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Orthogonal Regression M-Estimators

Ruben H. Zamar"

University of Washington

ABSTRACT

M-estimators in the orthogonal regression set-up are defined

in order to produce a robust alternative to the method of classical

orthogonal regression. Asymptotic qualitative robustness of some

orthogonal M-estimators is proved. The influence curve of these

estimators is computed and some additional asymptotic theory is

presented.
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1. Introduction

The error-in-variables model and the method of orthogonal regression have

received a great deal of attention in the statistics literature (see, for example,

Anderson (1984) and Moran (1971) for extensive reviews and references). The

method of orthogonal regression enjoys the following properties:

(P1) It is the ML procedure at the Gaussian error-in-variables model.

(P2) It gives a symmetric treatment to all the variables under study.

(P3) It allows for additional information about the variances of the obser-

vational errors (which might be available) to be used in order to

obtain consistent estimators of the regression coefficients.

These are features which may render orthogonal regression more or less attrac-
I

tive, depending on the situation at hand.

A major disadvantage of orthogonal regression is that, like ordinary least

squares regression, it lacks robustness: it is not resistant to outliers (see

Brown, 1982). it lacks efficiency robustness its influence curve is unbounded

i (see Kelly, 1984), and its breakdown point is 1/n (see Hampei, 1971; Huber,

1981).

This paper studies a class of robust alternatives to orthogonal regression

estimates, namely orthogonal regression M-estimates (ORM's). ORM-estimators

have the property that they are MLE's for appropriate non-Gaussian error-in-

variables models. They also enjoy properties (P2) and (P3).

In section 2, ORM-estimators are defined in the context of both symmetric

and asymmetric models, the latter being the usual regression model with

response and carriers. The existence and uniqueness of ORM-estimators is

0m



established, under suitable assumptions, in section 3. Section 4 is devoted to

ORM-estimator influence curves and some asymptotic bias calculations. Finally,

section 5 treats the following asymptotic properties of ORM-estimators for both

the structural and functional models: consistency, asymptotic normality and

qualitative robustness.
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2. Orthogonal aersin 11-Etimators

Given a unit vector a in RP*1 and a real number 6, the hyperplane H(ab) is

defined as

H mH(a,6) = JxE RP* 1: Wx= b (2.1)

Let JxI1 .  z;, be a set of n data points in F4"*. The method of orthogo-

nal regression (OR) consists of solving the following minimnization problem:

mm.l 2 d4 (x.H) = (a'z 4 -b) 2 (2)

IalI.f ta imi

where

d(xH) = Ia'x-bI = minllx-yl (2.3)

is the perpendicular (Euclidean) distance between x = (x0 , x 1, .,x,,)' and H.

This view of orthogonal regression highlights the symmetry of the method,

that is, no particular coordinate A~ of x is regarded as a response, with the

remaining coordinates of x being predictors. However, orthogonal regression is

often treated from the viewpoint of a linear model with coefficients

AD,............. .~ corresponding to an intercept and p predictor (or carrier) vani-

Wbes z1 . xv. Taking zo as the response, our symmetric form of orthogonal

regression (2.2)-(2.3) can be cast in terms of the linear model coefficients as fol-

lows. Let ~

a = 51- 1 b ~ (2.4)

Then

*d2(xH) =62(zo- fo - fix I- .. p -z)2 (2.5)

Oil:
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and solving the minimization problem

Mi n. z,)] (2.6)

is almost equivalent to solving (2.2). In fact the two solutions will be equivalent

when (2.2) yields a0 - O. For if &C 0 0. we can express a solution

a= (&0. .. ,,). IlaI = 1 in the form (2.4) by letting = -9a/., i = 1 p

and 6 = (1 + E N)-t. Note that a solution to (2.2) with a0 = 0 corresponds to

6,= = in the case p = 1. and to a hyperplane which is parallel to the x 0 direction

in the general case. Of course data sets producing an estimate i with &a = 0 will

have probability zero under any "reasonable" distribution model for x;

As is well known, problem (2.6) yields the Gaussian MLE for the following0

er.or-in-variables (EV) model

X0= f +PX+ + A (2.7)

1= X+e (2.7)

where x'-(xzo !.. ), X'=(X 0 .X .... X,), and £'=(t..P) is

N(O,o2 I). When we take n observations on the above model we write

t= x + Ct (2.8)

where x' 1 =, (xoi,.T. . ). xp=(Xo..X 1 1 ., and

Ct = ( t .. , e,) for i = 1, ... n. If X1, . X.. are random iid vectors

we have a structu7W error-in-variables model. On the other hand, if X1 ..... X,

are fixed (non-random) but unknown incidentaL parameters we have a func-

tional error-in-variables model.

If ao is a unit vector in IRV* and b0 E R1, the symmetric formulation of the

model (2.7)-(2.7') is

-oX = bo (2.9)
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x=X+C (2.9')

and (2.4) expresses the relationship between (aO, be) and j 

The noise-tree part of the error-in-variables (EV) model can be represented

geometrically as a linear variety M = m + V, where V is a p -dimensional sub-

space of 1R'~ and ina is a solution of either (2.7) or (2.9). This is illustrated in

Figure 2.1 for p =1, i.e., XO #a (3+ 11X1.

0X

b 0'0

a

FIUE .

%4



l -6-

In the linear regression setup (2.7) m0 = mm = (Po, 0. 0), and in the sym-

metric setup (2.9) mo = mg = boao.

Further perusal of the linear regression formulation of the EV model leads

to a nice geometric motivation for the definition of the orthogonal regression M-

estimate (ORM). First one verifies that

b, = 6(PI, 1... 0)

b2 = 6(p,O, 1.. 0)
(2.10)

b= 6(p,.0.0 . 1).

is a (non-orthogonal) basis for V. Since so is orthogonal to V any vector x E 1RI

can be written as

X = + tzkk + eia V z 1. z ' (2.11)
k=

where t zk bL E V. xO + t zt bk is the component of K which lies in the noise-free
k=1 k=t

model (2.7), and ea 0 is orthogonal to the noise-free model (2.7). The simple case

p = 1 and o = 0 is illustrated in Figure 2.2 below.

The coefficients z1 . z, are easily determined by taking Vie inner pro-

duct of ck = (0.0, . . . 1, • • 0)', with both sides of (2.11), where the "1" is in

the k + 1st position of ck. This gives

zk - 6=-(z + 6flke). (2.12)

Finally e is determined by premultiplying both sides of (2.11) by a, which gives

e = (X- P-g) . (2.13)
hut

It is straightforward to check that

2 2
e= -( , - e = -6 z, (k . p) . (2.14)00 C1 fl

T~Then, since the minimization problem (2.6) can be expressed in terms of the
,4

4.j
"e .," " ... .. ,,, e'' .''* * .. ,,'...',. ,u.. .. _,.:',. ,,. .. ... .' . . ".'.' _,.,.... .'..-,- ' .
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b 1

S~ca
0

p0

FIGURE 2.2

orthogonal errors e1  6(xot 16 l k),i 1 ,a

E .j =, min (2. 15)
n .,.-EP

differentiation gives the "orthogonal normal equations"
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(a) e- ezk 0() n i=,

(I 0. (2.16)±t1(b) -E ei =0.

This leads to a natural definition of an orthogonal regression M-estimator:

1 p(et) = min! (2.17)
n.

where p is a symmetric robustifying function. Differentiation with respect to #

gives the following ORM estimating equations:

(a) - *(ei)Z = 0

n(b) -= () (2.18)

where 4 = p'.

ME MOTIVATION

There is also a maximum likelihood rationale for the above definition of

OHM-estimators. Let

X,, , U, (2.19)

be the usual error-in-variable model with all the classical assumptions in force

except that the joint distribution of the error (u,v) is not Gaussian but of the

I,

f(u.v) = Ke - P(u' +, s) (2.20)

The log-likelihood function for this model is

I(Po,I.X1, X) = nlog(K) - , p[( -lo-P1 X)2 + ( -Xi)] . (2.21)

J

w%
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Differentiation with respect to all the parameters (structural and incidental)

gives

, O~l= 0 => __ ,(t fojf~)2 + (Z,_X)2](Ik_-go_[1X)X 22a

-t n 0 (2.22a)

aoL = (-o-X,) + j - ) = 0 (2.22b)

at - o -> *o[(V-#o-#iX,)2 + ( -X,)1][(y,-#o-pX,)#, + ( x - = 0

(i = 1 . n) . (2.22c)

Equations (2.22c) are all satisfied if we set

1 #2. (i = 1, ... . .(223

Inserting (2.23) into (2.22a) and (2.22b) we get the following MLE estimating

equations:

1 Y,- o -PI, Xt + 91(yi- ) = o
n 0(1+ J j (i+ ?)lAJ

(2.24)i - -l o

where (t) = *(t 2 )t. But equations (2.24) are also the estimating equation of the

following (ORM-estimator) optimization problem:

ain Ii (2.25)oa tl n 1 ( 1 + # 2 1 ' +

where (t) = %p(t2 ) and (t) = "(t) = *((t2 )t. This carries over to the general p

case, as shown in the Appendix.

0 :" . "7:v , .'" -€ " "" " " -.'" , ," ' > .."": - -.,,-
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3. Existence and Uniqueness of OR-Estimators

We now show that given a sequence x1 . x, of observations in RP "' the

minimization problem

min -"p(a'i - b) (3.1)
Uliffi.beIR n1

has at least one solution. In general the solution to (3.1) is not unique but we

will show that appropriate side constraints can be imposed in order to force

uniqueness. On the other hand we'll see later on that it is not necessary to force

uniqueness in the context of asymptotics since all solutions to (3.1) will enjoy

the same asymptotic behavior. We consider two cases.

MONOTONE

For each unit vector a in P let

B(a) = b: rin 1 p(ax4 - b)) p -- i,, (3.2)

Monotonicity of # =p' implies that p(t) -, + - as t -. + a, and therefore it follows

as in Huber (1964) that B(a) is a non-empty, bounded and closed interval.

Lemma 3. 1: Let ac denote unit vectors in 17+1. For each c > 0 there exists 6 >0

such that if Ia-cl <6 and b, E B(a) then there exists b2 E B(c) with

O Ib,-b 2 l <C.

Proof See the Appendix.

'4 .,< ,.,- .- / , ,,.:. C.-;. " :' ',. .. ;'.' . .- ' - ""'"' ' ' ".,".'" . . ' ;X "



Now we select a particular element of B(a), namely

F(a) = min S(a) . (3.3)

Lemmna 3.2: F(a) is a uniformly continuous function of a.

Proof See the Appendix.

Le~rma 3.3: Given xt, ... x, for all IIal = 1 and b E R

)-,P("'x - b) k P("' j - F (a)) .(3.4)

Proof, If b F(a) and b E R then
n n

p(a'xj - b) = p[a!x - bo + (bo- b)] =

= Z p(a' 1 - bo) + (bo-b) E #[a' x - bo + at(bo-b)] (3.5)

where 0 _S a -S 1 fori = 1 . n. Since t *(s+t) _ t #(s) for all s,t E Rwe have

_-II

jp(a'x -b) 1 , p(a-k,-bo)+ (bo-b) '(a'x- bo)

Sn
a; E _p(Wrt- bo). (3.6)

The above Lemmas yield the following:

0 Proposition 3. 1: The minimization problem (3.1) has at least one solution.

. Proof, Since the right hand side of (3.4) is a continuous function of a it achieves

0 its minimum at some vector -, say. If " = F(i) then (Cb) is a solution to (3.4).

., " ,q
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BOUNDED p

We note that when p is bounded the 1P-function in the ORM estimating equa-

tion is of the redescending type. It will be shown in the next section that under

certain conditions an ORM-estimator with a bounded loss function p is robust in

a precise technical sense.

Proposition 3.2: Let p be a non-negative, even function which is non-decreasing

on [0.o) and such that

0 < pim p(t) = M < . (3.7)

Then (3.1) has at least one solution.

of Let 0 < 6 < M/n and to> 0 such that

Itl > to => p(t) > M- 6 . (3.8)

LetK = maax Ixll. If 161 > to+K then

aI';-bI a -b1 - la'xdl a, 6I -K > to  (3.9)

Consequently if I b I > to+K. for all hall = 1 and all i = 1. n

p(a!xt - b) > M - 6 (3.10)

and

1 p(a'xt-b) > M - 6 . (3.11)

Since 1 p(a'zx - b) is a continuous function of (ab) it achieves its

minimum on the compact set

A = J(ab): 111 = 1. 1I S to+K . (3.12)

Let c be such that c'x = 0 and lell = 1. Now (cO) E A so that by definition of 6

I%
'1I~ j
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min) p(a' i - b) 6. ,p(c' ) n-1 M < M-6

inf I ,p(a'xi - b) (3.12')

IU11.IbI>K+to 7

Therefore 12p(a';-b) achieves its minimum when (a.b) ranges on

J(ab): 11al = 1, b E R1 and the minimum can be achieved only at elements of A.

FORCING UNIQUENESS

So far there is no assurance of uniqueness of solutions in either of the two

cases considered. However, when the solution set is not a singleton, it is possi-@

ble to select a particular solution 9n = ( ,b') from the (compact) solution set

in a systematic way, as we now show. Let

B = (a~b): ~~P(a',- b) m rin~ p(c;x -d)} (.3

Among all the minimizing pairs (a,b) we take only those with the smallest possi-

ble non-negative b -component to form the set B0 , that is

b inf b : (a.b) EB (3.14)

Ba = (ab)EB: b=-.

Now let ul, .... + be the canonical basis of R-'+ and fork = 1, p+l let

Bt = j(ab)E Bk.: ,la-uA.1Ei c-u,, V (cb) EBk_}. (3.15)

That is, among all the pairs (cb) in Bk_ ! we take only those which are nearest to

uk to form the set Bk. Finally the following lemma provides us with a uniquely

defined element of B which we shall label as -0,

*.. . . . :-":";;'.;' " v.",' . .- ' . :/"',. -.. ,% ,"''.:'-", ''" V y ' -
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Lemma 3.4: B, t defined above contains exactly one element.

roof: Assume that (a.b9) and (c,) are in B,,. Then Ilal = Ilell = 1 and

Ila-u&1li = IIc-U*12 . k = 1. p+ . (3.16)

But if a = (a,. . , qzpe)' and c = (c ..... ,c, 1 ) then

Ila-U112 = (a*-i,)2+ F, I -2a, + = (1-z,) (3.17)

and the lemma follows since 2(1- a) Ila-U*11 = Ile-ukI 2 = 2(1-Ck) implies

that a= c.

S

Si

-0_

, : .: . . . . . . . - -..- - ' -,.. . ... - . '.%: . -. *- . .- S . . ,, - . .€ .. . ,.. . ... -.. -,, - ... ..C. -,
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4. Influence Curve and Asymptotic Bias of ORM-Estimators

4.1 INFLUENCE CURVE

Hampers (1974) inifltuence curve is one of the most useful heuristic tools in

robustness (cf. Huber, 1981). The study of its shape enables one to visualize the

way a small fraction of contaminated data can modify the asymptotic behavior

of a certain estimator. In addition it yields the asymptotic variance of the esti-

mator. In this section we compute the influence curve of the OR-estimator and

study its behavior i!., more detail for some particular models.

In order to, define the influence curve of the OEM-estimator we assume a

nominally Gaussian distribution for the EV model (2.7)-(2.7'). That is, we assume

that

x = X+ (4.1)

where X and c are independent, X ~ Np,,i -.E). c - Np+,(O, aI), and the random

vector X = (X 0 ,X 1 . . . . . X)' a.s. satisfies the linear model

- = #o + P1x +... + #PXP . (4.2)

Thus F = N(ju,E + oa/) is the distribution function of x; Now let dt be a point

mass located at W+ E lP 6 1, and for 0 < c < 1. let

G=.= (1- )F + c • (4.3)

The influence curve of = ... is defined as

IC(C) = IC( ; P. F) = lim (C,.c)- (") (4.4)

provided the limit exists. Here the estimator A is regarded as a RP''-valued

functional defined on some subset of distribution functions.

IS
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We compute the influence curve of the OH-estimator in the usual way.

Namely, we differentiate the population (or asymptotic) estimating equations of

the M-estimator under G,.C with respect to e. and evaluate the derivative at C = 0.

This produces a system of linear equations which determine IC(C).

The (population) estimating equations of the ORM-estimator under C,€ are

A,&) = (1-v)Ej#(e)z1 + e[e(¢.P)]zI(C.P) = 0 (4.5)

fork =1 .... pand

Ao(r) = (1-e)E j(e) + t*[e(C.P)] = 0. (4.6)

Here zk = zt( ,P). k = 1 .. p and e = -e(.P) are defined on (2.12) and

(2.13). Also P = P[(l-e)F + e6C] is the asymptotic value of this parameter under

G,.C. In addition Ef#(e )zk and Ef*(e)j stand for the more explicit notation

Ej[e (x.p)]z (xP)j andEF[[e (zP)]J, respectively.

Differentiation of (4.5) and (4.6) at r = 0 can be carried out with the help of

(2.14) and the following easily-derived relations:

- k k =0

S = e(1- 62012) k =j (4.7)

61(pkzf-ez-p#IJe) k ,j, k o

for j = 1. p. The resulting linear equations are

MIC(C;P) = Y(CP) (4.8)0

where

IC(CIP) = (IC0(C-P). 1P C

S= l [e (,)](lzi( , . . ... z,((',,))' (4.9)

and M is a (p+ 1) x (p + 1) matrix with elements

?no, (4.10)
16Ij#(ez= 1. '

p.A

-@
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and

6E j j'(e ) z, j j = o
P= E ( -E (e)e j(1-Pf) j = k (4.11)I 62E l'(e)zk z, + 62E J(e)e ipt, j o#.

fork p.

The entries of M are in general rather complicated, which makes it difficult

to give an explicit expression for U- 1 (and hence IC (C.)) in the general case.

However, this is easy to do for the simple case where p = 1 and E JX1 = 0. In this

case e and z I are independent normal variables with zero means,

70o = ?rto = 0, and one can check that (I- 62#) = 62 = (I + Pf)- t . Therefore.

• Wo(C.#) 1 +- f [e (C.#)] (4.12)

* and

2c1(¢,p) = - [e(,f)z 1 ((.p) (4.13)

Here the intercept component IC(Cflo) is independent of z and is bounded,

while the slope component /C(¢,f) is unbounded.

REMARK OR corresponds to the particular case #(t) = t and f'(t) = I (cf. Kelly,

1984. eqs. (2.6) and (2.7)).

It is clear from (4.8) and (4.9) that the elements of IC (.P) are in general

unbounded. Nevertheless if # is fully redescending (e.g.. if # is Tukey's bisquare

function), then IC (CP) is unbounded in a nice way: it can be arbitrarily large

6only when e ( ,f), the departure of C from the true error-free model, is small.

(This is also the behavior of an ordinary M-estimate using redescending 4' for the

classical linear model betup.)
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To illustrate this consider the simple case p = 1 and 0 = = O, and with

fully redescending. For each ' d 0 and a > 0 Let

A &() =W( .2: ¢C= . I¢/ I k- a .

For a = 0 let

~~~~~A.(O) ={O¢: ¢

A. U A()

and

Notice that points in A = R2-A, are "nice" (for small a) in the serlse that they

belong to lines through the origin with slope less than a (see Figure 4.1 below).

r2

1., .1..

FICURE 4.1

In Figure 4.2 below are presented plots of g (¢j) versus , for various values of a.

It shows that the maximum influence of points outside A. is finite for all a > 0 and

that this uniformly decreases as a gets larger.

%

* .JP
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II

6.40

2C. 40 so-0

Another case, with general p, which yiecr1 - ar TC whose interc Cpt em~

is independent of z 1, zP arises when P = E -X1

-0. For in this case it is straightforward to see that me= fC (1, yN

,mko =0(k =1. .. p). moo = Eji'(e)j andi for k = 1,.m

- - k

i , 1E '(e)jE jzzkj j ' (4. 1

Now let

f lo Ell (4IC MI . I'Ad

I/'
ii!'\

S•p." - % %\
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where aoo and mo are of order 1 x 1, and Ell and M1 l are of order p xp. Then we

have mo = E '(e) . M1 = Io = 0, and

. M11 =El'(e)JEI + (o -Ej*(e)e )I, (4.16)

If E J'(e)i j 0 and a2 -E 'k(e)ej > 0 (as is generally the case), then M, is posi-

tive definite and invertible.

0

S%

. J
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5. Asymptotic Theory

In this section the structural and functional error-in-variables models intro-

duced in section 2 ((2.9) and (2.9')) are considered in order to establish some

asynmptotic properties of the ORM-estimator.

It is well known (Kendall and Stuart, 1979) that when the covariance matrix

of E is known (up to a constant factor), the classical orthogonal regression esti-

matcr is consistent under both the structural and the functional EV models.

Subsection 5.1 is devoted to the study of the asymptotic properties of ORM-

estimators under the structural model. Consistency (Theorem 5. 1), asymptotic

normality (Theorem 5.2), and qualitative robustness (Theorem 5.3) are esta-

blished. The asymptotic bias of a particular ORM-estimator under some contam-

inated Gaussian EV models is numerically computed and presented in Table 5. 1.

Subsection 5.2 is concerned with the asymptotic properties of ORM-estimators

under the functional EV model. Consistency (Theorem 5.4) and asymptotic nor-

maliLy (subsection 5.2.2) are treated here.

5. 1 ' TUCTURAL CASE

5.1.1 Consistency

First we show (Theorem 5.1) that under fairly weak assumptions, an ORM-

estimate converges to its asymptotic (population) value. Then, Corollary 5.1

establishes the consistency of an ORM-estimator (convergence to the true

parameter in the EV-model) under additional distributional assumptions, includ-

ing that AE is spherically symmetric for some known, non-singular matrix A.

.J
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Theorem 5. 1. Assume that the loss function p is continuous, non-negative, and

non-decreasing on [0,-). Suppose that there exists a unit vector a, and a real

number b such that

(i) E jp(a',x- b,)j < limp(t).

(ii) (at,b,) (strictly up to the sign) minimizes EFjp(a'x-b)j among all

unit vectors a and real numbers b.

If 9,. = (Knf;,) satisfies

t n In
- p(n',-En)- inf - p(a';-b) - 0 a.s. (5.1)Sn 1 e laJ=1.bR n i=1

then

"0, -' (a.b 1 ) a.s. [F]

Proo The theorem follows from Theorem 1 of Huber, 1967 after we show that 8,

almost sure.y ultimately stays in a compact set.

To showr that i,, almost surely ultimately stays in a compact set we argue

as follows. fly hypothesis, there exists T >0, M >0, 6 > 0 and E > 0 such that

(a) p(t) > M V It > T

and

* .a . . (b) M(1-6) > EFjp(a'lx-b 1)j + ~

Let K, > 0 be such that

and let K > 0 be such that lb I > K and xjll $ K, implies that

% % %
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Ia'x-bj > T V IIi=1

Now, by tie strong law of large numbers we have that for all ilaij 1 and i b I > K

Ip(a' -b) 9 E p(ai- b)I(jl, xIK)

-M 12 :(jx, l5-K) ;: M(1-6)
n ,I

>EFjp(aljx-bl)J+e - -lp(a'jxk-bI) + _r/2

for suffic'ently large n, a.s. [F]. Therefore, for sufficiently large n. b, 6 K

and i. hlorgs to the compact set

[-K) K] x ja: IlallI 1

Corolla, 5. 1: Assume that

(1) The loss function p is continuous, non-negative, and non-decreasing

on [O,0o).

(ii) (a) The distribution of e is spherically symmetric.

(b) The density f of Y m a' is unimodal and continuous.

[ (iv) There exists 6 > 0 such that p and f are strictly monotone on [0,6).

If 9, sati7fies (5.1) then

* On - 0 = (aO,b0) a.s. [F] * (5.2)

The p'roof of Corollary 5.1 uses the following lemma.

0 , .- ,-.: .. ,.-,-,,. .. ,,,,.,,,,,.,..'.,..: -- v ,= ... :.:---, ----. '-,.' '.g,: ,....> ... '-'.. ':.'-
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Lemmna 5. 1: Let. for each t E R

g(t) : Ejp(Y-t)-p(Y)j (5.3)

where Y is as defined in (ii.b) above. Then

g(t) > 0 V tO a (5.3')

Proof: See the Appendix.

Proof of Corollary 5. 1: The corollary follows from Theorem 5.1 once we show that

our estimator is Fisher consistent over the distributions specified by (ii) and

(iv), namely that

EF -p(a'x- ) - (a'oz- b -0) 1 0 V a1= = 1, b ER (5.4)

with equality iff (ab) = 00 or (ab) =00.

Since (5.3) trivially holds when Ejp(a'z-b) = we only need to consider

the case when p(ax- b) is integrable. In this case by (ii) and (iii) and Lemma 5.1

Ejp(a'x-b) - p(ao'x-bo)j = Efp(a'z-b) - p(a'e)j =

= f [ p(y- (b-a'z)) - p(y)]dFy(y) dz(z) =

= f g (b - a'z)dF,(z) 0. (5.5)
RP +i

Finally, if the last term of (5.5) is equal to 0 then g(b - a'Q = 0 a.s., which

implies that a'X-b = 0 a.s. and 0 = 00 or 0 -0. U

The assumption that AC is spherically symmetric is weaker than the

assumption that to and el are independent, with A = Var(co)/Var(e1 ) known, in

the sense that the former does not require the existence of second moments.

% % %U %
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On the other hand, the assumption that At is spherically symmetric is a

stronger assumption in the sense that it ensures the consistency result of Corol-

lary 5. 1. We have not been able to obtain this result with the "A known" assump-

tion.

Suppose that t0 and c1 are independent with distribution F and A= 1. Then

the distribution of C is not spherically symmetric unless c0 and c, are normal, as

can be easily shown following the style of the proof of Theorem 4.6.4 in Chung

(1974). If in this situation F is non-normal, then it appears that an ORM-

estimator uill not in general be consistent, while the classical OR-estimator Uill

be consistent. However, numerical computations of the asymptotic bias under

various non-spherically symmetric contaminated normal models (see Table 5.1

below) reveals, at least for the particular ORM-estimator under consideration,

that (i) for A p 1 the asymptotic bias is much smaller than that of the OR-

estimate, and (ii) when X = 1 (r-? = rI) the computed values of the ORM are so

close to zero that one suspects they are exactly equal to zero. However, we have

not yet been able to prove this for any non-sphericay symmetric distribution.

This point may deserve further attention.

In summary: the fact that an ORM-estimator may be asymptotically slightly

biased in situations under which the OR-estimator is consistent is not so serious

an objection as it might at first appear to be, since from the robustness point of

view this small bias may be regarded as an "insurance fee" we are willing to pay

to achieve a high degree of bias robustness and thereby avoid the catastrophic

behavior of the OR-estimator in the presence of outliers.

6.
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Asymptotic Bias under Contaminated Gaussian EV Models

As we have seen above, ORM-estimators are asymptotically unbiased under

a spherically symmetric E-V model. We may well ask what happens when the dis-

tribution of the error term of the E-V model is a non-spherically-symmetric

outlier generating distribution. As an example we consider the very simple EV-

contaminated model: p = 1. i1= 1, #o =0. Xo ~ N(0,4). and C = e+(B A ,B 2A2 ),

where X0, B 1. B 2 , A,. and A2 are independent, Bi ~ Binomial(l,y) and

Aj - N(0.Tj2). (j = 1.2). In this case the classical orthogonal regression estima-

tor, as well as the ORM-estimator, is asymptotically biased. Meanwhile, as illus-

trated in Table 5.1 below, the asymptotic bias of the ORM-estimator can be radi-

cally smaller than the asymptotic bias of the classical OR estimator. This speaks

well for the bias robustness properties of the ORM-estimator. The particular

ORM-estirnator considered here is the one with (Tukey's) loss function

2 - + for zjs c
2 2c 2  6c4

pct = f x (5.5')-6-for IxIl

with c = 4.7.

Of course further study is called for, and we intend to carry out analogous

computations for higher order models, a richer class of contaminating distribu-

* -tion, and also some Monte Carlo simulations to obtain finite sample bias.

o
4.; . . .) ., , ..,-. , . . . ,- , ,. , " - - ... . . . . .. \ . . ., • . ., - , , • , . , Q . . . .

, ) ,. . " , . . ,% , . . , . , . ' , . ,''""" , ,'-" ' - " ""''""""" , . ''' " " . , ." 
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Table 5.1

1-= yO. 5O O.I0 f Y 7=0. 20 025~
_t _ 2 OR ORM OR ORM OR ORMt OR ORM
0 0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

1 -0.01 -0.01 -0.01 -0.01 -0.02 -0.02 -0.03 -0.031
2 -0.02 -0.02 -0.05 -0.03 -0.09 -0.06 -0.12 -0.08
5 -0.14 -0.02 -0.26 -0.05 -0.45 -0.10 i -0.51 -0.14

10 -0.45 -0.01 -0.65 -0.03 -0.81 -0.07 -0.84 -0.10

1 0 0.01 0.01 0.01 0.01 0.03 0.02 0.03 0.03
1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
2 -0.02 -0.01 -0.04 -0.02 -0.07 -0.04 -0.09 -0.06
5 -0.14 -0.02 -0.26 -0.03 -0.43 -0.08 -0.50 -0.12

10 -0.44 -0.01 -0.65 -0.02 -0.81 -0.05 -0.84 -0.07

2 0 0.03 0.02 0.05 0.03 0.11 0.07 0.13 0.09
1 0.02 0.01 0.04 0.02 0.08 0.04 0.10 0.06
2 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

* 5 -0.12 -0.01 -0.23 -0.02 -0.40 -0.04 -0.46 -0.06
10 -0.43 0.00 -0.64 0.00 -0.80 -0.01 -0.84 -0.02

0 0.17 0.02 0.36 0.05 0.80 0.12 1.05 0.161 1 0.16 0.02 0.34 0.04 0.77 0.09 1.00 0.142 0.14 0.01 0.30 0.02 0.65 0.04 0.85 0.071

5 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 -0.36 0.01 -0.57 0.01 -0.75 0.03 -0.80 0.04

1 10 0 0.80 0.01 1.85 0.03 4.19 0.08 5.41 O.10
1 0.79 0.01 183 0.02 4.14 0.05 5.35 0.08
2 0.77 0.00 176 0.00 4.00 0.01 5.16 0.02
5 0.57 -0.01 1.31 -0.01 3.00 -0.03 3.89 -0.04

10 0.00 0.00 1 0.00 0.00 0.00 0.00 1 0.00 0.00

5.1.2 Asymptotic Normaity

This subsection is devoted to the proof of the asymptotic normality of ORM-

estimators. The assumptions under which asymptotic normality is proven are:

(1) (0.b,0)= " = (ao.bo) a.s. as n-.

(2) lk is symmetric, bounded and iV(-t) *'(t) V t E R

- * " . , . . a. . J . : . . .' . . , • . . . - , , . . . , ., , .. , , . , " ,. ' , , , ' , , - . -
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(3) Ej(a'ox-bo)xj = Ej*(a'0x-b 0 )a'0xj • ao.

(5) EfJjidj! < -.

NOTE: Assumption (3) holds whenever (ao,bo) minimizes Ejp(a'x-b)j among

unitary vectors a in HP t1 and b in R. for the Lagrangian of this optimization

problem is

L(a.b,A) = E p(a'x -b)I--LA(aa-1) (5.6)

and

L __ = Ef#(a'x-b)i - Xa = 0 (5.7)
8a

L = E 11(a'x-b) = 0 (5.8)

ab

Premultiplying (5.6) by a! and using a'a = 1 we get

A = Ej#p(a'x-b)a'x. (5.9)

To begin we show that ORM-estimators satisfy an equation which has a non-

singular derivative.

First we consider models without an intercept term. Recall that in this case

i minimizes

I ~p(a';,) (5.10)

among vectors a satisfying I1all = 1. Equivalently, i minimizes

I t (5.11)

among vectors a satisfying flail o 0. Now we differentiate (5.11) with respect to a

%
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to get the defining equation

(I(') ]O 0 .(5.12)

REMARK In fact

C1 jp aJ W = I I Ja! a~x 1 (5.13)

but we may choose our estimate to have length one, so that (5.12) holds true.

Let

0 1'(z .a) = (I-aa') (a';); , VaclY (5.14)

and

A(a) = Ej#(a)j Va E IRV (5.15)

Lemma 5.3: Let

D X(a) ( aj() (5.16)

Then D A(ao) is a non-singular matrix.

Proof It can be easily verified that

DA(a) = Ef(I-aa')xz'e'(a'x)j -Ej(a'z)[(a'x)I+ axie (5.17)

and using assumption (3) we get

DA(a) = (I - oaD) - - to(I+ aoa'o) (5.18)

where
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= Ej*'(a'o)x'e = Ej*'(a'oz)iE't + Ejj,'(,oc)jEjn'j (5.19)

and

ao = Ej*(a'oz)a'Oxj = Ej*(a'o)a'oJ . (5.20)

Let a ER P . We will show that [DA(ao)]a = 0 => a = 0.

Case 1: a=aoforsomecER

0 = a'[D A(ao)] = aa'o(I - aoa'o)E - aoa'o(I + aaac)

= -2aaoao = 0 => = 0 (5.21)

since ao = E *(ae)aoe - 0 by assumption (3).

Case 2." a o aao for any a E R

0 = a[DA(ao)] = a(I- boaao)E - oa(I+ aoa'o) (5.22)

This implies that

0 = a'[DA(ao)](I-aoa'o)a = a'(I-aoa'o)(E-aoI)(I-aoa'o)a (5.23)

because (I- aao)(I+ @jao) = (I- aoa') and (I- aoa'0 )2 = (I- aoso). We notice that

if c = (I - aoa'o)a then c'.0  a (I- aOa'o)ao = 0.

The lemma follows after we prove the following claim.

'

Claim.. If c'so = 0 then c' E c - a 0 c'c unless c = 0.

Proof., Efp(a'v)j is a continuous (in fact constant) function on the compact set
".5'

Ct= a: a'a = kj. Because of Lagrange's multipliers theorem there exist Zo and

* 8 such that

SS

S%
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Z'oZo = k (5.24)

and

Ejjk("aoz)a= (5.25)

Hence

Ej#(a'c)a3= a VaEc* . (5.26)

In fact, if P is an orthogonal matrix then

__ :=PC , C=P'T , C-97

a=Fr'o . i80 = P'a (5.27)

and

0= E¢4'a('v)ej = E (' 0 P)P : P'EP(a'c) j >

E (a')c = = #(a (5.28)

It follows that

EPavej= fl(Iaj)a ~Va EIRP (5.29)

Hence

C_ E_ l(a'v)c : [f(a)a] = 6(a)I + a -#(a) . (5.30)
aa aaaa

On the other hand

-- ia'ii ~('~e (5.31)

Thus

E = EjV"(a'0e)ec'j +fE*"(a'oc)jEjxi=

aoI + o -L #(ao) + Ej*'(a'oseEjxx'i (5.32)

by (5.30). (5.31) and recalling that ao =

.. . ., \. .* , . V, , ". ' \ " , ' . , , , , . , . . . . , - , , , ,
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Now suppo~se that

a'Ea = aaa'a (5.33)

Then

a! E a = aoaa + E{V/'(a!Oe)JEJ(a'x)2 j (5.34)

and this is impossible unless aWX = 0 a.s.

We now consider the general model. The estimators (in,bj) satisfy the

equations

1= 0
nt=

n (5.35)

or equivalently

in i')iU = 0

*(nX n = 0(5.36)

for any constant vector u and in particular for u =E lxj.

Let

*(;a a)(! x-u (5.37)

and

*A(a.b) =Ej(xab)I (5.38)

Now

(-aoa'O)E - ao(I+.a 0a~) (I-aoa'O)E j*"(aoc)(e+x-u)j
D X( 0 , b 0) =(5.39)



- 33 -

where

E Ej*"(aOc)(x-u)(x-u)'j (5.40)

and

ao E (s 0e)' 0 et (5.41)

We notice that by assumption (2)

( - a~a'O)Ej'(aOe)( + x- u)j ( - aoa'o)[E i-'(a'0e)g + E '%(a'oc)iE fx- ufl

=0. (5.42)

Finally

deL [DA(ac.b0 )] = Ei*W(a~oe)idet [(I-aoa'O)E -ao(I+ a(,ao)] Pd 0 - (5.43)

Now we warit to check the remaining conditions for asymptotic normality of

Huber (196?). Let

9 = (ab) and 00 (aO, b ) .(5.44)

Lemma 5.4. There eist 6 > 0 and 60 > 0 such that

liI(O)II 9 6ile-edi 11 8-0011<60 (5.45)

Let 
# x o I a~ P ax b x( 

.6V and
u(xzO,d) = sup fl'%(x; 9) - %'(xz)I (5.47)
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Proof See the Appendix.

Lemmcna 5.5: There exist , > 0. 6 > 0, and 6o > 0 such that

Eju(xO:.d)j _ Pid for 1Ie-eoll +d :5 6o (5.48)

and

E U2 (x;e,d)j 9 2d for ie-9ol+ d 9 60. (5.49)

Proof See the Appendix.

* OLemmas 5.3, 5.4 and 5.5 show that all the conditions for the Corollary to

Theorem 3 of Huber (1967) hold. In our case we have

A = D(X(aobo)) (5.50)

and

C = cov[(x;a,bO) ]  (5.51)

where 'P(x;aob 0 ) is defined in (5.37). Thus, we have established the following

Theorem.

Theorem 5.2: If assumptions (i)-(5) hold then

d,/n-(in - 00) - , V)o. (5.52)

where V =A-C(A') - | .

.,."
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5.1.3 Qualitative Robustness of the ORM-Estimator

Theorem 5.3: If p is bounded and non-decreasing on [0,-) then the ORM-

estimator is qualitatively robust at any distribution F for which EF p(a'z- b)I

has a unique minimum.

Proof To prove qualitative robustness of the ORM-estimator it is enough to show

that this estimator is weakly continuous when viewed as a functional on the set

of distribution functions (cf. Huber, 1981). Let F(m) be a sequence of distribu-

tion functions on RP. which converges weakly toward F. We will show that

0, O(F(m)) can be uniquely defined for m 9 N and that 0,, -. 9 = 9(F) as

* mn -, . First we notice that the family of functions

., p(Va-b): J}ajj=l. bE]R (5.53)

is uniformly bounded and equicontinuous at all x E RW +' (i.e., V xERP+ I, V

c >0, there exists 6>0 with the property that }x-yll < 6 implies

!p(a'x-b)-p(a'y-b)I < L, V J;IaJ = 1 and\/ b ER).

Therefore

r,(ab) m f p(a'-xb)dF(-)(x) - f p(a'x-b)F(x) m r(ab) (5.54)

uniformly on 11la = 1, b E R (see Billingsley, 1968, p. 17).

Let 0o = (a0,b 0 ) be the point at which '(a.b) achieves its unique minimum

r'o = T(ac,bo) and M = limp(t). Hence

6 = M-rt > 0. (5.55)

Let N E N and K > 0 be such that for all m 9 N, b a K, and IIjjaiI we have

r,(a.) r(a, 6- (5.56)
4

and

." • .. . , , ' .. ......
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-. r(ab) a 4 (5.57)

Thus, forallmtN, 1b I >K, and:lalI

,,(ab) r(a.b) - - r =",o+ - (5.58)-4 - 2 2 "

On the other hand, for m Z N
6 n

r~,(aobo) . -r(aobo) + = ro + (5.59)

From (5.58) and (5.59) it follows that for all m N, r,,(a.b) achieves its

minimum on the compact set J(ab): I-a .l=l IbjKj. We can uniquely define

.. . A': Gm = 6(F(m)) as in section 3.

In order to prove convergence of 0,, to 90 let e > 0 be fixed. A compactness

argument similar to the one used by Huber, t967 in the proof of Theorem I

shows that there exists 6o> 0 such that

•' -00= ,a-ao! + ! - bo1 > e => '-(o) > 7(oo) + 60o (5.60)

_ Therefore, there exists N EN such that for all m --N

110- 0011 > > r.,() > T(9 0 ) + 6(o 4 To + 6o (5.81)

and the theorem follows because for all m > N
I

rm(eo) 5 TO) + (5.62)

5.2 FUNCTIONAL CASE

*, ,. . -; 5.2.1 Consistency

-- -'Theorem 5.4A In addition to (5.2), (i), (ii) and (iv) of Theorem 5.1 assume that

%
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(viii) lim p(t) = M <=.

(ix) For all e>, --D .>0suchthat

lim n(t) . (5.63)

where

n(t) - #J,(t) M # i:5n :llX lltl • (5.64)

(x) For all 0 o. Fl 6>0, e>0, andNEVsuchthat

(C?6 V nkN (5.65)

where

m(c) = # n(c) = i: !a'X,-b . (5.66)

Then

e 00 . (5.67)

Furthermore, almost sure convergence of 0, to 90 holds provided that

(xi)

_ E-p(-'j-b)j g(ab) V lall I1. b ER (5.68)
ni

for some continuous function g.

0.
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NOTE: Assumption (ix) is equivalent to requiring that the sequence of empirical

distributions

F,(t) = I[/:J(X~ll) (5.69)

nu1

is tight. Assumption (x) essentially means that besides H(ao,bo), there is no

other hyperplane containing most of the X,. A sufficient condition for (ix) is that

the largest eigenvalue A, of

( = -)(Y - S. (5.70)

is bounded, while a sufficient condition for (x) is that the smallest eigenvalue

A,. (K)

1 E (X,-()(X, -Y)r(IltXjllK) = S.(K) (5.71)n

is bounded away from 0 for some K k 0 and all n k N > 0.

The following lemmas are needed to prove Theorem 5.4. For proofs of these

lemmas see the Appendix.

Lemma 5.6:

1 p(a'z -b) - E p(axcR- b)d - 0 a~.(5.72)
n

uniformly on 111 = 1 and b.

Now Lemmas 5.1 and 5.6 are used to prove the following lemma.

Lemma 5.7. 9, = (,A)is .s. ultimately in a compact set.

0F
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Lemma 5.8: The family of functions

jh,(ab): h1(ab) E~p(a'zj -b)} (5.73)

is equicontinuous and pointwise bounded on

C = JO: 9 = (ab),tJ = 1.b ER. (5.74)

Lemma 5.9: For all 0 E C, 67 o 0 there exists AO > 0 and N E N such that

h.(0) _ h,(9 0)+ A V n aN . (5.75)

* Proof of Theorem 5.4: Lemma 5.6 is just a technicality needed, together with

Lemma 5.1. to prove Lemma 5.7. The first part of the theorem is proved by

,* showing that given a subsequence in', there exists a further subsequence G,..

such that

i., , O0 a.s. (5.76)

By the Arzela-Ascoli theorem, which can be applied to JhRI in view of Lemma 5. B.

given a subsequence hq,(O) there exists a further subsequence 14-(0) and a con-

tinuous function h (0) such that

Umr h,..(9) = h(O) (5.77)

uniformly on C.

Now Lemmas 5.7 and 5.9 allow us to prove the theorem by following the

same method used by Huber (1967) to prove Theorem 2. The almost sure part of

the theorem follows in the same way except that now assumption (ix) makes the

subsequence argument no longer needed.

0M

J
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5.2.2 Asymptotic Normality

The proof of Theorem 5.2 was based on Huber (1967). which deals only with

the case of i.i.d. observations. Under the functional model the observations

X...... z are not i.Ld. because Ejzx = X, with the X, fixed and, in general,

X, o X for i oj. Hence adapting the proof of Theorem 5.2 to cover the func-

tional case could be done, extending Huber's 1967 to the independent, but not

identically distributed, case. Such an extension is of interest in itself, but we

won't pursue the issue here.

A Taylor expansion of the ORM estimating equation (2.18) gives (we only con-

'sider the no-intercept case here)

*0 -_ 1 2jP{e1(j)I 1(_ = -i- 2 [jP)7(.

+ 1 +1 (PC)](Z(Po)ZT(Po))

dPj

Hence, under enough regularity conditions on the sequence X1., -" , the dis-

tribution of e and the score function I, /n-(A -PC0) will be asymptotically

equivalent to

where

o- A Z(PO) = p L 1 
. 1 + *r 0

STn r oPon

* Therefore, under regularity conditions we will have that
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v! n ( -o(-d N[(0. A- V(A) (5.80)
where

V = CoV(ipe(PO)]Z(F 0 )) (5.81)

REMARK (qualitative robustness of ORM-estimators under the functional model):

Theorem 5.2 of Huber, 1981 only applies to estimators which depend on i.i.d.

observations. Therefore our proof of qualitative robustness for the ORM-

estimators under the structural model will not carry over in a straightforward

way to the functional model. The basic difficulty is that under the functional

model the distribution of the stochastic process x1 .... .... cannot be

characterized simply by a marginal distribution. The distributions F of the V.

have different locations X,. Thus the overall measure 1t for the process

x.. x. ..... will depend upon the locations X1 ..... X..... as well as on the

common marginal distribution for the ej. Nevertheless our conjecture is that

under appropriate regularity conditions, ORM-estimators with a bounded loss

function are qualitatively robust. It should be possible to prove this via the

approach used in the proof of Theorem 5.3. along with some reformulation of the

asymptotic "estimating minimization problem" in the spirit of Theorem 5.4.

U.
I3M

1W~ ' .'. V~W ~ ~ "~ (

"pq NO
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Appendix

NUE MOTIVAION (general p case):

To exctend the MLE motivation of Section 2 to the general p case it is enough

to notice that the system of linear equations (on X 1. ... X)

(XO - go- lX - We -~ - PXP)P 1 + (z I-XI) = 0

(XO -PO - #1X1 -# 2  - PXP)#2 + (Z2 X2) = U)

has the (unique) solution

It= xk 6 &e 6 6zt k = 1, . p.

Hence, for i = 1, ... ,n we have that

go #PP,)2+ t (Xkt-Xk,) 2 =e12
hal

and

Therefore, the ORM-estimntor wit~h lnqq function (t) = p(t) (ef. Senction 2) has

the same estimating equation that is obtained by differentiating the log-

likelihood function

nogK - 2 p (xo) +-t (Z. -. )2

Ii
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Proof of Lemma 2.1:

Lete>OandK = max llII. Thenfori = 1. n

Ila' cx, ' ll 9 Ila-cl , llx llI -9 K lla- cll. (A. 1)

If jIa- cl< /K M 6, then for i = 1,. n

c'j- v -9 a; 9 c';k+e . (A.2)

By mrioLoniciLy of -*, iL follows LhdL for dl b E D(a)

: ,[c'z; - (E+)] _ z i,';-b] = 0 S [c'y4 - (bI-t)] (A3)

and since 2 ,P(c'*-bo) = 0, it follows that bI-E c ;S _ bI +v.*e 1=1

Proof of Lemma 2.2:

Let c > 0, let 6 be defined as in the proof of Lemma 2.1, and let Ila-cl < 6.

We may assume without losing generality that F(a) i F(c). By Lemma 2.1, if

b= F(a) then there exists b E B(c) such that 0 _5 b - bn < v. and the lemma fol-

lows since

b _ b0 +v => F(c) bo+ e => 0 F(c)-F(a) e. (A.4)

Proof of Lemma 5.1:

* Let t > 0. By (i) and (iii-b)

.0
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g(t) = [p(y-t) -p(y)]f (y)dy=

=f [p(y-t) -p(y)]f (y)dy + f[p(y-t)-p(y)]f (y)dy

=f[po(-y)-p(t-y)jf (t-yj)dy -7[p(y~)-p(y-t)]f (y)dy

= f ~fl-p(y-t)]f(y-t)-f (y)]dy 9 0 (A.5)

Finally,

[p(Y)-p(Y-t)][f(Y-0t) ()I = [p(t) -p(0)] [f (0)- f (t)] > 0 (A.6)

and the claim follows by (iv) and continuity of p and f.

Proof of Lemima 5.4:

By definition of derivative we have that

IIA(O) - (00) - DA(69C)(9 -d9o)jl = (119 - oll) (A.7)

that is,

llA(O) -D:( 0 )(0 Go)ll = 0(I19- Boll) (A.8)

Given c >0,F d 6> 0 such that 19 - 0al < do implies

3 IIX(9) -DX(9 0)(9- Go)lI < vJIG- oll (A.9)

Now

0V
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IIIX(G)l - IIDX(Oc)(e- Go)lI 9 ilA(9) - DA(90)(9- Oo)I :5 Elij- 8l

=> -'119- 6oll 9 IIX(O)II - id X(9o)(e- eo)ll

=> jIA(9)II 9 IIDX(O9)(e-eo)ll-'rli-Goil - 61a9-eoll (A.10)

because

jIDA(o)(G- eo)l = (9- eo)[DJ(eo)] [DA(eo)](9 - 9o)

1
= (o-o)'A(e-e)J2 = dA(e,-o) (A.11)

where A = [DX(90 )]'[DA(9o) ] is a positive definite matrix and dA(.0 0 ) is a dis-

tance on ]Wlt which is equivalent to the Euclidean distance on W 4 't (that is,

there exist #I. P2 > 0 such that p0ii e- oll e c dA(. e0) ;S 211e- eol ). We can

choose E < P1, hence 6 = P - t > 0.

Proof of Lemma 5.5:

The lemma follows after we show that there exist K, > 0 and K 2 > 0 such

that for all 9,9

and I*(x.0) - 'V,(x .)ll S K1 j12 1li - '11 (A. 12)

II*k(z.) - ''(x.Z)ll ;S K2 11l11 (A.13)

In fact by assumption (2) there exist K, > 0 and K 2 > 0 such that for all

t1.t E R

I~ktz -*( ;S : Kzltt-tal (A.14)

Band
I'v(t)-#(t,)l S K 2 . (A.15)

*w



L "i: -- . . = ... . . . ,r.. . -, r ,+,. : rr * -r ~ - ---------------------------- .... ....

-46-

Let = (ab) and - (ab). Now

t(azx-b) - (-ax-3) ; la-il Iril + Ib -b1 ; (1+llxU) 110--l0 (A.16)

so that

11#(X.9)- *(x.e)ll = i1 [l(a'x-b)- (Wx-b)]ll % K1(1+II*1) IxW- 110-11 (A.17)

and

ll#(x.9) - #(x )ll < l9',(ax-b) - ,(j'",,-+)l I xll Kallzl (A.18)

Proof of Lemma 5.6:

For each fixed (ab) the lemma easily follows. Indeed, if

1A = p(a'Y-b)-Ejp(a'xg-b)j thenEilki = 0, (1/n)2E ly/ij j 2AVe 5i2 < .

Hence Kolmsgorov's theorem implies that (1/n)2y, -*0, as. as n .

Let t > 0 be fixed and let t a O.

1  2[p(az(-b)-E )p(ax[4 -b)Il

n

+ _ [p(a'z-b) -Ep(a'-b)f]I(lXll t)I(lllcll:t) . (A.19)

The first term on the right hand side of (A. 19) is bounded by

4,: 2E(x/,[(l/) t(llX4ll >t) + (1/n)I(ll>t)]. By (ix) this can be done less than

e/2 for some t > 0 and all n 9N.'

The second term on the right hand side of (A. 19) converges to 0 uniformly

on CA = J(ab): ll-= 1. lb I ;KI. Indeed, if (al.b 1 ) and (agb 2 ) are in Ct, for

i =1,2,. wehave

*ISA
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[p(axj,-b I) - Ep(ia-u I) P-(a'2-'b2) +

+ E p(a 2xj - b)f]I(IIXtII fit )!(Illcl 1 t)

- Ip(a!, - b 1 ) - p(a'ezX - b2)II(11X1 11 5 t)I(ltell < t) +

+ Eflp(a'lz4 -bl)-P(a'z2. -b)(/lXll < t)i (A.20)

The first term on the right hand side of (A.20) can be done less than e/4 for all

SiE IN and all Iia,-elI+ IbI-b21 < 5 for some 6>0. The same thing is true with

respect to the second term on the right hand side of (A.20). (Divide the domain

of integration into two parts, one of them being the set it: JIell 9 t 0o. for some to

large enough, and notice that for XleII S to and lIXill ; t, p(a'xi- b) is a uniformly

continuous function of (a b).) Now use pointwise convergence of the second term

on the right hand side of (A. 19). compactness of Ct, and the just-proved con-

tinuity of p(a'z4 - b) - E Jp(a'xk - b)J uniformly on i E N and (aeb) E C to get the

desired result.

Finally, K> 0 can be chosen so large that for all I b I - K. jaji = 1. and i E N

M - Sp(a'- b)I(Il 11:5t)(IlX16t) S M (A.21)

and

M- : Elp(a' 4 -b)I(IIXII;St)J S M (A.22)
4

Hence, the second term on the right hand side of (A. 19) can be done less than

r/2 for all n N. I 1 and bER proving the lemma.
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Proof of Lemma 5.7:

Since ljilJ = 1. we only need to show that there exists K>0 such that

-a_ Ka.s. forlarge n.

By Lemma 5.1 there exist 0<p < 1. to>O, and c>0 such that for all it 1 - to

pEjp(!' + t)j > Ejp(a'V)j + c . (A.23)

By (ix) there exist N c N and t > 0 such that for all n 9 N and I t 1 1

i;n ( ) 'k p .(A . 2 )

Let t 2 = max t 0 ,t. If Xt E Jn(t 2 ) and Ib I > 2t then

Ib-a'X1I 1 b I - I a'X1 I k IbbI- II I -t2 > to . (A.25)

Finally, for I b I > 2t ,

1 p(a'zx-b) = Ejp(a':-b)j + [faxzf-b)-Ejp(a'xj-b)j

.__ Ep(a'x:,-b) . L+ [p(a~zi-b)-Ejp(a'z;-b)]. (A.26)

By Lemma 5.6, the second term of (A.26) converges to 0 a.s., uniformly on a

and b as n - -. Regarding the first term we have

~. .%±1 Ejp(a';j-b)j ~ Efp[aC+(a!Xt-b)]Bn ilaj,,(j) n +,()

1 ______)

k 1 Ejp(a'Ct+to)j ( E2p(a'V+to)j
4n flIJjn(ta)n

Z Ejp(a'0 )j + e (A.27)

for large n.

On the other hand, by the SLLN

1. p n - En) S -L 2 p(aozi - bo) = ,, p(a'0to) -. E p(a'oe)I a.s. (A.28)
nl, ilint lt

% 24%'
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Now the lemma follows from (A27) and (A.28).

Proof of Lemma 5.8:

Since p is bounded is pointwise bounded. We will show now that is

equicontinuous.

Let c>0 be fixed. Let 6>0 be such that t t-*4 <6 implies

jp(t)-p(t) < ll2. Let 0OECbesuchthatIla-!Q+Ib-bI <A. for someA>0

to be chosen later.

By (iL a). for any K > 0 we have

1 (0= - h, GI [E p(aC+a'X-b) -Ep(+Wj b-
n 1,,l

* ~i=
1 i 2 Elp(Y+a'XY-b)-p(Y+XX-b)j +

n Jj(K)

+ I E Ejjp(Y+a!&-b)-p(Y+Wk-b)jj (A.29)
n iJ, (K)

where Y = ae. By (ix), we can choose K such that 2(1-n (K)/n)M < e/2 for all

n Z N,. We can now choose A>0 such that 2KA < r/2. For this choice of K and

A it follows that, for all M 9 N,

Ih,(e)-h"(9)- = ." (A.30)

* *- • This proves the lemma; since h,(O) is a continuous function of 9 for each fixed

n, the cases n' E N, are immaterial to the proof.

"0

*7 ,

V 4
1
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Proof of Lemma 5.9:

Let O=(ab) o 00. By (x) there exists N N(1) N, E .=6 (0) >0, and

6 = 6(e) > 0 such that for all n kN

m(c) = -i: 6. (A.1)
n 

671

By Lemma 5.1, there exists 6'> 0 such that E jp(Y+r)j -E jp(Y)j = 6' > 0.

Now,

h,(9) = .Ep[Y+(a'X,-b)] =

E.. -- jp[Y + (a!,,-b)]IJ+ E. jp[r+(a'X, -b)]
#n

-1( i(%J6) , ER() j
0n

= n(0) + m (E) 6' - h (0o) + 66' , (A.32)
n

Therefore, for n _N we have

"-(a h() - h ( 0 ) 2 66' > 0 (A.33)

proving the lemma.

0
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