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Orthogonal Regression M-Estimators

:: Ruben H. Zamar®*
University of Washington

ABSTRACT

o M-estimators in the orthogonal regression set-up are defined
i in order to produce a robust alternative to the method of classical
orthogonal regression. Asymptotic qualitative robustness of some
orthogonal M-estimators is proved. The influence curve of these
estimators is computed and some additional asymptotic theory is

presented.
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1. Introduction

The error-in-variables model and the method of orthogonal regression have
received a great deal of attention in the statistics literature (see, for example,
Anderson (1984) and Moran (1971) for extensive reviews and references). The

method of orthogonal regréssion enjoys the following properties:
(P1) Itis the ML procedure at the Gaussian error-in-variables model.
(P2) It gives a symmetric treatment to all the variables under study.

(P3) It allows for additional information about the variances of the obser-
vational errors (which might be available) to be used in order to

obtain consistent estimators of the regression coeflicients.

These are features which may render orthogonal regression more or less attrac-

tive, depending on the situation at hand.

A major disadvantage of orthogonal regression is that, like ordinary least
squares regression, it lacks robustness: it is not resistant to outliers (see
Brown, 1982), it lacks efficiency robustness its influence curve is unbounded
(see Kelly, 1984), and its breakdown point is 1/n (see Hampel, 1971; Huber,
1981).

This paper studies a class of robust alternatives to orthogonal regression
estimates, namely orthogonal regression M-estimates (ORM's). ORM-estimators
have the property that they are MLE's for appropriate non-Gaussian error-in-

variables models. They also enjoy properties (P2) and (P3).

In section 2, ORM-estimators are defined in the context of both symmetric
and asymmetric models, the latter being the usual regression model with

response and carriers. The existence and uniqueness of ORM-estimators is
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established, under suitable assumptions, in section 3. Section 4 is devoted to
ORM-estimator influence curves and some asymptotic bias calculations. Finally,
section 5 treats the following asymptotic properties of ORM-estimators for both

the structural and functional models: consistency, asymptotic normality and

qualitative robustness.
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2. Orthogonal Regression M-Estimators

Given a unit vector a in RP*! and a real number b, the hyperplane H(a,b) is

defined as
H = H(ab) = {xeRP*: a'x=b]) . (2.1)

Let {x;, ..., x,] be a set of n data points in RP*!. The method of orthogo-

nal regression (OR) consists of solving the following minimization problem:

: 2 - ‘e — b2
bal=tocR 2, 4 H) ‘.z::l (a'x-) (2.2)
where
d(zH) = |a'x-b| = min||x—- 2.3
(xH) = |ax-b| = miglx-y] (23)
is the perpendicular (Euclidean) distance between x = (z5,7,, . . . , zp)' and .

This view of orthogonal regression highlights the symmetry of the method,
that is, no particular coordinate z; of x is regarded as a response, with the

remaining coordinates of x being predictors. However, orthogonal regression is

often treated from the viewpoint of a linear model with coefficients
Bo.B1. . . ., Bp corresponding to an intercept and p predictor (or carrier) vari- \
ables 1, . .., zp. Taking zg as the response, our symmetric form of orthogonal
regression (2.2)-(2.3) can be cast in terms of the linear model coefficients as fol-

lows. Let

1+ 3 g2

=1

dﬁo . (2. 4)

-
]

(Bo.Br.....Bp). 6
6(1,-By. . ... —Bp). b

-

Then

d¥(xH) = 6%zo-Bo~Biz1~ = Bp2p)? (2.5)



and solving the minimization problem

n

o0, & Sz = Fo=fizni = - = fpzp)]f (26)

is almost equivalent to solving (2.2). In fact the two solutions will be equivalent
when (2.2) yields d@y= 0. For if @ #0, we can express a solution
a=(do,...,G) ll@]l =1 in the form (2.4) by letting Bi=-8/8pi=1"'p
and § = (1 +23§)'V2. Note that a solution to (2.2) with @y = 0 corresponds to
f1 = = in the case p = 1, and to a hyperplane which is parallel to the z direction
in the general case. Of course data sets producing an estimate & with @y = 0 will

have probability zero under any ‘‘reasonable" distribution model for x

As is well known, problem (2.6) yields the Gaussian MLE for the following

error-in-variables (EV) model

Xo = BotBiXy+ - - + 8K, (27)
x=X+¢g (=.7)
where X =(zo.7y.....%), X =(Xo.Xy,....Xp), and &' =(ep, ....&) is

N(0,0%I). When we take n observations on the above model we write

5 =X +& (2.8)
where X = (TotsZris - - - 0 Tpi)s X = (Xo Xnio - - - Xpi)s and
& =(eot. &y, ... . ) fori=1,...,n. ItX;, ..., X, are random iid vectors
we have a séructural error-in-variables model. On the other hand, if X;, . . . . X,

are fixed (non-random) but unknown incidental parameters we have a func-

tional error-in-variables model.

If ag is a unit vector in RP*! and b € R!, the symmetric formulation of the

model (2.7)-(2.7") is

%

(2.9)
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=X+¢& (2.9")
and (2.4) expresses the relationship between (ao.b0) and = (8),61. . ...Bp)-

The noise-free part of the error-in-variables (EV) model can be represented
geometrically as a linear variety M = mg+V, where V is a p-dimensional sub-
space of RP*! and my is a solution of either (2.7) or (2.9). This is illustrated in

Figure 2.1 for p =1, i.e., Xg = g+ 8:X 1.

FIGURE 2.1
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Br X
‘?,;3 In the linear regression setup (2.7) mg = m§ = (80,0, . . ., 0), and in the sym-
‘:."-zl';'.!
/ metric setup (2.9) mg = m§ = bgao.
'ﬁz‘:;s Further perusal of the linear regression formulation of the EV model leads
n ik :
iﬁ,&‘ to a nice geometric motivation for the definition of the orthogonal regression M-
E ¥
) estimate (ORM). First one verifies that
Es"i
;g' bg =6(ﬁ|.1.0,...,0)
39 b, = 6(82.0.1,...,0)
I3 : (2.10)
At .
' b, = 6(8,.0.0,...,1) .
oy
:,‘ A is a (non-orthogonal) basis for V. Since ag is orthogonal to V any vector x € RP*!
::'t", can be written as
JRAY
®
~'i;:" t=m5+izkm+eao V' z,....2p €R (2.11)
S0 k=1
e
3'- 1 $ : C .
:'4." where ;}l Zebp €V, x°+k lz,, b, is the compouent of x which lies in the noise-free
MR = =
: $ 2 model (2.7), and e ag is orthogonal to the noise-free model (2.7). The simple case
i’ z p =1and 8¢=0 is illustrated in Figure 2.2 below.
4
Ity
3:':‘ The coeflicients 2y, . . ., 2, are easily determined by taking the inner pro-
) duct of ¢ =(0,0,...,1, - 0), with both sides of (2.11), where the ‘1" is in
‘A,'..‘
| -(: the k& + 1st position of ¢c,. This gives
1 ,-I‘.
\
:tl o 2 = 6—‘(-‘5; + dﬁke) . (2.12)
':: Finally e is determined by premultiplying both sides of (2.11) by a', which gives §
- e = &(zg— Fo - 2 Brz) - (2.13)
3 "r.\ r k=1 ‘
o
o It is straightforward to check that
'.'iﬂ a a
Kot —e ==, o—e = -06% k=1,....p). 2.14)
- %o % e p).
‘ -
A Then, since the minimization problern (2.6) can be expressed in terms of the
o
oy
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FICURE 2.2

orthogonal errors ¢; = 6(z¢; — o - 2 BxZTii). i =1,....n,as
k=1

N 2
Y e? = min!
i=t peRP*!

differentiation gives the “‘orthogonal normal equations™

S S RS S
A -t . - - » .. - K R

e T T N e RS e

PR S CE R R T R R
v . D e e N e S R

1(4*1¢L1£f£ﬂ¢f.{:' PR PP VY, U N, P 1 D WU W

(2.15)
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1 n
(a) - Z iz =0
T o=y
1 a (2.16)
(b) ; tgl e‘ - 0 . 3
This leads to a natural definition of an orthogonal regression M-estimator:
= i p(e;) = min! (2.17)

T =t

where p is a symmetric robustifying function. Differentiation with respect to g

gives the following ORM estimating equations:

(a) % i ¥(ei)zw = 0
i=1
18 (2.18)
(b) n Z: Y(es) = 0
where ¥y = po'.
MLE MOTIVATION

There is also a maximum likelihood rationale for the above definition of

ORM-estimators. Let

Bo + B\ Xi + vy
Xi +

Yi

z (2.19)

be the usual error-in-variable model with all the classical assumptions in force

except that the joint distribution of the error (u,v) is not Gaussian but of the

form @
fuw) = Kerluid (2.20) s

The log-likelihood function for this model is

L(Bo.B1.X1 ... . Xn) = mnlog(K) - é pl(w = Bo— BrXi )2 + (z - X.)?) . (2.21)

s““‘“ “ ‘. .\ 'h.‘ ..L e ‘ﬂh’\’»" ."‘— '-4 < -. .. '.." s ,.- ) (..." tote '_- : "I' ° * .’_ KA g-" ".-:’-‘.‘.','_‘.:' 3 oy “lt ‘A
e B A e P e Vi e ‘ RSP RECRN St e
.&{ 4") '5\4’ 3\".0':1 }):i‘_ .&lﬁu')l:'i:u:)(.:ﬁk‘ A";KA_\AAL{A_\L{A.L.‘(J.".A. '\ ’\._‘n Lo -‘:.;Jz 2 2T a2 2 Lo Tl dednandaiaiben, Sl
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Differentiation with respect to all the parameters (structural and incidental)

gives

' : aéz, =0 % 3 V(s —Bo-Bre)? + (x ~X:)* % —Bo=B1X:)X; = 0 (2.22a)

2a- =0 => ‘,’1: 2 ¥ (vi—Bo=8:1X:)% + (zi-X,)* Y —Bo—B1X;) = O (2.22b)

X, = 0 => Y[(vi-Bo—B1Xi)? + (z:i=X:)*)[(vi—Bo—B1X:)Bs + (z~X;)] = 0

AL i=1,....n). (2.22¢)
S

) .l

[ :‘. Equations (2.22c) are all satisfied if we set
‘3:‘5:'

X == f:-(!:lz o) . (i=1,...,n). (2.23)
S

-‘\~ ‘ Inserting (2.23) into (2.22a) and (2.22b) we get the following MLE estimating

1 g
bl . equations:
1::‘ -
i‘:% 1 i ” Yi—Bo— Bz || zi+Bi(w-Bo) | _ 0

it n (1+8§)' 2 (1+8p)'2

&.\. (2.24)
‘ 1 &~ %i—Bo—8iz
2 w2¥| “araner | = 0

<ls,

s

o ~

: _,E\::: where ¥(t) = ¥(t?)t. But equations (2.24) are also the estimating equation of the
A

’ o} following (ORM-estimator) optimization problem:
SN

R % -Bo=Biz

ahy 1 % = Bo=Bizs 2.25
it R R (220)
‘.‘ (

1384 ~

':"' where p(t) = %p(t?) and ¥(¢) = p'(¢) = ¥(t®)¢. This carries over to the general p
:;:?'45' " case, as shown in the Appendix.
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Ly 3. Existence and Uniqueness of ORM-Estimators

0 We now show that given a sequence xy, .. ., X, of observations in RP*! the

oY minimization problem

) T . —
yoly! . Y p(a'x —b) (3.1)

) has at least one solution. In general the solution to (3.1) is not unique but we
will show that appropriate side constraints can be imposed in order to force
ol uniqueness. On the other hand we'll see later on that it is not necessary to force
uniqueness in the context of asymptotics since all solutions to (3.1) will enjoy

® the same asymptotic behavior. We consider two cases.

MONOTONE v !

‘o For each unit vector ain RP let
= 18. min L -)=1L g —
b B(a) = {6:min -~ Y p(ax -b) = - F pla'x —0)} . (3.2)

0
l:: Monotonicity of ¥ =p' implies that p(t) +» += as ¢ + + =, and therefore it follows

as in Huber (1964) that B(a) is a non-empty, bounded and closed interval.

Y Lemma 3.1: Let a,c denote unit vectors in RP*!. For each £ >0 there exists § >0

::2. such that if |la=c) <6 and b, € B(a) then there exists b, € B(c) with

|b|-b2| <eE.

I Proof: See the Appendix.

7
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Now we select a particular element of B(a), namely

F(a) = min B(a) . (3.3)
Lemma 3.2: F(a) is a uniformly continuous function of a.
Proof: See the Appendix.
Lemma 3.3: Givenxy, . . ., x,, for all|jalj = 1and b € R
Yp(ax-b) 2 3 p(a'x; —F(a)) . - (34)
Proof: If bp = F(a) and b € R then
n n .
Lo(am—-b) = ) pla'x - bo + (bo-d)] = !
!
b n :
= Y p(a'm —bo) + (bo—b) ), ¥la'm = bo + ay(bo—b)] (3.5)

whereO0sSa; S1fori=1,...,n. Since t¢¥(s+t) 2 t¢(s) for all s,t € R we have

S o(am-b) 2 3 p(a'x - bo) + (bg-b) T Ya'x — bo)

2 ¥ olam-bg) . (3.6)

The above Lemmas yield the following:

Proposition 3. 1: The minimization problem (3.1) has at least one solution.

Proof: Since the right hand side of (3.4) is a continuous function of a it achieves

its minimum at some vector &, say. If b = F(&) then (&) is a solution to (3.4).

"

'.'?,).\\

‘ .‘. O
)
i ’4,‘ ‘l‘ ‘!..‘l A.| .l‘g‘.".l 0‘“!. Ky .ﬁeu :ul'.

NN TV \.

44\'

DS G A '\.“n A%
A e M e oY nS‘- w0 N
lr‘ “A's,! ‘:Q‘.’\*"‘ ‘c" A' \ "'\‘ (oY TN d\.‘ & l‘: f\

b ORI N, e
'\"?;':ﬁq‘e' t‘:.:""h X e

ALt I
s Tttt ety




G

N
B -
3]

L]
;:° BOUNDED p

"

'\I

We note that when p is bounded the y-function in the ORM estimating equa-

»i"'

",; tion is of the redescending type. It will be shown in the next section that under .
L

:" certain conditions an ORM-estimator with a bounded loss function p is robust in
¥

. a precise technical sense.

.l

N

)

:3 Proposition 3.2: Let p be a non-negative, even function which is non-decreasing
0

) on [0,») and such that

N

¥, 4

:: 0 < lim p(t) = M < = . (3.7)
.

3 R

,:: Then (3.1) has at least one solution.

q

§

b
R Proof: Let 0 < 6§ <M /n and ¢¢> 0 such that
R It] > tq => p(t) > M~-6 . (3.8)
s: Let K = max ||x|l. If 6] > to+K then

t 1Sisn

i

3 lax=b] 2 [o] = lax| 2 |6] =K > ¢t . (3.9)
N Consequently if |b| > to+ K, foralljlall = landalli=1,...,n

A

.;3 plaxg-b) > M-6 (3.10)
»

r1 and

' lf}p(a'n—b) >M-6. (3.11)
{0 n {1

I“

Since —}L- i p(a'x —b) is a continuous function of (a,b) it achieves its

A

\

. minimum on the compact set

\

)

: = {(ab): |lall=1, |b] Sto+ K] . (3.12)
q

:: Let ¢ be such that c¢'xy = 0 and ||c|| = 1. Now (c,0) € A so that by definition of §

X

N

:,

q

e I A A R N S AN = R R e T L D S S DA R
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e
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3

. 1 1 n—1
; — E 'Y, — s - 'Y,) § —— -
;"a( (nzljn P(ax; b) = ; 'p(c xg) =2 M < M é

. 1
. = ® . 3.12°
,igé‘ . s ||.||=1.Trblf>x+¢o n 2 plax -b) (3.12)

5 Therefore _—rll—gp(a'x‘--b) achieves its minimum when (ab) ranges on
\

s {(a.b): |lall=1, b € R} and the minimum can be achieved only at elements of A.

FORCING UNIQUENESS

R So far there is no assurance of uniqueness of solutions in either of the two
cases considered. However, when the solution set is not a singleton, it is possi-
30 ble to select a particular solution 8, = (&,,b,) from the (compact) solulion set
4 in a systematic way, as we now show. Let

. _ Y . — b)Y = T S
. B = {(ab): n‘gp(an b) = 1o g n‘;p(cn d);y . (3.13)

b oy Among all the minimizing pairs (a,b) we take only those with the smallest possi-

N ble non-negative b -component to form the set By, that is

e -

'y b
a9 B

inf {6 : (a,b) €B
f(ab)eB: b=b) (3.14)

N Now let fuy, . . ., w41} be the canonical basis of RP*' and fork = 1,...,p+1let
3

B = {(a.6)€Bey: a-~wliSlle-wl .\ (cb)€By} . (3.15)
R

A

4 ) That is, among all the pairs (c,b) in B,_; we take only those which are nearest to
R u; to form the set B,. Finally the following lemma provides us with a uniquely

defined element of B which we shall label as 3,,.

-
-

L -

A

5

-
-

-
R
Py

-
-

4

..... T I O S FR o S SRR PR RO RY, L UG RN L LAt s O R g ¥
*&“ Nu'ﬁ-l,'j‘['f,s{( ek 5.'\#..;._}._ J S N, y N ORI, SOV ARG Wi )
(Y ‘ g * (Y I'al..'..‘ CAN N > . Y . 5 A ’ ’
RIS e O SASDA DA OTOC,OF) i :



T T T T Y T T T

Y, -14 -

e Lemma 3.4: B,., defined above contains exactly one element.

Proof: Assume that (a.b ) and (c.b) are in Bp+1. Thenllall = |jc|| = 1 and
la-wl? = lle-wl? . k=1...,p+l. (3.18)

Y Butifa=(a;, ...,aps1)andc=(cy, ... : Cp+1) then

lla=wl? = (ag-1)2+j§)k af = 1-2q, + :2:): af = 2(1-q) (3.17)

s and the lemma follows since 2(1-a;) = [la~ % = lc-w | = 2(1~c;) implies

(O that a=ec.
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4. Influence Curve and Asymptotic Bias of ORM-Estimators

4.1 INFLUENCE CURVE

Hampel's (1974) influence curve is one of the most useful heuristic tools in
robustness (cf. Huber, 1981). The study of its shape enables one to visualize the
way a small fraction of contaminated data can modify the asymptotic behavior
of a certain estimator. In addition it yields the asymptotic variance of the esti-
mator. In this section we compute the influence curve of the ORM-estimator and

study its behavior it. more detail for some particular models.

In order to define the influence curve of the ORM-estimator we assume a
nominally Gaussian distribution for the EV model (2.7)-(2.7'). That is, we assume
that

x=X+e¢ (4.1)

where X and ¢ are independent, X ~ Np41(.E), & ~ Np,4(0, 621), and the random

vector X = (Xg, Xy, .. ., Xp)' a.s. satisfies the linear model

Xo = ﬁo+ﬂ1X1+" . +ﬂpo . (42)

Thus F = N(u,L+0¢?) is the distribution function of x Now let §; be a point

mass located at ¢ € RP*), and for 0<e< 1, let

Cep = (1-€)F + €6¢ . (4.3)
The influence curve of § = (B, . . . .3,) is defined as
1€ = 10¢: B.F) = lim EC2) 28 (4.4)

provided the limit exists. Here the estimator E is regarded as a RP*!-valued

functional defined on some subset of distribution functions.
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»‘fu_,;;a; We compute the influence curve of the ORM-estimator in the usual way.
! ', Namely, we differentiate the population {(or asymptotic) estimating equations of
(XX

% :,‘ the M-estimator under C, ¢ with respect to ¢, and evaluate the derivative at ¢ =0.
<0, .

y ! This produces a system of linear equations which determine IC(¢).

L

‘ ’)’ The (population) estimating equations of the ORM-estimator under G, ¢ are
g

et Ax(e) = (1-e)Efy(e)z} + evle(¢. Bz (¢B) = 0 (4.5)
e
Bt

‘::!f fork=1,...,pand

o Ao(e) = (1-¢e)Efy(e)] + ey[e(¢.B)] = (4.6)
!,

‘;‘5""‘

j::g';‘ Here 2z, = z(¢(.B). k=1,...,p and ¢ =e(¢,B) are defined on (2.12) and

‘11&\’

‘.I"'.:!' (R.13). Also g = B{(1-&)F +£8,] is the asymptotic value of this parameter under
®
YR G.¢ In addition Ff{y(e)z;} and E{y(e)] stand for the more explicit notation

é i 4. Eriyle(x.8)])z(x.8)} and Eriy[e(x.B)]}, respectively.

L

:‘,:2:;. Differentiation of (4.5) and (4.6) at £ =0 can be carried out with the help of

{

::q: ! (2.14) and the following easily-derived relations:

'L';?
S

e - 6, k=0
i 5%- zy = {e(1-68%6p) k=j (4.7)
!r‘. s k ;

) 6%(Brz; — Byzr — BuBye) k=j, k=0.

1

?3& \ forj =1, ...,p. The resulting linear equations are
o
i MIC(E:) = 7¢.8) (4.8)
®
8 where
;: '

3 o IC(.8) = (ICo(&.B). .. . . IC (4B
N
ey,

7(¢.8) = Ye(€.B](1.z:(48). . - . 2 (¢.B) (4.9)

and M is a (p+1) x(p +1) matrix with elements

6E {y'(e )} j=0
™o = |8 EW(e)sd  j=1.....p (4.10)

PO ICRUSA ~
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and
& {y'(e)z} j=0
myy = {6%Ety(e)zf) ~ Elyle)ed(1-0%6F) j=k (4.11)
O2E{y'(e)z,2;) + 6%Ety(e)eiBB; j # k.0
fork =1,...,p.

The entries of M are in general rather complicated, which makes it difficult
to give an explicit expression for M™! (and hence IC (¢.8)) in the general case.
However, this is easy to do for the simple case where p =1 and £ {X1} = 0. In this

case e and z; are independent normal variables with zero means,

iy Moy = My =0, and one can check that (1 -6%8%) = 6% = (1+8%)~!. Therefore,
! _ (+ ﬂi")_
C4e8) = Frbss Ve (o] (a.12)
and
1+ ﬁl
: ICy¢.8) = Ye(&.)z1(L.B) . (4.13)

Et¥(e)zf ~v(e)e)

Here the intercept component /C(¢.80) is independent of z; and is bounded,

while the slope component IC (¢.8,) is unbounded.

REMARK: OR corresponds to the particular case ¥(t) = ¢t and y'(¢) = 1 (cf. Kelly,
1984, egs. (2.6) and (2.7)).

It is clear from (4.8) and (4.9) that the elements of IC (¢.8) are in general

unbounded. Nevertheless if ¥ is fully redescending (e.g.. if ¥ is Tukey's bisquare

function), then /C (¢.8) is unbounded in a nice way: it can be arbitrarily large

9 only when e(¢,f8). the departure of ¢ from the true error-free model, is small.

'\§ . (This is also the behavior of an ordinary M-estimate using redescending ¥ for the
. :; classical linear model setup.)
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To illustrate this consider the simple case p =1 and Bo =6, =0, and with ¥

fully redescending. For each ¢ # 0 and a >0 let

AS) = Kt G=¢. [¢¢l 2a)

For a=0 let
A(0) = [(0.¢2): ~=<¢<m)
'Aa = :EJRAG(O
and

galey) = . 20 IC(¢.8) .

Notice that points in A§ = R®- A, are “nice" (for small a) in the sense that they

belong to lines through the origin with slope less than a (see Figure 4.1 below).

FIGURE 4.1

In Figure 4.2 below are presented plots of g.(¢;) versus ¢, for various values of a.
It shows that the maximum influence of points outside A, is finite for all a >0 and

that this uniformly decreases as a gets larger.
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LY
. Another case, with general p, which yields an IC whosc intercept Crmnes e
5
! is independent of zy, . . ., z, arises when 8, = =6 =E{X'= =
( ;
% = 0. For in this case it is straightforward to see that meg; =00 =1, . . p\
K Mo =0 (k = P).mg=FE{y(e))and fork =1, ,m
.i
0 Ely(eE({zd - Efy(e)e] j=k ‘
P T = By (e )IE {2528 =k (4.1
k
@ Now let
.
L)
- Joo 2;Ol Moo Moxl
! g=1\z = M. M (415}
) e Iy 12 1
2
Al
4
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where dgp and mgg are of order 1x 1, and X,; and My, are of order p xp. Then we

have meg = £{¥'(e ). Mjg = M’y = 0, and

My = Efy' (el + (2= Efy(e)e})l, . (4.16)

If £{y'(e)} 20 and *-E{y(e)e} > O (as is generally the case), then My, is posi-

tive definite and invertible.
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b 5. Asymptotic Theory

In this section the structural and functional error-in-variables models intro-

duced in section 2 ((2.9) and (2.9')) are considered in order to establish some

," asyniptotic properties of the ORM-estimator.

It is well known (Kendall and Stuart, 1979) that when the covariance matrix

of £ is known (up to a constant factor), the classical orthogonal regression esti-

4, . matcr is consistent under both the structural and the functional EV models.

1

Subsection 5.1 is devoted to the study of the asymptotic properties of ORM-

:_! estimators under the structural model. Consistency (Theorem 5.1), asymptotic

' normality (Theorem 5.2), and qualitative robustness (Theorem 5.3) are esta-

' . blished. The asymptotic bias of a particular ORM-estimator under some contam-

:': inated Gaussian EV models is numerically computed and presented in Table 5.1.

" ' Subsaction 5.2 is concerned with the asymptotic properties of ORM-estimators

| : under the functional EV model. Consistency (Theorem 5.4) and asymptotic nor-

‘: mality (subsection 5.2.2) are treated here.

4

:-: 5.1 STRUCTURAL CASE

[

, 5.1.1 Consistency

5 First we show (Theorem 5.1) that under fairly weak assumptions, an ORM-

.: . estimate converges to its asymptotic (population) value. Then, Corollary 5.1
establishes the consistency of an ORM-estimator (convergence to the true

f parameter in the EV-model) under additional distributional assumptions, includ-

.‘ ing that A€ is spherically symmetric for some known, non-singular matrix A.

;
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Theorem &§.1: Assume that the loss function p is continuous, non-negative, and
non-decreasing on [0,%). Suppose that there exists a unit vector a, and a real

number b, such that

() Ertp(a'yx~b1)} < limp(t).

(iil)  (ayby) (strictly up to the sign) minimizes Ep{p(a'x-b)} among all

unit vectors a and real numbers &.

If 8, = (ii,,,t?,,) satisfies

S|

n - -~ 1 n
'L —b,) — — axg—-6) -0 a.s. 5.1
g}lp(an& n) Wi w sz( 5-b) (5.1)

then

9, - (a.by) a.s. [F]

Proof: The theorem follows from Theorem 1 of Huber, 1967 after we show that 6

almost surely ultimately stays in a compact set.

To show that 3,, almost surely ultimately stays in a compact set we argue

as follows. Hy hypothesis, there exists T >0, M >0, 6 >0 and € > 0 such that

(a) p(t)zM \/ [t]z2

and

(b) M(1-8)>Erfp(a'1x—b,)} +¢.

Let K{>0 be such that
Pr(ixiisK;) 2 1-6/2

and let £ >0 be such that [b| > K and |/x|| £ K, implies that
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jla'x=b6} 2 T Vo llajl=1.

Now, by tue strong law of large numbers we have that for all jjajj = 1 and 6] > K

% gp(a‘& —b)2 % ‘.gp("‘ﬁ -b)I (||| SK,)

2 M % ¥ (Il S K) 2 M(1-06)

i=1
>Erlp(a'ix—by)j+¢ 2 :’1;2/?(8'1!" —-by) +e2

for suffic’ently large n, a.s. [F']. Therefore, for sufficiently large n, |b,| S K

and 5n brlongs to the compact set

[-K,K] x {a:|al=1} ®

Cerollery 5.1: Assume that

1 () The loss function p is continuous, non-negative, and non-decreasing
o on [0,%).
;!)" (ii) (a) The distribution of & is spherically symmetric.
j.‘v.. ‘2 (b) The density f of Y = a'€ is unimodal and continuous.
"
SN (iit) Efp(ae)) < =.

® (iv) There exists 6> 0 such that p and f are strictly monotone on [0.5).

A If 8, satisfies (5.1) then

o 8, + 8, = (agby) as. [F] ® (5.2)

‘s:' The proof of Corollary 5.1 uses the following lemma.
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Lemma 5.1: Let, foreach t €R

g(t) = Elp(Y-t) - p(Y)} (5.3)

where Y is as defined in (ii.b) above. Then

g(t) >0 V t=0 =& (5.3)

Proof. See the Appendix.

Proof of Coroliary 5.1: The corollary follows from Theorem 5.1 once we show that

our estirnatorAis Fisher consistent over the distributions specified by (ii) and

(iv), namely that
Epip(a'x~b) - p(a'ox—-bg)} 2 0 V llaj=1, b€R (5.4)
with equality iff (a,b) = 85 or (a,b) = — ;.

Since (5.3) trivially holds when £ {o(a'x—b)} = = we only need to consider

the case when p(ax~- b) is integrable. In this case by (ii) and (iii) and Lemma 5.1

Efp(ax-b) - p(ag'x-bo)} = Efo(a'x-bd) - p(a'e)} =

P

f [{ [oly = (b-a'2)) - p(y)]dFyr(y)|aFx(2) =

f g(b-a'z)dFg(z) 2 0. (5.5)
[ 24

Finally, if the last term of (5.5) is equal to O then g(b —a'X) = 0 a.s., which

implies that a’X-b =0a.s.and 8§ = §gor 86 = ~-6,. 8

The assumption that Ag is spherically symmetric is weaker than the
assumption that g and £, are independent, with A = Var(eg),/Var(e;) known, in

the sense that the former does not require the existence of second moments.
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SN On the other hand, the assumption that A£ is spherically symmetric is a

stronger assumption in the sense that it ensures the consistency result of Corol-

lary 5.1. We have not been able to obtain this result with the *'A known' assump-

. tion.
b
' Suppose that g9 and ¢, are independent with distribution # and A=1. Then
"
;k the distribution of £ is not spherically symmetric unless g5 and €, are normal, as
b
::‘ can be easily shown following the style of the proof of Theorem 4.6.4 in Chung
i (1974). If in this situation F is non-normal, then it appears that an ORM-
&
o) estimator will not in general be consistent, while the classical OR-estimator will
::o be consistent. However, numerical computations of the asymptotic bias under
At .
" various non-spherically symmetric contaminated normal models (see Table 5.1
it below) reveals, at least for the particular ORM-estimator under consideration,
: that {i) for A=1 the asymptotic bias is much smaller than that of the OR-
3 estimate, and (ii) when A=1 (7% = 7§) the computed values of the ORM are so
A close to zero that one suspects they are exactly equal to zero. However, we have
i: not yet been able to prove this for any non-spherical.y symmetric distribution.
o
& This point may deserve further attention.
.;; In summary: the fact that an ORM-estimator may be asymptotically slightly
»
oY
¢
\:‘;: biased in situations under which the OR-estimator is consistent is not so serious
)
":.,3 an objection as it might at first appear to be, since from the robustness point of
ﬂ view this small bias may be regarded as an "insurance fee’’ we are willing to pay
N to achieve a high degree of bias robustness and thereby avoid the catastrophic
i~
]
:' behavior of the OR-estimator in the presence of outliers.
dxf
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uﬂ:g& Asymptotic Bias under Contaminated Gaussian EV Models
ﬁ‘ '
! As we have seen above, ORM-estimators are asymptotically unbiased under
. ,.Q.(
Gty
;‘.:3:: a spherically symmetric E-V model. We may well ask what happens when the dis-
) .
S:'. tribution of the error term of the E-V model is a non-spherically-symmetric
i
.J outlier generating distribution. As an example we consider the very simple EV-
:'Q.' X
' :, contaminated model: p=1, 81=1, §=0, Xo~ N(0,4), and € = e+ (B,4,.5824,).
N
:}: - where Xo. By Bz 4, and A, are independent, B; ~ Binomial(1,7) and
o
o Aj ~N(0,7%), (j =1.2). In this case the classical orthogonal regression estima-
'; tor, as well as the ORM-estimator, is asymptotically biased. Meanwhile, as illus-
o
L4 trated in Table 5.1 below, the asymptotic bias of the ORM-estimator can be radi-
N
LI cally smaller than the asymptotic bias of the classical OR estimator. This speaks
o
e well for the bias robustness properties of the ORM-estimator. The particular
Lo 2,
, ; ‘ ORM-estimator considered here is the one with (Tukey's) loss function
N >
¢zt z® Vo ‘
‘;".' —2——28—2"'—6‘:—‘ for !z[éc
i pe(t) = | .2 (5.5")
_,.g -— ‘for |z]2c
et 6
‘,3:'.0
-.‘.'""
) with ¢ =4.7.
‘O
l’:':'
:’.!,: Of course further study is called for, and we intend to carry out analogous
)
:,' computations for higher order models, a richer class of contaminating distribu-
P e
'u tion, and also some Monte Carlo simulations to obtain finite sample bias.
'-"v‘.
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Table 5.1
¥=0.50 vy=0.10 ¥=0.20 ¥y=025 |
T T OR ORM OR ORM OR ORM OR ORM
0 0| 0.00 000¢{ 000 O©O00! 000 ©0.00! 0.00 0.00
1}-001 -0.01]-0.01 -0.01!-0.02 -0.02] -0.03 -0.03
2| -002 -002)|-0.05 -0.03|-0.09 -0.06| -0.12 -0.08
5)-0.14 -002)| -0.26 -0.05| -0.45 -0.10 -0.51 -0.14
10 | -0.45 -0.01 | -0.65 -0.03 1 -0.81 -0.07 1 -0.84 -0.10
1 0; 001 0.01 0.01 0.01 0.03 0.02 i 0.03 0.03
1! 000 000 000 O0O0| 000 000] 0.00 0.00
21-002 -0.011{-0.04 -0.02!-0.0v -0.041-0.09 -0.06
51| -0.14 -0.02! -026 -0.03 | -0.43 -0.08 | -0.50 -0.12
10 | -0.44 -0.01 ] -0.65 -0.02 | -0.81 -0.05 -0.84 -0.07
2 0 0.03 002 005 0.03] 0.11 0.07 | 0.13 0.09
1 0.02 0.01 004 002 008 0.04; 0.10 0.06
2 0.00 0.00;, 000 000, 0.00 000; 000 0.00
5)-0.12 -0.01-023 -0.02| -0.40 -0.04| -0.46 -0.06
10 | -0.43 0.00| -0.64 000/ -0.80 -0.01 ] -0.84 -0.02
b} 0 017 002 036 0.05| 080 0.12 1.05 0.16
1 0.16 0.02; 034 0.04| 077 0.09 1.00 0.14
2 014 o.01 0.30 0.02 | 0.65 0.04 | 0.85 0.07
| 5 0.00 000 00O 000! 000 000, 0.00 0.00
i 10 ; -0.36 0.01 -0.57 0.01 -0."(5 0.03 ; -0.80 0.04;
I 10 0 0.80 0.01 1.85 0.03 | 4.19 008 5.41 0.10
! 1 079 0.01 183 002 414 0.05; 535 0.08
I 2 0.77 0.00 1.76 0.00 | 4.00 0.01 5.16 0.02
l 5 0.57 -0.01 1.31 -0.01 3.00 -0.03| 3.89 -0.04
| 10 | 0.00 ©0.00| 0.00 0.00] 000 0.00] 0.00 0.00]

5.1.2 Asymptotic Normality
This subsection is devoted to the proof of the asymptotic normality of ORM-

estimators. The assumptions under which asymptotic normality is proven are:

(1) (8n.by) = Bn -~ 00 = (ag.bo) a.5. as N » .

(3) ¢ is symmetric, bounded and ¥'(~t) = ¥'(t) V' t€R

S AT AN NN ST
v .‘\‘. 4 - .-’ e "‘\ \ o -_. <. -‘\-.__.' - LY
e -
-.'.q T “'q .{.n'\(.‘_\.‘*f &~ J'_- e $. X




-
S -»

P

e a kAt

(X q' ..}l b, \'v 1% 5’n (A

-28 -

(3) Efy(aox—bo)x} = Efy(a'sx—bg)a'ox] - ag
(4) E{y(a'ee)a'ge] > 0.

(5)  Efixd® < .

NOTE: Assumption (3) holds whenever (agb,) minimizes £ {p(a'x-b)] among

unitary vectors a in RP*! and b in R, for the Lagrangian of this optimization

problem is
L(ab,\) = Efp(ax-b)] - % A(a'a-1) (5.6)
and
21 = Eax-b)d-ra =0 (5.7)
%L = Efy(ax-b)} = 0 . (5.8)

Premultiplying (5.6) by a' and using a'a = 1 we get

= Fiy(ax-b)a'x] . (5.9)

To begin we show that ORM-estirnators satisfy an equation which has a non-

singular derivative.
First we consider models without an intercept term. Recall that in this case

&, minimizes

L P oam) (5.10)

LT

among vectors a satisfying ||a] = 1. Equivalently, 8, minimizes

1,

LLITY|

a'x

Tal (5.1

among vectors a satisfying ||al| = 0. Now we differentiate (5.11) with respect to a

. oo . el . J'.r-.--'-:.' e
:-'z v '\: "\‘(:,N*\p‘\,‘-4~x\'}ﬁ‘-\_¢‘:‘$r‘.ﬂ' Al ;:J"' afaf AR ;.‘—
,* ( v ,\q ~'¢’ { %’-1- ‘f 4\
(R B .‘?l e .q. 2 "\

n
4,

l\"‘ '\.'\' .
~ ""*\f‘.‘\ v “)
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‘r,;.‘ to get the defining equation

?' (f -d, @) 7'_' 2 Ya'nx)y = 0. (5.12)

l—

) REMARK: In fact

i b m]] - [
o 2a |°| Tall ua112

but we may choose our estimate to have length one, so that (5.12) holds true.

(5.13)

»
(o
-

-

s

Let

-

~
~
-

Y(x;:ia) = (I-aa')y(ax)x; , VaeFR (5.14)

W
-
Y

and

A(a) = FiY(xa)] VaeR . (5.15)

% Lemma 5.3: Let

DA(a) =

4
ol

N
Ea—j‘ (B)J;:} :‘.; . (5.16)

Then D A(ay) is a non-singular matrix.

® b o )
o @ S S

-

(1
? Proof: It can be easily verified that
!
3}?_ . DA(a) = E{(I-aa')xx'y¥'(a'x)] - E {y(a'x)[(a'x)[+ax'}} (5.17)
. ) and using assumption (3) we get
" l DA(so) = (I- ao&'0)E — ato(I+ agas) (5.18)
' 1 where
; q
1
3
E
o
|
R

R U PO Al
-' '.."\.\‘$ '-"- \'- —\'.- v

. y PR S SRS ¥

.n‘.‘. .-.. L £ X & ~ \. -1“ .\.\ - sl . ’ b

Y

. h
:’“ ..,,' MM ) s, Ol ) ’

e - - AW -\\. \_\~,)v LS Ja .\, \\‘ ,,'- -,»,-;\‘_ N \-\\\‘\. ~\'r
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B I = Efy(aox)xx} = Efy'(age)ee'] + E{y'(a'pe)iE xx'} (5.19)
Wt

and

\,

o

o ag = Ely(aox)a’ex] = E£ly(ase)a’se] . (5.20)
’t

L

]

“J

‘: Let a € RP. We will show that [DA(ag)Ja=0 => a=0.

kS

B

"
. Case 1: a = aag for some a € R

¥

j 0 = a[DA(a0)] = aa's(I-aga’s)E — aapa'o(l + agag)

‘ .

)

o = -2aap80 =0 => a=0 (5.21)
. .

v since ag = E {¢(age)a'sz} »# 0 by assumption (3).

S

I8

B

% Case 2. a~ aagforany a € R:

.:, 0 = a'[DA(ag)] = a(l-aga'p)E ~ apa'(I+aga’y) . (5.22)
B

)

e This implies that

6.,‘

i
4 0 = a[DA(ag))(I-aca'o)a = a'(1-aga'o)(E - aol)(I-asa’g)a (5.23)
AN

i}

b because (I— aga’'o)(I+ aga’y) = (I~ aga’y) and (I-aga's)? = (I- agay). We notice that
;
n if ¢ = (I-aga'g)a then c'ag = a'(I— aga'g)ag = 0.
x) :
!. The lemma follows after we prove the following claim.

‘
)

e

“

A Claim. If c’'ag = O thenc' L ¢ # agc’c unless ¢ = 0.

[ ]

0

- Proof: E{p(a'e)} is a continuous (in fact constant) function on the compact set
o
" C, = {a: a'a = kj. Because of Lagrange’'s multipliers theorem there exist & and
?
‘ g such that
)
I
I‘

R

s

L)
i“

L. ‘ R PN AT Syl .p‘,/f DA AP AT NS

ALV DL AN ande ity Retplig ol .r.--v-"f'zv-. o T $‘_\‘_. ,_.\. .
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\‘Q‘.\ hllft‘"y |‘D.§.l‘1.l (N

and

E{y(@oe)e} = Fag

Hence

Ely(ae)e} = pa  VaeC; .

In fact, if P is an orthogonal matrix then

T=Pe , e=P% , e=%¢

and

fio = EfyY(age)e} = E{W(@PEIPE] = PE(yY(a'e)e)

Efy(a'e)e} = BPE; = Ba .

It follows that

Efy(a'e)e} = g(laj)a aeRP .

Hence
%EW(Q';);} = a—‘:- [8(a)a] = B(a)l + a
On the other hand
3a Etv(ae)e} = Ety(ae)ee) .
Thus
I = Ely/(aoe)ee’] + Ely'(a'ee)}E fxx] =
acl + 8o o= lac) | + £ {¥/(wor)E fxx}

by (5.30), (5.31) and recalling that ag = A(ag).

> N, TRt AT e T e e
\ AN R AT AT AT
LAY ) T N IO IR

d'! y\ {l\ LS e b

|0! ,'\",‘,:'-. PN QUL CHUT X O R {1,

-aa;ﬁ(a)], .

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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Now suppase that
a'la = oga'a .
Then
a'La = apa'a+ £{y'(ape)lf {(a'x)¥

and this is impossible unless aX =0 a.s.

(5.33)

(5.34)

We now consider the general model. The estimators (ii,..g,,) satisfy the

equations

n ~
(1—-“,&',)%‘21%?,.:.--@.):‘ =0
1 n A' ~
-;EW( nx\_bn)=0

or equivalently

(1= 8&) & 3 Y@nx~En)m-w) = 0

- % 210(3'7;&-5:.) =0

for any constant vector u and in particular for u = £ {xj.

Let
and
Aab) = E{¥(xab)] .
Now

(I-a0a'0)E — ag(I+aca'o) (I-aca'0)E fy'(a'oe)(e+x~u)}

D N (ag,bg) =
(I-aca'o)E fy'(a'ge)(e+x)]  Efy'(a'oe)}

-_-

',‘d T oCa -‘4\ .iq."-"h")‘-,'-'-
Y -

e T N

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
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where
L = Biy'(aoe)(x-u)(x-u)}
and
ag = Eiy(a'ge)a'ge] .
We notice that by assumption (2)

(1- aga'o)Z {y'(@'oe)(e + x~ u)j

=0.

Finally

(5.40)

(5.41)

(1- aga'o)[E {y'(a'ot)e + £ {y'(a'e)}E fx - uj]

(5.42)

det [DA(a5,b0)] = E{y'(a'ce)} det [(I-aga's)Z ~ ag(I+aga’s)] = 0 . (5.43)

Now we want to check the remaining conditions for asymptotic normality of

Huber (1967). Let

6 = (ab) and 8 = (agbo) .

Lemma 5.4: There exist § > 0 and &g > O such that

INO)I| 2 sl6—8dl V' [|6-8g]| < by .

Let

¥(x:8) = (I-aa)y(a'x-b)x

and

u(x0.d) = sup |¥(x:8) - Y(xB) .
i@~ olisd

- Sy A Aty

U

(5.44)

(5.45)

(5.46)

(5.47)
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i' Proof: See the Appendix.

E L)

e

! »

' . Lemma 5.5: There exist 8; > 0, 83 > 0, and 6q > O such that

an Etu(x0.d)] s gid for |6-8q +d S 6 (5.48)
:;" and

Eu¥x:0,d)} s B.d for ||8-6¢ll +d s 6 . (5.49)

Proof: See the Appendix.

® Lemmas 5.3, 5.4 and 5.5 show that all the conditions for the Corollary to
.}‘i,: Theorem 3 of Huber (1967) hold. In our case we have

% A = D(A(a0.b0)) (5.50)
5 and

: C = cov[Y(xasby)] (5.51)

where Y(x;aqbg) is defined in (5.37). Thus, we have established the following

it Theorem.

‘ Theorem 5.2: 1f assumptions (1)-(5) hold then

Vn (8, ~ 8g) S N(OY) (5.52)

s where V= A"IC(A')"L,

»
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A
NP 5.1.3 Qualitative Robustness of the ORM-Estimator

Theorem 5.3: If p is bounded and non-decreasing on [0,») then the ORM-
estimator is qualitatively robust at any distribution F* for which £rfp(a'x—b)}

has a unique minimum.

Proof: To prove qualitative robustness of the ORM-estimator it is enough to show
that this estimator is weakly continuous when viewed as a functional on the set
of distribution functions (cf. Huber, 1981). Let F) be a sequence of distribu-
tion functions on RP*! which converges weakly toward #. We will show that

= g(Fmly can be uniquely defined for m 2N and that 8m ~ g = 0(F) as
m -, First we notice that the family of functions

{o(xa~b): llall=1, beR) (5.53)

is uniformly bounded and equicontinuous at all x € RP*! (i.e., \V xeRP*L, \/

€>0, there exists 6>0 with the property that |jix—y|<d implies
lp(a'x~b)~p(a'y~06)| <&,V llal = 1and \/ b €R).

Therefore

rm(a,b) = p(a’x—b)dF(“)(x) > ola'x~b8)dF(x) = r(ab) (5.54)
W‘l Retl

uniformly on [lal| = 1, b € R (see Billingsley, 1968, p. 17).

Let 8¢ = (ag,bg) be the point at which r(a.b) achieves its unique minimum

7o = T(ag,bo) and M = gim p(t). Hence

§=M~7>0. (5.55)

Let Ne Nand K >0 be such that forallm 2N, [b] 2K, and ||laj] = 1 we have
rm(abd) 2 7(ab) - % (5.56)

and

e DU TN VU SN IPIL I - .ra 'W
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Thus, forallm 2N, || >K, and !laii =1

On the other hand, form 2N

4

0, = 8(F™)) as in section 3.

shows that there exists 6p> 0 such that

Therefore, there exists N €N such that forallm 2N

oS, 8 3
t$:‘~‘,‘j::3 8- 8gl >& => T7n(8)>T(80) + 8o~ L =To+ £ b (5.
ERN o,
t':x":-.‘}:-‘
RV YR SRS and the theorem follows because for allm >N

|

Sy 60
TM(OQ) s T(eo) + T . (5.

5.2 FUNCTIONAL CASE

5.2.1 Consistency

Theorem 5.4: In addition to (5.2), (i), (ii) and (iv) of Theorem 5.1 assume that

.

Y TR AT WY
O T R L L I T RV VAR A s ST I \.‘\_'\Jl\'h

"9-0g = "a-agll+ |b-bg] > & => 7(8) > T(8) + 6 . (5.60)

»

e _
AL IR R Tt s AT

ab) 2 M - % | (5.57)

rm(ab) 2 Hab) - g- M —% = 'ro+% . (5.58)

)
Tm(80.00) S T(80.bo) ¥ £ = To+ g (5.59)

From (5.58) and (5.59) it follows that for all m 2N, T,(ab) achieves its

minimum on the compact set {(a.b): ilali=1, {b|$K]. We can uniquely define

In order to prove convergence of 8,, to ; let £>0 be fixed. A compactness

argument similar to the one used by Huber, 1967 in the proof of Theorem 1

62)

-

TR |
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giﬂlp(t)=M<oo.
Foralle>0, =i .>0suchthat
}HEM 2 1-¢

where

n(t) = #Jn(t) = plisn:|Xlise} .
Forall 8 = 8;, =! 6>0,e>0, and N € N such that

—"—";(LQ- 246, V n2N

where

m(e) = #l,(e) = fi:|aX-b]| 2¢} .
Then

0,, p 00 .

Furthermore, almost sure convergence of 8, to 8 holds provided that

(xi)

',1‘;2: fo(ax-b)} » g(ab) \ |al=1, beR

for some continuous function g.

e

'1‘1.' -.~N«.:..‘:A--' .:J\ﬂ .‘-L- \\.__“'\.‘\- .)" ..\\..\C-’J'.\{'F

-
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B I e .
2‘9’5 .'“ " 92" ."‘-' B h.l!'i"‘!‘ » .‘t\r Al ‘0‘ ‘\‘l‘p'l‘. N .‘»‘ ‘.“.0‘~

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

'\.\V -\..\._._..\

. <
' . ‘: oy '\-‘\-F X ':v,'('
.‘ .

A‘.
\

e
o T N
- -‘~,,v




M

-
PR

e
:'r‘;f"

N

, P
Py
oA

b
-

LR

A%
RS

N
“v o

L
o
VI Say )

2y

-
@ ¥l
>,

-.:.‘o\w'—f".
»
'I":’L i g

%

e
&

wd”l W
£

‘- N
e el Y
Xl @
Ox 3 o] ‘n

o e

5

-

L
-

b
%

-38 -

NOTE: Assumption (ix) is equivalent to requiring that the sequence of empirical

distributions

Foalt) = £ 3 Lo (%) (5.69)

n {=1

is tight. Assumption (x) essentially means that besides H(ag,bg), there is no
other hyperplane containing most of the X;. A sufficient condition for (ix) is that

the largest eigenvalue Ay, of
29 %-D%-X) = 8, (5.70)

is bounded, while a sufficient condition for (x) is that the smallest eigenvalue

A (K)

LY -®%-X)1 (IXISK) = 8 (k) (5.71)

is bounded away from O for some K20and alln 2 N > 0.

The following lemmas are needed to prove Theorem 5.4. For proofs of these

lemmas see the Appendix.

Lemma 5.6:

n

_—nl— 3 [p(l'n -b) - Elp(ax -b)}] -0 a.s. (5.72)

i=1

uniformly on lall = 1 and b.
Now Lemmas 5.1 and 5.6 are used to prove the following lemma.

Lemma 5.7: 8, = (8n.bn) is a.s. ultimately in a compact set.
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:: Lemma §.8: The family of functions

\ -

o

1 .

! ha(ab): hn(ab) = — 3 Efp(a'x - b)) (5.73)
e

: .

5 is equicontinuous and pointwise bounded on

o C=1§0:0=(ab).lal=1.b€R} . (5.74)
)

o8

ty

"

\
“5 Lemma 5.9: For all 8€C, 8 » 8, there exists Ag > 0 and N € N such that

s | Ra(8) 2 hy(B) +8¢ V' n2ZN . (5.75)
)
W,
\

i

9‘.
s

® Proof of Theorem 5.4: Lemma 5.6 is just a technicality needed, together with
':.J Lemma 5.1, to prove Lemma 5.7. The first part of the theorem is proved by
o

Fa B -~ -~

b showing that given a subsequence 8, there exists a further subsequence 8,-
' such that
f 6, » 8, as. . (5.76)
g By the Arzela-Ascoli theorem, which can be applied to {h,} in view of Lemma 5.8,
\“ given a subsequence hn+(8) there exists a further subsequence h,+(8) and a con-
o

P tinuous function h (@) such that

& ‘

& lim hn-(8) = h(8) (5.77)
7 uniformly on C.
' Now Lemmas 5.7 and 5.9 allow us to prove the theorem by following the
<

". same method used by Huber (1967) to prove Theorem 2. The almost sure part of

. |

::: the theorem follows in the same way except that now assumption (ix) makes the ‘
Yy !
::: ‘ subsequence argument no longer needed. 1
J
g

e
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! 5.2.2 Asymptotic Normality

The proof of Theorem 5.2 was based on Huber (1967), which deals only with
R the case of i.i.d. observations. Under the functional model the observations 1
,',!: Xy, ....X, are not iid. because Efix;} = X; with the X fixed and, in general,
V) X; = X; for i »j. Hence adapting the proof of Theorem 5.2 to cover the func-
: tional case could be done, extending Huber's 1967 to the independent, but not

'.5::' identically distributed, case. Such an extension is of interest in itself, but we

won't pursue the issue here.

A Taylor expansion of the ORM estimating equation (2.18) gives (we only con-

sider the no-intercept case here)

o 0= o= Ua@®EB = o vleB)1Z(0
3 + %[i Traope Vie: (801 (8)Z:(80)

g' ["‘ Vlei(Bo) 54 Zi(ﬂo)}\/—(ﬁ Bo) + Ry (5.78)

N

o

3 »

:g, Hence, under enough regularity conditions on the sequence X; Xp, - - -, the dis-

et tribution of £ and the score function ¥, vn (ﬁ—ﬂo) will be asymptotically
Y

o equivalent to

;, A *(po)vl;;-é“ Vec(Bo)]% (Bo)

8 where

i A= %o = puml;l; 2 Teaag; VieB I (B(AZ ()

o ["’ % 3. vlei(Bo)] "%Z&(Fo) (5.79)

® Therefore, under regularity conditions we will have that

| ‘ .' 'l‘i ':‘ “Q‘

" Y S \ \ Pr AT \ 1-,, A6 Y s_._\\_\ v ’\. Y 7-’-\'
J"&!}E‘ N ._;.& J’ g ). ‘)-%*p,).:(} P V\ 3. *.},'y ~.}.‘, :;3; e ) ( A3 N

Nt )
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Vn (B-Po) »4 N[0, A~'V(4-1)) (5.80)
where

= Cou(y[e(Bo)] Z(B0)) (5.81)

REMARK (qualitative robustness of ORM-estimators under the functional model):
Theorem 5.2 of Huber, 1981 only applies to estimators which depend on i.i.d.
observations. Therefore our proof of qualitative robustness for the ORM-
estimators under the structural model will not carry over in a straightforward
way to the functional model. The basic difficulty is that under the functional
model the distribution of the stochastic process x;,....x,,.... cannot be
characterized simply by a marginal distribution. The distributions F; of the b 4
have different locations X;. Thus the overall measure u for the process

Xy.Xg, . .., will depend upon the locations X;,...,X,...., as well as on the

common marginal distribution for the &;. Nevertheless our conjecture is that
under appropriate regularity conditions, ORM-estimators with a bounded loss
function are qualitatively robust. It should be possible to prove this via the
approach used in the proof of Theorem 5.3, along with some reformulation of the

asymptotic “'‘estimating minimization problem' in the spirit of Theorem 5.4.
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Appendix

MLE MOTIVATION (general p case):

To extend the MLE motivation of Section 2 to the general p case it is enough

to notice that the system of linear equations (onX,, . .., Xp)

(zo—Bo— B X1~ BaXa— -+ =BpXp)By + (z1-Xy) = O

(zo=Po—BrX1—PaXa— -+ —BpXp)fa + (z2-X2) = U

(%fﬁo‘ﬁlxx—ﬂaxz" = BpXp)Bp + (zp—Xp) = O
has the (unique) solution

Xg=2g+6pge=62g. k=1,...,p.

Hence, fori =1, ..., n we have that

(Zoi ~Bo—BXvi =+~ BpXpi)? +k£:1 (Tei = Xii)? = ef
and

(s —Bo-BiXy = - —BpXp)® = 8%f .

Therefore, the ORM-estimator with loss function A(t) = % p(t) (cf. Section 2) has
the same estimating equation that is obtained by differentiating the log-

likelihood function

HB.Xy, ... %nixi, ... . %) =

= nlogk - iﬂ (zoi —Bo—Br X1 — - - 'ﬂpxpi)z"'tﬁl (20 - Xu)?|
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Proof of Lemma 2.1:
' Lets>0andK={r‘xia‘)'(.||x‘-H. Thenfori=1,....,n
lax,-exll s la-cf- x|l s Klla-cl| . (A.1)
If|la-c||<e/K =6, thenfori=1,...,n

c'y;-¢ S ax; S c'x;+¢e . (A.2)

By monolonicily of ¢, il follows Lhal for all b € B(a)
n n * n
Zl vlc's - (by+e)] s 2: Ylag-by] = 0 = _Zl vlc'y - (by-¢)] (A.3)
i= i= i=

and smce 2 ¥(c'xg=by) = 0, it follows that b, ~£ S b, S b, +¢.
i=t

Proof of Lemma 2.2:

Let £>0, let 6 be defined as in the proof of Lemma 2.1, and let ||a-c|| < 4.
We may assume without losing generality that F(a) s F(c). By Lemma 2.1, if
bo = F(a) then there exists b € B(c) such that 0 £ b —bg < ¢, and the lemma fol-

lows since

b 2 bot+te => Fc) 2 bo+e => 035 F(e)-F(a) 2 ¢. (A4)

Proof of Lemma 5.1:

Let ¢ >0. By (i) and (iii-b)
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P Va3
el e
ST

P
¢

g(t)

T loty=0)-p@)s ey =

b - ¥

TG
1]

L2 -
;C LO(y-t)'-;O(y)]f(y)dy+‘[,a lo(y—t) -p(y)1f (y)ay =

T [o(-w)=ott-0)1f -3y - [ [o(y)-ply=-)]f W)y =
t2 /2

g! -

R f [e(y) —ply—t)1[f (y=t) - f(y)ley 2 O . (A.5)
a 72 )

hagh Finally,

,g.v [e(y) - ply=)1Lf (y=t) = £ W)=t = [p(8) =p(O)][f (0)-7(¢)] > 0  (A6)

° and the claim follows by (iv) and continuity of p and f.
N

DA Proof of Lemma 5.4:

By definition of derivative we have that
IA(8) = A(80) ~ DA(60)(6 — 8o)ll = 0(/| 8- @ll) (A7)
that is,
IIA(8) = DA(86)(8 - 8ol = 0(1|8 - 6all) - (A.8)
Givene>0, 3| §p>0 such that | 8- 8| < &g implies

IA(8) —~ DA(80)(8~ @o)ll < el|@—8dll . (A.9)

Now
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(O ~ IDA(80)(0- Bo)ll | < [IA(8) - DA(86)(8 - o)l s €]~ 8yl
=> -—ell6-8d| s [A(O)I - [IDA(80)(8 - o)l
=> [IMO)ll 2 |IDA(80)(8 - o)l - &ll@— @oll 2 6]|6~ Gl (A.10)

because

1D A(80)(8 - 6o}

1
£(0 - 80)[DA(80)] [DA(60)](6 - 60) )

1
{(6-80)A(6-85)}% = dy(6.6) (A.11)

H

where A = [DA(6,)]'[DA(8,)] is a positive definite matrix and &,(0,8,) is a dis-
tance on RP*!; which is equivalent to the Euclidean distance on IRP*! (that is,

there exist By, 82> 0 such that B,||0- 84| < d(0.0p) < 85]|60- 6| ). We can

choose £ <, hence § = 8, ~¢ > 0.

Proof of Lemma 5.5:

The lemma follows after we show that there exist K; > 0 and K2 > 0 such

that for all 0.3

I¥(x.8) - ¥(x.B)l s Kyixi o - 3| (A.12)
and
IW(x.6) - ¥(x.8)| s Klixi . (A.13)

In fact by assumption (2) there exist X; > 0 and K3 > 0 such that for all
ti.tz2 € R

1¥(t1) - w(ta)| s Ky|ty—t2| (A.14)
and
[¥(t1) - ¥(ta)| s Ko . (A.15)
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Let @ = (a.b) and § = (&.0). Now
" l(a'x-b) - @x-5)| s lla-&f'zll+ [6-5] s (1+}ix])]I6-3 (A.16)

3 0 )

fh so that

5
‘j* I¥(x.8) - Y(x.0)l| = || [¥(a'x—b) - y(¥x~b)]x| £ K;(1+|xi])- IIxil- | 0-5]| (A.17)

[}

e

L) ~ ~
I I¥(x.0) - Y& s (Wax-b) - y@x~5) - I s Kix| .  (A.18)
éo",l
ol
2
R Proof of Lemma 5.6:

RO0!

1 For each fixed (a,b) the lemma easily follows. Indeed, if
-‘0("!

O\ - )
-. % =p(ax-b)-Efo(ax-b)} then Efy} =0, (1/n) Y Efy2/i¥ s ngfa < o 1
"

::!., Hence Kolmsgorov's theorem implies that (1,/n) iyi -0, as asn » =, ‘
. :: Let £ >0 be fixed and let ¢ 2 0: \
o ‘
; 1
5 L lotax - ) - Eip(am - )] =

2% = + 3 [p(am -b) - Etp(a's - b BIU(I%II> £)+ (e >£)]

,}:.

"-: 1
258 + L P lo(en-0) - Eplarm -0 11 (1%l s )/ (el s¢) . (A.19)

b A
5 The first term on the right hand side of (A.19) is bounded by

ol
Bt M[(l/n)i!(ll&lbt) + (1/n)2!(llc‘|| >¢)]. By (ix) this can be done less than
!.1':

-- e/2forsomet>0andallnzN. .
"}’:E The second term on the right hand side of (A.19) converges to 0 uniformily
.":: . on G ={(abd):|lall=1, |b| SK]. Indeed, if (a;,b;) and (ag.bp) are in C;, for
el i=1,2,- -, we have
v X

V.

:‘!s;i“
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iy

T

! [o(a'yxi - b1) - Efp(a’'yx — 1)} — p(a'ex; — b2) +

; + Efp(atax - bRV (/| ) (llecll 5 ¢)
9N

& < lp(a'ix - by) - p(a'zx = b2) [T (XIS ) (lledist) +

\ +Ef|p(a'1x - by) — pla'axy — b2) [T (Xl $¢)} . (A.20)

0'.

)

:: A The first term on the right hand side of (A.20) can be done less than £,4 for all
B

"r i €N and all |ja;—ag]|+ |by;~ba| < & for some §>0. The same thing is true with

W

respect to the second term on the right hand side of (A.20). (Divide the domain

A:.‘ .
‘f:: of integration into two parts, one of them being the set {&: ||z|| £ ¢o}. for some £g

e

124 large enough, and notice that for |je]| < tg and [ X]| £ ¢, p(a'x; — b) is a uniformly
I

1.5 continuous function of (a,b).) Now use pointwise convergence of the second term
b\': on the right hand side of (A.19), compactness of C;, and the just-proved con-
1%
\ tinuity of p(a'x; -~ b) — E'jp(a'x ~ b)} uniformly on i € N and (a,b) € C; to get the
¢

o desired resulit.

W

;E::: Finally, X >0 can be chosen so large that for all || 2 K, |lal| = 1, and1 €N
i"‘l

)

o

o M- 7 s plax-0)(lelse)(Xist) s o (A21) |
¢
2

;’.‘f and

)

re

4 M- 7 s Elp(ax-b) (XSt} s & . (A.22)
’:'.\
._ Hence, the second term on the right hand side of (A.19) can be done less than
e

': e/2foralln 2N, |la] = 1 and b €R, proving the lemma.
)
ﬁ
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) Proof of Lemma 5.7:

t’l,t r
' Since ||@.|| = 1. we only need to show that there exists A >0 such that

AN

Pl lba] € K a.s. for large n.

«.-‘
T
L 1

By Lemma 5.1 there exist 0<p <1, £5>0, and £ >0 such that for all [¢]| 2 g

4

pEfp(ae+t)} > Efp(a'e)} +¢ . {A.23)

&4
5

\l

‘;‘2. By (ix) there exist N € N and ¢, >0 such that for alln 2N and |¢] 2 ¢,

B

> ﬁ%l z2p. (A.24)
\"Q'

)

é Let ¢, = max {£g.t ). X € Jo(tz) and |b] > 2¢; then

(O

B lo-aX| z [b] - [aX]| 2 |6 - %Il 2 [6] -tz > . (A25)
°

s Finally, for |b | >2¢,

L4

i ,. .
e d 1 e, — _1_ ', — _l_ ', — —_ e -

b1 L8 oan-b) = % 3 Elplam-bR + 7 3 [plam-b) - Flp(a'z=)i]

" z = Ty TN+ 2 [p(ax-b)-Efp(a'x,~6)}] . (A26)

-

-
o A

By Lemma 5.6, the second term of (A.26) converges to 0 a.s., uniformly on a

O"

and b as n »=. Regarding the first term we have

B |
' \
o L 5 Fpam-o)} = L % Efela + (@X-0)] |
o T el (ta) T tel,(ty) a
°
t
: 1 5 ppeet) = 282 pipe o)
WS T el (tg)
"- v-
(5
Vo 2 Elp(aoe)l +¢ (A.27)
‘[.i;iti
4 ! for large .
¥, "
R On the other hand, by the SLLN
iy
. s~
e = i p(Enx - bp) 5 L i plalox; ~ bo) = + ﬁ p(a'oE;) » Elp(a'ce)] as. (A.28)
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Now the lemma follows from (A.27) and (A.28).

Proof of Lemma 5.8:

Since p is bounded is pointwise bounded. We will show now that is

equicontinuous.

Let >0 be fixed. Let 6>0 be such that [¢t—¢]| <& implies

Ip(t)-p(ﬂl <e/2. Let 6,8 € C be such that |la-3]|+ |6 -5 < A, for some A>0

to be chosen later.

By (ii.a), for any K >0 we have

|hn(8) = ha(B)] = % 2}1 [E'fp(a'ei"'a'xt‘b)l‘Esp(?ei+?n‘g);]1
=1 gmpmax. 8) - p(Y +3% = b)]
s = 5 Bflp(r+a%=-5) - p(r +¥% - 5)1} +
iel (K)

+ 2 ¥ E{p(Y +a%-b) - p(Y +B -5)1}  (A.29)
igJ_(K)

where Y = a'€. By (ix), we can choose K such that 2(1-n(K),/n)M < &/2 for all

n 2 N,.. We can now choose A>0 such that 2KA < £2. For this choice of K and

A it follows that, for all M 2 N,

|ha(8)~ha(B)] s £ = & . (A.30)

£
2
This proves the lemma; since h,(8) is a continuous function of @ for each fixed

n, the cases n € N, are immaterial to the proof.
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Proof of Lernma 5.9: \

Let 6 =(ab) # 6p. By (x) there exists N =N(8) €N, ¢ = ¢(6) >0, and l
6 = 6(8) > 0 such that foralln 2N 1‘

me) _ li:laX-b|2¢]

5 ‘
o - 26 . (A.31) |

By Lemma 5.1, there exists §'> 0 such that E{p(Y+e)j - E{p(Y)} = 6" > 0.

Now,

hn (8) ip[Y+(a'X( b)) = 1

_1_
n {

W M;

= % T ElplY +(@X%-b)} + ¥ EtolY +(a%-b)]

iel (¢) il (e)

2 | & (Ete(i+a)+ 3 Ezpm;]
iel, () iel, ()

= h,,(ag) + _"_n_"(zfl 6 2 hq,,(ao) + 466" . (A.32)

Therefore, for n 2N we have

h,(8) — hy(8p) 2 66' > 0O (A.33)

proving the lemma.
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