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ABSTRACT

” This thesis examines two smoothing algorithms which deviate from
the classical method of using only one neighborhood size in the
smoothing procedure. The Supersmooth algorithm uses three neighbor-

hood sizes with local cross-validation in order to estimate an optimal

neighborhood size. The Split Linear Fit algorithm uses any number of

neighborhood sizes and computes a family of linear fits corresponding to
each neighborhood size; the final smooth points are a weighted average
of the linear fits. These two advanced smoothers are evaluated against
the results produced by previously validated, commonly used smoothers
and regression techniques. The measure of performance is the quality

of the smooth curves and the value of the sum of squared residuals.
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THESIS DISCLAIMER

The reader is cautioned that computer programs developed in this
While

every effort has been made, within the time available, to ensure that

research may not have been exercised for all cases of interest.

the programs are free of computational and logic errors, they cannot be
considered validated. Any application of these programs without addi-

tional verification is at the risk of the user.
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I. INTRODUCTION

A. BACKGROUND

"It is a well-established rule of scientific investigation that the first
time an experiment is performed the results bear all too little resemb-
lance to the 'truth' being sought" [Ref. 1: p. 1]. The experiment may
be the simple task of data collection, i.e. survey, or a process of
generating data. The analyst may have a small set or a large set of
data or a series of observations which must be analyzed. After some
data analysis, the analyst may extract quantities relevant to purposes
that he/she has in mind for further analysis. This analysis and data
extraction process has the formal name of data reduction. Tukey calls

this process "exploratory data analysis" [Ref. 2: p. 1].

There are several statistical methods that can facilitate the data
reduction process. The quote, "a picture says a thousand words,"
suggests that the data analysis involves pictorial representations of the
observed data. The single, most powerful statistical tool is a "well-
chosen graph”" [Ref. 3: p. 1]. A well-chosen graph enables salient
features of a data set to be picked out and vividly portrayed so that

the analyst can spot the features of particular interest [Ref. 4: p. 41].

The data set is very often bivariate data, i.e. pairs of values
Xy, Y9), . . ., (Xy, Yy), where it is conventional that the Yp,
called the ordinate, be a function of the corresponding X, called the
abscissa. The abscissa indicates a specific snapshot of time or is the
input to an experiment, i.e. the value of an independent variable. The
analysis of the data basically concentrates on finding a relationship
between the X; and the Y;. The single most powerful statistical tool
for analyzing the relationship between the X1 and the Yj is the scatter-
plot [Ref. 3: p. 75]. A scatterplot is a two-dimensional graph which
visually displays the relationship of the pairs of X; and Y;. The

vertical axis of the scatterplot represents the scale values of the
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ordinate or Yp, and the horizontal axis represents the scale values of
the abscissa or XI' A scatterplot is easily accepted by the human
brain which quickly summarizes the depicted information and extracts
the salient features, patterns, and relationships that are not detected
with other data analytical methods, e.g. tabulated data. Figure 1.1 is
an example of a scatterplot displaying the Daily Sea-Surface
Temperature for 1971 at Granite Canyon, just South of Point Sur,
California [Ref. 4]. This sea-surface temperature data for 1971 is

given in tabular form in Appendix D.

DALY SEA SURFACE TEMPERATURE
AT GRANITE CANYON, CA.
MARCH 1, 1971 TO DECEMBER 31, 1971

14
A\J

TEMPERATURE IN DEGREE CENT.
10 12
L] LI
L

e Ao A il P L A
1060 111 1160 10 1280 1310 1360
JULIAN CA" b2 LATE

Figure 1.1  Scatterplot of Sea Surface Temperatures for 1971.

The scatterplot shown in Figure 1.1 is more compact and informative
than the corresponding tabulated data in Appendix D. The scatterplot
‘ndicates that the sea-surface temperature varies with the time of year,
i.e. general temperatures increase during the summer and decrease
during the fall. There may have been other extraneous factors that
affected the temperatures, e.g. the warm ocean current El Nino, an
intra-yearly occurrence which sometimes causes great climatic turbulence
all over the world, could be the cause of the great temperature varia-

tions shown by the scatterplot in Figure 1.1. It is very difficult to

15




‘ot
FIN Y
Pafal iy

¥ ‘l
R~

.‘. Oy

A

Pt i b akd
LAt bl g

JOE R

Ay 8,

DAILY SEA SURFACE TEMPERATURE AT GRANITE CANYON, CA.
MARCH 1, 1971 TO DECEMBER 31, 1971
USING SUPERSMOOTHING

14

TEMPERATURE IN DEGREE CENT.
10 2

o 1 i e A 1
1060 1o 1180 1210 1280 1310 1380
JULIAN CALENDAR DATE

Figure 1.2 Smoothed Sea Surface Temperatures for 1971.

interpret the function imbeded in the scatterplot of Figure 1.1. An
attempt to sketch a rough line that follows the curvature of the points
may result in a tenuous and perhaps incorrect line in terms of depicting
the variability such as the periodicity in the data set. The sketching
of the line through the scatterplot of Figure 1.1 would take time and
involve strong subjective decisions. The result could be a misinterpre-
tation of the scatterplot/data. A more effective and substantiated
method of data reduction is "smoothing", see Figure 1.2. This scatter-
plot with a smooth curve through the raw data is more acceptable to the
human eye than a plain, data scatterplot and fairly well approximates
the raw data. A cyclic change of the sea surface temperature is
emphasized by the smooth curve. In addition, Figure 1.2 depicts that
a cycle with roughly a monthly period could exist in the data, i.e.

there are twelve peaks shown by the smooth curve.

Smoothing can be used on data sets whose scatterplots indicate an
underlying relationship that is either a simple linear function or a
complex sinusoid function. Smoothing has in the recent past years
become a useful data reduction technique. Banks, insurance companies,

and industrial firms smooth economic surveys [Ref. 5: p. 1].
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The government does smoothing on income data such as tax payments,
salaries and benefits to civil servants, and social services costs
[Ref. 6]. The space program does smoothing of test flight paths, fuel
usage, and orbiting ejection path data [Ref. 7]. Conferences have had

smoothing as the sole subject of discussion [Ref. 8].

The smoothing algorithm that is used to smooth a data set must use
a procedure that is flexible enough to discover trends in the data, i.e.
be able to accurately trace the observed data and respond to local
changes. Therefore, the algorithm should use local smoothing rather
than global smoothing which is used in linear regression and curve
fitting. This procedure allows the observed data to determine the

shape of the smooth curve.

An advanced smoothing algorithm must be more computationally effi-
cient and more user friendly than most current smoothing algorithms.
In addition an advanced smoothing algorithm must be able to correctly

extract the underlying function from the observed data.
B. SCOPE

This paper discusses and analyzes two advanced smoothing algo-
rithms, the Supersmoother algorithm [Ref. 9] and the Split Linear Fit
Algorithm [Ref. 10]. These two smoothing algorithm were developed at
Stanford University and thus have many similarities. The basic concept
used in these algorithms is that the underlying function is thought of
as a low frequency signal; therefore, the observed raw data is the
signal plus noise. Thus, the smoother is analogous to a low-pass filter
which is designed to compromise between the signal extracted, i.e.
desirable effects, and the noise filtered out, i.e. undesirable effects
[Ref. 10: p. 1]. Equation 1.1 shown below is a generalization of the

low-pass filter:

Yi=f(Y)+n, (1.1)
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B

where' YI is the observed value, f(YI) is the smooth function or
extracted signal, and r; is the additive residual or noise filtered out.
It is initially assumed that the set of Y; is an independent and identi-
cally distributed (i.i.d.) random sample from some unknown joint distri-
bution F(X, Y). It is also sometimes assumed that the ry are j.i.d.

with zero expectation and constant variance 02

, but possibly correlated;
thus the notation follows the convention set by time series theory
[Ref. 3: p 246]. The computed smooth values are estimates of the
smooth function f(Y;). It is best that the smooth point values be
computed using local averaging [Ref. 10: p. 3], in other words the ith
smooth point value is the average of the Y wvalues corresponding to the
X wvalues within a neighborhood of size K about XI, where a neighbor-
hood of size K about X; will have (K/2) point values to the right and
left. Equation 1.2 shown below states this averaging procedure in
conditional form, indicating that only the Y wvalues that correspond to
the X values within the neighborhood K about X; are involved in the

averaging.

s(X)) = average(Y, given X; a member of the neighborhood Kj), (1.2)

where s(Xj) is the computed smooth point value corresponding to X1,
KI is the neighborhood size corresponding to XI, J=1, . . ., KI is the
Jth member of the neighborhood of size K;, and Is1, . . ., N is the
index of the N points to be smoothed. For the simple, equal-weight,
moving average smoother, the smooth value at point X1 is computed by

equation 1.3:

l+£
2

s(Xy) = %x Yy, , (1.3)
K
J=1-X
2
where K is the neighborhood size and may encompass a fraction of the
data set to be smoothed or the entire data set. By looking at equation
1.3, it can be deduced that when I=1, . . ., (K-1) and I=(N-K-1),

., N the subscript of Y is negative and has no corresponding Y values.

18




Most simple moving average smoothers do not involve the latter
mentioned index values and begin the averaging with I=(X/2) and end
the averaging with I=N-(K/2); thus, the smooth output will have less

values than N, exactly K less values.

The neighborhood size, denoted above by K, referred to later in
this thesis as bandwidth, span, or windowsize, is a critical value which
must be chosen carefully because it determines to a great degree, the
goodness of fit of the smooth curve to the raw data. TFor example, with
the equal-weight, moving average smoother, a large neighborhood size
results in the loss of many smooth point values, and thus, the raw data
is not well depicted. A commonly used measure of goodness of fit is
the sum of squared residuals; thus, it is necessary to examine a
squared residual value in general terms. If the output of the smooth
function f(X;) is accepted as an estimate of the corresponding Yj and a
linear fit is done on the points within the neighborhood, then the
expected squared residual at point Xj, given a neighborhood size K,

may be determined by equation 1.4:

2

X | K)= [1(0) - kx B 7(%)| + xxe . (1.4)

The term within the brackets is the bias component of the estimated
residual value corresponding to Xj; in other words, the degree to
which the smooth point value deviates from the actual point value. The
second term is the variance component which indicates that the assumed
inherent constant variance of the residuals must be equally shared by
the estimated residuals within the neighborhood. Increasing the neigh-
borhood size, K, increases the bias and decreases the variance, thus a
plot of the smooth values will get smoother as K is increased.

Decreasing K will have the opposite effect.

Most smoothing algorithms use only one neighborhood size to

produce the smooth values, i.e. the same K for all X; in equations 1.3
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and 1.4. The problem with this method is that the smoothing program

T may have to be run several times with each run containing a different

Y K before the desired smoothing effect is produced. This thesis

discusses two advanced smoothing algorithms which deviate from this

procedure. The two advanced smoothing algorithms are:

S 1. the Supersmoother algorithm developed by Friedman and Stutzle
’ [Ref. 9];

-‘_-_‘:: 2. the Split Linear Fit algorithm developed by McDonald and Owen

ol [Ref. 10].

The Supersmoother requires that the user enter three different
neighborhood sizes, SPAN,, SPAN,, and SPANj, in increasing order.
Each span value determines a neighborhood size about each X1 on which
a linear regression is done. Therefore, three sets of regression results
| will correspond to each X;. Each of the three slope values, the three
corresponding y-intercept value, and the corresponding X; are used to
compute three fitted values. Each fitted value is subtracted from the
input Y; value corresponding to X;; the resulting values are called
cross-validated residuals. The minimum, absolute value of these cross-
validated residuals is then selected along with its span wvalue. This
i span value is an estimate of the optimal span wvalue corresponding to
) X1- This estimate is then adjusted using an outlier rejection rule which
will reflect the degree of robust smoothing desired by the user. The
smallest span value, SPANl, and the largest span value, SPAN3, dictate

the range within which Supersmoother finds the optimal span wvalue.

'<.
PRI SR A T
v e Yy N R
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The middle span value, SPAN,, is used as a central smoother, i.e. by
smoothing the array of optimal span values with the middle span value
the variability is reduced. This smoothing adjusts the span wvalues so
that the values flow smoothly from one point to the next adjacent point.
This method of finding the optimal span values is called local cross-
' , validation [Ref. 9: p. 1]. The method of cross-validation is a testing
procedure that uses the estimated regression equation on data different
.:7:‘.?. than the data used to estimate the coefficients of the estimated regres-

'.-;:' sion equation [Ref. 11: p. 110].
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E The Split Linear Fit algorithm uses one or more neighborhoods,
called window sizes, in order to produce for each I a family of linear
fitted values. Weights which indicate the goodness of fit of the fitted
values are then assigned to each of these linear fitted values. The
final I*M smooth value is computed as a weighted average of the linear
fits within the IR family of linear fits.

This technique of using more than one neighborhood size allows the
analyst to set upper and lower limits on the neighborhood size. By
accepting more than one neighborhood size, these advanced smoothers
take full advantage of the powerful computational capabilities of a
computer and thus are quicker and more efficient than other smoothers,
i.e. desired smoothing effects are achieved in less runs of a smoothing

program.

The purpose of this thesis is to expand the data smoothing subrou-
tine developed by Friedman and Stuetzle [Ref. 9] and the smoothing
program developed by McDonald and Owen [Ref. 10] into user friendly,
interactive computer programs, i.e. the user exchanges information with
the computer, that can be used as an exploratory data analytical tool

by students and faculty of the Naval Postgraduate School.

The Supersmoother algorithm was written as a FORTRAN subroutine
and has been incorporated into an interactive FORTRAN program. The
Split Linear Fit algorithm was part of a data smoothing package written
in the C computer language, which is not a common computer language
used at the Naval Postgraduate School. The Split Linear Fit algorithm
has been translated and is incorporated into an interactive FORTRAN
program. The point values produced by the Split Linear Fit FORTRAN
version are equivalent to the point values produced by the C language
version. Both the Supersmoother and the Split Linear Fit algorithms
are written in FORTRAN 77 for use on the IBM 3033 computer being
used at the Naval Postgraduate School. SUPSMO is the Supersmoother
program and SPLITSMO is the Split Linear Fit program. These two
FORTRAN programs are designed to produce cutput in any one of

following three forms:
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1. a CMS data file;
an APL, "A Programming Language,'

' variable;

graphs produced with the IBM GRAFSTAT! statistical graphics

package [Ref. 12].
These programs are written for use by any individual who has access to
the IBM 3033. With simple commands the user can create or access an
APL workspace and create an APL variable that stores the smooth
output. Access to the GRAFSTAT graphics package is easy and done
without exiting the smoothing program. Creation of a CMS file is even
easier. GRAFSTAT is a graphics package which is an experimental
program available at the Naval Postgraduate [Ref. 12].

Complete user instructions on how to use SUPSMO and SPLITSMO
are available in Chapter VI and VII. Mathematical details on the the
Supersmoother and the Split Linear Fit are presented in Chapters II
and III, respectively. In Chapter IV are the evaluation results from
smoothing three simple sets of data with these two advanced smoothers.
These smoothing results are compared to the smoothing produced by
previously verified smoothers, e.g. LOWESS and Moving Average. In
Chapter V a real application of the Supersmoother and the Split Linear
Fit programs is presented. The Granite Canyon Daily Sea-Surface
Temperature data for the period of March 1971 to February 1983 is used
in the analysis presented in Chapter V. This data set is used because
of the large size of the series, 4380 points; because the variance may
not be constant, and because the complex underlying function seems to

contain some periodicity.

lGRAFSTAT is an experimental APL package from IBM which the
Naval Postgraduate School is using under an agreement with the IBM
Research Center, Yorkstown Heights, N. Y.
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II. TECHNICAL DESCRIPTION OF SUPERSMOOTHER ALGORITHM

A. OVERVIEW

The data smoothing algorithm, Supersmoother, was developed at
Stanford University by Jerome H. Friedman and Werner Stuetzle
[Ref. 9]. The smoothing technique uses local averaging [Ref. 9: p.
3], local linear fitting [Ref. 9: p. 3], and selection of a local optimal
span [Ref. 9: p. 8], i.e. application of method of cross-validation
[Ref. 9: p. 1]. The developers claim that Supersmoother is "both very
flexible and rapidly computable" [Ref. 9: p. 3]. One of the features
which makes Supersmoother flexible is that Supersmoother is scale inde-
pendent. In other words, the X wvalues must be equi-spacec but can
belong to the interval (0.0, 1.0] or the interval [1.0, 2.0, 3.0, -
N], where N is the number of point values to be smoothed, while the Y
values must be real values and need not be equi-spaced. Another
feature which makes Supersmoother flexible is that there is an option of
entering one or three global span values where these values are entered
as a ratio of the span to the number of points to be smoothed.
Another flexibility feature is that there is an outlier rejection rule
which allows the user to adjust the degree of robustness using an index
within the interval [0.0, 10.0], where 0.0 indicates robust smoothing
and 10.0 indicates non-robust smoothing. Supersmoother uses a small
amount of romputer time and of storage space by using computation and
data storage procedures commonly used in dynamic programming, i.e.

FI-l(X) is used to update F{(X) and only the new value is stored.

The objective of Supersmoother is to efficiently smooth a scatterplot
[Ref. 9: p. 1]. Supersmoother consists of two subroutines, the
Combining Subroutine and the Smoothing Subroutine, see Figure 2.1.
The Combining Subroutine and the Smoothing Subroutine exchange data
arrays once if only one span value is used and eight times if three

span values are used.
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Qutput
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Figure 2.1 Supersmoother Subroutines.

Figure 2.2 shows the flow of data within the Supersnioother algo-
rithm. The Combining Subroutine receives the data to be smoothed and
other pertinent parameters and sets up the data for transmission to the
Smoothing Subroutine. The Smoothing Subroutine smoothes the data
array three times, using each span value once, and then computes the
residual values corresponding to the three smoothed arrays. Then each
array of residual values is smoothed using SPAN, in order to reduce
the total variability and create smooth transitions between adjacent resi-
dual values. The smoothed residual values are then returned to the
Combining Subroutine where the optimal span values are determined and
adjusted using the outlier rejection rule. The adjusted optimal span
values are then sent back to the Smoothing Subroutine for smoothing
with SPAN,. This is done so that variability between the values will
again be reduced. The now smoothed, adjusted, optimal span wvalues
are returned to the Combining Subroutine where they are used in an
interpolation procedure. The results of this interpolation procedure are
estimates of the final smoothed values. These estimated smoothed
values are then returned to the Smoothing Subroutine for smoothing

with SPAN; jn order to reduce the variability of these values. This
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procedure will also accentuate outliers in the raw data because of the
small neighborhood size of SPAN;. The final smoothed values are
returned to the Combining Subroutine which forwards the results to the

user's main program for his/her use.

The Combining Subroutine does the following:

1. keeps track of pertinent computational results;

computes the interquartile range of the abscissa;

defines zero for computational and comparative purposes;

determines the optimal span corresponding to each abscissa;

[S2 B~ SN VLI V)

applies the outlier rejection rule in order to adjust the
robustness;

6. estimates the smoothed output.
If only one span value is used, only the first three items of the above
list are executed by the Combining Subroutine, and the Smoothing
Subroutine is used only once. If three span values are used, all the

items are executed.

The smoothed output produced by the Smoothing Subroutine is not
the final smoothed values given to the user. Therefore, to be able to
distinguish the output forwarded to the user, i.e. the smoothed Y
values, from the smoothed values exchanged between the subroutines,
any array to be smoothed by the Smoothing Subroutine, e.g. the resi-
dual values, will be called Z within the Smoothing Subroutine. Z.

After the array is smoothed and returned to the Combining Subroutine,

it regains it's usual name. The Smoothing Subroutine does the
following:
1. computes the neighborhood size, (IT), the number of points to

be included in the local averaging;

2. computes the base mean, variance, and covariance values that
will be used in the computation of the smoothed values Zr;

3. computes the smoothed values Z; at the beginning of the data
array, i.e. the first (IT/2) smoothed points that are not

usually computed by most smoothers;
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h. 4. computes the smoothed values Z; for the middle of the data
- array;
: 5. computes the smoothed values Z; for the end of the data set,

i.e. the last (IT/2) smoothed points that are not usually
computed by most smoothers,

The smoothed values Z; are the result of a local linear fit within the
neighborhood of points about Xy, the abscissa corresponding to the
smoothed Z;. The Smoothing Subroutine computes the cross-validated

- residuals only at the time when the input data is smoothed, see Figure
' 2.2.

B. MATHEMATICAL DETAILS---COMBINING SUBROUTINE

The Combining Subroutine requires the following user input:

1. N, the number of points to be smoothed;

2. Yy, - .., Yy, the point values that need smoothing;

{ 3. X1 ¢ - XN, the abscissa corresponding to the Y values if

_f: the abscissa do not belong to the interval [1.0, 2.0, .

33 Nl; -

}_f 4, IPER, equals 1 or 2, to indicate that the abscissa belong to the
interval {1.0, 2.0, . . ., N] or the interval (0.0, 1.0],

;:- ' respectively; '

;:';' 5. the span values SPAN;, SPAN,, and SPANj;

ALPHA, the outlier rejection rule index.

) The Smoothing Subroutine assumes that the input data set is in chrono-
'i' logical order , i.e. Yy occurred before Yj,; where I=1, ., (N-1);
& thus, the abscissa will be in increasing order.

5 The abscissa interquartile range, SCALE, is computed using equa-
tions 2.1 through 2.3:
o N (2.1)

- 4
{

3 J=3x1; (2.2)
*
;

27




T T ————— LASHAR" QA7 et iatt aasts Aot AR o shus Best Ante B Bk Sed fhes Bl Sed Sk S B TR CaN ave Ul and art gl e A e AC R A i )., |

.....

N SCALE = X, - Xy . (2.3)
[
‘<

If N<4 and if the computer allows indices with wvalue of zero, then
SCALE=0.0, otherwise an error is created. In order to define zero,
VSMLSQ, SCALE must be greater than zero. If SCALE<0.0, then J=J+1
: and SCALE is recomputed using equation 2.3. Zero is defined by
equation 2.4:

VSMLSQ = [(1x10"%)xSCALE}]® . (2.4)

A If only one span value is used, the Smoothing Subroutine is called
by the Combining Subroutine, and the smoothed data array returned is
the smoothed YI, see Figure 2.1, If this procedure is used, the
smoothed Y| will have too much variability [Ref. 9: p. 9] and will be

very robust, so it is best to use three span values.

When three span values are used, the input Y; are smoothed three
times, once with each span value, see Figure 2.2. For ease of discus-
sion, Y;g will be used to indicate the ith input Y value smoothed using
SPANS, where I=1, . . ., N and S=1, 2, 3. As mentioned before,
during the smoothing of the input Yy, cross-validated residual values
are computed. These residual values will be identified by ACVRIS, i.e.
\.:'.3 the Ith cross-validated residual computed when SPANS was used. In
order to reduce the variability of the smoothed Yy, the ACVR;g are
T smoothed using SPAN,, see Figure 2.2. For stability reasons an array
containing the absolute value of the ACVR[g is smoothed. [Ref. 9: p.
9]. After the smoothing of the absolute value of the ACVR[g, each
abscissa X1, has the following seven corresponding values:

1. the input Yy;

_ 2 YIl and ACVRIl;

” 4 Y13 and ACVR,.
AT
',:‘.-f. Next follows the basis of the local cross-validation method. First
«‘::::j for each I the minimum of ACVR, ACVRy,, and ACVRI is selected and
~"4

.
« M
Pl S
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designated ACVR ;.. Recalling that the second subscript of ACVR(g
indicates the SPANg used to smooth the input data set and produce the
corresponding ACVR;g, then the SPANg used to produce ACVR;, can
be determined and designated SCI. Then the outlier rejection which
consists of equations 2.5 and 2.6, shown below, can be used to adjust
SCI, i.e. the span value used to compute ACVRmin' in order to reflect
the degree of robustness desired by the user:

SC; = SCy + (SPAN; - SC;) x AM!00-ALPHA (2.5)
where
ACVR,,
= -7 min
AM ABS[ma.x(l.OxlO , _ACVR,, )] . (2.6)

The resulting SCy is called the "estimated optimal span" [Ref. 9: p. 10]
corresponding to I. The set of estimated optimal spans may have an
unnecessarily high variance, thus they are smoothed using SPANZ ; the

result is the set of optimal spans, SCI.

Each SC; value is checked using one of the two following logical
statements in order to verify that the span boundaries fixed by the
user are not violated:

1. if SC;sSPAN,, then SC;=SPAN; or;

2. if SC;2SPAN,, then SC[=SPANj;.

Each SC; value is used to estimate a smooth Yp value by interpolating
between two of the Y;q values previously computed. The sign and

value of F in equation 2.7 forms the basis of the interpolation.
F = SC; - SPAN, . (2.7

If F is negative then equations 2.8 and 2.9, shown below, are used to
estimate the smooth YI;

-F

F= -
SPAN,; - SPAN, '

(2.8)
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:":. estimated smooth Yy = (1.0 — F)xY/? + [FxYy| . (2.9)
' -. otherwise equations 2.10 and 2.11, shown below, are used:
2
- Fe s (2.10)
: SPAN; - SPAN,
b
. estimated smooth Yy = (1.0 — F)xY)*} = 'FxYy,! . (2.11)
=~
-‘ The final smooth Y; values are obtained by smoothing the estimated
; Z';? smooth Y; using SPAN;. This smoothing is done in order to reduce the
variability of the estimated smooth Yy caused by the wvariance in the
- input data.
C. IIV%%‘HEMATICAL DETAILS---SMOOTHING SUBROUTINE, PRIMARY
A The primary use of the Smoothing Subroutine is to smooth data with
abscissa values in the interval [1,0, 2.0, . . ., N]. The secondary
use of the Smoothing Subroutine is to smooth data with abscissa values
in the interval (0.0, 1.0]. The Smoothing Subroutine requires that the
A following data be transferred from the Combining Subroutine:
1. N, the number of points to be smoothed;
1’_2;'_ 2. the array to be smoothed, in this subroutine this array will be
referred to as 2y, . . ., Zn;
T 3. Xy, . . ., Xy, the abscissa that correspond to the Zi;
b - 4. SPAN, the span value;
5. a flag, IPER, which indicates whether the cross-validated resi-
' " duals are to be computed or not computed;
6. VSMLSQ, the defined value of zero.
.'::: The size of the neighborhood of points included in the local aver-
;:‘;','-z aging is determined by SPAN. Most smoothers will not compute the size
‘_,,_ of the neighborhood and require that the user enter an odd integer
::_-‘E:: number indicating the size of the neighborhood. Supersmoother will
'.’-::j:: compute the size of the neighborhood, thus allowing the user an infinite
:\:Z:::Z number of choices, since the value of SPAN, as entered by the user,
1o
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belongs to the interval (0.0, 1.0]. Since the computation of the neigh-
borhood results in an integer value, different SPAN value entries may
result in the same neighborhood size, e.g. if N=100, then SPAN values
of 0.04 and 0.045 will both result in a neighborhood size of 4.
Supersmoother uses two neighborhood sizes, IBW and IT, both integer
values. The first (IBW+1) smoothed points and the last IBW smoothed
points of the output Z array are computed differently than the central
smoothed points. Most smoothers drop IBW points at the beginning and
at the end of the smoothed Z array, e.g. the Moving Average smoother
mentioned in Chapter I. IT is the number of points included in the
local averaging. These IT points are the nearest neighbors of XI, the
abscissa corresponding to the smoothed point being computed.
Supersmoother will always compute IT to be an odd integer. IBW, on
the other hand, sometimes may be odd or even, depending on the value
of N and SPAN. Since IT is odd, the X; will be the median of the
neighborhood with L(IT/2), integer division, points to the left and
right. The following two equations are used in the computation of the
neighborhoods, IBW and IT:

IBW = (0.5xSPANXN) - 0.5 ; ) (2.12)
IT = (2-IBW) -1 . (2.13)

The first IT values of the X and Z arrays are used to compute the

base or initial values of Xmean' Z covariance of X and Z, and

mean’
variance of X using equations 2.14 through 2.17:

R L B (2.14)

= - (2.15)
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IT
COVyz = 31X = Xnua) (2 = Zauu] (2.16)
=1
IT
VARy = 22X ~ Xpuu)? - (2.17)
=1

The first (IBW+1) smooth ZI are computed using the results from equa-
tions .2.14 through 2.17. The first step in the computation of these
smooth Zy is to find the slope, A, of the least squares straight line
through the set of points (X4, Z;), . . ., (Xyp, Zpp) [Ref. 9: p. 3].
If VARXSVSMLSQ, then A=0.0, otherwise equation 2.18 is used:

COVy,
~ VARy

(2.18)

The second step is the actual computation of the smooth Z; using the
clope, A, computed with equation 2.18, the results from equations 2.14

and 2.15 and the following linear equation:
smooth Z; = Ax{X; = Xpean) = Zmean - (2.19)

The cross-validated residual, ACVR[, are computed using the following
procedure:
1. compute the portion of the neighborhood occupied by the

smooth point, H, using equation 2.20:
g= 10 . (2.20)

2. if VARX>VSMLSQ, then this large degree of variability inherent

in the raw data must be reflected in H using equation 2.21:

(xl - xmun)2

H=H -~ ——__meen] 2.21
H VARy ‘ ( )
3. finally the cross-validated residuals are computed with equation
2.22:

.'\BS(Z' — smooth Z])

2
10 - H (2.22)

ACVR, =
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Recall that only the first (IBW+1) smoothed Z; values have been
computed.

In order to compute the smoothed ZIBW*l' o ZN-IBW' the
neighborhood of points has to be moved from one point to the next
point toward the right. This is where the dynamic programming
computational procedures are useful in cutting the storage space and
computer time. The results from equations 2.14 through 2.17 are
updated to reflect the movement of the neighborhood, i.e. the left
endpoint of the neighborhood will be dropped and the point to the right
of the right endpoint will enter the neighborhood. Equations 2.23
through 2.30 are used for each I, where I=(IBW+1), . . ., (N-IBW).
Equations 2.23 through 2.26 are used to drop a point from the
neighborhood:

_ (]TXX-M,.,,) - Xj-mr

Xmean IT - 1 ; (2.23)

”T s zmun) - ZI—TT

= (2.24)
Zmea IT - 1
L e e U R A (2.25)
Covxz = CO\ Xz — IT — 1 ]
IT ~ (- - Xmun)2
VAR = VARy - (Mm (2.26)

IT -1

Equations 2.27 through 2.30 are used to add a point to the
neighborhood:

. (IT = 1) 2 Xpean — Xi 5 0
X = . een : 2.27
mean IT ' ( )




_ 0T = 1)xZmewa) + %1

= . (2.28)
zmcu IT )
ITx(X| - xmun - Z'nun
COVyg = COVyg 4 —tX A% = Tnew) (2.29)
IT-1
VARy = VAR ITX(XI - xmun)z
ARy = VARy - IT =1 . (2.30)

The results from equations 2.27 through 2.30 are then used in equa-
tions 2.18 through 2.22 to compute the smoothed Z; and the cross-
validated residuals if necessary.

The X can’ Zmean’ COVXZ, and VARX values used to compute
smooth ZN-IBW are used to compute the smooth ZI values where
I=(N-IBW+1), . . ., N, i.e. the smooth values at the tail-end of the Z
array. These mean and variance values are used in equations 2.18
through 2.22 in the computation of the smooth Z;. This procedure is
equivalent to the procedure used to compute the smooth Z;, where I=1,

., (IBW+1).

D. MATHEMATICAL DETAILS---SMOOTHING SUBROUTINE,
SECONDARY USE

The secondary use of the Smoothing Subroutine is to smooth data
with abscissa values in the interval (0.0, 1.0]. The Smoothing
Subroutine needs the same data and follows the same steps and equa-
tions as if the abscissa were in the interval [1.0, 2.0, . . ., N]. The

exceptions are noted in this section.

When using equations 2.14 through 2.17, the first IBW points and
the last (IBW+1) points of the X and Z data arrays are used to compute

the initial X_oa0, Zmean:

values. Equations 2.14 through 2.17 are then changed in order to

covariance of X and Z, and the variance of X

allow these new points to be involved in the computations. Equations
2.31 through 2.34, shown below, are the result of the change and are

used in the computation of the initial values of Xmeanr Z covari-

mean’
ance of X and Z and variance of X:

) x

X; X,
X _ J=N-BWer s . (2.31)
mean IBW -1 IBW '
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. =N-[BW+] Jal
) . .32
¥?: Ina = Bw o1 T BW (2.32)
v
ro
= N Bw
: COVxz = E (x.l - ann)x(z.l = Zmew)— E (XJ - xmu.n)x(z.l - chm) 1(233)
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vARX = 2 (XJ - xmnn). - Z(XJ - kmtm). . (2.34)
JaN-[RW+) J=1

the neighborhood.

2.31 through 2.34.

In the previous Section,

computed at the beginning of the computations.

”T'Xmun) - XK - 1.0

The next step in this smoothing procedure is to drop a point from

equations 2.23 through

2.26 were used for this task, but they cannot be used in this section

because the input point counter indicates that negative index valués are

The negative indices

are the result of the last (IBW+1l) point being being used in equations

Thus to keep the point counter on track let

K=N+I-IBW-1 and change equations 2.23 through 2.26 as indicated in
equations 2.35 through 2.38,

respectively. Then in order to drop a

point from the neighborhood, equations 2.35 through 2.38 are used:

“*mean

(IT’(Zmnn) - ZK - 1.0

Zmrtn

COVyz = COVygy—~

VARy = VARy -

o) ; (2.35)
) : (2.36)
ITx(Xk ~ 1.0 —ITX,:.;..)x(Zx = Znew) (2.37)

IT> (Xk - 1.0 =~ Xpeuo)? (2.38)

Cl I ST D

IT -1
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Since a point was dropped from the neighborhood the next adjacent
point on the right boundary of the neighborhood must be entered into
the neighborhood. In the previous Section, equations 2.27 through
2.30 performed this task, but in order to keep the point counter on
track these equations must be modified. Therefore, let K=I+IBW and
the new equations are equations 2.39 through 2.42. Thus to add the

next point to the neighborhood, these new equations are used:

[oT - 1)xxm,.n] - Xx

NXnmean = T V (2.39)
[T = 1% - 2
Zoewg = A , : (2.40)
IT
]T X - xme /\X Z s Zmnn
COVyz = COVyz - X e X1 2 ), (2.41)
IT - 1
IT-(Xg - ann ?
VARy = VARy - (X T (2.42)

IT -1

The results produced by equations 2.39 through 2.42 are then used
in equations 2.18 through 2.22 to compute the smooth Z;, where I=1,
., (IBW+1).

In order to compute the middle smooth ZI values, i.e. smooth ZI
where I=(IBW+2), . . ., (N-IBW), equations 2.23 through 2.30 and
equations 2.18 through 2.22 are used as they are, i.e. no changes

involved.

The computation of the last (IBW-1) smooth Z; values, i.e. smooth
Z; where [=(N-IBW-1l), . . ., N, involves changing equations 2.23
through 2.26 a second time, in order to maintain the point counter on

track. This change is needed because the first (IBW-1) input points
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3 are used to compute these smooth Z; and the point counter must not
exceed N, the number of points to be smoothed. Thus let K=[+IBW-N
and the result of the change is shown in equations 2.43 through 2.46.
Equations 2.44 through 2.46 are used to drop a point from the

neighborhood:
Nmeen = ”Txx’“'l‘fr) — ]XK WL (2.43)
Zmean = “TKZ'“I‘;.’_— lz,( -0 (2.44)
COVss = COVy — IT~(Xg - 1.0 -‘Txr,,;)x(zk = Zomean] (2..45)
VARy = VARy T (X 10 - Xmews)” (2.46)

IT -1

In order to replace the point dropped from the neighborhood, equa-

tions 2.27 through 2.30 are used, but in a different form because of \

the same reason that equations 2.23 through 2.26 were changed above.
Therefore, with K=I-IBW-1 the equations used to add a point to the \

neighborhood are equations 2.47 through 2.50:

(1T = 1% Xaeaa] = X

) . 2.47
xmun IT ' ( )
(IT - 1)~ Zmu.n] -1
7 - [ * (2.48)
meso IT '
IT -~ (X - xmnn) x (Z}( - Zmuu)
COVyxz = COVyz ~ - ; (2.49)

IT -1
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o VARy = VARy - IT"‘T; _ 1{

m!ln)z

(2.50)

--t The results produced by equations 2.47 through 2.50 are then used
o in equations 2.18 through 2.22 in order to compute the smooth Z; where
[=(N-IBW+1), . . ., N. The disadvantage of using abscissa values
from the interval (0.0, 1.0] versus abscissa from the interval [1.0,
‘." 2.0, . . ., N] is that a slight degree of distortion is produced at the
ends of the smoothed Z array. The distortion could be caused by the

\ 1.0 adjustment factor in equations 2.35, 2.36, 2.43, and 2.44.

E. SELECTION OF SPAN

The span value is the parameter that controls the smoothing of a
data set. There exist no set procedures for selecting a span value.
Each data analyst has his/her own method of selecting the span value.
» The analyst's experience with smoothers determines how the span is
L selected. Selection of the span value is basically a subjective process,
.7 where the analyst uses a span value which gives adequate and useful
results. The user of the advanced smoothers should develop a consis-
tent, span selection process. A common procedure used by some expert
j:ﬁ:_f:.' smoothers starts by looking at a scatterplot of the raw data. Then the
analyst looks for periodicity and cyclic changes present in the data.

| This information is then used to estimate the span value to be used in
. the smoothing. For example, if a data set displays a cycle of about 24
- points, then the span to use should be about 24/N, where N is number
of points to be smoothed. This span value is a good estimate because
the raw data is permitted to determine the shape of the smooth results.
Py - This procedure is used in Chapter V of this thesis in the smoothing of

a large set of sea-surface temperatures.

Supersmoother is unique among smoothing algorithms in that three

‘ span values, i.e. SPANl, SPANZ, and SPAN3, may be entered by the
user. Supersmoother will then select an optimal span value within the

range of the smallest span value and the largest span value by using

the method of cross-validation which was explained earlier in this

Chapter. This option within Supersmoother lets the user be very
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flexible in the selection of the span values to use. But the user must
be careful about which span values to use with Supersmoother. It is
best to first try span values of 0.05, 0.2, and 0.5, as recommended by
Friedman and Stuetzle [Ref. 9: p. 9]. This range of span values gives
Supersmoother good coverage of the data. After viewing the results
produced by Supersmoother, the user can adjust the span values in
order to get the desired smooth effect. When adjusting, the user must
bear in mind the bias/variance trade-off discuss earlier in this chapter.
The trade-off being that if the span value is increased, then result is a
smoother looking curve, while the reverse occurs when decreasing the

span value.

No matter what rule is followed to determine the span values used in
Supersmoother, the final smooth results accepted are based on subjec-

tive needs, applications, and preferences.
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P I1I. TECHNICAL DESCRIPTION OF SPLIT LINEAR FIT ALGORITHM
A. OVERVIEW

The Split Linear Fit smoothing algorithm was developed at Stanford
University by John A. McDonald and Art B. Owen. [Ref. 10]. The
Split Linear Fit smoother produces piece-wise smooth curves and thus
will depict discontinuities present in the input data [Ref. 10: p. 1].
:; Most smoothers tend to distort discontinuities because the weighted
B averaging technique used to compute a smoothed point requires a

| continuous underlying function. The Split Linear Fit smoother will not
f-': distort the smooth curve at discontinuous points and does a very good
job of detecting sharp slopes in the input data. This is the reason the
h h Split Linear Fit algorithm is sometimes classified as an edge-detecting
smoother [Ref. 10: p. 2].

The Split Linear Fit smoother is similar to Friedman and Stuetzle's

_—‘_:-". Supersmoother in several ways:

‘:"‘-j 1. every input point receives a respective smooth point;

. 2. the user can enter more than one neighborhood size; in this
z::j: algorithm the neighborhood sizes are called window sizes, where
N window of size K is defined as "a set of K successive point"
N [Ref. 10: p. 2], (window size and span are equivalent terms);
3. the window is shifted to the right by dropping the left
endpoint and then adding the point adjacent to the right
~ '_::_-;.' endpoint;

':';" 4, the method of least squares is used to estimate a straight line
i‘ through the points within the shifting window;

.._ 5. the Split Linear Fit smoother is scale independent.

:}‘. A major difference between the Split Linear Fit smoother and
-\ Supersmoother is the method used to combine the linear fitted wvalues.
" Another difference is that the Split linear Fit smoother does only robust
Ei’-j smoothing.

“a
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:3:'.: The objective of the Split Linear Fit smoother is to produce a piece-
:_-lj wise smoothed curve with minimal discontinuous features [Ref. 10: p.
- 2]. Figure 3.1 shows the Split Linear Fit smoothing algorithm as
- composed of three subroutines:
- 1. the Regression Subroutine;
'.j"-'. 2. the Weighting Subroutine;
3. the Combining Subroutine.
h“"
\.\'
o
» Input
Regression Regression
Subroutine Subroutine
v Weighting Weighting
Subroutine Subroutine
Combining Combining
Subroutine Subroutine
_I:E; Primary Output Final
O L Qutput
)
Figure 3.1 Data Flow in Split Linear Fit Smoother.
:‘f:: Figure 3.1 also shows that the Split Linear Fit smoother uses the itera-
-f-",: tive process once on its output. This is done in order to decrease the
‘ variance in the first set of output, since, as mentioned before, the
v Split Linear Fit smoother only does robust smoothing. If the first set
of output were to be plotted, the curve would appear very jagged.
e Passing the first set of output through the Split Linear Fit algorithm,
- decreases the robustness and variability of the final output.
e 41




.
The number of window sizes entered by the user dictates the
I:S number of times that the input data is passed through the Regression
- Subroutine to produce a family of linear fitted wvalues and residual
values associated with each I, I=1, . . ., N, where N is the number of
points to be smoothed, see Figure 3.2. Each family of linear fits may
3{1' be viewed as a pseudo-distribution of linearly fitted estimated values -of
" an input point value.

N

w Input

N .——{ Select window size

For each input point, compute
linear fitted values and
mean squared residual values

Last
- " No window
- size
*'\ ?
, J
N families of

linear fitted values and
- mean squared residual values
::j: to Weighting Subroutine
Xk Figure 3.2 Regression Subroutine in Generalized Form.
o 42
et




:E‘.‘_éfj The Weighting Subroutine receives the N families of linear fits and
mean squared residual values from the Regression Subroutine and finds
the minimum mean squared residual value within each family of mean
squared residual values. Not all the mean squared residual values
qualify as candidates for the minimum mean squared residual values.
An acceptable mean squared residual value is one that does not exceed
an established cutoff value. The cutoff value used in the Split Linear
Fit algorithm is the wvalue -1.0x10%0,  This value was selected because
it provided a better smooth curve at discontinuities inherent in the
raw, input data than other cutoff values [Ref. 10: p. 3]. The minimum
mean squared residual value is used as a base to compute a weight
corresponding to each of the acceptable mean squared residual values
within the family, see Figure 3.3. These weights are used by the

Combining Subroutine in computing the smooth peint values. The

LABA L i AL
A L e e e
K AT

weights "depend on a measure of the quality of the corresponding linear
fits" [Ref. 10: p. 2]. Quality meaning that the smaller the mean
squared residual value the higher the weight assigned to the corre-
sponding fitted value. The weight assigned to a fitted value is a func-

tion of the following:

1. the corresponding mean squared residual;
2. the minimum mean squared residual, and;
3. the average of the acceptable mean squared residuals within the

associated window.
This weighting procedure is used in order to smoothly integrate discon-
tinuities in the input data with the other smooth points. This proce-

dure is the edge-detector and is the cause of the robust smoothing.

The smooth point value at I is a weighted average of the linear fits
in the family of linear fits corresponding to 1. The Combining
Subroutine combines the weights produced by the Weighting Subroutine
and the fitted values produced by the Regression Subroutine associated

with I and computes the respective smooth point value, see Figure 3.4.

As mentioned before the first set of smooth point values produced

by the Combining Subroutine is itself passed through the Split Linear
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Input from
Regression
Subroutine

=S

For Ith family find
minimum meaon squared
residual vaiue

|

Compute weight
corresponding to
each mean squared
residuagl vaiue in
Ith family

Yoo 15N

N farmihies of
weights to
Combining
Subrgoutine

Figure 3.3 Weighting Subroutine in Generalized Form.

Fit algorithm again in order to reduce the variability. The second set

of smooth point values is the output generated to the user, see Figure
3.1.

B. MATHEMATICAL DETAILS---REGRESSION SUBROUTINE

The Regression Subroutine requires the following user input:
1. N, the number of points to be smoothed;

2. Yl, . YN, the point values to be smoothed (in chronolo-
gical order);

44

TP A e N AL I P

- . . [ . - '-' P -' .." - -
. .- ST e T P T S S "l
B I N T AP AP G A 0 W Y GGy, PEA U 5 W L. LY ST Wy Wy W




22

174 a

R T N N T T g e T e ACaAREa AR piian Pl A At e hadi of e

input from
Weighting
Subroutine

Select Ith family of
57— linear fitted values
and weights

|

Compute Ith
smooth point value

I

I=]+1

?

No
Qutput

Figure 3.4 Combining Subroutine in Generalized Form.

3. Xy, oo . Xy, the abscissa corresponding to the Y values (in
ascending order since the Y are in chronological order);
NTRYS, the number of window sizes to be used;

WNSZy, . . o, WNSZNTRYS' the values of the window sizes;
MNWNSZ, the minimum window size permitted by the user.
The minimum window size, MNWNSZ, is the lower bound set on the
window size. The value of the lower bound should be at most one-half
the value of the smallest window that will be used in the smoothing. If
MNWNSZ is any larger then some smooth points will be dropped from the

ends of the output array, or a plot of the smooth point values will show
distortion at the ends.
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Figure 3.2 shows the Regression Subroutine using a procedure
resembling the iterative process, but each pass of the Y;j values
: through the Regression Subroutine uses a different window size, and
some variables are reset to zero. The purpose of the Regression
. . Subroutine is to compute a family of fitted values and a family of mean

., N. The
Regression Subroutine is shown in more detail in Figure 3.5. The

squared residual values corresponding to each [, I= 1,

Regression Subroutine can be divided into three parts:
X 1. definition of zero and computation of sum of first (MNWNSZ-1)

values and computation of fitted wvalues for I=1,
' (MNWNSZ-1);

A

2. shifting of window and computation of fitted values and mean
' squared residual values for I=MNWNSZ, . . ., (N-MNWNSZ+1);
- 3. computation of fitted values for I=(N-MNWNSZ+2), . . ., N.

The variable EPS is used to define zero for computational purposes.
The interquartile range of the abscissa array is used in the computation

of EPS, as shown by equations 3.1 through 3.3:

JL:E
4

; (3.1)

JR = 3xJL ; (3.2)

EPS= X;p—- A0 - (3.3)

If EPS<0.0 and JR<N, then EPS is recomputed using the following three
;f:'_'-_ rules:

-, 1. if JR<N, then JR is increased by a value of one;

; 2. if JL>1, then JL is decreased by a value of one;
‘_:-_f: 3. EPS is recomputed using the new values of JR and JL and
’- equation 3.3.
L EPS will be equal to zero only if N<3 and if the computer allows index
,; - values equal to zero, otherwise a computer error will result. If this

situation occurs then items 1 and 3 from above will apply. Since the X1

" values are in ascending order, EPS will have a value greater than zero
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after the first recomputation of JR. After EPS has been defined as
being greater than zero, it is adjusted using equation 3.4 in order to

define zero for computational purposes:

EPS = (EPS x1.0x107'9? (3.4)

In order to fit a linear model on the window endpoints and central
point, slope, and y-intercept values of the model must first be
computed. The parameter MNWNSZ dictates which input point values
will be used to compute the initial slope and the corresponding
y-intercept value. The first MNWNSZ values of the input data are used
to compute these necessary values. The first (MNWNSZ-1) values of
the input data are used in equations 3.5 through 3.10 to compute the

basic sum values to be used later and increment a counter which keeps
track of the input points: .

MNWNSZ-1
SUMy = X ; (3.5)
l=1
MNWNSZ-1
SL..\iy = E \'I N (3.6)
1=1
KOUNTER = MNWNSZ - 1 ; (3.7)
MNWNSZ-1
SUMxsq= 2 X/ (3.8)
1=1
MNWNS2-1
SUMysq= ¥ Y/ (3.9)

I=1
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:
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+
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[Delete left endpoint from window |
!

Add next

Last
window
size
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Qutput to
Weighting

Subroutine

Figure 3.5 Data Flow in the Regression Subroutine.
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MNWNSZ-1
SUMyxy = E (XyxYy) . (3.10)

1=1

For each I=1, ., (MNWNSZ-1), the right endpoint fitted value and
the mean squared residual value are set to the wvalue of —l.OX1030.
This is done so that the Weighting Subroutine will assign a zero weight
to the left endpoint fitted values and the mean squared residual values
corresponding to these I. Therefore, the smooth values corresponding
to there I values are computed using a smaller window [Ref. 10: p. 3].
This procedure does not use the window concept that is mentioned
below. This is done to avoid computer errors since most of the points

in the window corresponding to these I will have negative index values.

Figure 3.5 shows the iterative process that is used to compute the
family of fitted values and the family of mean squared residual values
corresponding to I, I=MNWNSZ, . . ., (N-MNWNSZ+1). The first step
determines the window central point and the endpoints that correspond
to I. For ease of understanding, let K be the number of successive
points in the window. If K is odd then the central point is equivalent
to the median of the window and has L (K/2) neighboring points to the
left and right of it. If K is an even number, then the central point is
will have [(K/2)-11 neighboring points to the left and (XK/2) neigh-
boring points to the right, thus the central point is the point to left of
the window median. The index of the right endpoint will always be
equal to I. If K is odd, the index of the central point will be equal to
[I- L(K/2)], and the index of the left endpoint will be equal to
(I-K+1). If the value of K is even, the index of the central point will
be equal to [I-(K/2)], and the index of the left endpoint will be equal
to (I-K+1). Point values that have corresponding index values that are

negative or zero are not included in the linear fit.

The next step adds the ith point to the window and uses the
method of least squares to estimate the straight line through the points
in the window. The procedure for adding the Ith point to the neigh-
borhood adds the values produced by equations 3.5 through 3.10 to the
X1 and the Y values using equations 3.11 through 3.16:
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SUMy = SUMy = X, (3.11)
SUMy = SUMy - Y, ; | (3.12)
KOUNTER = KOUNTER + 1 ; (3.13)
SUMysq = SUMysq = X{* (3.14)
SUMysq = SUMysq + Y7 ; (3.15)
SUMyy = SUMXY"‘*' (XixYy) . (3.16)

Next the mean of the sum values computed by equations 3.11 through
3.16 is computed using the value of KOUNTER as the denominator in
equations 3.17 through 3.21:

MEAN SUMx '
MEAR = KOUNTER (3.17)
SUMy
N A. = A ———— M 3. 18
MEANY = YOUNTER ° (3.18)
Nysg = ———— 3.19
MEANxse = {GUNTER ( )
) SUMysq
MEANysq = KOUNTER (3.20)
SUMyy
MEANygy = ———e— .21
MEANXy = KOUNTER (3.21)
The variance of the abscissa is derived by equation 3.22:
XVAR = MEANysq - MEAN] (3.22)

The method of least squares is used to compute the slope and the

y-intercept of the straight line fitted to the points in the window. The
results produced by equations 3.17 through 3.18 are used to compute

the coefficients of the straight line that is fitted to the points within
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= the window. If XVAR<0.0, then the slope of the straight line, SLOPE,
o is zero, i.e. SLOPE = 0.0, otherwise the value of SLOPE is computed
)

K with equation 3.23:

MEANxy — (MEANy x MEANy)
S = . .
LOPE VAR (3.23)

The y-intercept of the straight line is computed using equation 3.24:

INTER = MEANy - (SLOPE » MEANy) . (3.24)

(]
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The mean squared residual value about the fitted line is computed with

equations 3.25 through 3.28:

MEANgsq= A+ B+ C ; , (3.25)
where

A = MEANysq ~ (2xINTERXMEANy) — (2xSLOPExMEANyy) ; (3.26)

B = INTER? + (2xINTERXSLOPExMEANy) ; (3.27)

C = MEANysqxSLOPE?® . (3.28)

The window central point and endpoints are fitted to a linear model
using the slope and the y-intercept value computed above to produce
the fitted value FITIWP, where I= current I'B value, W= current window
size, and P= left endpoint, central point, or right endpoint. The mean
squared residual value, MSQRyyp, is computed using the computed local
linear fit coefficients, the X and Y; values, and the counter value in

equations 3.29 through 3.31:

FITiwp = INTER ~ (SLOPExX}} ; (3.29)
RES = Y; - FITiwp s (3.30)
51
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. (KOUNTER xMEANgsq ) - RES?
LT \ = 3.31
- 15QRwe KOUNTER - 1 ( )
After FITIWP and MSQRyyp have been computed for the ith
~ window's central point and endpoints, the window must be shifted to
. the right. The Supersmoother algorithm uses the same procedure as
' the Split Linear Fit, i.e. dropping the left endpoint from the sum
values of equations 3.11 through 3.16 and then adding the entering
— point to these same equations. Let IL be the index of the left
S endpoint, then this point is dropped using equations 3.32 through 3.37:
\ SUMy = SUMy - N ; (3.32)
SUMy = SUMy - Y ; (3.33)
KOUNTER = KOUNTER - 1 ; (3.34)
SUMysq = SUMysq - Xg (3.35)
Sl"\"YSQ = SL\iYSQ - \'Ii ’ (336)
SUMyy = SUMyy - (Xg ~ Yo) . (3.37)
Next, I is incremented by one and, if IS(N-MNWNSZ+1), equations 3.11
' through 3.16 are used to enter the new ith peoint into window.
. Equations 3.17 through 3.37 are then repeated using the new values.
This procedure is continued until I>(N-MNWNSZ+1).
~Q When I>(N-MNWNSZ-+1), the left endpoint FIT;yp and MSQRpyp
o values corresponding to the values of I are set equal to -l.OXIOBO, SO
e
P that these fitted values are assigned no weight in the Weighting
i::-f: Subroutine. This procedure was used for I= 1, . . ., (MNWNSZ-1) at
m the beginning of the Regression Subroutine.

If the user entered more than one window size, then the input data

is passed through the Regression Subroutine with the next window size.
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The sums and counter of equations 3.5 through 3.10 are initialized to
zero before repeating the Regression Subroutine. After the last window
size has been used, each window will have contributed a total of six
values to each I, i.e. three linear fitted values and three mean squared

residual values.
C. MATHEMATICAL DETAILS---WEIGHTING SUBROUTINE

The objective of the Weighting Subroutine is to compute a weight
which is indicative of the degree of goodness of fit of each linear fitted
value, FITIWP, with respect to a line with slope equal to one. Figure
3.3 shows the procedure followed by the Weighting Subroutine. As
noted in the figure, each family of mean squared residual wvalues is
used one set at a time. The following data is transferred from the
linear Regression Subroutine:

1. N,the number of points to be smoothed;

2 NTRYS, the number of windows used in the smoothing;

3. N families of mean squared residual values, MSQRIWP;

4 N families of fitted values, FITIWP.

The Weighting Subroutine is executed once for each family of mean
squared residual values. The Regression Subroutine produced a family
of (3xNTRYS) mean squared residual values corresponding to each I.
For computational feasibility a lower bound of -1.0x10%0 is set on the
values of mean squared residual, i.e. the MSQRIWP' Each MSQRIWP
value is compared against -1.O><1030, and the MSQRIWP values less than
or equal to -1.0><1030 are marked as unacceptable. These are not
considered in the search for the minimum MSQRIWP within the Ith family
MSQRyyp. The minimum MSQRyyp corresponding to I is found by doing
a comparison between the acceptable MSQRIWP values in the Ith family
of MSQRIWP. The expressions listed below are used by the Weighting
Subroutine on each family of MSQRIWP:

1. MIN is the minimum MSQRIWP in Ith family ;

2. LAMBDA is the sum of MSQRyp greater than -1.0x10%C;

3. LAMBDA is divided by the number of MSQRyyp greater than

-1.0x1030 ;
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4. LAMBDA is then reduced by the value of MIN.
If the value of LAMBDA is less than or equal to zero, then LAMBDA is
not modified, otherwise LAMBDA is recomputed using equation 3.38:
LAMBA = —2 (3.38)
’ LAMBA
If the value of MIN is positive, MIN is not changed, otherwise it is

made a positive value using equation 3.39:
MIN = 1x10710 . (3.39)

The last step in the Weighting Subroutine is to compute a family of
weights which indicate the goodness of fit of the linear fitted wvalues,
FIT{p, using the corresponding family of MSQR[p values. The
MSQRyyp values which are less than -1.0x10%0 cause a weight of zero
to be attached to the corresponding fitted value, FITIWP'. The reason
for this occurring is that these values are considered unacceptable
based on the established cutoff wvalue discussed in Section A of this
chapter. If the MSQRIWP value satisfies the cutoff rule, then a weight
will be computed indicating the goodness of fit of the corresponding
FITyp- The weight is a function of the quality of the corresponding
MSQRyyp value. TEMP indicates the degree of quality and is computed

using equation 3.40:
TEMP = LAMBA - (MSQR;wp — MIN) . (3.40)

Recall that the smaller the value of MSQRIWP, the better the wvalue
of FIT[yp- In other words, small values of TEMP indicate a good
FITIW-P value, therefore, these fit values receive high weights. Three
conditions are used in assigning a weight that to each acceptable
MSQRyp:

1. if TEMP<0.0, then WT,p = 1.0;

2. if 0.0<TEMP<1.0, then the weight is computed using equation

3.41:
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WTiwp = (1.0 - TEMP)? ; (3.41)

3. if TEMP21.0, then WTy,p = 0.0.
According to the Split Linear Fit developer, equation 3.41 results in
"smooth transitions between zero weights and small non-zero weights"
while other functions tend not to have the desired effect [Ref. 10: p.
3]. Recall that the Weighting Subroutine is repeated for each family of
mean squared residual values and that the output is a family of weights

corresponding to each I.
D. MATHEMATICAL DETAILS---COMBINING SUBROUTINE

The objective of the Combining Subroutine is to compute the smooth
point values. The following data is transferred from the Weighting
Subroutine:

1. N, the number of points to be smoothed;

2. NTRYS, the number of bandwidths used in the smoothing;

3 N families of fitted wvalues, FIT|ywps '

4. N families of weights, WTIWP'

Before using a FITp,p value in the following computations, it is
compared to the value -1.0x1039, FIT{yp values less than or equal to
-1.0><1030 are marked as unacceptable and not used in the computations
of the corresponding smooth value. Using each family of WTyp and
FIT}p, the Combining Subroutine computes a weighted average of the
linear fitted values, FITpp. The first step in computing the th
smooth point is to use the corresponding family of FITp and WTiwp

values in equations 3.42 and 3.43:

RSUM

SEF!T;WP. fOl‘ ]= 12\‘ . (342)
w P

WSUM

]

EWT/WP' for I=1.2,....\' ' (3.43)
P

If WSUM?.I.OXIO'IO, then the Ith smooth point is produced by equation
3.44, otherwise SMOOTHj equals -1.0x1030.
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Next, I is incremented by one, and the Combining Subroutine is
repeated using the new value of I and the corresponding families of
FITIWP and WTIWP values. This procedure continues until I>N. If
these smoothed point values were plotted, the plot would show too many
peaks and would appear very jagged. In order to alleviate this
problem, these smoothed point values are used as input data to the
Regression Subroutine, and the Split Linear Fit algorithm is executed
one more time. The output of the second pass does not have as much
variability as the output from the first pass and is thus more useable

for data reduction.
E. SELECTION OF WINDOW SIZE

The section on selection of span value in the previous chapter
applies in this chapter to a great degree. Window size and span value
are equivalent terms, and both affect the smoothing to a great degree.
Since both the Supersmoother and the Split Linear Fit use local linear
regression, the relationship between a window size and the degree of
smoothing can be explained by equation 1.4, The effect on the residual
values caused by varying the window size in equation 1.4 must be kept
in mind when selecting a window size, i.e. remember the following:

1. large window sizes produce a smooth plot;

2. small window sizes produce a not so smooth plot.

What equation 1.4 is illustrating is that the degree of smoothness is the
result of a tradeoff between bias and variance in the resulting smooth
plot since it is an estimation of a function in the presence of additive
errors [Ref. 10: p. 1]. A satisfactory trade-off between bias and
variance is difficult to obtain. Better decisions can be made by looking
at a plot of the smooth output. Therefore, the user of a smoothing
program should plot the smooth output and then decide if the results
satisfy his/her needs and desires, otherwise the smoothing program is
run again with a different window size. Some people want and need
very 'smooth' and highly biased results while others want results on the

other extreme, i.e low bias and high variance.
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The above paragraph explains in general the effects produced by

using one window size, but the Split Linear Fit smoother can accept
more than one window size. By using more than one window size the
desired smooth output may be found in less time than if a single window
size had been used. The reason for this speed is that the Split Linear
Fit algorithm has more information about the shape of the raw data,
than when only one window size is used, i.e. a pseudo-distribution of
fitted values about each raw point is produced. Then the smoothed
point is computed using this additional information, i.e. a weighted-
average of the fitted wvalues. But the user needs to apply the basic
relationship between window size and degree of smoothness stated in the
above paragraph in selecting a set of window sizes, i.e. a set of 'large'

windows will produce a smoother effect than a set of 'small' windows.

According to McDonald and Owen it is best to use a set of three to
five consecutive odd window sizes [Ref. 10: pp. 2-4]. A mixture of
small and large window sizes will result in centrally smooth point values
with a slight degree of variability. In order to be able to accurately
trace the curvature of the input data, it is best to do the following:

1. roughly measure the periodicity of the input data;

2. use this value as one of the window sizes to be used in the
smoothing;

3. select the other window sizes with respect to the value of the
periodicity.

For example, if the periodicity of the input data is estimated to be 27,
then 27 is used as an input window size and the other window sizes
may be 23, 25, 29, and 31. Or the periodicity value may be either the
smallest window size or the largest window size while the other window

sizes are selected with respect to the periodicity.

The other factor that has great influence on the smooth output
produced by the Split Linear Fit is the minimum window size, MNWNSZ.
If this value is too large then the smooth output will not be what is
expected. It is best to keep the value of MNWNSZ at no more than

one-half the value of the smallest window. This subject will be
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IV. EVALUATION OF THE ADVANCED SMOOTHING ALGORITHMS

A. GENERAL

As stated in Chapter I, a smoothing algorithm may be compared to a
low-pass filter which is designed to do the following:

1. filter out "noise" from a data set and;

2. estimate the underlying functional relationship present in the

given data set.

Before proposing a 'good and efficient' smoothing algorithm to an indi-
vidual, the user must be shown that the 'good and efficient' smoothing
algorithm is robust. In other words, it is necessary to illustrate that
the smoothing algorithm performs well with most data sets, whether the

underlying function is either of the following:

1. simple like a linear function or a simple trigonometric function,
or;
2. complex and is very difficult to define mathematically.

In this chapter, the input data sets used with the Supersmoother
and the Split Linear Fit smoothing algorithms are generated from simple
known functions with Normal (0,1) "noise" added. The GRAFSTAT
[Ref. 12] functions used to generate the pseudo-random Normal (O,1)
deviates are given in Section 1 of Appendix C. The output produced
by these algorithms is evaluated in order to do the following:

1. observe how well the Normal (0,1) "noise" is filtered by the

smoother, and;

2. determine how well the true function is extracted and depicted.

In this chapter the input data sets have a constant variance of 1.
In the next chapter the input data set dose not necessarily have a
constant variance, because it is real, and the unknown underlying

function is probably too complex to define succinctly.
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B. METHODOLOGY

There is no established procedure to follow in testing the efficiency
and effectiveness of a smoothing technique/algorithm. Since the
adequacy or usefulness of he smooth output is largely based on the
user's subjective judgement of the shape of the smooth curve, i.e. a
plot of the smooth point values, the most effective method is to compare
the output produced by the new algorithm to the output produced by
previously validated, widely used, and well liked smoothing algorithms,
e.g. LOWESS [Ref. 3: pp. 94-1Ci]. The following procedure is used to
evaluate the Supersmoother and the Split Linear Fit smoothing
algorithms:

1. explain and display the data set to be smoothed;

2. display and explain the smooth results produced by the base-
line smoothing techniques/algorithms, 1i.e. Least Squares
Regression, Equal-Weight Moving Average, Cosine-Weighted
Moving Average, and LOWESS;

3. display and examine the smooth results produced by the
advanced smoothers;

4. compare these results to the previously discussed results from

2 above.

The GRAFSTAT graphics package [Ref. 12] was used to generate all
of the graphs in this thesis. GRAFSTAT was also used to do the Least

Squares Regression and the Equal-Weight Moving Average smoothing.

The Method of Least Squares tries to standardize the curves that
can be fitted to a data set. The measure of performance that is used
with this global fitting technique is the sum of squared residuals. The
Method of Least Squares produces a smooth curve which closely approx-

|

o imates the given set of data points and which minimizes the sum of
L.‘.‘

b

o squared residuals attainable with the chosen global curve. For more
,‘_.g explicit details see Spiegel [Ref. 13: pp. 258-305]. GRAFSTAT lets the
user select the type of curve that should be fitted to the given data
; set. The following listed curve fits which use the Method of Least
h‘ Squares were used in this thesis and are available in the GRAFSTAT
‘.'.':3 graphics package:
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1 linear curve fit;

2. quadratic curve fit;

3 third degree polynomial curve fit, and;

4. Spline fit.
Least Squares Regression with linear fit is a technique of finding the
linear equation which fits a data set and minimizes the sum of squared
residuals. Least Squares Regression with quadratic fit does the same,
but the data is fitted to an second degree polynomial equation, i.e. Y =
AX2 + BX + C, where A, B, and C are the estimated coefficients, X is
the abscissa corresponding to the data being smoothed, and Y is an
estimate of the data being smoothed. Least Squares Regression with
third degree polynomial curve fit is also basically the same as previous
two techniques, but the equation being fitted to the given data has the
form of Y = AX3 + BX2 + CX + D, where A, B, C, and D are the esti-
mated coefficients and X and Y are the same as for the quadratic fit.
For more details about Least Squares Regression with either linear fit,
quadratic fit, or third degree polynomial fit see Spiegel [Ref. 13: pp.
258-305]. All of these techniques use global curve fitting, i.e. the
curve js fitted to the given data as an entity. The Spline fit on the
other hand uses local curve fitting in order to produce the smoothest
possible curve with the sum of squared residuals value less than or
equal to a parameter entered by the user [Ref. 12]. The