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1. Introduction b
_ oG
The classical theory of robust estimation of a location parameter was kij
ey
developed by Huber (1964, 1981) in the following setting: Let X;» xz,...,x e
n o
be a random sample from a distribution F(x-0), where O is an unknown location E;z
parameter. The distribution function F is not precisely known, but is assumed Si:
to be in a convex neighborhood P of a model distribution G. The goal is to e
E..
estimate 0 efficiently by a functional T(IE‘n), where Pn denotes the empirical S
distribution function associated with xl, xz,...,xn. For example, an M-estimate ":x
TaFn) is a solution t of o
.

1 P i

0 = JYx~t)aF_(x) == I P(x.-t) e

n n i .

i=1
for some estimating function Y. Under suitable regularity conditions [see ;;R
b s
Huber (1967), Boos and Serfling (1980)), T(F ) is a consistent estimator of g
RN
6, and VSCK];)-B) is asymptotically normally distributed with mean zero and ;;{}
o
variance V(¥,F). One wishes to choose the estimating function wo which E*‘
-,

minimizes the maximum variance over all distributions in P:

sup v(wo,F) = inf sup V(y,F).
FepP 1134
Let FO be the distribution minimizing the Fisher information
2
I(F) = J(£'/£)°F
over P, where f = F'. Under general conditions there is a unique least-

informative distribution in a convex neighborhood P of G [see_Huber (1981),

§ 4.4] By the Cramér-Rao bound, the asymptotic variance of T at'Fo is at least
l/I(Fol. Finding a sequence of estimates {Tn} for which the asymptotic

variance is at most l/I(FO) for any FE€ P then solves the minimax problem.

Under suitable conditions, wo = - fc')/fo is the desired minimax estimating
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function, where f0 = F.. Thus, a crucial step in this approach is the

0 e
determination of the least informative distribution in an appropriate wtk
' hOt
neighborhood of the model distribution. However, the least informative :ﬂ}j
T

distribution is kncwn only for a rather restricted class of model distributions Ek
and neighborhoods. ?;f:
i
The theory is most completely developed for the €-contamination neighborhood ::::
g"s‘a

of the model distribution G, defined by i

o |

PE(G) = {F = (1-€)G + eH: He M},

where M denotes the set of probability distributions on R. Huber (1964i
treated the location problem for symmetric distributions in the e€-contamination
neighborhood of a model distribution G with a log-concave density g. The
least-informative density is equal to (1-£)g on a central interval and is an
exponential function on each of the remaining unbounded intervals. BRuber's
method of proof provides the motivation for our approach, and is sketched at
the opening of section 2, Collins (1976) investigated a class of densitiesg
which were equal to the normal density on an interval of the form [-d,d) and
allowed asymmetry outside this interval.

The €-Kolmogorov neighborhood of the standard morxrmal distribution,

defined by

P‘éub) = {FeM: sup|F(x) - &tx)| < €}
xR

has been studied by Huber (1964), who determined the least favorable distribution
for € < €y % .0303, and by Sachs and Ylvisaker (1972) for € > eo. V{\#

This paper determines the form of the least informative distribution in

the €-contamination neighborhood for a broad class of model distributions.

Since the assumption of a log-concave model density in Huber (1964) is F“i
1
Y

- 2_ (\. "
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equivalent to strong unimodality of G, [Ibragimov (1956)), the assumption L
—hia

is quite restrictive. Our result is more broadly applicable, being valid
for any model distribution G with a density whith has a finite number of local
maxima.

Let G denote a model distribution with density g = G'. For each k > 0,

define

F(k) £ {h: h(x) = b cosh? [%(x-a) } and h(x) > g(x) VY x€R}

and ' ::__ 5
c(x) = {x€R: 4 h € F{g,k) such that h(x) = g(x)}, ;;:;;::1

and, for each x € R,

L by (x) = inf{h(x): h € F(g,k)}.

Our principal result is the following:

& THEOREM: Let G be a distribution with density g, such that "’g 2 -g'/g is

continuously-differentiable and w(; has finitely many intervals of increase.

Then:

(i) For each k > 0, there exists an integer N = N(k) and -« < al < bl <

< <...<
a h2 <b

2 S 5+°°such that

N
N-1
cix) = (al,bll U o, [ai.bi] U laN.bN)-

(ii) For each k > 0, hk has the form

hk(x)=~ g(x) if x € c(k)

. , e :...
.' ]v’ inh l‘('( -x)] + /g(a, .. )sinh [E(x-b )] 2
e =1 glb;)sinh [F(a; 931 2\ X7by W

ok | o

sinh [2 (aiﬂ-bi) ] 'd 0
< i -

! if x €[bi,ai+1], 1 <ic<nN-l o
, -
'.‘. ———————— ' ;
._ ‘_.I:Vulldr)“'ty Codes ‘f Lot “-‘
- .~ ———— ;‘-_.
:q T QuUa Di t J AVQ! and/or : :}j
i wQUaLTy Specal : ‘fﬁ
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N
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k(x—al) if x

IA

g(,al)e a, (if a, # -%)

k(b -x) . . o
g(bN)e N if x > bN (if b“ # +)

(iii) For each € > 0, there exists k = k(€) such that (l-e)hk is the
probability density of the least informative distribution in

PE(G) for the location problem.

The least informative density is reduced to (l-€)g at the peaks of gq,
s0 it is on the boundary of the neighborhood Pe(G). The mass removed from
the peaks is redistributed to fill in regions where the density g is steepest.
The pure scale parameter problem involves estimating ¢ for a family of

densities % gqs), 0 > 0. The Fisher information for scale is

. 2
I(F;0) = Elzf[' g——((x;;—x—ll g(x)dax.

Since the scale problem can be transformed into the location problem by

taking logarithms, the principal theorem also determines the form of the

least informative distribution for the scale problem. [Alternatively, following

Thall (1959), the results can be derived directly in the scale problem
setting.] As in Huber (1981), 85.6, we consider symmetric distributions

F € PE(G), and obtain the following result:

COROLLARY: Let G be a distribution with density g, such that X' has finitely
many intervals of increase, where X(x) = - xﬁJx)—l. Then for each € > 0, the

least informative density in PecG) for the scale problem has the form

fix) = (1-€)g(x) if ti <x _<_ Uip‘ i=12,2...,N
Vx k Xk kK _k | 2
- - 193G Y) AV 9l (kX
i

ifu; < x<t, ./ 1=1,2...,N1
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2. Proof

The Differential Equation and Solution: Since a key differential equation

arises in Huber's condition for the least-informative density, we begin with a
brief description of his method for 1og-congave g. Consider a distribution

F € PE(G) with density £, and suppose that y = ~ £'/f is continuous and

Then F is the least informative distribution in

piecewise differentiable.

P;(G) if and only if for some k > 0

) su + 2902 (e -0 > 0
for all £ = Fi, where F, € {re PE(G): I(F) <®=}. If g is log-concave, this

condition is satisfied by setting f = (l1-g)g when [ng < k to obtain both
fl > f and k2 + 2y - wz > 2&; > 0, and letting f be a multiple of ekx or
2

e~kx on intervals where lwgl > k to obtain k2 + 2y - 9p° = 0.

An important observation is that, while log-concavity is sufficient to
obtain k2+2¢' - wz > 0, it is not necessary. This suggests replacing (1-g)g
by a density which satisfies the differential equation k2 + 2y - ¢2 = 0 on
an interval where |¢§l < k and k2 + 2¢% - w; <o0.

The different equation system

k2 + 2y - wz =0
¥y =
vl < x

- £'/¢%

may be solved by separation of variables, to obtain solutions of the form

¥(z) = Wazik,c) =-k tanh[%(z-cn

£(z) = f£(z;k,c,d) = d cosh® [%(z-cn = 92- coshlk(z-¢)] + %.

vheré d >0 and ¢ € R. Note that for any fixed k, a function f(-;k,c,d) is

uniquely determined by the values at two points.
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The function £(-;k,c,d) passing through (al.hl) and (a.z,bz) where al < °2'
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the form employed in the statement of the Theorem.
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For each k > 0 and x € R, let g{-;k,x) denote the function £(-;k,c,qd)

e
r “y

such that f(x;k,c,d) = g(x) and £'(x;k,c,d) = g*'(x). We find that

X‘

i gl-:;k,x) = £(;k,c(k,x),d(k,x)) ..

where

]

kﬂg(x)}

c(k,x) x- 3 log (k‘*‘l’g(x)

and ~ 2-
SR RO R
gl - 2—— 0
L

d(k'x) 2

k

-

Note that ¢ and d are continuous functions of k and x in the region where

‘P X < k.
For each X E C(k)p 9(’;’(,8) iS the element Of ,(g;k) that lies abOVe g

everywhere on R and is tangent to g at x.
¥or any s < t, and s, t € C(k), either g(z;k,s) < g(z;K,t) Y 2 < s ana
¥ g(z;k,t) < glz;k,s) ¥ z > t, or g(*;k,t) = g(-;k,s), since two points uniquely
determine a function of this form.
The Structure of C(k): Letting wk x(-) = - g'(-:k,x)/g9(-:k,x), by
. - ’

] tangency of g and g(-;k,x) at x we have e
o
k "
: -wéx) = wk’x(x) = - k tanh{5{x-c(k,x))] L
b i
- 80 X < k.
: [y | e
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Note also that for x € C(k), g"(x) < g"(x;k,x) since g(z) < g(z;k,x)

[d

reL
’

for all z € R. Therefore
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'l’g(x) g"(x)/g(x) + lllg(x)

v

- "k, x) /g (kik,x) + 92 (x)
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kS 4 20000 =Ygl 2 KT+ 2y ) - b () = 0.

Therefore v h
F_oo A

]

ck) S B ={x€R: |yoo| < Xx ama K+ 292 00 - W20 > oh. =

Since !pg' has finitely many intervals of increase and decrease, for each .\}'54
k > 0, B(k) is afinite union of intervals Bi(k), i=1,2,...,N().

For a fixed i, suppose that there exist s, t € C(k) N Bi (k) , where
s < t. Consider x € (s,t), and construct g(-;k,x). By construction,

2 2

LT h - k%) on (s,t). on (s,t) S B (k), k* + 20 - wgz > 0, which implies

k,x
that ' > ‘;(lpz—kz). since g and g(°;k,x) are tangent at x, Y(x) = (x).
g - g g k,x
: > <z < < <z <
Therefore Ué(z) > lbk'x(z) for x <z < t, and !pg(z) < !bk’x(z) for s < z < x.

Integrating, we obtain for x <y < t

gix) _ gy > /Y = log J0xik,X) :
log pree) fxwg(_z)dz > fxwk'x(z)dz log Syikox) ol
so ;;.'.j :
gly;k,x) >9ly) YV xg<yg<t. ‘ (1
=1
Similarly,

gly;k,x) >9ly) V s <y< x.
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gly:sk,x) > g(y;k,s) > gly)

and for y _> t,
gly;k,x) > gly:;k,t) > gly).

Therefore, g(*;k,x) > g onR, so x € C(k).

Hence C(kX) is union of intervals Ci (x), with Ci (k) Bi(k)'

[For some i, C:.L (k) may be empty.)

Suppose x is the right endpoint of Ci (k), where (::.L (k) # {x}. 1f

I\%(x)l < k, then by continuity of c(k,x) and a(k,x), we have for each

zc R

glz;k,x) = lim g(z;k,y) > g(z),
yix

so x € Ci(k).

If |lpg(x)| = k, then x € C(k), since if g and g(*;k,x) were tangent,

k
gl = Ib, | = |-k tannGemc a1 | < x.

Furthermore,

lim c(X,y) = + ® and lim d(k,y) = 0.
ytx ytx

For y;» ¥, € C;(k), y) <y, < x, recalling that g(z;k,y,) 2 q(z;k,yz) Yz> Yqe

and expressing g(-;k,y) in terms of hyperbolic sine functions, we obtain

monotone convergence at each z > x:

B " T < - . - . .
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yx sa’.nh[-g‘ (c(k,y)-y) ]

Thus, there is no x1 > x such that x. € C(k), since otherwise there exists

f£(-;k,c,d) which is either tangent to the exponential function or intersects
it twice, in either case violating |f'(-;k,c,d)/f(':k,c,d)[ < k.
Therefore, C(k) includes the right endpoints of all intervals Ci(k)

except possibly the rightmost. Similarly, C(k) includes the left endpoints of

all subintervals Ci(k) except possibly the leftmost.

The Form.gg hk: Note that

hk(x) = inf{f(x): £ € F(g,k) and £(y) = gly) for some y € RR}.

If x € C(k), clearly hk(x) =gx). If x¢g C(k), then x € (s,t) EIC(k)c,
where s and t are endpoints of intervals of C(k)c.

We claimthat if (s,t}] is bounded, then on {s,t]

hk = g(-;k,s) = g(*;k,t).

In this case s,t € C(k) by the previous subsection. Thus, g{t;k,s) > g(t)

and g(s;k,t) > g(s). Suppose the first of these inequalities is strict. Then

there exists € > 0 such that YV z € R
2.k
gl(z-€;k,s) = d(k,s)cosh” [ (z-e-c(k,s))] > g(z),

and thus for some b < 1, there exists y € (s,t) such that bg(y-€;k,s) = g(y)
and bg(z-€;k,s) > g(z) Y z € R. This implies that y € C(k), which is a
contradiction, so in fact g(t;k,s) = g(t), and similarly g(s;k,t) = g(s).
Since two points determine a function of this form, g(-;k,s) = g(-;k,t).
Suppose there exists w € (s,t) such that hk(w) < g(w;k,s) = g(w;k, t).

Then for sufficiently small € > 0, there exist ¢ and d such that f£(-;k,c,d)

> g on R and

-10-~
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E f(w;k,c,d) < hk(.w) + e < g(w:;k,s).

Since f(s;,k,c,d) > g(s) and f(t;k,c,d) > g(t), £(-;,k,c,d) intersects

he
’
)
]

»

g(-;k,s) at two points, so the two functions are identical. -This

contradiction establishes that on [s,t]

h = g(*ik,s) = g(-ik,t).

If [t,+») C© C(k)c. where t is an endpoint of Ci (k) for some i, then
\pg(t) = k. To see this, note thai: if wé.t) < k, by continuity of c(k,x) and .1
d(k,x) as above, g(zik,t) > g(z), Vz € R, and g(-;kt) is not tangent to g : - 4
at any point z > t. By translating g(-;k,t) to the right by a sufficiently
¢ small € > 0, then reducing the coefficient until the resulting curve is :
tangent to g, we see that there exists x > t with x € C(k), which i.s a “’1
contradiction. .
Since q)g(t) = k, the reasoning in the previous subsection shows that, P
for z > t, "“1
h (z) = lin g(zik,x) = g(t)e ™
xtt s
Similarly, if (-«,s]) C C(k)c, where s is an endpoint of Ci (k) for some i, ‘4
then for z < s, hk(z) = g(s)ek(z-s).
Pointwise Convergence: A straightforward computation shows that for
k* >k, x €R, glz;k*,x) > g(z;k,x) for all z € R. Therefore --—1
if x € C(k), then x € C(k*) also.
N (k) R
Recall that C(k) = 'l_Jl C; (k) , where each Ci (k} is an interval. We ,_ ;ﬂ
denote the endpoints of Ci (k) by ai(k) and bi (k), with ai(k) < bi (k) for all 4
i and bi (k) < a; . (k) for i = 1,...,N(k)-1. There are finitely many values
-
s
w
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f(w;k,c,d) < hROW) + € < glw;k,s).

Since f(s;,k,c,d) > g(s) and f(t;k,c,d) > g(t), £(*i,k,c,d) intersects
g(-;k,s) at two points, so the two functions are identical. -This

contradiction establishes that on [s,t]
hk = g(*ik,s) = g{-;k,t).

If [t,+®) C C(k).c, where t is an endpoint of Ci(k) for some i, then
wg(t) = k. To see this, note thai: if ll)ét) < k, by continuity of c(k,x) and
d(k,x) as above, g(z;k,t) > g(z),V z € R, and g(-;kt) is not tangent to g
at any point z > t. By translating g(-;k,t) to the right by a sufficiently
small € > 0, then reducing the coefficient until the resulting curve is
tangent to g, we see that there exists x > t with x € C(kx), which is a
contradiction.

Since qig(t) = k, the reasoning in the previous subsection shows that,

for z > ¢,

k (t- z)

lim g(z;k,x) = glt)e
xtt

h, (z}

Similarly, if (-«,s] C C(k)c, where s is an endpoint of Ci (k) for some i,

then for z < s, hk(z) = g(s)ek(z-s).

Pointwise Convergence: A straightforward computation shows that for

k* >k, x €R, glz;k*,x) > g(z;k,x) for all z € R- Therefore

if x € C(k), then x € C(k*) also.
N (k)
Recall that C(k) = U Cl {(k), where each C (x) is an interval. Wwe
i=1
denote the endpoints of Ci (k) by a; (k) and bi (k), with a:.L (k) < b:i. (k) for all

i and bi (k) < a1 (k) for i = 1,...,N(k)-1. There are finitely many values

_11_




of k at which N(k) is discontinuous. Hence, for every k* > 0, there
exists k** > k* such that N(k) is constant for k* < k < k** and Ci(k) c
Ci (k**) for all i for k* < k < k**,

By monotonicity of C(k) in k, we have

lim ai(k) < a; (k*) and lim bi(‘k) > b (k*).
ktk* kik*

On the other hand, if x € C(k) for all k > k*, by continuity of g(-:k,x) in
k, then x € C{k*). Thus, : 1

lim ai(k) > a (x*) and lim bi(k) < b Oc*),
k¥k* kik* -

Yy v

Wty
O o

T let

so equality holds. Since hk depends continuously upon k and the endpoints

(AR
.
.
o)

ot
.
%
.

K e
n DAY
A

of the intervals Ci {k),

-
- lim h (2) = (z Y z€R [R0N
ktk* <" " :7.?:::‘3

We now consider poxntwme convergence of hk as k increases to k*. Aas

;:In"". o

R 10

) LI
3.

LA

before, ‘there exists k** < k* such that N(k) is oonstant for k** < k < k¥,

-

T A
s e

e

r 7
.
Py
i

Suppose 1 < i < N(k). Then for b (k) < z < a, (k),

hk(Z) = g(z;k,bi (ls)) = g(z:k.ai+1(k)). t::

By monotonicity of C(k), we have that :::;:::'
ot

<]

lim b. (k) = b, and lim a (k) = a 3

KAk i i KK+ i+l i+1 [,_.1

exist, and therefore hk converges pointwise monotonically to ]

H(z) = g(z;k*, b ) = g(zrk*'a ’ v bi A 2541°
By continuity of g(-;k,x) in k and x, gf‘;k,bi) > g on[R, and is equal to »
g at bi and ana” Therefore ) .:::::,.‘
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hk*(z) = H(z) = lim hk(z)

ktk#* z
}iﬁ
<.z < . S
for hi <z < ai+l ;*3
Since lim hk =g=nh _on (a ,b.,) for 1 < i < N(k), we have pointwise Kiy
KAk x 1 T 1
; o=
convergence of hk to hk* on (al'bN(k))' The argument is complete if al = - :;S
and bN(.k) = 4 ™, | }::E::
. o
< . > WS
Suppose by, <+ Then for z > bN(k)(k)’ Eﬁh
a (k) z) ?73
hk(z) = N(k)(k))e N(k) N
By monotonicity of C(k),
lim b (k) = b _ exists
Kaks M) N
and therefore
' * -
linm b (2) = g(bN)ek (by-2)
ktk* '

By continuity of g(x)ek‘x_z) in x and k, and the fact that h > g,
(b )ek (b~ z) > g(z) on [b y + @) w1th equality at b . Thus,

’hk(z)

(z) = g(b )e
P N k'tk

for all z > bN' A similar argument applies if a1 > - ™, s0 hk converges

pointwise to hk* on R.

Continuity of the Integral: Clearly hk is integrable for gach k > 0, since

there are finitely many intervals in C(k) and hk is integrable on each interval

of Cc(k) and C(k)°.

Using monotonicity of hk in k to provide a dominating function, by pointwise - —
convergence and the dominated convergence theorem, we obtain .
lim [ h = /_h e
k-k* Rk "R k* o
13~ ":a
)
)
L R
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for each k* > 0. Thus, f!R hk is a continuous function of k.
We now show that iig\ flR h =+ . Note that [y, | < k, or equivalently, e
Y
-k < (-log h))' < k. This implies that for any x, € R and t > O, -
e

-kt
h Gx +€) > b Gxde .

il TARE A O

Choose x, such that g(xo) = max g{x), so X € Cc(k) Yk. Then
xER 2g(x.)

as k + 0.
For every x € R, g(z;k,x) > g(z) Yz € R for k sufficiently large, so E_;'_
i-i:‘o hk(x) = g{lx). Applying the dominated convergence theorem, t';a
&
Un fp =g =1 [:
- Therefore, for each € > 0, there exists a k(€) such that -1
[ h,  (Ddt ==2—
R k(e 1-€. tf

Then (l-e)hk(e) is the probability density function of a distribution in

Pe (G).

Least-Informative: We now show that £ = u—e’hk(e) is the density of

.
.,
t N

. R
v, ) s e v .'
. " §0 BT N
. O St
RS B4 o .

N o d

)
S
‘lals

the least informative distribution in Pe(G)' by checking condition (*). V¥

P
]
ta'ala

is clearly piecewise differentiable, and at each endpoint x of C(k(g)) E -

tangency of g(-;k(€),x) and g implies that lbg(x) = wk(.s),x(x)' so Y is .~

continuous at x. X

o

2 - 2 - 2 » 2 :"h‘:

on C(k(e)), k(e)” + 29~ - ¢~ = kle)™ + 2ng - ’l)g > 0 and fl > £f = (1-e)g, \

while on C(.k(e))c, k(E:)2 + 29 - wz = 0, so : E::'_::j

2 .2 ol

- -f) >

fm(k(E) + 2y V) (fl f) >0

: for any fl = Fl where F, € Pe(G)’ -
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