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CONVEXITY OF ELLIPTICALLY CONTOURED

DISTRIBUTIONS WITH APPLICATIONS

by

S. Iyengar and Y.L. Tong

15 Introduction.

The problem of evaluating multivariate probabilities arises in many
areas of statistics, such as in the construction of confidence regions for
the mean vector or regression parameters in a general linear model, the
determination of critical regions for certain tests, multiple comparisons,
reliability. etc. Because these probabilities are hard to evaluate numeri-
cally, a thorough study of the nature of, say, the distribution function is
needed to suggest good approximations and inequalities. For example,
tables for selected values of parameters are available, and one usually
interpolates linearly to get an approximation; if we know that the tabulated
function is convex or concave, we also get a bound for the quantity of
interest.

It is well known that the cumulative and rectangular probabilities for
elliptically contoured distributions are increasing functions of the correla-
tions (see Tong [8] for more precise statements), but the rate of increase
has not yet been studied. In this paper, we prove some results concerning
the convexity in correlations of the distribution functions of random vectors
with elliptically contoured distributions, and their absolute values. Sections
2 and 3 concentrate on the bivariate case, and Sections 4 and 5 provide some
applications. The last section contains extensions to the multivariate case;
the results here are not as strong as for the bivariate case, as the computa-

tions are much harder.



2% The Bivariate Normal.

The following identity due to Plackett [6] facilitates the computa-

tions that follow.

Lemma 1. Let ¢n(x;$) be the multivariate normal density with mean zero

and variances 1. If § = (pij)’ then

36 _ 3%

1) Bpij 3xi3x

3
When n=2, we write ¢(x;pj instead of ¢2(x;$). Identity (1) gives
rise to natural conditions on partial correlations for certain results to

be true. Now let

(2) Fo(x;p) = P(X; < x,X, < x,)
and

G, (x3p) = PCIXy [<x), [, ] <x,)

where X = (Xl,XZ)' has density ¢(x;p). Then we have

Theorem 1. F is a convex (concave) function of p in an interval I if

2
and only if h(x;p) = (pxl—xz)(pxz-xl)-Fp(l-pz)_3 (<) 0 holds for p e I.

G2 is a convex (concave) function of peI 1if and only if
ZQxlx2
l-p2

k(x;p) = (px1+x2) (pxz-xl) -p (1-02) +e (s (l-pz)+(px1-x2) (pxz-xl))

> {<) 0 ,

for pel.



Proof. Using (1) and doing the following interchange of differentiation

and integration, we get
5 SIS < 2
il if=02 d
F, J J g?lgt—z ¢(t;p)dt = d(x;50) ,

So that

9 1
= F_ === g p)h(Z:0) -
op2 "2 (l_pz)z

A similar computation yields

b ’ b

Now the theorem is immediate.

More helpful, perhaps, is the following:

Corollary 1. Let

Tif xlx2 >0, FZ is convex in at least (O,m); if X X, <0, FZ is

concave in at least (M,0). G2 is convex in at least (-m,m).
In particular, if c¢ = X, = X, then F2 is convex in (0,1) and when
c >0, Gy {is convex in (-1,1). For Fz we can get even more detailed

information: if |c| 2_/33-1, F2 is convex in (-1,1) since in that case

h 1is positive for all p. In the next section, we will generalize the above



theorem and corollary to arbitrary elliptically contoured distributions,

but the detailed information in this paragraph is much harder to get.
Corollary 1 shows that the interval of convexity depends on how

spread out Xy and x, are. A more precise statement of this uses

the concept of majorization; for a full account, see Marshall and Olkin

5]

Theorem 2. Let x,y'ekg. If Fz(x;p) is a convex (concave) function of
pel, and if x>y (y p x), then FZ(Y;D) is also convex (concave) in

I.

Proof. Suppose that Fz(x;p) >0 and x > y. Note that h(x;p) in

Theorem 1 is a Schur concave function of x. Thus h(y;p) > h(x;p) > 0,

2 :
and il F,(y;p) = - d(y;p)h(y;p) > 0. The other case is similar,

Corollary 1 also shows that the convexity of G2 depends upon the
spread of X and Xge Indeed, we have ample numerical evidence to show
that Theorem 2 also applies to G2; however, we do not yet have an analytical

proof of it, as the algebra is quite cumbersome.

3. Bivariate Elliptically Contoured Distributions.

Some of the above results can be extended to all elliptically contoured
distributions. Recall that a random vector XeR" is elliptically contoured
if there is a p for which (X-u) has characteristic function f(t) = ¢(t'$t)
where ¢:[0,») > R; when X has a density, it is of the form
Iil-l/zg(x't-lx), where fg xn-lg(xz)dx <®, A representation theorem of

Cambanis, et al. [1] says that this is equivalent to saying that



(3) x §p+ rgt/ %

where R > 0 1is independent of U(n), U(n)

$1/2

is uniformly distributed on
the unit sphere, and is the symmetric square root of $.
To start our investigation, we need a generalization of Plackett's

identity. Joag-dev, et al. [4] proposed the following: if g 1is a C1

function, then
3 & 1k
(4) ——--53<§p x ) f

where I-l = (pij) and f(x;I) = Iil-l/zg(x'I-lx). We propose another

generalization: suppose X has density

n
2[$ /%67 2
snI‘ (_I21+ p)

(5) £, (ssh,8) = ' e (-8x'$ 0

where s, is the surface area of the unit ball in R". Then, we have the
following lemma:

Lemma 2. If X has density fn p’ then its characteristic function is
9

¢n,p(t'it;8) where

k-1

o py =B § B @enThe gk
2k k=0 1=0
and the density satisfies
-1 2
3 1 E p! Pot on, -1 3
6 I R e i

Proof. See the appendix.



Now define Fz and G2 as in (2) of Section 2. The next theorem
generalizes Corollary 1. The proof consists of two steps: first, use (6)
to establish the theorem for such densities, and second use a geome-

trical argument and (3) to show that the theorem is true for all ellip-

tically contoured distributions.

Theorem 3. Corollary 1 is true- for all bivariate elliptically contoured

distributions.

Proof. Step 1. Using (5), we get

d 1
ke E J-m J- o (s 1,8)dt = EE E fz,m(x;i,B)

m=0
and

2

9~
F, = § (p-k+1) £, . (x;1,8)
de 2 48 k=0 3x13x2 2,k

(ox -X,) (PX,=X.)
- 1 2 > 2 1 f2 p(x;$,8) + 02 E% FZ} 2
(l-o ) ’ 1-p

Similarly, writing x = (xl,-xz) we have

d 1 . =5
d_p GZ = _B' mgo[fz,m(x’t’s) = fz,m(x,t,ﬁ)]
and
2 2(px,=-x,) (px,-x.) 2(px,+x,) (px,+x. )
—27 G, = L % 5 2 L £, (x;1,8) + L % 5 2 2 £, p(i;x,B)
dp 1-p0%) P 1-p7) 2
d
+ 3 d—p G2 5



d

and o} T

It is well known that G2 are non-negative (Tong [8],

d

dp F2
p. 64, £ff.). Thus, the theorem follows for this case immediately upon
2 2

inspection of the other terms in the expression for -QE-FZ and —25 G2,
dp dp
respectively. (The use of (4) instead of (5) yields the same expressions
2 2
for —QE F2 and —95 G2.)
dp dp
X, x
Step 2. If we let m = ;—-A = and assume xlx2 > 0, then F2 is convex
2 1
in pe(0,m) whenever the density of X is f2 o’ Recall that X = RII/ZU,
9’

where U 1is uniform on the unit circle, and R2 has density

P -
hp,B(r) = ST f e Br .

If e, and e, are the standard unit vectors, and bi = il/zei, then

1 2

l 1 2
. - ' —_ 1 -
Fz(x,p) 0 P(blU < e blU < r)hp B(r)dr

= j: u(x,r;p)hp’s(r)dr s

Since F2 is convex in pe(0,m), we have for 0 < a,8 and atB =1,

0> J (u(x, 7500 ) +80 ) -au (x, T30 )-Bu (x5T30 ) b o (r)dr

0

pl,pze(O,m) and all p,8 > 0. Now let p,R > = with p/B = rg;

it is easy to see that u(x,ro,p) is convex in pe(0,m) for each r

for

0°
But since U is uniformly distributed, u 1is just proportional to the



lengths of certain arcs on the circle, so we now have the purely geome-
trical fact that this length is a convex function of p. Thus, the
distribution of R 1is irrelevant and we have that F is convex in

2

pe(0,m) when X)X, > 0 for all eliptically contoured distributions.

The proof for the other cases in the same.

The key to Step 2 above is that for the family fn p(x;i,B), the
b
-1/2,
radius vector Ilt H can be made to degenerate to any point TG 2 0
by suitable choice of p and B. In particular, this family of densities

is not multivariate unimodal.

4, Applications.

Two well-known probability inequalities are

Slepian's inequality: Let X and Y be elliptically contoured with

EX = EY = 0, with parameters * and T, respectively, where i = (p,.),

ij

= >
i (Tij) are correlation matrices and pij-— Tij' Then for all
a= (al,...,an), P(Xi :_ai;i=1,...,n) 3_P(Yi.i ai;i=1,...,n).

Dunn's inequality: Let X ™ Nn(o,t). Then P(|X1| LE W IR ]

n
m e(lx | <a) .

Of particular interest for the construction of simultaneous confidence
bounds is the case a, =a,=-.c=a =a. These inequalities have been
used extensively to provide bounds for the probabilities of interest. We
shall show below, however, that the bounds are often far from the true
probabilities; that is, the bounds are bad approximations. We also show how
convexity results from Sections 2 and 3 can yield very good approximations

(but not necessarily bounds) for high dimensional probabilities.

8



Suppose then that X 1is elliptically contoured,

and we want to approximate P(Xi‘i a; i=1,...,n) and P(|X1J_§a41=l,...,n).

n n
Let S =1, I{Xi‘i a} and T =I I{|Xi|_ia}, so the above probabilities

are P(Sn=tﬂ and P(Tn-tﬂ, respectively. Also, let f' be the equicorre-
lation matrix whose off-diagonal elements are all equal to the average of

the off-diagonal terms of }. Then we have

Theorem 4. If pij

> .
$, varZTn._ var Tn

>0 for all 1i,j, then vartSn > var Sn' For all

Proof. The variance of Tn is

var$ T = constant + 2 igj P(|Xi| f_a,|Xj| < a) = k({pij}).

Now P(|Xi| f_a,|Xj| < a) 1is a convex function of o by Theorem 3, so

ij
the Hessian of k is a positive definite (diagonal) matrix, and k is a

convex function. Being a symmetric function, k is also Schur-convex; thus

= - n
k({pi }) > k({p}), where »p iEj pij/(z)' The proof for S is similar.

]
Notice that Etsn = E Sn’ so that S = has the same location under 4
and f; but is more dispersed under } when pij-i 0. It is tempting to
conjecture, then, that certain probability inequalities obtain for P(Sn=n).
For an illustration, suppose that a = 0, so that Etsn = E Sn = n/2; in
this case, we might conjecture that P$(Sn=n)‘i P (Sn=n), for Pij > 0.
Indeed, this is true for some special cases, but not in general. Even when
the inequality does not hold, we can expect that approximating Pt(Sn=n) by

P (Sn=n) will be better than using the Slepian bounds, (S =n) or

P
1:min



(Sn=n), where tmax and are equicorrelation matrices with

1‘:m:f.n

and min p,,, respectively. Table 1 below compares

ij ij

the two methods; for the correlation matrices used for comparison, see

Pt
max
parameters max p

the Appendix.

TABLE 1

True f.approx. Slepian upper bound Slepian lower bound

a) .216 .214 .272 .164
b) .134 .135 .228 .106
c) .243 .241 .183 .273
d) .129 .126 .008 .316

Of course, similar comments apply for a # 0 and Pt(Tn=n). Also,
we could use the concavity results of the earlier sections to give simple

sufficient conditions for the opposite inequalities; we omit the details.

St Computations for the Equicorrelation Case.

The above approximations are most useful if they are easily evaluated;
that is, the approximation be expressible as a low dimensional integral,
which then requires numerical quadrature.

For the normal distribution, the equicorrelated case is especially
easy. When p > 0, it is known that a one-dimensional integral suffices:

> -]

(6) Nﬁia“”mnia=f_¢

¢ (t)dt
Q0 Vl_p

n
=12 £ "5 £)

10



where ¢ and ¢ are the standard normal density and distribution, respec-
tively. And for p <0, Steck [7] provides a formula relating it to the
p > 0 case.

For other elliptically contoured distributions, the equicorrelated
case does not yield a one-dimensional integral. Even when p = 0, the
probability integrals do not immediately reduce in dimension because p = 0
implies independence (within the elliptically contoured family) only for
the normal distribution. For one subclass, though, a two-dimensional
representation is possible. Cambanis, et al. [1l] use a result of Schoenberg
and von Neumann to show that if X has an elliptically contoured distribu-
tion, which can be embedded in an infinite exchangeable sequence, then X
has density [t|-1/2f(x'$-lx) where (t)ij =p for 1 #j and

5, B2 2
7 f(u) = J (2me®) exp (-u/2r")dF (x)
[0,»)
and F 1is the distribution of I|$-1/2X||. Using this result, we can apply

Fubini's theorem to immediately get that

P(Xi ol T b IR . 3

a S W & P TR |
. J {J J |2ne2f]  exp(-2x' (r2h) I axbar(x)
[O’m) - -
The inner integral is a Gaussian integral, which can be evaluated easily

by (6); thus, we have that for scale mixtures of normals, orthant probabili-
ties and rectangular probabilities are easily computed. Important special
cases are the multivariate t and Cauchy distributions which are elliptically

contoured.

11



For other elliptically contoured distributions, the problem is harder;
it essentially reduces to that of computing the surface area of the inter-

section of circular patches on the sphere, since

a
i

. = ' —_—
P(Xi < ai,Vi) j P(biU < r,Vi)dF(r) 5

[0,=)

6. Extensions to Multivariate Case.

There are several ways in which to extend our convexity results to
higher dimensions. For instance, one might consider F(t;a) = Pt(xi:iai;vi)
and ask when F is a convex function of 1. A simpler but instructive
case is when t = *p’ an equicorrelation matrix, and a; = a. Even in

this case, the computations are complicated, so our results are somewhat

limited.

Theorem 5. If X ~ Nn(O,tp), then P(Xi_i a;Vi) is a convex function of
p >0 when a<0. When a < 1- Y2, it is a convex function of p in

its entire domain (- ;%I,l).

Proof. Let (dx)n = dx dx_ and interpret a 0O-fold integral as O.

e eleaiCE

Now

a
Fp;a) = P(Xi j'a;Vi) = J ¢n(x;p)(dx)n

-0

and

12



a
QE&%;EL = (2) J ¢ (x,a,a;0) (dx)__,

& at(p)
= (,)9,(a,a;0) J ¢ _,(xsp")(dx) o

-0

1/2

where t(p) = {(1-p)/(1+p) (1+2p)} and p' = p/(1+2p). Next

2 at(p)
dF(p;a) n d . -
T = (2) {[-‘E ¢2(asasp)] J'-Q ¢n_2(xsp )(dx)n_z
at(p)
+ ¢,(a,a50) o J o _,(x3p")(dx) o} .

By Theorem 1, the first term is positive if |a| > /2-1 (for all o) or

p >0 (for all a). Thus, we only need to study

dp

4 (ate)
J o - (30" (dx) .

-—C0

b (x)

-0

Now recall that if G(x) = S g(x,y)dy, then

b(x)
G'(x) = J gx(x,y)dy + b'(x)g(x,b(x)) .

Repeated use of it shows that

d at(p) :
F7 L” ¢ _,(xsp")(Ax) o
1 n-2 at(p)
= C o ) J ¢ (x,at(p),at(p);p') (dx)
(l+2p)2 2 n-4 n-4

+ (n-2)at’'(p)

at(p)
J ¢ _3(x,at(p);p’)(dx) 5 .

13



The first term here is always positive; the second term is positive only
when a < 0, since t'(p) = -t(p)ﬁ—275-+ 12} < 0. Thus, we have the
1-p 1-p

simple sufficient conditions for the positivity of dZF(p;a)/dpz.

Corollary 2. If X 1is a scale mixture of equicorrelated normals, then

P(Xi_i a;Vi) is convex in p > 0 for a < 0.

Proof. From (7), we get

P(X; < a3¥)) = J P(z, < ar;¥,)dF(r)

[0,=)
where 2Z = (Zl,...,Zn) " Nn(O,ip). Since a < 0 = ar < 0, the integrand
is convex for p > 0 for each r. Hence, the integral is also convex.
Note that this corollary indicates that the rather specialized result
for the normal (a < 1-/2 = F(p;a) convex for all p) cannot hold for
all elliptically contoured distributions, since we may have ar > 1- V2
even though a < 1-72.
We have only succeeded in extending Corollary 2 to arbitrary elliptically

contoured distributions when n=3, by using the family of distributions (5).

If we let
a
F(pja) = J_mfn,p(x;*'s)(dX)n ,
then
&;_a_)= (n) 1 E o 2 £ (x,a a.t 8) (dx)
do 2° 2B =g MWsP J_, 0,m gt n-2

14



1 _p- =
where « = B P L E+1) l. See the "working rules" for this family
n,m,p m! i=m "2

of distributions in the Appendix; the notation below is explained there.

Next, after some more algebra,

d2 n, 1

a
'_2 F(p;a) = (2) -4—3_ J_m(BAn—lAnfn,p-An,n—l E an,k,ansk)

(dx)__
de k=0 n-2

(x,a,a3%,8)

a
-2, 1§
# (‘2‘)(“2 )= E B=KEDC o s fn,k(x,a,a,a,a;i,ﬁ)(dx)n_4
48° k=0 -

a

Anfn,k (dx)n_3 .

-0

n,,3
- (3)625) kioan,k,p J

(x,a,a,a31,8)

The second term is obviously positive. The first term is positive when

P > 0 because

20
Anon,-1 T T @) (IF(e=D)p) ~

o,

and

4 n-2
= (a(l+(n-3)p) - p ) x

2
A A
=l'n 3 5y2(1+(n-1)p)2 1

5

i)

The sign of the third term is largely determined by An; here

n-3
(a(l+(n=-4)p) -0 ) x,) .
) 1 i

2

A = To) (I+(a-Do

Thus, when n=3, An is negative for a < 0, and so Corollary 2 extends
to all elliptically contoured distributions (by the same geometrical argu-

ment of Theorem 3). For n > 4, An < 0 and it is no longer easy to see
2
where —95 F(ps;a) 1is positive.
de

15



Appendix.

(1) Proof of Lemma 2. Let Qn(lslz) = E exp(is'U) be the characteristic

function of the uniform distribution on the unit sphere in R%. It is

known from the Gaussian case that

2
L n-1 -r°/2
e u/2 J Qn(rzu) _—n/z-i = dr
0 2 I
2
) Iw o (rz) rn-le-r /2u o .
o ® 2n/2-1 F(%) un/2

Differentiating both sides with respect to u and rearranging some terms,
we get
k-1

k
e-u/2 un/2+k .2 (i) g (n+2j)(-u)i .
i=0 j=0

2y X
9} (r ) n/2_l dr =

[w n+2k-1e-r2/2u
n
0 F(2)2

Now recall that if X has density fn p(x;#,B), then X d R#I/ZU,
’

where R2 has density

pﬁhE n
8 2 p-FEH-I -Br
h B(1r;n) Bt B e
g T'(p +3)

so that the characteristic function of X is given by f(r) = ¢n p(t'tt;B),

where
0

¢n’p(u;8) = J Qn(rzu)h

(rz;n)Zrdr
0 pP,8

u u

2
2 r-, 2rdr
[: a (« )hp,B( gy S
is given in the lemma.

Next, to get the generalization of Plackett's identity, recall that the

16



Fourier inversion formula gives

i 2 -ix't i
p(x,i,B) [Rn e ¢n’p(t ft;R)de .

(2m"™

Differentiating under the integral, we get

afn',g 1 -ix't E ) IZl T
%, EE'[Rn e & St e G f= =g ) dt
5 I (—+ V)

v=(0

and

eile

- k-1

—P . J il B, GB Lot § (11:) I G+ w1 —L) dt .
R" J k=0 ° v=0

Thus, we get the partial differential equation because the coefficients are

equal:

P +2 p-1 4 k-1 _
_k_z ¢ = Ek% G jgm 1) = inl G+1) 1
T E+1) w= -
2
=0

which can be established by induction. An empty product is to be inter-

preted as 1.

ii) For convenience, we list some '"working rules' for the family of densities

p(x;i,B). Write

p+% n 1/2
28 /snT('2—+ p) |1

A= x'i'lx, C

and

17



e

5 Al i et AL 5
i 9x 13 Bxiaxj

where s is the surface area of the unit sphere in R".

y - p_-BA
a) fn’p(x,t,B) CPA e

n

b) fn,p/fn,p-l BA/(2+p—l)

3

—f _ =PBA (—E—7 -f
c) 8xi n,p i(E+p-l n,p-1 n,p)
2

Gl —
d) BE o fn,P = B{(BAiAj-Aij)fn,p - o ; (ZBAiAj-Aij)fn,p—l

i7] 24-p 1

+ b, —— 2oL .
G+p-1G+p-2) ™F
2 2
e) If, in Lemma 2, we write
Yap.1 B, 22
8pij 28 =0 n,m,p Bxiaxj n,m
then
- P2 pﬁl S+ i)'l
n,m,p m! T 2
satisfies
*n,m,p “n,k,m - “n,k,p e *2,m,p * )

iii) The correlation matrices used to get the entries in Table 1 are the

following.

18



a)

c)

(1.000 0.600

1.000

1.000 0.579

1.000

0.636

0.383

1.000

0.241
0.582

1.000

0.472)
0.458
0.705

1.000

19

b)

d)

(1.000 0.585

1.000

1.000 0.717

1.000

0.177

0.209

1.000

-0.232
-0.471

1.000

0.197)
0.217

0.291

1.000]
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