
_9R163 311 A BANROUR REPRESENTATION FOR GUANTILES OF EMPIRICAL 1/1
DF'S OF GENERALIZED U..(U) JOHNS HOPKINS UNIV BALTIMORE
ND DEPT OF MATHEMATICAL SCIENCES. R J SERFLING NOV 85

UNCLSSIFIED TR-453 N18814 79-C-SO91 F/O 12/1 NL



A-A

11111I.Ot12j8

11111L _ IIII11 fl .64

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-19 63 A

L-4

e* W



%' •.

:( , DEPARTMENT OF MATHEMATICAL SCIENCES

The Johns Hopkins University
Baltimore, Maryland 21218

A BAHADUR REPRESENTATION FOR QUANTILES

OF EMPIRICAL DF'S OF GENERALIZED U-STATISTIC STRUCTURE

. :4

by

Robert J. Serfling S 2~

__ Technical Report No. 453
CL ONR Technical Report No. 85-6

November, 1985

LQj

cz Research supported by the U.S. Department of Navy under officeL
of Naval Research Contract No. N00014-79-C-0801.. -

Reproduction in whole or in part is permitted for any purpose

of the United States Government.

SDISTRIBUTiON STATEPENTT A

Approved for public 16100A"
Diatzxbution Unlimnited

8624 042.T- .6

. . . . . . . . . . .. . . . . . . . .. . . . . . . . . . .. . . . . . . . .. . . * * * . . . . . .- -.- .-. *..g .4 ~w*** ~ .* t..;~. . .-. .. .--



K~ 
pABSTRACT

A BAHADUR REPRESENTATION FOR QUANTILES OF

EMPIRICAL DF'S OF GENERALIZED U-STATISTIC STRUCTURE

A wide class of c-sample statistics can be represented conveniently

- as quantiles of a nonclassical empirical df having the structure of a

generalized U-statistic. A key tool in studying classical quantiles

has been the Bahadur representation. This paper provides a suitable -

extension of that tool to the generalized setting. As auxiliary

lemmas, some new results for generalized U-statistics are developed.,

Also, some further results for empirical df's of generalized

U-statistic structure and their corresponding quantiles are provided.
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1. Introduction

Consider c independent collections of independent observations
I xnl {xc) '(c) taken from df's F(1)'sem' F(C)o-

n ' nc

respectively. (More generally, the XIs may be random elements of

an arbitrary space.) Let also a "kernel"

(c) (c) ih(xl ) " " x1)m ;" .;Xl " ..

c

mapping c to IR be given, put F = (F (I ) 
,..

. , F ( c ) , and denote
by F  hedfofh(U() .0I. XlC) .(c)by H F the df of )(. 1 m An empirical df

~ C

for estimation of HF is given, assuming n1 > m,...,nc mc, by

c(c)
(1.1) Hn (y) = [ (n )[h(X 1 I  ;........,x i  ) <y},y --..

j=l i m cm

where n (nl,... ,n) and the sum is taken over all Cnj (in.) nj

(n. -i n + 1) mj-tuples (i j,..., ij. ) of distinct elements from

{l,...,n.}, 1 < j < c.

A wide class of parameters of F may be conveniently represented

as T(HF), for some choice of kernel h and for T(-) a suitable functional

defined on df's. Such parameters may be estimated naturally by T(Hn).
n

For the one-sample case (c=l), such an approach was introduced by

Serfling (1984) and asymptotic normality results for T(H ) were
nF

established for T(.) an L-functional. Further such results were

given by Janssen, Serfling and Veraverbeke (1984) for T(-) a more

general type of L-functional.
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Here we confine attention to the important special case of quantile
= H -1 ..-.-

L-functionals and thus to parameters of the form p H (p) and their

corresponding estimators p= H (p), 0 < p < 1. For the case c=l
pp n

and the kernel h(x) = x, this reduces to estimation of the quantiles

of F by the usual tample quantiles. For c=l and the kernel

h(xI ...,x) m 1 (Xl+...+xm), we have median{m- Xil il . -.

m (X x 1 < i ... < i < n), which is a generalized Hodges-
1m

Lehmann location estimator, the classical Hodges-Lehmann estimator

corresponding to m=2 and the usual sample median corresponding to m=l.

For the case c=l and h(xlX 2 ) = 1Xl-X 2 ], E% is a spread parameter

discussed by Bickel and Lehmann (1979). For the case c=2, the kernel

h(x(1 ) ;x (2 ) )  X(2) - x 1 ) yields the classical two-sample Hodges-

Lehmann shift estimator (Hodges and Lehmann, 1963), while kernels
* schas (2) (2) )-x(2) +x(1)

such as (x2+ x2 (X 2 yield competing estimators

currently under investigation in the literature. Finally, as a general

c-sample problem, let us consider nonparametric analysis of variance,
where we have F (x) F(x-p),l <j c, for some unknown df F, and

() - x -c " -

it is of interest to estimate parameters of the form = d)

cFor the case that 0 is a contrast (i d. = 0), Lehmann (1963) expressed
c1 J

0 in the form ic jc ai(l i - 1j) for appropriate constants aij andi(i)jlx) 1)J 1

proposed the estimator 0L = aij medXk : i1< kf ni ,l < t < n.

An interesting literature has developed surrounding this approach,

but heretofore the following very natural estimator has not received

consideration:

(1.2) = median[ c d.X() 1 < ij < nj,l < cO.
j=l

-3-
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However, this estimator falls conveniently into the framework
formulated above: with kernel h(x );x2); (;xc)1 d

we have = E H () and H = ( ). Moreover, we need

not require 0 to be a contrast in order to formulate and handle this

estimator. (A study of this estimator is currently in progress

jointly with David Draper.)

In the case of the classical sample quantiles (c =l,h(x) =x),

a key role in obtaining properties of pn has been played by the

so-called Bahadur representation whereby E may be approximated bypn
-3/4 3/4sample mean within an error O(n (log n) " ) almost surely (see

Bahadur (1966), Serfling (1980)). For the case c=l and arbitrary

kernel h(x l ,...,xm) , this has been extended by Choudhury and

Serfling (1985) and applied to obtain nonparametric sequential

fixed-width confidence interval procedures for estimation of

parameters Ep = HF 1 (p). (This development also extended work of

Geertsema (1970) which treated the cases c=l,h(x) =x and

• c=2,h(xlX 2 ) = (xl+x 2 ).) For m > 1, the extended Bahadur

representation approximates Epn by a U-statistic (Hoeffding (1948);

." Serfling (1980)).

The present paper develops a Bahadur representation for E in

the general c-sample case. For c > 1, the approximating term is a

generalized U-statistic, which comes about because, for each fixed

y E IR, the random variable H (y) given by (1.1) is itself a generalized
n

U-statistic (Lehmann (1951); Serfling (1980)).

Our treatment requires some new basic results for arbitrary

generalized U-statistics, which are presented in Section 2. Our

-4-
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Bahadur representation theorem is developed in Section 3, along

with an auxiliary lemma, of independent interest, giving an

exponential probability inequality for a quantile of an empirical

df of generalized U-statistic structure, i.e., for &p,. Some further

results on the quantile process {H n-(p) - HF l(p),O < p < 1 are

provided in Section 4, where also we give some basic convergence

results for H (y) and H (p) as min(nl,. .. ,n c ) - .
n n

2. A representation and some probability inequalities for L
aeneralized U-statistics

As noted in Section 1, the statistic defined by (1.1) is a

special case of "generalized U-statistic," which is defined in

general as follows. Given c samples and a kernel h as in Section 1,

the corresponding generalized U-statistic is given by

(2.1) U TI (nj h(X ) . ,X ( I )  ; ......... ,X i c)
(2.1i) Un= [j n (mj ( lm cmc -.

We can represent U as an average of (dependent) averages ofn

i.i.d. r.v.'s. Let kn = min{[nl/mI],...,[nc/mc] , where [-] denotes

greatest integer part. Define the function

w(x , ... , ; ;X1  ,... ,X c
nln

k- [h, x ' ... x ,... ,x, ...,xm< + "! -
n h * m 1 mc

-5-
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.

(1) (c) (c))
ml+l, ' 2ml ;Xmc+l 2m

++ h (x 1 . x(1) . . (c) ,
''" knml I " " knml ...... 'knmc )]

i1*. 1 ~ m kmIn
c

Let p denote summation over all H (ni!) within-block permutations
i=l

ln "cn) of (1,...,n; -,.,n) and [ denote( ll'*' l ;" ; clI ' cn c  ,.......- .

summation as in (2.1). Then we easily have

= k~n n.-m.)l Vh-: 1 ::.(l ( c )-).
(1) (1) •

kn p (ji Xjn l 3 n c 1 . ...,-cn.

T U a a aeg of i ( ts eh) o

n iIl 1C

* ~~ itel an avrg ofk iid. rno arals hi yeo

n~~ic, *- .. .. . ,oI

U s a i t s We shall apply ( 2 ) UI simila! c )fa hion

n i 3i i I ' 'im

1

andts anavrgeofk i _ anomvribls Tistpeo

Tiexprsse e ashall apply (nsi.m fshi, ofwhc

EMMA 2an avra et th k erneld, a veo finitbes momen t e ofrati.n-g

U-staistis) EWFe shal apl (2.2) in siia fashion

-6
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Then

(2.3 EF sU k k

(2.3 E Ffe n h (Sk n 0 <s <s 0 k

PROOF. Applying the representation formula (2.2) and Jensen's

inequality, we have

e N T (ni)I fexp sw(X J..X ~~ ;..., ,..., X"~
1=1 P 31l3n 3ci Jcn

1 c

Now taking expectations and applying the independence of the terms in

any particular w-sum, we obtain (2.3).

THEOREM 2.1. Let the kernel h be bounded: a < h < b. Put

2
jj E hando a=Var h. Then, for t> 0Oand k> 1,

2 2
(2.4 P{ - 2k t /b-a)

and

(2.5) P{TJ n ~ > t} <e

PRO. Floaxclytepofonhoemd61 fSrln

PRepresentationctl theoepofo hoe 561 fSrl

We first establish for pn an exponential probability inequality,

-7-



analogous to that for classical sample quantiles given by Theorem 2.3.2

of Serfling (1980).

THEOREM 3.1. Let 0 < p < 1. Suppose that Fis the unique
p

solution y of H (y-) < p < H (y). Then, for every E > 0, .

-2k 62
(3.1) P{jI - I > F-} < 2epn p

where 6 mi {HF~ +E:) -pp -pH (~ C i and

k m=rin{[n 1/M 1 1,...,[nm I}.

PROOF. Let c > 0 and write

- > E} PIZ > + C} + NE~ < E CiPn p pP p pn p

Now

p[C C + ci=P{p > H (~ + i
PIP p n p

= ( (E~ + E) -HFp + C) > c

where H = H, H 1 1-H ,and 6 =H (~+) 0 p. Note thatH
F F nn 1E F pn

is a generalized U-statistic based on the kernel ]1{h(.) > y}, so that

by Theorem 2.1, formula (2.4), we have

+ ci < e2k i6c

P + E: e -8-

p P



* -. . ~ -M

Similarly we obtain, with 62 P -HFU-)

-2k 6 2

Thus (3.1) follows.

The next result gives conditions under which E lies within a
pig

suitably small neighborhood of C for all n "sufficiently large", wp 1.
P.

The case c=l,h(x) =x, was given as Lemma 2.5.4B of Serfling (1980)

and the case c=l,h(x) arbitrary, as Lemma 3.1 of Choudhury and

Serfling (1985).

cDEFINITION. An array {(nl1 ,...,nc)) (1{,2.... satisfies

Condition A if

log max(n11 .... n lC)
(3.2) 0~ as min (nj1 ..., nc Co

(This is trivially satisfied in the case c=1 and in general is not very

restrictive.) The notation "min(n11 ..., nC) () shall denote

restriction under Condition A.

LEMMA 3.1. Let 0 < p < 1. Suppose that H Fis differentiable at

With H'(F. hF ) > 0. Then, under Condition A, with probability 1
F P Fp

2(log n 1. n C)
(3.3) < F for . . ,j, nc) sufficiently larg 4 ..

P 1 P h (C )k
F p n

PROOF. Define 6~ as in Theorem 3.1 and let c be given by

-9-



(3.4) E - (o n. n

Then, by a routine argument (as in Serfling (1980), p. 96), we obtain

2k 6 2 > 2 log n n. n for cf sufficiently small.7

Hence, by Theorem 3.1,

{ilin > En < 2(n. . n92 for e sufficiently small.

Now, by Condition A, it follows that c 0 as min (nl . . n) Co .
n1

Thus

(35) YA ~' pn - Cp I El -. <-

Lwhere XA denotes summation over n (n,.,c subject to Condition A.

r Thus (3.3) follows by the Borel-Cantelli lemma.

The next lemma plays the key role in the proof of our Bahadur

representation theorem. The case c=l,h(x) is due to Bahadur (1966)L

(also see Serfling (1980), Lemma 2.5.4E) and the case c=l,h arbitrary

is covered by Lemma 3.2 of Choudhury and Serfling (1985).

LEMMA 3.2. Let 0 < p < 1. suppose that H' is bounded in a

*neighborhood of~ with H'(C)=h( > 0. Let {a Ibe an array ofpFp Fp n

* positive constants satisfying

-10-



n a .. c0 kn (log n 1. .nC as rnin(n 1,,.... ,c)

h for some constant c0 > 0. put L

D n sup IEH +~ y)- H H~ + y)H H (C Ij
JyJka flp n p F F p

Then with probability 1

-3/4 3/4

(36 pn 0 (k n (log nl?,... n ), as min(nl,...,nc) *

PROOF. Our approach is an adaptation of the proof of Lemma 2.5.4E

of Serfling (1980), to which one may refer for details omitted here.

First, let us note that Conditon A implies that a -~0 as min(n1 1... ,,n )-n c
ne {b b n array of positive integers such that

bn c 0 k n(log n1 .. .n C) as min(n11 .... In9 C) For integers

r -b,...,b putn n

r

~r,n p nab n

OLr,n HF (r+1,n HF (r, n)

and

C (y) H [H(y) -H (C~) H (H)y H

By monotonicity of H and H we have&1

H F,



D < K +,

r where

K =maxic (n ):b <r b

nl 'n~r n n

Sic r +l,nli r:: n n nrweb have by the Mean Value Theorem

that

(3.7) -3b/4~u IFy)

as min (n1 1.. nc) (

We now establish that with probability 1

(3.8) K = O -3 ' / (A). .--
n n (log n )-n, min(nl11 . .,nc)

For this it suffices by the Borel-Cantelli Lemma to show that

Y APKn > Yn} <

whee c 3 /4  3/4
whr n (log n1.. n) , with c1 a Positive constant to

-12-
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be specified below. We will use

- ~r=-b --

n

Now C~ n(r is seen to be a generalized U-statistic based on a

kene having mean 0 and variance P rn (1-P rn ), where

Pr IHF(nl HF(pI Therefore, by Theorem 2.1, relation

(2.5), we have

PfC n (nri)I y P < 2e r,in

where (by a simple analysis as in Serfling (1980), p. 99)

0r,n 8c (log L

Uniformly in Irl b n for min(n11 ... ,n) sufficiently large. Thus,

for c1 chosen sufficiently large, we have

-2

P{K> } 6 (n )I<n (... n =3/

for min(nl,...,nc) sufficiently large. Thus (3.9) follows and hence

(3.8) is valid. Combining with (3.7), we have (3.6). f

-13-
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We now are prepared to establish the following almost sure
h...."°

approximation of tpn by a generalized U-statistic, extending

Bahadur (1966). (Extension for the case c=l is given in Choudhury

and Serfling (1985).)

THEOREM 3.2. Let 0 < p < 1. Suppose that HF is twice

differentiable at p, with H h (E > 0. Then

(3.10) p-Hn(Ep)-I"H
(3.10) Epn & p +  hFp) n

where with probability 1

3/ 3/4)mnn,... A)"-

(3.11) R = O(k (log n...n) min(n,.,n c ) .n n i-c1

PROOF. Under the conditions of the theorem, we may apply Lemma 3.1

to obtain

*i. (3.12) HF(pn) - HF (p hF (Epn-p + O(k-llog n n))

(A)as min(nl,.... nc C) By Lemma 3.2 and again appealing to Lemma 3.1,

we may pass from (3.12) to: with probability 1

(3.13) H n(p) - H n( p) hF (p) (Epn -) + O(kn 3/ 4 (log n...nc) 3/4),

(A)as min(nl,.. .,nc )  . Finally, with probability 1 we have

-14-
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• ._ _- . --- -- -- Z--J -.- ----..... .-- ,

-1 -1-"
H( ) = p + 0([ I (n.) ]-) p + O(kl), which with (3.13) yields -.

(3.10) and (3.12). I

4. Furthur results

Here we provide a useful estimation of the maximum discrepancy

* between P and o over an interval of p values and some basic
hpn p

*. convergence results for H (Y) and -n pn

THEOREM 4.1. Let 0 < to < tI < 1. Suppose that H (y) =

S hF(y) > A > O,y E(HF (tO) eHF (tI) +C), for some C > 0. Then with

probability 1

(4.1) sup JH- I(t : O(kn(log n 1 *** nc) ),min(nl,.-.,n c ) A.
tn F i c.

PROOF. Let an ~ c0k- (log n, ...nc), for some co > 0, and let

n Clkn (log nI  .n) , with c 1 to be specified later. Partition

(t0,t I ) into M = [2/a subintervals each of length < a to = so <

sI < ... < sM  t Then we have

(4.2) sup IH (t) HF (t)l max IH-(s- H-l(sk + HFa kn'-it t<t<tI  n O 0<k<M n K 1"  Kn

* By Theorem 3.1 applied to IHn - H 1 (sk) ' we have

-2k 6:2
1-l n

P{JHn s  - HF (sk)I > n < 2e
n k F

with 62 = max{H(H-l - - (s) -+)Y. }.
nF(HF sk) n) k'k -1 F-k

-15-
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Now, with y = HF , k)

IHF(y-Y) - HF(y) A n

62 2 2- %

so that 6 >An Thus

-1n-- .y -

P{ max IHn s -H F (Sk)I >

O<k<M k F k n.

M
I P{IHn(Sk) - HF(S ) > y

k=O

2 2--2k A2 2y -"
-1 n< 8a e n

2 2

<8a . n) -A-.1

0-(n 1n
• ~~~~- O( nl...nc -2),-'-"'<'-

if we take cI sufficiently large. It follows by the Borel-Cantelli

lemma that with probability 1

max J s - HF (s O(yn), min(nl,---,nc) )," 0~~<k<M ~~' '

whence, by (4.2), (4.1) follows. ..

REMARK. For the case c=l, Theorem 4.1 yields with probability 1

-11- 1

(43) sup IHnl(t) H Hl(t) 1 O(n-(log n), n
t0o<t<t I .._..



This may be compared with

(4.4) sup IHn(t) - H F (t) = (n-),
t~~t n p

to 0t 1

which is Lemma 4.2(b) of Janssen, Serfling and Veraverbeke (1984),

given assuming in addition that hF be Lipschitz continuous on the

interval specified in Theorem 4.1.

We now give some basic convergence results for H (y) and En pn

Recalling that for each fixed y,H (y) is a generalized U-statistic,n

we have with probability 1 I

(4.5) H (y) (F(y), min(nl,...,nc) c I

by an SLLN for generalized U-statistics due to Sen(1977), and by L.4
Lehmann (1951) (or Serfling (1980)) we have

(4.6) [Hn (y) HF(Y)]/l n d N(0,1), min(nl,...,nc) ,

where 2 = mlj/nj and cll,...,lc are certain positive

parameters defined in terms of h and F. We note that (4.5) and (4.6)

do not entail Condition A.

For pn'matters are somewhat more complicated. One approach
pn

is to utilize our Bahadur representation (Theorem 3.2) to approximate

p by (a linear function of) the generalized U-statistic H (E ) andpn np

simply apply (4.5) and (4.6). For strong convergence, this approach

immediately yields that with probability 1_'7

-17-
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(4.7) p $ min(nl,...,n)
p p

provided that HF is twice differentiable at E with hF(Fp) > 0. For

asymptotic normality, we obtain that

_ _ _ _ _ (A)
(4.8) / )- N(0,1), min(rln..n)an/ F&P) p

since trivially a n k 3 4 (l o g n1 ''' 1 - 3/4 - n " However, both (4.7) and

(4.8) entail Condition A and second-order differentiability conditions

on HF. By other methods avoiding the use of Theorem 3.2, one can

obtain (4.7) and (4.8) under slightly milder assumptions. For practical

purposes, however, the above results are generally satisfactory, so

we shall not pursue these improvements here.
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