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ABSTRACT

In this paper we study 12 stability for weak solutions of the Navier-

Stokes system of equations (1), in the whole space R3. Ve assume that it is
given a weak solution v satisfying certain hypotheses (essentially

v e LzP/p_3(07 +o; IP), p > 3) and we prove that, to an arbitrarily large
perturbation of his initial velocity, it corresponds a weak solution u such
that the L2-norm tu(t) - v(t)1 converges to zero as time t tends to

infinity.

AMS (MOS) Subject Classifications: 35B35, 35KS55, 35Q10, 76D0S5

Key Words: nonlipnear partial differential equations, viscous fluid motions,
initial value problem, asymptotic stability, Navier-Stokes
equations

Work Unit Number 1 (Applied Analysis)
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\ SIGNIFICANCE AND EXPLANATION

We consider the motion of a viscous fluid filling the whole space R°,

3

governed by the classical Navier-Stokes eguations (1). Existence of global

(in time) regular solutions for that system of non-linear partial differential

equations is still an open problem. Up to now, the only available global

existence theorem (other than for sufficiently small initial data) is that of

weak (turbulent) solutions. From both the mathematical and the physical point

of view, an interesting property is the stability of such weak solutions.

agsume that v(t,x) is a solution, with initial datum vo(x).

We suppose

that the initial datum is perturbed and consider one weak solution u

corresponding to the new initial velocity. Then we prove that, due to

viscosity, the perturbed weak solution u approaches in a suitable norm the

unperturbed one, as time goes to ,)6}' without smallness assumptions on the

initial perturbation.
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12 STABILITY POR WEAK SOLUTIONS OF THE
NAVIER-GTORES EQUATIONS IN R3

Paoclo Becchit*

Introduction

Consider the initial value problem for the non-stationary Navier-Stokes equations in

the whole space 33

W' 4 (ueVlu - Bu+ Vp =g tnQ, = Jo,T(xR° ,
div u =0 in Qn ,
(1) U|¢ag = Yo in ¥ ’
lim u(t,x) = 0 for t ¢ )O,T( ,
| x| +=

where T € ]0,+=], u' -2 and (ueV)u = )' U, —. Here u and p denote,
at L=1 i ax
respectively, the unknown velocity and pressure; moreover, the given initial velocity

ug satifies div ug = 0 in ®.
We denote by 1P = IP(la), 1 < p < », the usual Lebesgue space of R3-valued

functions on l3 and by lolp its norm; the Lz-nom is simply denoted by I+i. Denote

-1 1

by gl = 31(33) the L2-Sobolev space of order 1 and by H the dual space of H'.

Let be the set of all smooth functions ¢ with compact support in ®? such that

2

div ¢ = 0. We denote by H the L“-closure of and by V the H'-closure of .

By a weak solution of problem (1) we mean a vector u ¢ L”(0,T1B) N 1‘..2(0,'1'1 vy,
for all T > 0, such that

T

‘{ [ Tlueq® + (ueWrgeu + ucdp + eglaxat = - [ Up%| gmodX

for every regular divergence free vector field e¢(t,x), with compact support with respect
to the space variables and such that ¢(T,x) = 0. The weak solution u is also assumed

to satisfy the following energy inequality:

*Department of MathematicseUniversity of Trento 38050 POVO (Trento) Italy

Sponsored by the United States Army under Contract No. DAAG29-80-~C-0041 and by GNAFA of
CNR (Italian National Research Council).
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2 €t 2
(2) )1 + 2 [ 1vu1ds < 1o

(1) 0

2 t
1“+2 [ [ fou axds ,
0

0
for all t > 0.

In (2], caffarelli-Kohn-Nirenberg construct the so-called suitable weak solutions of
(1) by the method of retarded mollification. They consider approximate solutions Uy, ¥ = ¢

1,2, «¢s, such that

g+ (Wglu)euy - du, + Vg, = £ in r , '
div o, - 0 “ b

)
U em0 = Yo o

where wc(uﬂ) is a certain retarded mollification of uy {1 {21), u, € H,

£ ¢ Lz(O.'l'm-‘). They prove that there exists a subsequence uy, which converges in
L:oc(ls x (0,T)) to a weak solution of (1).
A simpler comstruction of a suitable weak solution is the cne of Beirao da Veiga [1],

made by considering the approximate problem

' 2
u, + (“e'w“e + €A u, - A“e + vPe = fe in Qp,
div u, = 0 in Ql. ’
&
a =y in R
e|t=0 0,¢ '
where u € 2 nv a +u, in 1? as €+ 0, f_¢ Lz(o.‘rrnz) and b
0,¢ i 0 €

£ +f 1n 20, ") as ¢+ 0.

2

This paper deals with the asymptotic stability in L° of weak solutions of problem

(1), with respect to perturbations of the initial data. Let v, ¢ H and

-1

£ e L‘(O,-H-)I-lq) N L2(0.+~1H ) Assume that to v, and f it corresponds a sequence

of approximate solutions, constructed as in [1] or in (2], weakly convergent in

‘”ror more informatione about the weak solutions of the Navier-Stokes equations, see
[31, (51, te), (8.
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W N

sz/p'3(0.+-ll.p), P> 3, to a weak solution v. 8ince V ¢ Lz"/rs(o.hrhp), it is the
unique weak solution of (1) (see (8]).

We prove the following stability result:
Theorem A. Assume that the above conditions hold and let u, € H. Then there exists a

weak golution u_of problem (1), corresponding to the initial velocity g and the same

external force f, such that
(3) la(t) - v(t)l +0 as t + o,
We prove theorem A for the weak solutions constructed in [1] and in [2]). Thus we show
that such solutions, whatever be the initial velocity in H, converges, as t goes to
infinity, to the given solution v. Our proof is inspired bf the method of Schonbek [7]
and Kajikiya~Miyakawa [4] for the study of the asymptotic behaviour of the weak aolutions
of (1).

In what follows C denotes various constants depending at most on p and the data

uo,vo,f.

. Proof of theorem A

The hypotheses on u, and f assure the existence of a global weak solution u
(see (1], (2]). wWe start by showing a formal proof of property (3).
Let (u,pq), (v,pz) be two solutions corresponding to (uy,f), (vg.£) respectively.

Then the difference w = u - v satisfies the system

(4) w' + (ueV)w + (weV)v - v + Ux = 0 in QT ’
div w =0 in Qp o
¥ig=0 = Yo in B,

where 7 = p, - p,, Wy = Uy = Vge Multiply equation (4) by w and integrate over R,

Since u, v, w are divergence free, by integrating by parts we obtain

—2 wi2 4 ann? = [ (welwew

Nl

(5)
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Consider the term on the right. By HYlder's inequality we get
(6) [ (we)wev| < Wi IV,

where + == « By interpolation we have

LI
L. N Y
Nl
-

i <c 1w ¥/Pp 1732,
hence, from (6), we get :
| [ (weWdwev| < wm""/"uwl"':V"’lvlp

By introducing this last inequality in (5) and by using the Young's inequality, one

obtains
4a 2 2 2 3
-2 + P=
(7) Y Twh 1WI© € C Iwl®ivE .

Consider now the Fourier transform W of w. Applying Plancherel's theorem to (7) gives

2

4 wi? + [lg)?|w|%a < c l;lzlvlpp—:’ .

(8) rry

We now decompose the frequency domain into two time-dependent subdomains. Let 8(t) be
the sphere in l3 centered at the origin with radius r(t) = {a/(t + 1)] 1/2' a> 1. We )

have .

2,42 2,2 2,2
Nel®lwl®ae = [ |el%|w|"ag + [ _|el%|w]ag >
8(t) 8(t)

~4 |w| ag = 2o wi? - 2o g M
o 1 e
Then from (8) we obtain
_a .22 2 2 2 3
- a A a - R -ng_
(9) AR~ L {:(t)M g + ¢ mtivey .

Now, in order to estimate the first term on the right-hand side, we proceed as in [7) by

considering the Fourier transform of equation (4):

(10) v+ E]% = Gtg,0),

a

where G(E,t) = - ((ueV)w) -~ ((v'V)v)A - 15; .
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The solution of (10) is given by

~ 2 -
ﬂ&ﬂ-olﬂtv(ﬂ+fo'”(t”ﬂhﬂﬁ:

80 we have |
. T £ oro(2s
(1) lwte.er|? < 207208l Elugtea? + 2t [ e 2[g]"(e8) 16 0y | 2ae !
0

We eatimate the single terms of G(&,t).
By integrating by parts and since u is divergence free, we have

I((u-V)w) | =17 E (ujv)e iz‘xdx] -
3 3

g ™

\f z uy e 18 %ax| < |g|aine .
2 =

In a similar way we obtain
[wemo) | < [gfavnnw .

In order to estimate the pressure term in G(,t), take the divergence of equation (4):

(12) =Ax = (a,w, + w v,) .
1,3=1 axiaxj 173 13

Taking the Fourier transform of (12) gives

3
2.
le|“n = = 1’§-1 £y&, (ugw, + 'ivj) ‘

from which one obtains
[x| < (oub + tvD)awn .
Then we have
(13) Jete, )] < 2lel(miert + v(v) Diw(e)l ,
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where we have used

Tw(t)! < Tu(t)) + Iv(t)l. PFrom the energy inequality (2) we have

) + e < c v >0,

where the constant C 1is an increasing function of the Lz

=norms of ug,vg and of the
L1(0,+'IH—1) and Lz(ﬂ,*‘tﬂ-1)-notnl of f. Thus, from (13), we get
(14) lete,e)] < cleg] vt >0.

Introducing (14) in (11) and a direct calculation of the integral yield

- 2 . - 2
I'(Ert)lz < 2 0-2|E| tlwo(g)lz +Ct(1 -~ e 2‘5[ t)

2 .
<2 o 2l¢l t|w°(5)|2 +ct .

) q“\ Thus the first term in the right-hand side of (9) is estimated as follows:

~ 2 ~
ez o[ |2d 2a -2]g| ‘e 2, .
itk wlfaE ¢ =—=— [ e lw.|“ag + c [ ac
g £+ s LR TTS 0 5(t)

2, . .
o2l 1=|uo|2dg rc e+ V2,

E X and from (9) we obtain

byt - -

L 4 2 o 2 . _2a_

(15) T W e W <t+1_f
) 2

.I',;.l" . 323

X + ciwi“avt P70,
- P

2. _
o-21¢l Elwg l%as + cte + 724

Multiplying by the integrating factor (t + e gives

SR Y 7.: x - % Rt e s
B ﬂ‘a‘s‘, s‘.‘:‘h s t‘. :‘4 ‘fi‘;' "’. ‘: Y ." ‘ c z % f :::.4;‘; 4 Jk:r .\(k
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[} a 2 a=1 -2 t 2
rry [te + H%w1®) ¢ 20t + 1) £ . lel lwgl “ag
R
2P
roe v N2, Colt + 1)°|v|2|v|pp'3 .

Via the Gronwell inequality we thus obtain

- . t JURTRT TN
(e + 0% < J(v)lwblz +203v) [ (e + 0T e 2¢] ’[wolzagdr
0 3
R
+cIvie + DOV2
+o 2p

where J(v) = exp (Co [ (st p-3 ds) < =,
0 4

Finally we have

- . - t 2_ .
(16) 1et? < awie + D w4+ 203(w(e + D0 [ (e [ o 2el ‘|u0|2aga1 +
3

° 0
catvite + 712
The first and third term clearly converge to zero as t + ». The same is easily proved
for the second term by applying the f'Hopital and Lebesgue theorems and using the fact
that w, € Lz.

]

The same behavior can be proved for the weak solutions constructed in [1] and [2].

In fact, proceeding as above, one can prove inequality (16) for the approximate solutions

of {1] and [2]. Then, by passing to the limit, one obtains (16} for such weak solutioms,

from which one has the behavior at t + ® (for more detail see [4]), [7]).
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