 .122 .124 .110

k : 4 .010 .052 .208 .364 .532 .322 3

Table 1

Estimated power of tests for initialization bias for a shifted AR(1)

process. For given b' and a, the five table entries are based

on 'the same 500 (* = 1000) independent experiments. The level
of significance = 0.05. See the text for details.
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