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All systems are subject to failure and must be repaired to be kept in work-
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ing order. The word 'repair' is used here in a broad sense. It can consist of
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replacement with a brand new item, or checkups at periodic intervals, or several ;?

other forns of 'minimal' repairs. In this paper, we describe several kinds of

T
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'rrp1irs' and maintenance models. After studying some properties of the sto-
chastic process of failure times, we compare different maintenance models by

comparing the expected number of fzilures in time t.
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1. Introduction.

All systems are subject to failure and must be repaired to be kept in work-
ing order. The word 'repair' is used here in a broad sense. It can consist of
replacement with a brand new item, or checkups at periodic intervals, or several
other forms of 'minimal' repairs. In this paper, we describe several kinds of
'repairs' and study some properties of the stochastic process of failure times
under various maintenance models.

Consider a system consisting of only one unit. This unit is put into use
at time t=0 and has life distribution F. When it fails, we can perform a
'nevfect! vepair or a 'minimal' repair. ‘'Perfect' repair means that a new unit
oo 770y disrhuiion is F is put in the place of the failed unit. A 'G-mini-
m- ' ~'nair' means that the failed unit is replaced by a unit with life distribu-
ticn 7 ond age cgnnls to *he 'olfzactive age' of the failed unit., More formally,
let the failure time of the r.iled unit as computed from time zero or the last
verfect repair, whichever ceme last, be y. Then the probability that the life
of the G-minimal repaired replacement exceeds x is G(x+y)/G(y) for x20. This
definition of minimal repair was proposed by Ascher (1978) and has been used by
Brown and Proschan (1983).

Brcwn and Proschan (1983) considered the following maintenance model. A
sys = ~cneisting of a single unit starts out with a unit whose life distribu-

t'c: .- .. Vocnever a failure occurs, a coin with probability p for heads is

tossed ladepondent of previous histery. If the coin comes up heads a perfect
repair e ncrformed, Otherwise an F-minimal repair is performed. Notice that
each epoch vt perfect repair is a repcrssccinn point for the process of failure

times. L!rovn and Proschan (1983) obtained the distribution of the time between

A '-.n'l'“.'-
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perfect repairs (which is also the same as the waiting time for the first per-
fect repair) and established some of its monotonicity properties in terms of
similar properties of F.

It is easy to see that the distribution of the time between perfect repairs
depends in a simple fashion on the distribution of the number of minimal repairs
before time t in another maintenance model called the Forever Minimal Repair
(FMR) model where only G-minimal repairs are performed (see Theorem 2.1). This
leads to an alternative derivation of Lemma 2.1 of Brown and Proschan (1983).

What are the interesting questions concerning maintenance models? By very
definition, a system can be maintained indefinitely under all repair models, if
the lifetimes of repaired units are unbounded to the right. Some models will
be more expcnsive to mairtain than cthers. In this paper we will study the
failure time prccesses of some maintenance models and compare the expected num-
ber of failures in ti:c t, which is rouszhly related to the cost of maintaining
the system till time t.

A maintcnance model where perfect repairs are performed at each failure is
called the Rerove and Replace (RAR) model. The failure times in this model are
easily studizd Ly using standord renewal theory. In Section 2 we compare the
expected number of failures in the RAR and FMR models. It is shown that the RAR
model has smaller expected number of failures if the unit life distribution is
I¥2A. On the other hand, the FMR model has a smaller expected number of failures
if the unit 1life distribution is DFRA.

In S~ction 3 we consider other maintenance models where two types of mini-
mal repairs are available. These minimal repairs may be chosen at random before
the start of the process and fixed ever after (one-shoi random repair rodel), or

can be chosen at random at start and alternated thereafter (alternating repair

P

, vt
P I I

My

Cpw
1
PN Sy




model) or can be chosen at random at start and again, independently, at each
failure (completely random repair model). We then compare the expected number

of failures in time t under all these maintenance models.

2. Maintenance models with only one type of minimal repair.

In this section we consider maintenance models with only one type of mini-

mal repair. Of course, if we do not wish to use minimal repair, we can use per-

foct repair, which is assumed to be zlways available.

Consider the Remove and Replace (RAR) model in which a failed unit is

replaced with a new unit; that is a perfect repair is performed at each failure.

The lifetimes or all the units are independent and identically distributed with
common distribution function F. Then the number of failures before t, N(t), is
a standard sremnci/al process, It is well known that the probability generating
function 6(t, q) of N{t) is given bty

ot @ =Fj@)+ | lq“[’F‘n,,lct) -F ()]

-a-9 1 ",

n

ne~18

1
where ?; cenotes the n-fold convolution of F. Furthermore, if ffwftt)dt=\1<m,
then tlie renewal theorem states that

N(t) 1

(2.1) s> 5wl
and
(2.2) 8. L.
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We refer to Barlow and Proschan (1975), p. 167 for the proof of these results.

These well known results will be used as yardsticks for later comparisonms.

»
S g

PR

In contrast to the above model consider the Forever Minimal Repair (FMR)

model in which each failed unit is G-minimally repaired. More formally, if

T e =y
. '-~

there is a failure at time t, then it is replaced with a working unit with life

distribution G and age t, i.e., with a random life T whose cistribution is given

i . by
' P(T>s)=25*8) | >0,
G(t)

W2 also assume that the life distribution of the first unit is G. Let N(t) be

:.'E’.'

the nurber of failures before t. Thcorem 2.1 below obtains the probability

S
at s

v v -
i} *

cenerating function cf N(t).

Theorem 2.1. The probability generating function of N(t) is given by

. (2.3) o(t, q) =GP(t) where p=1-q.

Proof.
Let Xn be the time of the nth failure and let Fn be the distribution of

f Xn. Then for n21,

(2.4) P{N(t) =n] = F,

) -F )

= P(Xn< t an"'l)

= [SPOX_, 2 tIX = u)dF (W) ,

_ =

(2.5) = f;' _-(i—(—tl- an(u) . U
G(u) NSRG
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Define an(t) =1 and -

R~ R A
e
'l

dF _(u) o
— for n21.
G(u)

a (t)=]

3
.O .l 1]

" l‘ "‘ ""'Q".".

_I_ Then P[N(t) =n] =an(t)'5(t) for n20. Differentiating (2.4) and (2.5) with g !
respect to t, we obtain .:;:.:

._ _dF (1) T
I . -dle(t) + an(t) =G(t) - an(t)dG(t) . MR

G(t) 4 4

an+ 1 (u)

G(u)

[: ot an(u)dG(u) L.,
. = 0 - .

t
Thus a_,, (t) = [

C(u)

Let A(t, @)= [ qu_(t). Then

3 ACt, @) =3 (1) +q [ a"a (1) :3;'
:~ n=0 _:- A

. =1+qj'(t)A(u, q)fl_{‘:—’gﬂ .
G(u) o

5 wi
x Differentiating with respect to t, this yields ;

A*(t, q) =aA(t, St .
G(t)

Since A(0, q) =1, this has a unique solution given by

At, )=C % (). )
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Hence ¢(t, @)= § qP[N(t) =n]
n=0

n

ne~18

Oq"ﬁ(t) a(t)

=G(t)A(t, q)

=GP(t). 0

Thus in the FMR model, the expected number of failures before t is given by

(2.6) E(N()) =55 6(t, @) =-#nG(8).

Using (2.2) and (2.6), we can compare the expected number of failures before

. '.‘, -~

t in the RAR model arnd FMR model. The expected number of failures before t is

(g
r I'

-
Ve

smaller in the RAR modcl (for large t) if and only if

(2.7) G(t) <e

g,
o ) A
[
:,
)

Let G be an IFRA distribution with mean u. Then -%doga(t) is increasing and
cannot lie always below 1/y or always above 1/3, because this would contradict the
assuirption that the mean of G is u. Thus (2.7) is true for all large t and the
expected number of failures tefore t is smaller in the RAR model than in the

FMR model if G is IFRA. Sirmilarly, if G is DFRA then the expected number of
failures before t is smaller in the FMR model than in the RAR model, for all

large t.

We can add a slight element of generality to the FMR model by assuming that

Te

the first unit has life distribution F and that G-minimal repairs are performed

‘e Tr

72'&%4”7 prriagaia WA

".‘l A

at all failures. We will call this the Extended Forever Minimal Repair (EFMR)

Y

model. The probability generating function of N*(t), the number of failures

before t in this model is obtained below.
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Corollary 2.2. The probability generating function of N*(t) is given by

_ P
¢*(t, Q) =F(t) +q f(t) %dF(S)-
S

Proof.

Since ¢*(t, q) = ] P[N*(t) =n]q"
n=0

=Ft)+ § q" f; P[N(t - s} =n - 1]dF(s)
n=1
=F(t) +afj e - 5, QUF(S),

where ¢(u, q) and N(u) are as given in Theorem 2.1 except that the first unit has
life distribution G with age s, and when a failure occurs at time w, the failed
unit is replaced by a unit with life distribution G and age w+s. From (2.3),
we have
= t GP (¢
¢*(t,q)=F(t)+qI0-_;—(——)—dF(s). O
G (s)
I1f F and G have proportional hazard rates, i.e.'ﬁ(t) =?7(t) for some y >0,

then the above probability generating function becomes

* =(1-—3F -4 _f§YP

Though this is a distribution function in t for all y>10, it is a convex combi-
nation of ¥ ard F'P only for 0<vy<1,

lic stochastic processes {N(t), t=0} and {N*(t) 20} are interesting pro-
cesses in their own right. Thecrer 2,1 shows that the marginal distribution of
N(t) is Poisson with pararmeter -snG(t). The number of failures before time t,

N(t), in the FMR model is exactly the nurter of record values before time t in a
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scquence of i.i.d. random variables with common distribution G. More general
results about N(t) can be found in the literature for record values. For example,
Shorrock (1972) has shown that {N(t), t=0} is a non-homogeneous Poisson process.
Our proof of Theorem 2.1 can be modified tc establish the same result.

We can interpret the probability generating functions obtained in the FMR
and EFMR models as the distribution function of the waiting time between two
perfect repairs in another maintenance model due to Brown and Proschan. In the
Brown and Proschan model, the system starts out with a unit with life distribu-
tion F. At each failure, a coin with probability p for heads is tossed independ-
ent of previous history. If it is a head, a perfect repair is performed and the
failed unit is replaced by a unit whose life distribution is F. If the coin
turns up tails, the unit is replaced by a unit with life distribution G and age
t* where t* is the time from the beginning or the previous perfect repair, which-
ever came last. In short, when the coin turns up tzils, a G-minimal repair is
performed. ¥e distinguish two models, the Brown-Proschan (BP) model in which
F=G and thc Extended Brown-Prcschan (EBP) model in which F and G are not equal.
In both models, the epechs of perfect repair form regeneration points and the
process starts over again. Thus it would be interesting to obtain the distribu-
tion of the waiting time for the first perfect repair or the time between two
successive perfect repairs. Denote this waiting time by U in the BP model and

bv U* in the ELP rodel.

Theoren 2.3. (i) P(U>t) =6(t, q) =GP(t).

_ ap
(ii) P(U*>1t) = 3*(t, a) =7 (1) +q‘rgg__).<_tl dF ().
G (s)
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Proof.
We prove only (i). The proof of (ii) is similar.

(=<}

Since P(U>t) = ) P(exactly n failures occurred before
n=0 t and a G-minimal repair is performed
at each failure)
= 1 qP[N(t) =n],
n=0

where N(t) is the number of failures before t in the FMR model. From the defi-

nition of ¢(t, q), we have
P(U>t) =¢(t, q). {

This provides an alternative proof for Lemma 2.1 of Brown and Proschan
(1983).

Brown and Proschan studied the ageing property of the distribution of U in
terms of those of G. Ve pive a result below that gives an upperbound for EU*

ascsyming that G is N2U or D'IRL.
&

Theovem 2.4. Let G be N?J or DMRL. Then under the EBP model,

EU*Su+gm for 0<sp<1

where u = IF(th‘.t and mi= ﬁ(t)dt.

Proof.
It follows from Brown and Proschan (1983} that GP is NBUE and fap(t)dt <

(1/p) [(_;(t)dt for 0 <p<1. Thus

B T AR R .

L e ". ":'.-
I okt e
PRI R

L
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sfq GP(t)dt
N &P (w)

<sm/p if u20 and O<ps1l.

By Theorem 2.3, we have

- EU* = [¢*(t, q)dt
=u+q [T (B [EEM g
Io Ioap(u)

=u+q [y [ [ GP(t)at/CP (u) 1dF (u)
¥ su+qf CP(t)dt

Su-o-%m. 0

3. Mainterance models with two types of minimal repairs.

We extend the results of the previous section to models where two types of f[%:
- minimal repairs are available. This could correspond to the practical situation ";if
]

- where repairmen with two types of training are called in to do the repair, or -

" where repairs are performed with spares from deteriorating stockpiles from two

i
¢
: a4

different manufacturers, and so on. S

We distinguish three maintenance models in which only minimal repairs are

perforned. In the One-shot Random Pepair (OSR) model, a coin with probability A 'ifﬁ

for heads is tossed. If it turns up heads, a unit with life distribution G1 is
placed into service at time t=0 and only Gl-minimal repairs are performed
< thereafter. If the coins turns up tails, the distribution 62
& of G, in the above.

is used in place

- In the Completely Random Fepair (CRR) model,. a coin is tossed as before




N .
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' Pu s

and depending on whether it turns up heads or tails, the unit put into service

y at time t =0 has life distribution G, or GZ’ At each new failure, a coin with :::
3 N

: probability X for heads is tossed independent of previous history. Depending :jy‘

. )
“ . LY

= on whether it turns up heads or tails, a Gl-minimal repair or a Gz-minimal repair L
" is performed. o
- »_D‘. \
- LA
- In the Alternating Repair (AR) model, a coin is tossed as in the previous SR

" models. If it turns up heads, then a unit with life distribution G, is placed ;”

into service at time t=0. From then on, we perform minimal repairs in alter- :;\
--':‘
nate order, i.e. G,-minimal repair, G,-minimal repair, Gz—minimal repair, etc. e
‘ If the coin turns up tails, the roles of Gl and Gz are reversed.

= We first obtain expressions for the probability generating functions of the N
B e
;‘ nunbers of failures before t in the above three models. Qﬁ-

N

. -~

Theorem 3.1. Let Nl(t) be the number of failures before t in the OSR model. e
\-:‘:-

Its probability generating function is given by N
¢,(t, ) = M’;Tl’(t) +T§§ (t), where p=1-gq, '.:':-_'.;]

<

RN

and its expected value is

(3.1) EN (1) = - [unalct) Jm&z(t)].

Proof.
fﬁ This follows immediately from (2.3) and (2.6). 0
N For the CRR model, we first show that the probability generating function
rust satisfy certain differential equations. We assume that G1 and G, are ~
.:.:1
S
[ S
o =<3
. RS
. .._\:_‘
R R N N A A
2 SELE L ELN SIS ITAUP WS SRR CPL YL R VGV PG r AT O R PRV P VPP UL TR PR VR R VDA T D o S i Wiy U P g, PN |
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absolutely continuous with respective densities g, and gz.

Theorem 3.2. Let Nz(t) be the number of failures before t in the CRR model.

Its probability generating function is given by

¢,(t, Q) =16, (t)A(t, Q) +XG,(t)B(t, q)

where A(t, q), B(t, q) satisfy

(3.2) &) (1) Alt, @) =T,(0)% B(t, @) =qMACt, )5, (t) + B(E, ale,(¥)]

for all t>0,

with initial conditions

A(0, q) =B(0, @) =1,

and where A=1- A.
:'.:'j Proof.
As in the proof of Theorem 2.1, we let Xn be the time of the nth failure

- and let F_be the distribution of X - Then

(3.3) P[N(t) =n] =Fm1(t) -Fn(t)

= P()(n <tsg xn+1)

= [t -
= Io P(X ,q 2 tIX =u)dF_(u)

,.
4

SR . S
PR S

€, (1) _ .+ G, (1)
(3.4) = j;_ an(u) + A I; _2 an(u) s
Gl(u) Gz(u)

N

i A

= xan(t)E1 (t) + Tbn (t)E2 )

1
R T
s 7
» '-' 'l' ,';'.' e "{
LI I




CF  (u)

-t
where a (t) = [o

This implies that for n21,

G, (u)
dF_(u)
b ()= L2 for n21,
n 0=

G, (u)
and ao(t) =b0 (t)=1. '_:'_:::'
Differentiating (3.3) and (3.4) with respect to t, we obtain the identity "_:'.Ej::
_ L
3 - dF ,, (£) + dF_(t) =]
_  dF (1) - 9 (&) g
- = ml(t) — - Aan(t) gy (t) + 2 G, (t) — - )\bn(t)tz2 (v) e
t-: G, (1) G, (1) ;;J
REN
— '.»l_".r]
=dF (t) - Aa_(t)g, (1) - b (t)g,(t). s

dF_ . (u) R
t  n+l <
a () = [p——— o
n+1 ° 5 0
(3.5) i
=Ajt-a;§(u)d61(u) .5 tbn(u)dGz(u) ’ -
° W °otW "
n
and [-:
a_(u)dG, () b_(u)dG., (u)
Gz(u) Gz(u)
Let ACt, @)= I q"a_(t) and B(t,q)= § q"b_(t). v
n=0 n=0 " T
Then o(t, @)= I PIN(t) =nlq" ,
n=0 :.j:,.:
=G, (t)A(t, @) +1G,(t)B(t, q). R
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MNote that an(O) =bn(0) =0 for n21, so that

A0, q) =B(0, q) =1.

(-
Also A(t, @)=1+q J q"a
n=0

(1)

n+l

=1+q I q"

N an(u)dG (u)
n=0

0 —
Gl(U)

+Xf

¢ brl () dG2 (u)]
0 >

G, (u)
by (3.5).

Thus El(t)% A(t, q) =q[rA(t, q)gl(t) +\ B(t, q)gz(t)] . Similarly we have
G, B(t, ) =alMA(t, Q)gy(6) +X B(t, @g,()]. O

We are not able to obtain solutions of the linear homogeneous partial dif-
ferential equations given in (3.2) for arbitrary G1 and GZ' If G1 and 62 have

proportional hazard rates, i.e.,

= = = =8
(3.6) Gl(t) =G(t) and Gz(t) =G (t) for some 0<8<1,
then it easy to solve for A(t, q) and B(t, q). The solutions are

A(t, ) =BG 1(t) + BG "2(t)

and

1 =a1-0+1
- e + l (“ (t) +

a8
B(t, @) = —2 7%
%2

where @, a, are the roots of the equation

2

b

3
.-j

P
AR A

' % e
LR

7

Vo add
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(a+qk)(a-6+l)+aq-l-e=0

and B=1-8 is chosen such that

alﬁ a2§

al-e+1‘u2-e+1=1'

Note that ul and az are real because

[qh+ (1-0) +qXe]” - 4qA(1 - 6)
= [qr - (1-8)1% + (q%0)% + 2q36[qa + (1- 8)] > 0.

Thus the probability generating function of Nz(t) is

018

al—efi'

16°1 (e

¢,(t, @) =[A8+ %

Ol
G 2% 1y,

_ e
+[2AB+ km]
2

We find that the expected number of failures before t, under the assumption (3.6),

is given by

- 2 —
(3.7) EN,(£) = - —2— anG(r) + 228D 3 .G M0y,
X+ 28 (x +20)

Ve just noted that we were unable to obtain the probability generating func-
ticn of Nz(t) for arbitrary Gl and Gz. However we are able to obtain ENz(t) for
arbitrary G1 and 62 in Theorem 3.3 below. This is possible because the identity
(3.12) (cee below) allows us to reduce the differential equations for Al(t) and
Bl(t) which determine ENz(t) (see (3.15) below) and solve for them. Let rl,r2

denote the respective failure rates functions of G1 and GZ'

-
s
A o -

ik K

row
% %
ol

N

-

Rolad 4
4
.

W LT
'v -'. ","," ey '.
S e
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Theoren 3.3. In the CRR model, we have R0

(3.8)  EN,(t) = -[MnG, () + XanG, (1) 20D

0 E’l"(v)E; )

— it =k, .= _ r.(v) -1, (V) ot
X [ E) (W) T () [r, (W) - rz(u)]{ u-—l———z—-dv}du. <3
Proof. :_,-’.:.

By Theorem 3.2, we have L ¥

(3.9) 8,(t, Q) =G, (t)A(t, q) Jﬁz(tmt, Q)

vhere gee
A(u, q)dG, (u)  _ . B(u, q)dG,(u) SR

(3.10) ACt, @) - 1=a) [ —— L ey [f—— 2 o
Gl(u) ::‘-'-.;

Gy (u)

and
A(u, q)dG, (v)

t i
el RS
G, (w) e

B(t, @) -1=q) [;

_ . B(u, q)dG,(u)
e
G, (u) -

Let Al(t) =A(t, 1) and Bl(t) =B(t, 1). Then (3.10) implies that

Gl(t)Ai(t) = Gz(t)Bi(t)
(3.11)
= xAl(t);zl(t) + iel(t)gz(t). S

v
)

vy s

Putting q=1 in (3.9), we have

P
I,

RN
s
A

H's
e

(3.12) xEl(t)Alm +IEz(t)Bl(t) =1,

Solving for Al(t) and Bl(t) from (3.9) and (3.10), we obtain

i

). .
it ol

P
o"h:
l.' 1

-

L)
)
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AL ()G, ()T, (1) = A, (2) (G, (t) g, (1) - G (1) g, (1) ] + £, (1),

which implies that

d A A O

gt 0T 08 (0] = 50— (0 Al (0) - 1y (D14, (0)
2

A \
Gl(t) ‘82(t1

= -—A - — .
6t & (1)E, 1

This yields the solution
. A
g G, (t) ¢ 496,
A (E) = 1o ft—2
LS 08X wE ™ w
o 1 1'7%2 _
}.-A
; Similarly
' G dG
B1 () = _%-(t) 1+ 8——_—1(71_;—-’ .
G, (t) GI** ()G, (w)

] 3
To solve for EN,(t), we let E(t) =34 Alt, q)|q=1 and F(t) =3 B(t, Q)‘q___l. By

differentiating (3.10) with respect to q and putting q=1, we obtain

A (u)dG, (uv) _ . B, (u)dG,(u)
E(t) =) J{ A ———s X [f 22—
G, (W) GI(U)
t'ﬁ(u)dGl(u) _ tF(u)dGz(u)
+ A o = o +A 0 =
G, (u) G, W
E(u)dG, (u) _ _ F(u)dG, (u)
INCIPEY) i L i Sl
Gl(u) G, (W
The last equality follows from (3.10). Thus,
S T T e e T s e e PN >

. B T T T N L TR e T A e W P
. A A R K SO T T, DL AN o e
PRV PR P AL IADRCPOPEPE AL PUEVEWPLWRE P YRR WAL WA SR ST WS iy ~ RATAINY
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(3.13) E’ (t)El (t) = Ai(t)El (t) + AE(t)g, (t) + i‘p(t)gz (v).
Similarly,
(3.14) p'(t)EZ(t) = Bi(t)Ez (t) + AE(t)g, (1) + Tp(t)gz(t) .
Since o [EN, ()] = - [3% 0,0t D, 1]

= & [NE; (ME®) + TE,(OF ()] by (3.9)

=AE'(t)Ei(t)-‘Kr'(t)ﬁé(t)

- AE(t)g, (t) - XF(t) £, (t)

= M] (t)El (t) + rsi(t)ﬁz(t) by (3.13) and (3.14)

=M, (t)g, (1) + 1B, (t)g, (t) by (3.11)
we have
(3.15) EN, (t) = f; A, (u)dG, (u) + X [ B, (u)dG,y () -

Substituting the solution of Al(t) and Bl (t), we obtain

(t) Itegcu) dG, (u) “f‘aﬁ(u) dG,, (u)
EN,(t)=A ]|  ——— u) + A — u
2 P ! "B 2
=A
G (u)
s fEpu 2 1 dG,, (v)dG, (u)
00w Gwgrm 2
iy
- u Gl(u) 1

+1f dG, (v)dG, (u) .

t
070 A,y Fl+X . FN
Gy (u) 6777 (V)G (V)
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Integrating by parts, we have
A

G,
a6, (u)

= —rt
EN_(t) = -&nG, (t) - A ——

(3.16)

&3 () A ()

1

_Eg(u)

1 with G2

native expression for ENz(t):

Interchanging G

]

G, (v)

EN, (t) = -nG,,(t) - A f; dG,, (u)

A
dGl(u)

(3.17) +AI; 2

t
*)‘IO =5 =T g, (u)

G2 (u)

2
- g, () - =—— g, (v)
2 M w) 1

u
| 0 E}—(V)Eéﬂ )

u dG, (v)

0 E}G(V)E; )

dGz(v)

du.

and A with A in (3.16), we obtain the following alter-

du.

The expression for ENz(t) in (3.8) is obtained from (3.16) and (3.17) by appro-

priate averaging. 0

We next present analogous results for the AR model. Let Ns(t) be the num-

ber of failures before t in the AR model.

..........................
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Lemma 3.4. Consider the conditional distribution of Ns(t) given that a head

turns up on the first toss, which is the same as saying that the first unit has

Te Tt YU

life distribution Gl' Its probability generating function is

I G, (DA, @) +,(0)B(t, q),
; where A(t, q) and B(t, q) satisfy
} G, (5% Alt, @) =aB(t, Q)g, (D),

Ez(t)% B(t, q) =qA(t, q)gl(t),

j with initial conditions
A(0, q) =1, B(0, q) =0.
. The expected value of Ns(t) given that the first unit has life distribution G1 is
_ - dG, (v)
-anG, (8) + [ &, (0T, (w) [r, (u) -, {1+ [* —2 Lau.
2 01 2 1 2 0= =2
Gl(v)Gz(v)
|
- Proof.
i: The proof is omitted because it is similar to the proof of Theorems 3.2 i;:
and 3.3. 00 ]
S
The expected value of N3(t) follows immediately from Lemma 3.4. We state lfki
. this result without giving the proof. LvJ
e
oy
£
J -
- \'-\ﬁ
.:_ .‘-:.\i
. RS
B _..‘\q
': \::\'
- v
' f
_’T' T"-_‘a*
oy
e AR U T R R S e e S e e e e S ey
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- Theorem 3.5. In the AR model,

1
EN4(t) = -[A2nG,(t) + XanG, (t)] r’
: B )G [y () - 2, ) -1 = ) o [B ol :
N - u wir, () -r,(W}-(A-2) + O, S
! (3.18) 01 2 1 2 Oé’i(v)ﬁz(v)

dG2 )

~AJy ¢ du.
05, &) }

We may now compare the expected number of failures among the three models

for the case where A=21=1/2. We further assume that the failure rate functions

satisfy
rl(t) zrz(t) for all t20.

. Then it follows from (3.1), (3.8) and (3.18) that the expected number of failures
tefore t is the largest in the OSR model. To compare the AR model and the CRR
model, it is clear from (3.8) and (3.18) that the expected number of failures

. before t is smaller in the AR model than in the CRR model if and only if

) _ _ T, (v) -1, (v)

E 172 2 &/ 2wl 2w (r, () - v, ] ¥ 2 dv f du

, 01 2 1 2 0=1/2, .=1/2

: SIS

K (3.19)

' - - r. (V) -1,

s [§ B, (8, r, ) - r,} [ S—2— av } du.
G, (V)G, (V)
1 2
[

e were not able to prove {3.19) for all t20. However, for small values of t,
namely when El(t)az(t) 21/4, it is straight forward to show that (3.19) is true

for arbitrary G1 and 02. Therefore, if the process is to be run for a short

SR

time, AR model is preferable to the CRR model. Under the proportional hazard
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assumption, namely (3.6), the expected number of failures before t is smaller
in the AR model than in the CRR model for all t, since (3.19) can be reduced to

s the inequality

1+8)/2

] 1/2[1 -6y s 1- 8¢ t),

which holds for all t=>0,.

The BP model ¢f Section 2 can be extended to include perfect repair and
two kinds of minimal repairs. Once again epoch of perfect repairs form regen-
eration points. The tail of the distribution of the waiting time between per-
fect repairs is again the probability generating function of the number of
& failures in the same repair model when perfect repairs are excluded.
: Repair models with k minimal repairs where k2 3 can be obtained by straight
ii forward extensions. Differential equations for the various quantities involved
i similar to those found in Theorem 3.2 are easily obtained. It turns out that
these lirear homogeneous differential equations are not easy to solve even in

.. the proportional hazard case.
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