AD-A162 574  THE ASYMPTOTIC BEHAVIOR OF AN EXPONENTIRL-TYPE SERIES 11
g (U) NAVAL WERPONS CENTER CHINA LAKE C

W O RLLTOP ET AL OCT 85 NWC-TP-6662 SBI-AD- EQBB 528
UNCLASSIFIED




|
<
|
§

o sl
— Ié-’ m m:
i -
= K2
li2s flis ws

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A
’

bt 3, \ Py 1:’;‘.’1.\-\4 PEJ A hV AR !'.am:\

A el

TN




. ST AR A At b eoh e A o i SR ek w-v.aw.w.u‘mr.u B A M N L N L R R e e R N e A WA L R W N e o X Y
‘ ' - ‘ : 2
§§ ' - i 9 —>

V, o NWC TP 6662

AD-A162 574

—

‘Approved for public relesss; distribution
s uniimited.

I
gue fILE COPY

i I | 85 12 4 041

R R R e R e e T T PRI T AR IR RN AR



'.-‘-, bbncli ﬁ.. > B, W 000 Wl Sl 6, & " A0 i 0 W 4 Byl S B i R, e, P g8 gt BT N by N, WAV By i el et 0 el el 2ot e 0 0 U R A0 A SR SR BNG GO OO S, B gl P B, R w5 @ it e
* SR AN ES > '
3 . - > 4
' / " -
4
q
."'
l:‘
3
0]

; Naval Weapons Center

" ’
;
X FOREWORD
£
! This report describes mathematical properties of a function arising in a laser
1 backscattering study. The work was performed at the Naval Weapons Center, China Lake,
8 Calif., during 1985 under Program Element 61152N, Task Area ZR000-01-01, Work Unit
b 138070.
‘ f The report has been reviewed for technical accuracy by D. T. Gillespie.
ﬁ The authors wish to acknowledge several helpful discussions with H. N. Browne, Jr., D.
K T. Gillespie, and J. M. Martin of NWC. ‘
i@
. Approved by Under authority of
. E.B. ROYCE, Head K. A. DICKERSON
0 Regearch Department Capt., USN
P 23 September 1985 » Commander
!
Y Released for publication by
B. W.HAYS
Technical Director

NWC Technical Publication 6662

A Moty By

Publishedby . . . . . . . . . . . .. .. . . . Technical Information Department
rd Collation . . . . . . . . . . .. .. ... .. ... ... Cover4leaves
- Firstprinting . . . . . . . . . . . . . . .. . ... ... 30 copies
K]

"
e
:
i.|
g

'"a«...wmmmmmmmmmﬁ 7 X ST ”Mﬁﬁﬂﬁﬁiﬁﬁﬁm



3
UNCLASSIFIED
;ﬁ’ SECURITY CLASSIFICATION OF THIS PAGE
it
9:: REPORT DOCUMENTATION PAGE
:|: 1a REPORT SECURITY CLASSIFICATION b RESTRICTIVE MARKINGS
fta UNCLASSIFIED
2a SECURITY CLASSIFICATION AUTHORITY 3 DISTRIBUTION/AVAILABILITY OF REPORT
Iy A Statement: approved for public release;
[ 2b DECLASSIFICATION / DOWNGRADING SCHEDULE distribution is unlimited.
7" 4 PERFORMING ORGANIZATION REPORT NUMBER(S) 5 MONITORING ORGANIZATION REPORT NUMBER(S)
" NWC TP 6662
. 6a. NAME OF PERFORMING ORGANIZATION 6b OFFICE SYMBOL 7a. NAME OF MONITORING ORGANIZATION
’|; ) (If applicable)
’:Q Naval Weapons Center
15t
‘: 6¢ ADDRESS (City, State, and ZIP Code) 7b. ADDRESS (City, State, and ZIP Code)
ke China Lake, CA 93555-6001
. 8a. NAME OF FUNDING / SPONSORING 8b OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
5, ORGANIZATION (if applicable)
\ Naval Weapons Center
“‘ 8c ADDRESS (City, State, and ZIP Code) 10 SOURCE OF FUNDING NUMBERS
p PROGRAM PROJECT TASK WORK UNIT
China Lake, CA 93555-6001 ELEMENT NO I NO NO NO
e 61152N ZR000-01-01 138070
;§ ‘ 11 TITLE (Include Security Classification)
;:_.‘,‘ THE ASYMPTOTIC BEHAVIOR OF AN EXPONENTIAL-TYPE SERIES
‘ 12 PERSONAL AUTHOR(S)
Alltop, William O. and Charles S. Kenney
:- 13a. TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Year, Month, Day) ['S PAGE COUNT
[ j Final FROM 85 Jan  to 85 June 1985, September 6
B 16 SUPPLEMENTARY NOTATION
-
I
\ 17 COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
1 ’ F'E:Z GR(())lUP SUB-GROUP Laser Backscatter, Convex Functions, Exponential Series
:
Y 19 ABSTRACT (Continue on reverse if necessary and identify by block number)
S
S .
(U) The limit of a certain function of three variables is shown to be exponential in one variable and
2 independent of the other two. The function is a generalization of an infinite series arising in the calculation
:' of backscattering of sharp laser pulses in an infinite cloud of isotropic scatterers. Convexity of the function
. in a particular region enables the evaluation of the asymptotic behavior without extensive algebraic manipulations.
]
¥
5
K
o
: 20 DISTRIBUTION /AVAILABILITY OF ABSTRACT 21 ABSTRACT SECURITY CLASSIFICATION
. Kluncrassisieounumited [ SAME AS RPT CJomnc userS Unclassified
0 223 NAME OF RESPONSIBLE INDIVIDUAL 22b TELEPHONE (Include Area Code) | 22¢c. OFFICE SYMBOL
,s William O. Alltop 619-939-3034 NWC Code 3807
W DD FORM 1473, 84 MAR 83 APR edition may be used until exhausted SECURITY CLASSIFICATION OF THIS PAGE

All other editions are obsolete

3 UNCLASSIFIED




’l
0
]

[
{
[}
¥

o

w Gl bk = ek e it i Uit SRACASLIR Tl aed it bt i agt B Vel VARt Ay By R b AN T T e St i A R L T E L R s

NWC TP 6662

1. INTRODUCTION

The purpose of this report is to show that

lim|e *E(x,a)| =1 for —1 sa<1 (1)
x—m
where
@ k
E+1\"x
E(xa) = > ( ) — for x>0 andalla
ico ¥ k!
More specifically, we will show that
a
e“*+a<Exa)se’+ —e” for 0sa<l (2)
x
and
a
e+ —e"<Exa)<e+a fir —1 =a<0 3)
x
As a corollary to Equation 1 we have
lim |[x fe "S)| =1 4)
X~—»®
where
@ xk
= N : D
SG) = k}_o(k+l) o =By

Indeed it was an investigation of the asymptotic behavior of S(x) that led to this study.

The series S(x) arose in a calculation of time-dependent backscattering of sharp laser pulses in
an infinite cloud of isotropic scatterers (Reference 1). More specifically, letting x denote the time
(suitably nondimensionalized) after pulse emission, it turns out that the intensity of the total
backscattered signal at times x > > 1 is approximately proportionalto x “e * S(x) where
a 2 1. A sensible interpretation of this result evidently requires a knowledge of the behavior of S(x)

for large x. The limit (Equation 4) implies that the backscattered intensity at times

x> > 1is proportional to x *?e ® ",
1
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In Section 2 we prove Equations 2 and 3 by considering E(x,a) as a function of a for fixed x > 0.
This turns out to be a convex function which is easily evaluated at a = —1,0 and 1. These values
together with the convexity property yield Equations 2and 3.

In Section 3 we prove the slightly improved inequality

E(x,}) = (1+x e

This results from manipulating the series for (E(x,1))%

In Section 4 E(x,a) is generalized by the addition of one parameter, and the corresponding

generalizations of Fquations 1 through 3 are proved. Throughout it will be assumed that x > 0.

2. BOUNDSFOR E(x,a)

For all a and fixed x > 0, the series representation for E(x,a) can be differentiated term by

term with respect to a due to uniform convergence.

“ (k+1\® (k+1\2
E'(x,a) = Z( )ln( )L—'

k=0 X X

2 (R+1\°] [k+1\]2¢
E'(x,) = Z( ) ln( ) —

koo x x k!

E(x,a) is a convex function of asince E"(x,a) > 0 for all a. It is easy to show that E(x,~1) = e - 1

and E(x,0) = e'. The following steps show the less obvious evaluation of E(x,1):

i (k+l )x_"_
k=0 k!

X

E(x,1)

1 2 1 Pl
= -+ l+—> '
x k=1 k/ (k=12
o k-1 o _k
1 -~ X le: X
=+ 2oty a
x k=l( -1 xk:lk'
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=e" + lex
x
For fixed x we have points P(—1), P(0), and P(1) on the curve FE = E(x,a) in the aF - plane:
P(-1)=(~1,e'=1)
P(0} = (0,e")
P(1) = (1,e' +e'/x)
Letting L, denote the line joining P(k = 1) and P(k) for k=0, 1, we obtain the following equations
for L:
L:E=e+a

Ll: E =e'+ ae'/x

Since E(x,a) is convex and the three points P(k) lie on the curve E = E(x,a), the curve must lie

between L, and L intheinterval —1<a=< 1. This proves Equations 2 and 3.

3. ANIMPROVED UPPERBOUND

For the case a = }, the upper bound in Equation 2 can be slightly improved by computing
(E(x, D).

® k y.r y k—r
S+l 0\ (k=r+1 x
Ennf= X X () 55 5
k=0r=0 X r. X 7 k=1
o k-1 k
~ X [ k>
=2 = }_( )[(r+1)(k-r+1)|*
— O r
k=0 r=0 Accesion For
For0sr<sk, NTIS CRAG]
k+2 2 DTtC TAB
r+1)k—-r+l) s (—2— ) Ui anrourced

J.dification

R

with equality holding for r = k/2. Therefore, i
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. » k-—l k
. k+2 (-~ [k
Siag (F(x,,)) <\ i ' (——)}_( )
}: k=0 : 2 r=0 r
:;::: ® k-1 » -1
", C X k+2 @x*
=N - (T>2k: }_— (k+2)
" ‘. k=0 : k=0 k!
N .
Ehe
. - 0 o k
«.',3 1 \ (Zt) \a (2x)
P = -+ 2
B x k:l(k—n! x oy k!
1 1 1 .
=—+e¥+ —(F-1) = (1+-) &
‘:..ﬂ' b4 X X
o It follows that
ol .
‘ 1y, x 1 x
Exy < {1+ —)’e < 1+—)e
e x ~ 2x
&
e §
e 4. AGENERALIZATION
A
val
bt Let E, (x,a) be defined by
b :
Cofkh+A 2t
a0 EA(x,O)Z 2_( ) -
Y k=o' * k!
&;“& for A =1 andall a, sothat E(x,a) = E (x,a).
,‘d- For fixed A and x, E (x,a) is a convex function of a, assuming the following valuesat a = —1,
L : 0, and 1:
>
!\- T
,x E(x,-l)=e¢' - F (x)
At E (x,0) = ¢
e E (x,1) =¢ + Ae'/x
] where ' .
oY n k
] . 1 X
\ Fo=@A-1 (———)—-
\. ‘ ey RHA-1/R!
..'
Defining the three points P(~1), P(0}, P(1) and the lines L and L., asin Section 2, we have the
‘g following equations:
N
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L; E=¢e+ QFA(I)
Ll: E=¢e" + aAe'/x

The curve E = E (x,a) is bounded by L, and L, inthe aE-plane. Itfollows, as in Section 2, that

aA
e’+aFA(x)SEA(x.a)Sex+ —e" for 0=sa=<i
X

X QA X kY 2]
e+ —e SEA(x,a)Se +QFA(x) for =1 <a<0
X

and

lim =1 for — I <a<land A =1

X—r®

e"EA(x,a)

We also obtain the following bound for F (x):

A X
FA(x)S—e for A= 1
x
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