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Abstract
Shared variance can be expressed graphically by
overlapping circles. A procedure (s presented for
locating the circles so that the graphical and statistical
relattions correspond exactly, The procedure i§s extcudeé

to represent part and partiasl correlations between threc

variables,
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-~ Abstract

- can be expresased graphically by

' A procedure i3 present for

".- ) locating the cirdles so that the graphical And statistical
' A dnd exactly. The procedyre is extended.
to represent part § nd partial correlatighs between threc
' & variables.
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N

:> The widespread availadbility of computatfenal yraphtics
for personal computers has greatly increased the potential
for visual displays of data. The display of patrwilse
correlations between two and three varjables is of special
tnterest to psychologists. To motivate the subscqguent
develeponent, corsider a case that arosc in our own
Laboratory. Colleygc students particlipatec¢ in three tasks,
an auditory dichotic listening task, a visual scanntry
task, and an aricthaetic task. The correlations between

\
!
tne tasks were

(auditory, visual ) = &2
{auditory, arithmentic) = AT

£ S il
. (visual, arjthmetic) = .30
™ Qur interest was in the extent to which variance was
shared between pairs of tasks, with soxe portion of the

- -~
varjiance in the third task f:eld cpnstant'T Part and
rartial correlatjons may be used to expre=. the
statistical relations. However this method of
D taed supgparjzation was not appropriate for verbdbal presentations

of our results, especially to audiences who were not

fawiliar with advanced methods of correlational analysis.
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\
N,

_-~ An alternative to the statistical summary is to use a

visual display, in which the variance of each variable is
represented by a circle. Shared variance s represented
by the overlap between two circles. If three variables
are represented the resulting figure is called 2

}jjianiing*\\\Several authors have advocated their use to

L

i

represent covariétigﬁ in three vartfable problewus (e.;.

=Y /.Av Cohen and Cohen, 19755;3>The ballantine is a usectul
display of shared and unique variance because each
component of varjiance can be ideantified visually i{n the
geometric form. Th}s can be seen in Figure 1, which is a

A
ballantine representation of our data. The various part

and partial correlations can be expressed in terms of the

-"3§hdi»uv%ﬂu regions of overla? (a' 1@ 4,4 s.and ay ) shown in the

figure.

Figure 1 here

Obviously, ballantines are generated l'rom siuplur
"two circle" figures that represent the
variance-covarjiance relations between two variables, X and
Y. This ls shown in Figure 2. If representations such as

Figures 1 and 2 are to portray data accurately the
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Ballantines Page 5

preparation of a circle's area lying in the intersection
region (Region A in Figure 2) should be exactly equal to r2
, the squared correlation between the approprlatq
variables. In fact, the ballantine of Figure 1 does
fulfill this condition for our data. Figure 2 exactly
represents the correlation between the auditory and visual
detection measures. The purpose of this note is to

explain how such figures may be constructed.

Let the circles X,Y, and Z stand for the variances of
three variables, x,y, and z. Let the circles have a
constant radifus, R. This "visually standardizes" the
variables by representing Var (x), Var (y) and Var (z) by
circles with area WPQ B Two circles X, Y are said to
be placed correctly with respect to each other {f and only
if the overlapping area contains the proportion of each
circle equal to the squared correlation coefficient. In

the case of Figure 1, area A 13 equal to

) A= /‘;y mr*
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The area of intersection of circles X and Y, totn of
radius R, 13 determined by the length of line L between
the ceater of circle X (Cg) and the center of the circle Y
(cj). 1.8, by L‘yll. This 1s shown in Figur. 2.
Therefore, for fixed Cy, anay be located anywhere on the
circle of radius Liucenterod on C‘ . If we adopt the
conventions that L’3 be horizontal and that ¥ always lies
tc the left of y; the locus of circle Y i3 thus detercined

once I is located and LX5" determined,

The position of the third circle of a ballantine can
te determined in a similar way. The center of circle
{representing the variance of varjiable z) msust lie on the
circunference of a circle of radius Ly,, centered on Cy
and on the circumference of a circle of radlu‘s L’,_
centered on CJ“ Since two non-identical circles intersect
at either two or no points, there are two possible
ballaatines when the three variables share comcoa
varisace. In ome of these, circle Z lies above the line L,,3

, In the other it lies bdelow it. Either figure wuld be an
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Ballantines rare 7

appropriate ballantine., Here circle Z will always lie

L 4
below the horizontal. These relations are shown n Fjigure

5.

For the sake of coppleticn two degenerate cases must

r

be oentioned. ithA 1, then circles X and 2 are

13’
identical (Lx5 t 0), and similarly for X 2nd Z and Y and
Z. IfA,q = 0, then L 22R, 3o that circles X and Y do
not overlap. By convention the relation l'.),5 = 2R will te
used, 30 that the circles for variables that do not share

common variance will lie next to each other without

overlapping.

Flgure &

An algorithw for determining the length of ng will
now be presented. The fdentical algoriths, with a change
of variable names, applies to L" and L" . Developlng the
algorithme 13 basically an exercise in high school

trigononetry,
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The algoriths will be described by referring to the
lines and angles shown in Figure 3, Consider the segment
bound by line 4B and arc b . This has area 1/2 A, where

A is the area of overlap, The value of A {3 defined bdy

(2) 172 A = /2 l‘(O(-SI.n(O'\ )) (Burington,

1948).

wvhere o 13 peasured by radians,
For a 'standard' circle, with R=1, sgquation (1) wuway

be aubstituted into (2). Thean, simplifylag,

(3)/!:5 TN = -SSR )

3
liote that If A s 1o{ has the value of 7 (in

Y

radians). At this point the two circles will be

*
identical. At the other exirene, H‘A’ is zerook =0.

¥

This establishes limits on ,)\

Equation (3) definesol lmplicitly, a3 a
X .
transcendental function o(’/L‘y . the value of A for a
rs
given value o!‘/&xJ may be approximated to any desired
degree of accuracy. The existence of a unique solution i3

ensured by the fact that the quantity (o\— $in (o{ ))

increases monotonjcally from O Loﬁ\ throughout the rurpe
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4 ¢ a8 e

v

- of A . (The first derivative, 1 - co3s (L), is
non-negative foros d_g ﬂ‘) Once A {3 found, the value

of R can be calculated directly. By inaspection of Figure

F . 3,
(1) Lxy : 2R =-2h.
However
;' (5) R-h = Re (cos (0{/.‘1 ))

Substituling. , and letting R z 1 to establish a scale,

’
(6) L‘:’:Z(cos(d\/l ).
Therefore the problem s solved if &K can be deternined.
This can be donc by finding the value of cA that satisfies

(3).

fopiutation

The computation ofod for a glvendz,j is generally
not teasi{ble without a cogputer. Appendfx ' s a PACCAL
prograa thal executes Lhe appropriate algoritha. It
computes circle poajtions given the correlations !lor a two
or three varjiable probles. The heart of the prograc is the
procedure CONYERGE . For any value of 42, converge

ralculates o by successive approximstions until & is

R pe—e N
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Ballantines Page 10

within .000% radians of {its true value. The value of L

is then computed by using equation (6).

It would be tedious to recompute the relations for
every new case of a bifvariate relation. Table 1 presents
values of LKH/R for and‘4§3 ranging from .00 to 1.00 in
steps of .0t. If a ballantine 13 to be drawn by hand
Table 1 can be used to determine the radii of the circles

to be used in the construction.

If the ballantines are to be drawn by computer
graphics, let Cx be located at point (Xx y YX) in a

Cartesian Co-ordinate system. A convenient position for

Cqy ()(5,)’5) is

Yy = Y x
Locating Clis slightly more complex. As Figure 4 shows,
the three points CK . CJ , and Cl define a triangle with
sides L"S , Lx-z » and Lst_ . Let@ be the 1interior angle

of the triangled C at point Cy .For ease of

13 C” Cz

notation, let

(8) a = ng

b
F '“x:.

B o TGS SO
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J and
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(9) v

((s-a) (s=b) (s-c)/s) .

Angle & obeys the relation

(10) & = 2+ arctan (v/s-a)). (Burington, 1948,

pg. 20).
';} The co-ordinates of the two possible points
\;~ for Cpare
k.-
(11a) X, = X, + cos ()0
;j and =4n 2 eos (8) Ly,
K - (11b) Yg = Y, + sin (8) D
. = Yy z sin (@) Ly, -
k\
'{: The program in Appendix 1 has an option which locates
‘l.“
#\ all circles relative to CX = (0,0) using the scale R =
N 1, or, as an option, the user may specify the desired
o scale and origin. The program then locates the ballantine
- on the user's co-ordinate systen.
“" _
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Legends

‘*;i;““ Figure 1: A ballantine representing tnhe correlations

between an auditory detection task, a visual detection

task, and a test of arithmetic skill

rigure 2: A correlation indicated by an overlap
between two circles, For the representation to be exact
the proportion of the area of each circle that falls {n

2
region A should be equal to r .

Figure 3: The geometric rclations used tP construct

an appropriate ballantine. Anglecgdis implicitly defined

by r#%, Angle o{, in turn, determines the length of line ng'

Figure 4;: The three lines between the centers of the
circles define one of two posasible triangles, with Circle
Z efther above or below line L{’. By solving for the
interjor angle & at the center of circle X, and given Lyy,
the position of Circle Z is determined relative to X and

the position of Circle X.
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Appendix 1
(o
5
A
l:.‘r: i
e e . - program ballantine(input,output);

{ Locates circles s0 that overlap is r~2 of arewa of esach circle )
const pi = 3,14139263;
var ¢x, Cy, radius srealj com: char;

function a2srqqiconsts pl,p2ireald) reald; extern)

( IP™ arctan function )

function converge(r:real):real;

{computes value of angle theta , and then

i
{ uses theta to compute the distance between circle centers,
|
) Input is ¢~ 2.

Output 18 c:vtance between centers, assuaing radius of 1 )

? var high,low, alpha, old, delta, q, z 1 real;

begin ( converge )
ifr = 1.0 then converge 1> 0.0 { {dentical circles ) else

1§ r (= 0,0 then converge 1= 2.0 (no {ntersection ) else

S TSR
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begin ( intersecting circles.

fow := 03 high 1= pi)

q = r 8 pig

old = O; alpha 1= pi1/2.03

( converge loop )

alpha -sin(alpha);

= q then delta 3= 0.0

(compute adjustsent )
begin

old 3= alpha;

begin
alpha = alpha -
high 1= old;
=nd
e.s@ { incresse alpha )
begin
alpha := alpha +
low := oldjg
end}
delta := abs(old-alpha)}
{ of adjusteent )}

end}

until delta <0.00014

{ 90 degress,

( converge to thousandth of

compute overlap )

{ sector area of overlap )

{exact match) else

it 2 > q then { decrease alpha )

(alpha-low) /2.0

thigh-alpha)/2.0;

(efize 0f adjustment )

a radian

( compute the distance between circles )}

NP 7 ut S8 R T

! "4 , 3‘;‘, ." >

L

( angle theta from O to pi tn radians )

inftial guess for angle )

by
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alpha := alpha/2.0y
converge := 2.0 8 cos(alpha))y
endg; ( overlap computed )
end; ( converge function )
procedure Qraphparsivar cx,cy,radius sreal’s

{Computes the scale and translation factors for a real graph )

begin
writeln ("Your graph is assused to have 0,0 at the lower left’);
writeln ("enter maximua value of x and y as integers ")
readlni(cx,cylg '
cx 8= ¢cx/2.0; cy t= cy/2.03
i¥f cx < cy then radius t=0,90 8 ¢cx/2.0
else radius 1= 0.9 8 cy/2.0y

end; { Graphpars )
Procedure twocircles(cx,cy,radiusireal))
var r,c,1,z2,x ireal;
begin ( twocircles )
writeln ("What is the value of the correlation ?°);

readlni(r)y r 3= r 8§ rjy

1 = zonvergel(r) 8 radius

> \} AN
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writeln(’Distance between circles is ’*,111018);
X 8= €x—-1/2.03 2 1= cx + 1/2.03

writeln( ’Circle X at point ’* ,x17:12," ’,cy17:2))
writeln( "Circle Y at point *,z1732,° ’",cy17:12)}
writeln(’® Radius = *,radiusi1014);

end; { twocircles ?

Procedure threecircles(cx,Cy,radiussreal)y

const X = {3 y =25 2z = 33 { used for names of circle

var rxy, rxz, ryz, lxy, lxz, lyz sreal ;3 { Bame names as in paper )
cc 1t array [1..3,1..2] of realy ( centers of circles }
a,b, c, s, theta, v &t realy { Auxilary variables named in paper )

XX, dx, dy & realy { scratch variables for computing ?}

begin { procedure threecircles )}

{get needed values }
writeln (’Values of correlations rxy, rxz, ryz (real ) ’)3
readln (rxy,rxz,ryz)j
rry 2= rxy 8 rxyg ruz 3= rxz $§ rxzj ryz := ryz 8§ ryz;
{ calculate intercircle diastances }
I1xy 3= converge(rxy)}
1xz 3= converge(rxz)j}

- lyz 3= converge(ryz)g

'\ "
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{ convert to auxilary notation to conform to the text )}
a 1= lyzy b 1= Ixyj € = lxz}
8 1= (a + b + c)/2.03
v := (3-a) & (s-b) 8% (s-c) / =)
v 3= sqrt(v); xx 1= s-aj -
{ calculate value of interior angle theta at center of circle » and then
determine the distance center of z falls below the x-y centerline. )
theta = 2 ¥ a2srqqiv,xx)3 { IBM terminology for arctan 3
dy := sin(theta) % 1lxzj; dx 1= cos(theta) % lxzj
{determine center points,converting to actual grapﬁ b
cclx,xl 3= cx - (1xy/2.0) % radius;
{x~-y symmetric re vertical axis’}
ccix,yl 3= cy + (dy/2.0) % radius;
{ »-2 symmetric re horizontal axis?
ccly,x) 3= ex + (1xy/2.0) % radius;
ccly,yl 2= cclx,y])
cclz,x] 3= cclx,x] + dx % radius;
cclz,yl := cclu,y) =~ dy & radius;
{print results 3
writeln (’"Ballantine for rxy = ’,sqrt(rxy):5:13%,

P rxz= ",sqrt(rxz)t5:3,’ ryz ’,sqrt(ryz):5:3);

writeln;
writeln ("circle X Y’
writeln (* X *,cclx,x)2722,’ ’,cclx,yla7:2);

writeln (* V¥ *,ccly,x1:7:2,” *,ccly,yls7:2)y

CRy T I T TS L T

. \ e Cu e e e LT Tl T
. T e __. et T T .
2t \ *

-{.l.i.&iit-h X.s _-L 3 7 .. ‘- y SI\’




PR AT AL S AU ILE St B

PP S
et OO ST SRR WA SN L gyt B
T T AT e

"

7

LA s
L, P -t

W writeln (* 2 r,celz, 21712, °,cclz,yls17:2);
ﬁx writeln;

writeln (° Al) radii = ", radiusi7s1))
end; ( Of threecircle procegure )

begin {( main program )}

write (° la a real (r) or abetract (a) graph to be positionea ' )

readlnicom)

if com = "r’ then gQgraphpars(cx,cy,radjus) else
begin
writeln ("Abstract graph centered at 0,0 with radius =1 *)}

cx 3= O3 cy 1= O3 radius 1= 1.0;

<2
endj
write(’ Is a two (2) or three (3) variable problem to be computed™ "1,
readIn(cca)s
1f com = *2° then twocirclesicxr,cy,radius) else
1 com = 3’ then threecircles(cx,cy,radius)
else writeln ("undefined problem’);
end. {(0f main program
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Table 1§
e r
T 0.00 0.01 0,02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.00 2.00 1.92 1.87 1.83 1.79 1.76 1.72 1.69 1.67 t1.64
0.10 1.61 1.58 1.3 1.33 1.31 1.49 1,46 1.44 1,42 1.40
0.20 1.37 1.3%3 (.33 1.31 1.29 1.27 1.2 1.23 1.21 1.19
0.30 1.17 1.1% 1.13 1.11 1.09 1.08 1.06 1.04 §.02 1.00
r 0.40 0.98 0.97 0.93 0.93 0.91 0.89 0.88 0.8 0.84 0.83
0.5 0.8 0.79 0.77 0.76 0.74 0.72 0.71 0.69 0.67 0.b6
0.60 0.64 0.62 0.61 0.39 0.37 0.% 0.354 0.52 0.51 0.49
0.70 0.4 0.46 0.44 0.43 0.41 0.0 0.38 0.36 0.35 0.33
0.80 0.32 0.30 0.28 0,27 0.25 0.24 0.22 0.20 0.19 0,17
0.90 0.16 O0.14 0.13 0.11 0.09 0.8 0.06 0.05 0.03 0.02
Distance between circles of radius one as a function of the
correlation (r) betwsen the variables represented by the circles
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