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ABSTRACT

For a general link linear model (GLLM), we show that the OLS estimate of

the slope vector is strongly consistent up to a multiplicative scale, even

though the model might actually be nonlinear. Furthermore, the estimated

slope vector is strongly consistent for the average slope vector, the average

of the pointwise slope vectors on the response surface. For a GLLM with a

completely specified link function, we can solve for the multiplicative scalar

and estimate the true slope vector, and estimate the intercept and Cox and

*- Snell's generalized residuals. We then estimate the response surface and the

pointwise slopes using a generalization of the smearing estimate in Duan

(1983). The results can be applied to a number of important subclasses of

GLLM, including general transformation models, general scaled transformation

models, generalized linear models, dichotomous regression, and Tobit

regression.
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SIGNIFICANCE AND EXPLANATION

We justify the OLS estimation for regression models on a fundamental

level: the method gives meaningful results even when the model is grossly

misspecified. The OLS estimates are easy to implement, and can serve as

initial estimates for iterative algorithm to derive efficient estimates.
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THE ORDINARY LEAST SQUARES ESTIMATION
FOR THE GENERAL-LINK LINEAR MODELS, WITH APPLICATIONS

Naihua Duan and Xer-Chau Li

1 INTC IO

1.1 General-Link Linear Nodel (GLLM)

We consider a general class of regression models which relate the dependent variable

y to the regression (independent) variables x, consider as a row vector:

Yi - g(S0 + xiB, ci), ± - 1,...,n (1.1)

We will call those models the general-link linear models (GLLM), the function g the

general link function (GLF), the parameter vector B the slope vector, and the linear

combination xiB the linear component.

Depending on the specific application, the GLF g might be completely unspecified,

partially specified, or completely specified. Note that if the GLF is completely

unspecified, the intercept 00 is unidentified, the slope vector B is identified only up

to a multiplicative scale:

Observation 1. For any location and scale adjustments on B0 + xiB, we can always find a

GLF which satisfy the following:

gla + b(00 + xiB), ci] - g'(B 0 + xio, ci) (1.2)

for any a and b. I
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When the GLF is partially specified, observation 1 may or may not hold. We will call

a subclass of GLLM's identified (unidentified) in location and scale depending on whether

observation I is violated or satisfied for the subclass.

The GLUM includes many important classes of regression models as special cases. Some

important examples are given below. (For all the examples, we assume that the error terms

ei are identically and independently distributed according to F(C).)

Example 1.1. General transformation models. Assume the GLF has the following form:

Yi = g(8o + xiB + Si) " (1.3)

We will call this calss of GLLM's the general transformation models. If the GLF is

invertible, we can transform y into a linear model:

g- 1 (yi) " S0 + xis + Ci

which is the usual specification for transformation models. However, we do not require the

GLF g to be invertible.

Example 1.2. Dichotomous regression models. If the GLF in the general transformation

model (1.2) is dichotomous,

g(t) = 1 if t ; 0 ,

g(t) - 0 if t < 0 ,

we have a dichotomous regression model. If we further assume that the error distribution

F(:) is logistic (normal), we have the logistic (probit) regression model. Note that the

dichotomous GLF is not invertible.

Example 1.3. Tobit regression model. Assume in (1.3) that the GLF is the censoring

function:

g(t) - t if t ) 0 ,

g(t) - 0 if t < 0 ,

O i.e., Yi = max(B0 
+ xiB + Li, 0) , (1.4)

we have the Tobit regression model. (See, e.g., Maddala, 1983, p. 151.) Note that the

censoring GLF (1.4) is not invertible.
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Example 1.4. Additive-error models. Assume that the GLr is additive, we have

Yi - g(Bo + xiB) + Ci • (1.5)

Example 1.5. Generalized linear models. Assume the following form for the GLF:

Y " V(00 + xiB) + CBO + xiB)*ci . (1.6)

This is analogous to the generalized linear model with link function v and variance

function 02 . Note that our use of the term link function is different from McCullagh and

Nelder, 1983. The link function n - n(p) in McCullagh and Nelder is the inverse of v.

Example 1.6. General scaled transformation models. Efron (1983) considers a rich class of

transformation models:

Yi = g(V(n i ) + a(ni).ei)

If we assume a linear model for n, we have

Yi - g(v(B 0 + Xi8) + a(00 + xis).Ci) 1 (1.7)

we will follow Efron's terminology and refer to this class of models as the general scaled

transformation models. This class includes both the general transformation model (1.3) and

the generalized linear models (1.6) as special cases.

Example 1.7. A combined error model. Assume that the latent variable n has a linear

model on the logarithmic scale with behavioral error el:

,i - exp(S0 + xiB + e1i)

while the observed dependent variable measures the latent variable with measurement error

2:

yi = exp(B0 + xiS + cli) 
+ e21

This model belongs to the GLLM, but does not belong to any of the subclasses discussed

above. (We do not require the error term £ to be one-dimensional.)

Example 1.8. One-parameter families. Consider any one-parameter family of probability

distribut ions:

-3-
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yifei ~ F(yuei ) •

If we assume a linear model 01 - B0 + x 1 8, we have the following GLLM

yi - F-1 (Cil 0 + Xis) '

where ei - U(0,1), F- I is the inverse of F(.z;) for a fixed 0. For discontinuous

distributions, we define F-I(E) = {y' : e 4 F(y')}.

1. 2 OLS btinatiou in JGLT

We have a general result on the strong consistency of the OLS estimate for the slope

vector 0 in GLLM.

Theorem I Consider the OLS slope coefficients

b = (XIQX)'IxXQY (1.8)

for the GLLM (1.1), where Q = I - 1(11)-1 1'. We have

b + Y*S (a.s.) , (1.9)

where y = Cov(xB,y)/Var(xB) (1.10)

under the following assumptions.

(1a) The GLF g is measurable.

(Ib) The regressor variables xi and error terms ei are identically and

independently distributed according to the c.d.f. M(x)F(e). (Thus x and e

are stochastically independent.)

(lc) The moments E(x) - u, Cov(x) - E, and Cov(x,y) exist, Z is nonsingular.

(1d) The distribution M(x) of the regressor variables x is spherically symmetric

centered at U with respect to the inner product <v,w> - v'Ew: for any

matrix A such that A'EA = Z, the rotated regressor variables

U + (x-U)A has the same distribution M(x) as the original regressor

variables x.

The spherical symmetry condition (1d) can be replaced by the following polynomial

normality conditions.

-4-
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(I) The GLF g is a polynomial in xB of degree k.

(If) The regressor variables can be orthonormalized to be stochastically independent;

i.e., there exist a square matrix A such that AEA' - I, and the

orthonormalized regressor variables ((x-j)Aj} are mutually independent.

(Ig) The first k + I cumulants of all the othonormalized regressor variables are

identical to those of the standard normal variate. I

(Proof) By the strong law of large numbers and conditions (1b), (Ic), we have

b + Z- x' (a.s.)
xy

where Exy - Cov(x,y). The rest of the proof is given in section two. I

Remark 1.1. The result in theorem 1 does not apply to the intercept B0 ; it also leaves

the multiplicative scalar y to be determined. For completely unspecified GLLM's, this is

the best that can be achieved - according to observation I, the intercept So and the

multiplicative scalar y are not identified and can be absorbed into the GLF g. The same

comment applies to partially specified GLLM's which are unidentified in location and scale,

i.e., for which observation I is valid.

For subclasses of GLLM unidentified in location and scale, we will consider the

estimation of the response surface E(ylx) in section 1.4. Note that while the

intercept 8 and the multiplicative scalar y are not identified, the response surface

is invariant to location and scale adjustments in the linear component xB.

For a subclass of GLLM identified in location and scale, it is usually possible to

estimate the intercept So and the multiplicative scalar y. We give the results in

section 3 for GLLM's with completely specified GLF's.

Whuerk 1.2. It is well known that the OLS estimate i'or linear models is robust to

perturbations in the error distribution in the snse that under assumption (Ib) and (ic),

the OLS estimate is strongly consistent. (Note that for a linear model assumption (Ic)

implies that E() exists; since we are not concerned with estimating the intercept in

0N
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theorem 1, we do not require E(e) = 0.) Theorem I indicates that the OLS estimate for

GLLM is robust both to perturbations in the GLF as well 'm to perturbations in the error

distribution in the sense that asymptotically the OLS gives the correct answer in the sense

of (1.9).

Rlmark 1.3. Beyond strong consistency, we usually like to find efficient or nearly

efficient estimates if the model is sufficiently specified. The OLS estimate, despite its

strong consistency, is unlikely to be efficient except in some special cases. In a

sufficiently specified model, we might be able to find more efficient estimators, e.g.,

using adaptive methods. In those situations, it is usually desirable to use a consistent

estimate as the starting value for numerical algorithms aimed at finding efficient

estimates. Therefore theorem 1 indicates that the OLS estimates (up to a multiplicative

scalar) can be used as the starting value. In a completely specified model, it is usually

posssible to determine or estimate the multiplicative scalar. (See section 3.)

Researchers at the Rand Corporation have been using the OLS estimates to derive

starting values for logistic regression models since 1974 and for probit regression models

since 1980. Generally speaking the results are very satisfactory. For both models, a

stringent convergence criterion that the conditional log-likelihood move by no more than

0.01 is satified within two or three iterations.

lRemark 1.4. If the multiplicative scalar y is zero, there is no information in y for

B on the linear scale; we might still be able to estimate 0 by transforming y to an

alternative scale on which y is nonzero. Throughout this paper will assume y is

nonzero. See remark 1.8 for a testing procedure for this hypothesis for the general

transformation model.

Remark 1.5. As a special case of the result based on the polynomial normality conditions,

consider a GLF which is quadratic in xiS. The strong consistency result (1.8) holds if

all orthonormalized regressor variables are symmetric. This will be true, e.g., in a
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factorial experiment.

RImark 1.6. Theorem 1 requires fairly strong assumptions on the regressor variables,

namely, they have to be spherically symmetric (Id) or polynomially normal (le - Ig). This

should be considered as a desirable property for experimental designs, namely, designs

which satisfy either condition (Id) or (le - 1g) are robust in the sense of remark 1.2.

For example, spherically symmetric designs enjoy the robustness property under theorem 1.

As another example, we might known from prior experience or theory that the linear model is

applicable on the cube root scale but then we have to retransform back to the original

scale. A design in which all factors are symmetric and also has zero kurtosis is the

robust in the sense of remark 1.2.

* Reark 1.7. Conditions (Id) or (le - ig) rule out the possibility of having interaction

terms in the linear components x8. In other words we need to assume that under the

appropriate link function, the effects of the regressor variables are additive. For

example, for the general transformation model, this amounts to the assumption that afte, an

appropriate transformation we have an additive model. See Scheff6, 1959, pp. 95-98, for a

characterization of response surfaces which can be linearized into an additive model.

1.3 Response Surface and Linearixed esponse Surface.

In many situations our ultimate goal is to estimate the response surface

v(x) = Z(xs) = E(ylx) = f g(B0 + xB,e)dF(e) . (1.11)

Note that the response surface depends on the regressor variables x only through x8. If

we know the true parameters B, we can estimate the response surface using a nonparametric

regression of Yi on xi$. For the completely unspecified GLLM or a subclas which is

unidentified in location and scale, the indeterminancy of the intercept B0 and the

multiplicative scalar y is irrelevant. For any two GLF's g and g* which satisfy

(1.2), the response surfaces are the same.

-7-
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The deviations from the response surface, yi - v(xj), is not usually

homoscedastic. If we know the form of the variance function a2 (xS) = Var(ylx), e.g., if

we have an additive-error model or a generalized linear model, we could use weighted

methods in the nonparametric regression. The variance function is also a function of the

linear component xiB. When the form of the variance function is known, we can use

iterated weighted nonparametric regression, estimating the variance function from the

deviations from the estimated response surface.

In reality we don't know the true parameters 8, and have to use an estimate b for

it, such as the OLS estimate (1.8). The estimate for the response surface has to be based

on the nonparametric regression of y on xb. Therefore it is necessary to consider the

error in the regressor variable xb. We don't know of any work in the literature on the

consideration of nonparametric regression in the presence of error-in-variable.

For a general transformation model with a completely specified GLF, if the GLF g is

invertible, and the OLS estimation is applied on the linear model scale g-1(y), Duan

(1983) proposed the smearing estimate as an estimate for the response surface:

s(x) = n
-1 i  g(60 + x, +

where $0 8, and EI are OLS estimates based on the regression of g-1 (y) on x. Duan

(1983) showed that the smearing estimate is weakly consistent for the response surface

v(x) under some regularity conditions.

For a GLLM with a completely specified GLF, we can use the following generalization of

the smearing estimate to estimate the response surface:

s(x) = n-1 Zi g(b0 + c- .xb, ei) , (1.12)

where b is the OLS estimate (1.8); b0 , c, and ei are estimates for $0 , y, and

ci . In section 4 we give a consistency result for the smearing estimate (1.12).

The construction of the estimated response surface, either using nonparametric

regression or the smearing estimate, can be computationally expensive. As an alternative,

we may consider the linearized response surface

p(x) = p0 + (x-1) , (1.13)

where o E~y), 8 E1 E 'E =Cov(x,y). The linearized response surface minimizeswhee P E~), = - 1 xy 'xy

--0X
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4

- the mean squared prediction error E(y - O0 - x 12 over all linear surfaces

2a0 + xa; it also minimizes the mean squared approximation error E(v(x) - ao - m) . The

proof in section 1.2 for theorem 1 shows that the OLS estimate b in (1.8) is strongly

consistent for 6 = E-1Z ' under assumptions (Ib) and (Ic). Furthermore, the OLSxy

prediction

r(x) = y + (x - x)b

is strongly consistent for the linearized response surface. What remains to be shown for

theorem I is that the slope 9 in the linearized response surface (1.13) is related to the

parameter B in GLLM as follows:

e = Z-1 Z t Y.8 (1.14)
~xy

where y is given in (1.10). We will prove this result in section 2.

0 Corollary 1. Under the assumptions in theorem 1, the linearized response surface has the

following expression:

P~)= PO+ Y(-

where y is given in (1.9). In particular, the linearized response surface depends on the

regressor variables x only through xB D

1.4 ointwise Slopes and Average Slopes

In many situations we are not interested in the response surface v(x) per se.

Instead we are interested in the pointwise slopes, assuming that they exist:

F 7x(x) = 8" '(x8) (1.15)X

For a fixed design point x, the pointwise slope Vxv(x) is the change in the mean

* response when the levels of the regressor variables change. Note that in GLLM the

pointwise slopes are always proportional to $, therefore the OLS b in (1.10) is

strongly consistent for all pointwise slopes up to the multiplicative scale Y/V'(Xs).

The multiplicative scalar v'(xO) in the pointwise slopes (1.15) can be estimated by

differentiating the estimated response surface, either the nonparametric regression

estimate for v, or the smearing estimate s in (1.12). We will discuss the latter

-9-



method in Section 4.

The multiplicative scalar '(xB) is given by

'(x6) - dd f g(B0 + xB,e)dF(e) (1.16)d(xS) 0

Assuming that g is differentiable, and that the differentiation and integration can be

interchanged, we have

v'(xB) =f g1 ( 0 + x8,e)dF(e) = EIg 1 1x] , (1.17)

where g1 is the first partial derivative of g.

The same comment in section 1.3 regarding the cost of estimating the response

surface v(x) can also be applied to the estimation of the pointwise slopes B-''(xO). As

an alternative, we can instead estimate the average slopes

E V V(x) = BE x'l(x6) (1.18)

If the expression (1.17) is valid, the average slopes are given by

E xV xv(x) = 8"E g1(B 0 + xO,c) • (1.19)

Expression (1.19) is usually easier to evaluate than expression (1.18); we don't need

to evaluate the conditional expectation v(x) = E(ylx). However, there are important

models such as logistic regression for which the differentiation and integration in (1.16)

cannot be interchanged.

Stein (1981) gave the following lemma which was a crucial tool for evaluating MSE for

the estimation of the normal mean.

Stein's elma. Let u be a N(U, 2 ) real random variables and let the real-valued

function g(u) be the indefinite integral of the ebesque measurable function g'(u).

Assume that Eg'(u)j < -. Then

E[g'(u)] = cov(u,g(u))/Var(u) .

We will follow Stein's terminology and refer to g as an almost differentiable

function, and refer to g' as the derivative of g. Note that the almost differentiable
condition is stronger than being differentiable almost everywhere.

-10-
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Theorem 2. The multiplicative scalar (1.10) in theorem I is identical to the

multiplicative scalar in the average slopes (1.18),

Cov(xB,y)/Var(xB) = E '(xB} , (1.20)x

under assumptions (1a - Ic) in theorem I and the following assumptions.

(2a) The response surface '(x$) is almost differentiable in xB.

(2b) x$ is normally distributed.

The normality assumption (2a) can be replaced by the following polynomial normality

assumptions analogous to (le - 1g).

(2c) The response surface v(xO) is polynomial in xO of degree k.

(2d) The first k + I cumulants of xB are identical to those of the standard

normal variate.

The expression (1.19) can be used in (1.20):

Cov(xB,y)/Var(xO) - E g1 (S0 + xS,C) , (1.21)

under the assumptions (Ia) - (Ic) in theorem 1, assumption (2b), and the following

additional assumptions.

(2e) For all e, the GLF g(n,C) is almost differentiable with respect to n.

(2f) The differentiation and integration can be interchanges in (1.16). For example,

this is satisfied if Igil is dominated uniformly by an integrable function Q:

jg1(n,)j 4 Q(c), E Q(e) < - .

Assumption (2b) can be replaced by the following polynomial normality conditions.

(2g) The GLF g is a polynomial in x8 of degree k.

(2h) The first k + 1 cumulants of xS are identical to those of the standard

normal variable.

(Proof) Applying Stein's Lemma under the assumption that xB is normally distributed, we

have

x'(x8) = Cov(x$, (x))/Var(xB)

Note that

S -11-
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Cov(xB,y) - 3((x-j)O*g(80 + xB,C))

- E EX (x-tl)0.g(f 0 0 x+l,C)

- E(x-u)B. (xB)

= Cov(xB,Z(xo))

Note that we adopt Stein's notation tht a superscript for the operators E, Var, and Cov

indicates applying the operator conditioned on the superscript.

The result under the polynomial normality conditions (2c) and (2d) are proved in the

same way as the proof for theorem I under the polynomial normality assumptions (le - 1g),

to be given in section 2. I

Remark 1.8. For a general transformation model with a completely specified invertible

GLF g, if expression (1.21) is valid, we can estimate the multiplicative scalar y -

Eg'(g'1 (y)) by the sample average A. - n- 1 Zig'(g- (yj)), which converges almost surely

to y by the strong law of large numbers. If the second moment for g' exists,

Zn = n/2 (An-Y)/sn converges in law to the standard normal distribution, where sn is the

sample standard deviation. We can therefore construct confidence intervals for y; in

particular, we can test the null hypothesis y = 0.

Corollary 2. Under the assumptions in theorems 1 and 2, the OLS estimate b in (1.8) has

the following almost sure limit:

b + Y-0 (a.s.)

where y - E X 'xB)

or Y - E g1 (xB,e) •

corollary 3. Under the assumptions in theorems 1 and 2, the linearized response surface

has the alternative expression

P(x) - 0
0 + Y.(x - )6

where y is given as in corollary 2. ii

-12-
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2.* PH"C AND DISCUSSION OF THONU I

In this section we given the proof for theorem 1, and give several useful

generalizations.

Proof of thorlm I

We need to prove that

v - E(x-jj)y

Let 8 be an p dimensional column vector such that $'to - 0, 8ellr - i. We will show

that vO - 0. Note that

ye - !(x-iioeg(o0 + X0, E)

=E 3 E~o(x-u)8gC80 + X8, e)

=Ug(o% + X0, e).3cx(x..l)e]

Since Cov(xB,xe) - Ote 0, xO and xSl are uncorrelated. If x has a multinormal

distribution, it follows that xB and x8 are stochastically independent, therefore

z=~-~ 0 , '1\ (2.1)

thus v6 - 0. We prove in Appendix A that the same condition holds if x is spherically

symmetric.

Having proved that ve - 0 for all a such that B'E8 - 0, it follows that v must

fall along the direction 01E, i.e., v - mo'Z for some scalar a. We now determine the

scalar a. On the one hand,

vO - acI.5EO - a*Var(xB)

On the other hand,

vO - E(x-U)O-y - Cov(xB, y)

Therefore a - Cov(xB, y)/Var(xB) as gi~ven in (1.9) in theorem 1.

We now prove the theorem under the polynomial normality conditions (le - lg). Let

=(x-U)A be the orthonormalized regressor variables given in (1f). Note that

-13-
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o + xe - St + &V

ve - E(x-u)8.y (2.2)

= E ET'g(8. + El, C)

where = '0 + UO, V = EA'B, T - ZA'e.

By assumption (le), g is a polynomial in Fq of degree kl it follows that the

integrand in (2.2) is a multivariate polynomial in (1,...,{p) of degree k:

v - E{ j[aj IP (E )(P)] , (2.3)

where the summation is taken over all index sets J - <j(1),...,j(p)> such that

E j(p) 4 k. The coefficients aj depend on E, 85, 9, and T.

Since the orthonormalized regressor variables E are assumed to be mutually

independent, the expectation in (2.3) can be taken term by term:

v f=E[a lip = m 1 (2.4)
J Jp0 .1 p(p)

where mp'J(p) is the j(p)-th moment for EP.

By assumption (ig), the moments m are identical to those of a corresponding standard

normal variate. Therefore ve has the same value if we replace E by the corresponding

multinormal random vector E" - N(0,I). Since the multinormal random vector is spherically

symmetric, by the first part of theorem 1, we have v = 0. I

Remark 2.1. For logistic regression, a special case of example 1.2, the result in theorem

1 for normally distributed regressor variables has been known since Fisher (1936). See

Haggstrom (1983) for a comprehensive discussion of the OLS estimation for the logistic

regression model. As was noted in section 1.2, Rand researchers have been using the OLS

estimates to derive starting values for both the logistic and probit regressions, with

generally satisfactory results. For probit regression, this is motivated by the fact that

the normal c.d.f. is very well approximated by the logistic function after the appropriate

scale adjustment. See Haggstrom (1983, p. 236) for a brief discussion. Theorem 1 gives

further justification for the use of OLS estimates to devise starting values probit

regression.

-14-

LW

0 -M l 1

" '~ V
Z-



Remiark 2.2. Goldberger (1981) showed a result similr to theorem I for linear models after

selection under the assumption that the regressor variables x and the error terms c are

jointly normal. (See also Maddala 1983, pp. 168-170.) Chung and Goldberger (1984) showed

a similar result under the assumption that E(xly) is linear.

Remark 2.3. Brillinger (1982) showed the result in theorem I for the additive-error model

in example 1.4, under the assumption that the regressor variables x are normally

distributed. Brillinger also gave expression (1.21) in theorem 2 for the normal case. In

an example, Brillinger also commented on the generalization of the theorem to deal with the

Tobit regression model in example 1.3. For consideration of experimental designs, the

spherical symmetry condition in theorem 1 is an important improvement over the restriction

to multinormal distributions.

Remark 2.4. It follows from Cacoullous' (1967) theorem I that the only spherically

symmetric distribution whose components are mutually independent is the multinormal

distribution. Otherwise the components are stochastically dependent, even though they are

uncorrelated. See, also, Kagan et al (1973, chapter 5). Therefore the only intersection

between the spherical symmetry condition (Id) and the polynomial symmetry condition

(Is - 1g) is the normal case.

Remark 2.5. In the proof of theorem 1, we do not need to consider the entire slope

vector 8 simultaneously.

Corollar 4. Let the regressor variables x be partitioned into two parts, x, and x2 ;

partition the slope vector 0 and the OLS estimate b correspondingly into 01, 82 and

b 1, b2. We have

b I + y 1 .0 1  (a.s) (2.5)

where y1 Cov(x181 , y)/Var(x1 1 ) ( (2.6)

under assumptions (1a - Ic) in theorem 1, and the following additional assumptions.

(lh) The two subsets of regressor variables x, and x2 are stochastically

-15-
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independent.

(1i) The subset of regressor variables x, are either spherically symmetric (1d) or

polynomially normal (le - ig). I

The multiplicative scalar yj can be expressed alternatively as

*1 Eiv'($ 0 + X0, e) , (2.7)

or N1 - E g1($O + xB, C) , (2.8)

under the assumption in theorem 2, with x181 replacing xB in (2b), (2d), and (2h). I

SX 2

(Proof). In the proof for either theorem, replace E by E •

. mrak 2.6. Corollary 4 allows us to consider the slope parameters in subsets. In the

minimal, if we have at least one symmetrically distributed regressor variable, corollary 4

can be applied. (A symmetric variable is spherically symmetric)

Vmark 2.7. When assumption (1h) is not satisfied, we might still be able to orthogonalize

the two subsets of regressor variables and apply Corollary 3. Consider, for example, an

observational study in which we draw random samples from two different populationsi let

x, be the label for the population, x2 be the regressor variables. Assume that the

distribution of x2 in the two populations are different by a location shift:

x2 - xlU + Z2  ,

where Z2 is independent of x1 assume that Z2 satisfies the conditions in corollary 4.

If we know the shift j, we can reparametrize the model as follows:

y = g(80 + X1 0(1 + us2 ) + (x2 - x 1 )B 2 , )

and apply corollary 2 to 02. In reality, we need to estimate j from the sample.

amiarmk 2.8. For the additive-error model in example 1.4, we don't need the error terms Ei

to be identically distributed; they don't even need to be independent of the regressor

variables xi. All that is required is that when we apply OLS, the term corresponding to

-16-
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c converge to zero:

n E i(xi We)' + 0 (a.s.) .(2.9)

In a sense, all GLLM's can be considered as additive error models:

y g(00 + x0, C) - V(00 + x8) + C*

where C*-y - V( 00+ xa)

The distribution Of E* will depend on x in general. Since conditions that guarantee

the convergence in (2.9) for ec are not easy to formulate, we will continue to use the

GLLM specification.

* -17-
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3. PARMU Y8T IhrO & iNmiKMTY EMCIIrXD G

When the GLF in a GLLM is completely specified, we can usually estimate the parameters

00 and y left undetermined in theorem I. We can also estimate the residuals ei .

Throughout this section, we will assume the conditions in theorem 2 for expression (1.21)

for the multiplicative scalar y, i.e., we assume conditions (1a - 1c), (2b), and

(2e - 2f).

3.1 GLI

First we consider the estimation for So and y in a GLLM with a completely

specified GLF. Assume that expression (1.21) in theorem 2 is valid,

y = E gl(8 0 + x$, c) • (3.1)

Furthermore, we assume

E C 0 (3.2)

We have b + y , (3.3)

and Yi = g(B 0 + Xi6, Ci) " (3.4)

Replacing the unknown parameters by the corresponding estimates in (3.1), (3.2), and (3.4),

we have the following system of simultaneous equations:

c = n-IZi g1 (b0 + c- xib
, 
ei , (3.5)

n-lIe , (3.6)

yi - glb0 + c 'xib, e7 (3.7)

where b is the OLS estimate (1.8), c is our estimate for y, b0  estimates %0, and

ei estimates ei. We have n + 2 equations with n + 2 unknowns, therefore the system

(3.5) - (3.7) is solvable, although the solution set might be nonexistent or nonunique.

Given that g is a nonlinear function, the equations have to be solved by iteration given

the dimension of the system, they are probably expensive to solve.

The system of equations (3.5) - (3.7) is much easier to solve if the given GLF is

invertible in its second variable. In this case we can solve for ei  in (3.7) by

ei  g g1(b0 + C-1. xIb yi
)  

, (3.8)

where we use g-1 to denote the inverse of the function g(r,e) for a fixed n.

Substituting (3.8) into (3.5) and (3.6), we have

-18-
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c - nEi 191(b 0 + c.x ib, (
1 b 0 4- C

1 .x b, y~) (3.9)

and 0 = 1 g-1 (bo + c- 1 .xb, y,) *(3.10)

We need to solve for bo and c in the two-equation system (3.9) and (3.10). If both g

and g1 are easy to evaluate, it is not difficult to solve this system. Whether the

solutions, if any, are cnnsistent needs to be determined for specific GLLZ's.

Remark 3.1. The estimated terms *i in (3.8) are the generalized residuals considered in

Cox and Snell (1968).

3.*2 General Transformation Models

For a general transformation model (example 1.1) with a completely specified GLF, we

can estimate the multiplicative scalar by the sample mean

c -1E g'(g 1 (yi)) + y - Eg'(y) ,(3.11)

assuming that expression (1.23) in theorem 2 is valid, and that the given link function

g is invertible. We can solve for ej in (4.7) by

e- g 1(yj) - bo c-1 *xib .(3.12)

It follows then from (4.6) that

b= n_1 ri g-1 (yj) -c1  b *(3.13)

Note that

bo + E g -1(n) - pO - 0  (a-s.) .(3.14)

Example 3.1. For the Tobit regression model in example 1.3, we have

y - E g'(y) - P(y > 0).

Note that for y > 0, g 1(y) - yi for y -0, i.e., So + xB + c ( 0, -1 (y) is

undetermined but g'(8 0 + xR + 0 Z 0.

We can therefore estimate 'y by

*c - n- #(yi > 0)

Note that the dominated convergence condition (2f) in theorem 2 is satisfied for the TobtI 19-
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model.

3.3. Generalized Linear Models

For th generalized linear model in example 1.5, expression (1.20) and (1.21) for the

multiplicative scalar y are the same, i.e., we need only consider v' in the partial

deiatv 9:c - n-'Ei v '(b 0 + c'1xib) .(3.15)

Furthermore, the error terms can be estimated by

ei , [y - ~ 0 + c1 *x ib)]/a(b 0 + c-1 *x b) ,(3. 16)

and equation (3.6) reduces to

y n- I~ r (b0 + c-1 *x b) .(3.17)

The estimates bo and c can be solved from (3.15) and (3.17).

Example 3.2. Consider a generalized linear model with an exponential link function

v(h) = exp(n). It follows from (3.15) and (3.17) that

cy - (3. 18)

Note that c converges almost surely to R(y) - E Z(B 0 + xR) E ZK v(0 + xB) = -Y'.

Substituting (3.18) in (3.15), we have

exp(b0 ) - ;/[n- E exp(x~b/y)] .(3. 19)

The denominator in (3.19) converges almost surely to E exp(xB), therefore exp(b0 )

converges almost surely to exp(80 ).

3-4. General Scaled Tasformnation Models

For a general scaled transformation model (example 1.6) with a completely specified

GLF, we can estimate y and 60 by solving the following two equation system:

c n nZi g'(g1 (y i ))41(Cb 0+ c-1 *x ib) ,(3.20)

-20-
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by

ej - cg1 (Yj) - vj]/aji (3.22)

where vi ~( 0 + c -xib), a, a~bo + c-1xjb).

-21-
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4. SKE I ESTDIATION FOR THE RESPONSE SURFACE

In section 1.3 we discussed the estimation of the response surface v(x) = E(ylx) for

a completely unspecified GLLM and for partially specified GLLM's, using nonparametric

regression of yi on xib. For a GLLM with completely specified GLF, it is still possible

to use nonparametric regression to estimate the response surface; however, we should be

able to do better by making use of the information available on the GLF. In this section

we consider the smearing estimate (1.12) in section 1.3 and derive some of it properties.

4. 1. Smearing Estimate for GLLM

For a given GLLM of a general form, the smearing estimate is given by (1.12), with

estimates b0 , c, and ei given in Section 3.1. In section 4.2 we give a consistency

result for this estimate.

For a given general transformation model, the smearing estimate is given by

s(x) = n- 1 i g(c- *xb + g- 1(y i ) - c- .xib) , (4.1)

with c given by (3.11). We give a consistency result for this estimate in section 4.3.

For a given generalized linear model, there is no need to "smearing" over the

residuals to estimate the response surface; we can simply use

s(x) = v(b0 + c- .xb) , (4.2)

with the estimates b0 and c given in section 3.3. If the estimates b0 and c are

consistent, (e.g., if the link function V is exponential as in example 3.2), and V is

continuous at So + x8, the estimated response surface is consistent.

The smearing estimate for the general scaled transformation model is

s(x) n-E g(v + a-e. ) 1 (4.3)
3 -1

with v = (b0 + c- xb), a = a(b0 + c-
1 xb); b0 , c, and ei are given in section 3.4.

4.2. Smearing Estimate for GLU4

If ho , b, c, and ei are good estimates for the corresponding unknown quantities,

we have

-22-
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s{x) = n- 1Ei g(b0 + c-
1 xb, ei

n -i g($0 + x8, ei )

+ v(xs) (a.s.)

Theorem 3. The smearing estimate (1.12) is weakly consistent,

s(x) + (xs) (p) , (4.4)

under the assumptions in theorem I and the following assumptions.

(3a) The estimates b0 and c given in section 3.1 exist and are weakly consistent

for So and I.

(3b) The estimates ei given in section 3.1 exist and satisfy the following

condition:I
Ei(ei - ei)2 

= Op(l) . (4.5)

(3c) The GLF g(n,e) is continuously differentiable jointly in n and C.

(3d) The following expectations exist for all M > 0 and some a > 0:

E{sup[Jg1)(a+x 0B-+t,+s)l, Isl 4 M, Itl ( a} , (4.6)

and E{sup(Ig 2 (6 0+x0 +t,e+s)12; Isl 4 M, Itl al , (4.7)

where for j = 1,2, gj = the j-th partial derivative of g. I

(The proof is essentially the same as in Duan (1983) and is given in Appendix B.)

4.3. Smearing Estimate for THm

We will verify the assumptions in theorem 3 to prove the consistency of the smearing

estimate for the general transformation model. First we will prove a result which is

required to prove assumption (3b) in theorem 3.

4



bT euOr 4. The OLS estimate b in (1.7) is consistent for Y.8 of order n!/2 for the

general transformation model:

nY2 (b - y.) -o 0P(1) , (4.8)

under assumptions (la - c) in theorem I and the following assumption:

2,
(4a) The expectation E y .x'x exists. I

(The proof is given in Appendix C.)

Corollary 5. The smearing estimate (5.1) for the general transformation family is weakly

consistent under the assumptions in theorem 1, assumption (4a) in theorem 4, and the

following assumptions:

(4e) The GLF g is continuously differentiable.

(4f) The following expectation exist for all M > 0:

E{sup(Ig'( 0 o+x 0 +E+t)12; Iti < M]) 1 (4.9)

(Proof) It was noted in section 3.2 that the estimates b0  and c exist and are strongly

consistent. The estimates ei exist and the squared sum in (4.5) can be expressed as

follows:

Eie i2 -2 )]2/2
i(eiei) 2 

= nc + Ei[(xi-)(b-c8)] /c (4.10)

The first term in (4.10) is asymptotically bounded by the central limit theorem. The

denominator in the second term converges to y2. The numerator in the second term can be

written as

-n- 1/2 (b-c1)'.n-lEilxi-i)' (xi-7) n- 1/2 (b-c) (4.11)

The second term in (4.11) converges almost surely to t. The third term can be decomposed

into

n- 1/2(b - n) - n 1/2(c - y1.8 (4.12)

The first term is asymptotically bounded by theorem 4. The second term is asymptotically

bounded by the central limit theorem applied to (3.11). Therefore (4.11) is 0P(1), thus

(3b) is satisfied. The moment conditions (3d) reduces to (4f) for the general

transformation family. 0

-24-
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Remark 4. 1. The moment condition (4f) is the same as the moment condition in Duan (1983)

which considers the smearing estimate when the OLS is applied on the transformed scale

9-1(yi). Duan (1983) noted that if Ig'I is monotonic, we can replace the moment

condition (4f) by

E(g'(c+e)) 2 < - for all c (4.13)

If the GLF is the power function g(n) - q, the moment condition (4.9) reduces to

3(c+c) 2 (q"1 ) < w for all c ,

which is satisfied if q > 1 when the error term c follows a normal distribution. Note

that q > 1 implies that the linearizing transformation is the power transformation

g-1 (y) - yl/q ,

where the power parameter 1/q falls between sero and one.

If the GLF is exponential, g(n) - exp(n), i.e., the linearizing transformation

9-1 is the logarithmic transformation, the moment condition (4.9) reduces to

E exp(2c) < -, which is satisfied for the normal error distribution.

4.4. Seaizg NtmLate for 1imntwise 51ope lectog

The pointwise slope vector given by (1.15) can be estimated by differentiating the

smearing estimate (1.12):

Vs(x) - c'Ibon-lE 91(b0 +c *xbei) (4.14)

The second factor in (4.14) estimates the derivative Z'(xB) in (1.15).

Corollary 6. The smearing estimate (4.14) for the pointwise slope vector in a GLLM with a

completely specified GLF is weakly consistent under the assumptions in theorem 1 and (3a) -

(3d) in theorem 3, with g replaced by g1 in (3c), and 91, 92 replaced by g11, 912

in (4.6) and (4.7). I

Corollary 7. For a general transformation model with a completely specified GLF, the

smearing estimate

-23-
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Vs(x) -c- Ib.- 1 E g'C8b 0+ C-1 .xb I+ 0(4.20)

is weakly consistent for the pointwise slope (1.15) under the assumptions in theorem 1,

assumption (4a) in theorem 4, and assumptions (4e - f) in corollary 5, with g replaced

by g' in (4e) and g' replaced by g" in (4f). I

Plamark 4.2. For the generalized linear model, there is no need to "smear" over the

residuals to estimate the pointwise slopes; we can simply differentiate (4.2):

Vs(x) - c-1 b- v b0 + c-Ixb) ,(4.21)

which is consistent if bo and c are consistent.

6VA
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APPENDIX A: PROOF OF MROMU I IWr SRIC=AL SMEIEY

We need to show that

E0 x-xj)e -0 (A. 1)

where 8'E8 - 0. Let 0* - CB'ZB)'2. 0. For p> 2, we can find 62, ... 6 P such

that B - (8,B'1 6 2 ... 1 6P I is unitary: B'ZB - 1.

Let =(x-1j)B. Since x is spherically symmetrical centered at Ui, 4 has the same

distribution as (X - U)E/2 (Let ( x-j)BE/2; note that

(BE 2)'Z(DE1/2) - E, therefore 9* has the same distribution as x-UJ.)

Claim E is spherically symmetric with respect to the usual inner product [v,w] - vw,

i.e., CA has the same distribution as g if A'A - 1.

(Proof) Note that AIBEBA - 1, thus SA is unitary with respect to the inner product

0<-,->. Therefore CA - (x-jj)BA has the same distribution as x - U)E /2. 1

Consider the diagonal matrix A with All - -1 and all other diagonal elements being

one. It follows from the claim that

has the same distribution as C. Therefore

E(- 11E1 A (E12-- 0 .(A.2)

Integrating (A.2) with respect to 93'***'p, we have

E(X-08 - E(Cj 1I 2 ) 0

This proves (A. 1) and completes the proof of theorem 1. 1
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APMDIZ 3: PROOF OF THEORU 4

Let 5=(b 0 0 ) + x(c-lb-0), -ri - ei - III Taking the first order Taylor's expansion

for

A= g(b(0 +c_ xb, ej) - g(B0 +xo, ej)

in the direction (6,Tj), we have

a i - '*91i + "1*
9 21

where 0 ( 0 1, and gji - gj(8 0 + xB + ei6, ci + Oir) J - 1,2.

We need to show that

6-n- II g1 i + 0 (p) (B.1)

and n- Er 1* 2 1 + 0 (p) .(B.2)

By assumption (4a) and theorem 1, the first factor in (B.1), 6, converges to zero in

probability. By Cauchy-Schwarz inequality, the square of (3.2) can be bounded by

n-Ei i . Xi (g2j) (B.3)

By assumption (4b), the first factor in (B.3) converges to zero in probability. It remains

to show that the second factors in (8.1) and (B.3) are bounded asymptotically.

Since 6 + 0 (p), for any a > 0, we can find n large enough so that 16) <a

with probability arbitrarily close to one. Dy assumption (4b), we can choose M large

enough so that for n large enough, the inequality

Ei(ei - Ei )
2 

< M42

holds with probability arbitrarily close to one. In particular, we then have

I jj - lei - Elj < M, i - '.,

The second factor in (8.1) is then bounded from~ above by

n-I i (sp(l;1 (O,0 'O8, E,+9)1; le 4 1, Iti a

which converges to the expectation in (4.6) by the strong law of large numbers. Likewise,

the second factor in (8.3) is bounded from above by an i.i.d. average which converges to

the expectation in (4.7). 1
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APPEMIX C: PROOF OF TR30f6 S

Let s =X'QX/n, c =X'QY/n, e - Ex .We need to show that

n%/2[sIc - I6 =0

Op

It suffices to show that

1?/2 (c-e 0()(C. 1)

n/ Cc- - E) 1 0 (1)

n s - =0(1 (C.2)

The left hand side of (C.1) is equivalent to

[-12 ( X i-X)Yj - E(x i-U)Y]

(C.3)
1/ 'A /2

- "i[(xi-lj)yi - E(x-U)y] + n (x-p).y

By central limit theorem, the first term in (C.3) converges to a multinormal distribution

under assumption (6a). The first factor in the second term converges to a multinormal

distribution; the second factor converges to E~y). Therefore (C.1) is satisfied.
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