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ABSTRACT

In this paper we study L2 stability for weak solutions of the Navier-

Stokes system of equations (1), in the whole space R3 . We assume that it is

given a weak solution v satisfying certain hypotheses (essentially

v c L2p/p-3(01 +-1 LP), p > 3) and we prove that, to an arbitrarily large

perturbation of his initial velocity, it corresponds a weak solution u such

that the L2-norm lu(t) - v(t)U converges to zero as time t tends to

infinity.
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SIGNIFICANCE AND EXPLANATION

We consider the motion of a viscous fluid filling the whole space R3 ,

governed by the classical Wavier-Stokes equations (1). Existence of global

(in time) regular solutions for that system of non-linear partial differential

equations is still an open problem. Up to now, the only available global

existence theorem (other than for sufficiently small initial data) is that of

weak (turbulent) solutions. From both the mathematical and the physical point

of view, an interesting property is the stability of such weak solutions. We

assume that v(t,x) is a solution, with initial datum vo(x). We suppose

that the initial datum is perturbed and consider one weak solution u

corresponding to the now initial velocity. Then we prove that, due to

viscosity, the perturbed weak solution u approaches in a suitable norm the

unperturbed one, as time goes to *&, without smallness assumptions on the

initial perturbation.
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L2 STNABILITY FOR WZAK SOLUTIlONS Or THE

Vsolo lecohi*

Introduction

Consider the initial value problem for the non-stationary Wavier-Stokes equations in

the whole space R

u + (u.V)u-hAu+ Vp -f in QT 1O,TLEfl,

div u -0 in Q?

()ult..o , U0  in R3

lim u~t,x) =0 for t c 10,T(

au 3 u
where T c ]0,+s], u' - and (u.V)u 7 u, - Here u and p denote,

respectively, the unknown velocity and pressure, moreover, the given initial velocity

0 uo satifies div uo - 0 in e~.

We denote by LP w LPOU), 1 4 p 4 -, the usual Lebesque space of R3-valued

functions on R3 and by 191E its norm,; the L2 -norm is simply denoted by 1-1. Denote

by HI - H 1(2 3) the L 2 -Sobolev space of order 1 and by H-' the dual space of H1 .

Let be the set of all smooth functions 9 with compact support in R3 such that

div 4p - 0. We denote by H the L 2 -closure of and by V the H 1 -closure of

By a weak solution of problem (1) we mean a vector u eLe(O,TiH) tL 2(0,Ti V),

for all T 0, such that

Tr
f f Iu-9' + (u*V)q*u + u.Ay, + f.,ldxdt f u00 1t.dx
0

for every regular divergence free vector field 9(t,x), with compact support with respect

to the space variables and such that V(T,x) - 0. The weak solution ui is also assumed

to satisfy the following energy inequality:

*Department of Mathematics-University of Trento 38050 POVO (Trento) Italy
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(2) *uMtI 2+ 2f ivul ds - lu01 + 2 f fu did.,

for all t ;P 0.0) 0 0 0

In (21, Caf arelli-Kohn-mirenberg construct the so-called suitable weak solutions of

(1) by the method of retarded mollification. They consider approximate solutions uN, v

1e2o ... # such that

+ (#5 u)Vu 8 A%~ + Vp - f in

div n- 0 A

UwIt-0 =110

where *(u.) is a certain retarded mollification of u. t (2]), u 0 C a,

f e L 2(0,TrH '). They prove that there exists a subsequence U. which converges in

L2 0? X (0,T)) to a weak solution of (1).focR

* PA simpler construction of a suitable weak solution is the one of Beirao da Veiga [I],

made by considering the approximate problem

u + (ue.v)u + CA 2ue - AU + VpC af in

div u.O.in in

ul- " Ol in R

where u,, E 2n£ u Oe+0  nL as e + 0, f C L 2(O,TIL 2 ) and

f + f in L2(0,TiH ') as e +0.

This paper deals with the asymptotic stability in L2 of weak solutions of problem

(1), with respect to perturbations of the initial data. Let V. e H and

f2£ L I (0,+-;H- 1) () L2 (0,+o-H 1 ). Msme that to vO and f it corresponds a sequence

of approximate solutions, constructed as in III or in (2], weakly convergent in

M ror more inforimations about the weak solutions of the Wavier-Stokes equations, se
13], (5], (6], (8].
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L2P/P- 3 (0,+SDLP), p > 3, to a weak solution v. Since v e L2p/p 3(0,+.,LP), it is the

unique weak solution of (1) (see (83).

We prove the following stability result:

Theorem A. Assume that the above conditions hold and let u0 e H. Then there exists a

weak solution u of problem (1), corresponding to the initial velocity u0  and the same

external force f, such that

(3) lut) - v(t)I +0 as t + -.

We prove theorem A for the weak solutions constructed in (I] and in [2]. Thus we show

that such solutions, whatever be the initial velocity in H, converges, as t goes to

infinity, to the given solution v. Our proof is inspired by the method of Schonbek (7]

and Kajikiya-Miyakawa 141 for the study of the asymptotic behaviour of the weak solutions

of (1).

In what follows C denotes various constants depending at most on p and the data

uovo0 f.

.Proof of theorem A

The hypotheses on u0 and f assure the existence of a global weak solution u

(see (11, (21). we start by showing a formal proof of property (3).

Let (uP 1 ), (v,p2 ) be two solutions corresponding to (uof), (vo,f) respectively.

Then the difference w - u - v satisfies the system

(4) w' + (U*V)w + (w.V)v - AW + VW = 0 in OT I

div w 0 in or

w1tO Wo in R3

where ' - P1 - P2' w0 - u0 - v0 . Multiply equation (4) by w and integrate over R
3 .

4Since u, v, w are divergence free, by integrating by parts we obtain

1 (5) l 2 + Vw,2 f (w.V)w.v(5) dt

-3-
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Consider the term on the right. By E1ider's inequality we get

(6) If (W.v)Wv.Vl r vnwlnvi p

where 1 -+ - " By interpolation we haver p 2

IlI 4 C 1Il 3 /pWel 1 - 3 / p Ir

hence, from (6), we got

I f (v"V)v'vl < C INI 1+3/pIwI 3/pivI •

By introducing this last inequality in (5) and by using the Young's inequality, one

obtains

22.
(7) d urn2 + ivn 2 4 c IwI2 1v, p-3

wt p

Consider now the Fourier transform w of w. Applying Plancherel's theorem to (7) gives

2
(1) d + iIC121;jwdC C C ,;121,

dt A11 4 
p-

We now decompose the frequency domain into two time-dependent subdomains. Let S(t) be
the sphere in R3 centered at the origin with radius r(t) - [a/(t + ) 1/2 a > 1. We

have

fkEI2I;I2dC _ f kIt2I;I2dC +S( l,2)c d
S(t) S(t)

a f 1I ; I 2 . a , n 1 ; 1 2 _ a f 1 ; 1 2 •
t+l8(t) t-- t+1 8(t)

Then from (8) we obtain

22d An2 a n2 a, A
(9) 1;2wE ;1 a.Ew f 1; Iwdt+ C *wE2Evi p-3

t+1 S(t) p

Now, in order to estimate the first term on the right-hand side, we proceed as in [7] by

considering the Fourier transform of equation (4)

(10) 1 2 G(Ct),

*where G(E,t) -- ((u*V)w) -((w*V)v) -~

-4-
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The solution of (10) is given by

so we have

(11I(Ct)1 2 < 20-21'1 2t I C)12 + 2t f to-2I C 2(t-s) G( )I2
0

We estimate the single terms of G(g,t).

By integrating by parts and since u is divergence free, we have

j((u.V);) I - I f 3: ai (u w)e-'CdxI.

3
If I Ujvji~x WEiulv
R3 J-1 

J

In a similar way we obtain

In order to estimate the pressure term in G(g,t), take the divergence of equation (4:

3 2
(12) -A - ( + w v)

ii j-t axax (n

Taking the Fourier transform of (12) gives

Id - - I C i (uiw 1 + wiv,)

from which one obtains

1;1 ( (ul + lVI)lWl

Then we have

(13) IGE,t)l 4 21CI(lu(t)I + *v~t)l)Iw~t)I

< 41fl(Iu(t)3 2 + M0t1 
2)

I0 1 I



where we have used

IWWI) 4 WWtI + Iv(t)I. From the energy inequality (2) we have

*u~t)t2 + Iv(t)1 2 4 C Vt > 0

where the constant C in an increasing function of the L 2-norms of uO1vO and of the

L (O,+apN- ) and L 2CO,+-IHuN )-norms of f. Thus, from (13), we get

(14) 1IGC',t)I 4 C[CI 'ft > 0

Introducing (14) in (11) and a direct calculation of the integral yield

IwCE,t)I2 4 2 -2I WO2 Kg)12 + C - 21c 2

(C2 e_2I I ;0 ~C)12 + Ct.

Thus the first term in the right-hand side of (9) is estimated as follows:

t (t) +ISt)W

and from (9) we obtain

(15) d 1;2 + ___ ;2 C 2*_ *,-,I1tj 12 + CC: + 1)-3/2 +
R

p

Multiplying by the integrating factor (t + 1) a gives

.



dfct + 1)1;2 4 ot )*-If -2 I12tl X2d

+Ct+1)(1,-3/2 + t+ 1)0 ;1v
2 1v1 P -

Via the Gronvell inequality we thus obtain

(t + 1)uII w 4 *2Owo + 2csJ(v) f (T + 1)0c-1 1;0 d2II2 TI2

+ CJ~v)(t + 1) -/I

where 3(v) - exp (Cc, f IvS)t - do) < -

Finally we have

(16) IW 2 4J(v)(t + 1) - wl+ 2nJ(v)(t + 1 )u* f t(r+1 ) *- f a-2IC12T1' ('I2d~d, +
0 0

CJ(v)(t + 1)- 1/2

The first and third term clearly converge to zero as t + -. The same is easily proved

for the second term by applying the t"Hopital and Lebesgue theorems and using the fact

2
that ;w0 4EL

The same behavior can be proved for the weak solutions constructed in [11 and (2].

In fact, proceeding as above, one can prove inequality (16) for the approximate solutions

of [M and [2). Then, by passing to the limit, one obtains (16) for such weak solutions,

from which one has the behavior at t + (for more detail see [4], [7]).
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