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- The purpose of this study was to investigate the -i;&
e
- feasibility of using the two-parameter negative ‘qu
. n-.'v.l.'-.
exponential distribution, with scale set equal to one, as
‘ a baseline for a robust estimator for the location
parameter (minimum life) of selected life distributions,
This estimator could be used in determining cost and
performance estimates for systems containing many
A electronic components (e.g., satellites), where expense
and small quantities make it impractical to conduct
a enough tests to determine underlying time to failure
- distributions with certainty.
7 {‘f A computer model was built using Monte Carlo

-. techniques to generate time to failure data for several

e JE N SR
.
.

underlying distributions. Five estimates for the minimum

T

life were computed from this data and compared to the
actual minimum life. The best estimator of the five being

compared was shown to be the minimum variance, unbiased,

maximum likelihood estimator for the minimum life from {
the two-parameter negative exponential distribution.
However, the limits of the usefulness of this estimator
A still need to be determined.
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Abstract

This investigation determined that for time to
failure distributions that are moderate deviations from
the negative exponential distribution, a robust estimate
of the minimum life could be arrived at by assuming the
underlying distribution was exponential and using the
minimum variance, unbiased, maximum likelihood estimator.
It was found that estimators using the minimum distance
statistics of Kolmogorov, Cramer-von Mises, and
Anderson-Darling did not perform well with the asymmetric
distributions explored in this thesis. However, they may
still prove useful for life distributions with larger
shape parameters (i.e., for distributions that are not
"moderate" deviations from the negative exponential).

The analysis was accomplished by using Monte Carlo
techniques to generate random samples of time to failure
data from specific distributions, and using this
empirical data to estimate the actual minimum life of the
distribution. Five estimators were explored: the minimum
variance, unbiased, maximum likelihood estimator of the
two-parameter negative exponential distribution; the
first ordered statistic; and the three minimum distance
methods (the theoretical distribution was assumed
negative exponential). The performance of these

estimators was evaluated by comparing their mean square

viii




errors with the mean square error of the chosen "best"

estimator.
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Robust Estimation of the Location Parameter of Life
Distributions

I. Introduction

Space assets have been playing an ever greater role
in the defense of this nation. Satellites can be placed
at altitudes that give them a world view. Unfortunately, ;5
once in place these satellites are mostly inaccessible to
us - if they break, the& are expensive to repair, if they
can be reached to repair at all. In addition, the space S
environment is hostile, which tends to increase the ff
failure rate,

A typical satellite consists of hundreds of parts,
all of which have to be made to exacting standards. There
is a great deal of expense involved in the designing,
building, testing, and placement of these satellites. In
order to make decisions regarding the number of
satellites to be built, or whether they should be built ;?
at all, there must be some way of estimating the expected
minimum life of the satellite.

Testing different satellite components can produce a ;i
rough time to failure data base that can be used to
estimate minimum life. In the case of a satellite, a very
expensive piece of equipment, it is hoped that the

expected minimum life is greater than zero.
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Satellites are generally expensive and manufactured

in small quantities. It may be difficult to collect
enough time to failure data to identify the underlying
distribution with certainty. What is desirable is an
estimator which gives a useable value in most cases even
when the assumption about the underlying distribution is
incorrect. Such an estimator is termed "robust" (Parr and

Schucany, 1979).

PROBLEM
A robust estimation method is desired for the
location parameter of 1life distributions. This location

parameter is the guaranteed minimum life.

'

OBJECTIVES

The overall objective of this thesis was to develop
a robust estimator. for the location parameter of life
distributions, using the two-parameter negative
exponential distribution, with scale equal to one, as the

baseline.

SCOPE

Only four families of distributions were considered:
exponential, Weibull, gamma, and log-normal. The sample
sizes from each distribution were small. Four sample

sizes were used: 8, 12, 16, and 20.
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Three minimum distance methods were investigated:
Kolmogorov, Cramer-von Mises, and Anderson-Darling. The
robustness of the estimators will be evaluated using two
measures of effectiveness: mean square error and

relative efficiency.




I1. Background

If the underlying distribution of a specific

population is known, predictions can be made regarding

o samples from the population, For example, if it is known
that the time between failures of the components of a ROAN

particular type of satellite is exponentially distributed

then predictions can be made concerning the performance
of that satellite over a specified period of time.
Unfortunately, the underlying distribution of a 'ﬂ{
population is usually something that has to be determined ;23
from a relatively small sample from that distribution.
There is a great deal of literature concerning the
determination of underlying distributions and the
statistical inferences that may be made from these

determinations., Miller's and Freund's text on probability

. and statistics, and Kapur's and Lamberson's text on
reliability engineering were used extensively in the L

development of this thesis. AR

Life Distributions —

This thesis is primarily concerned with life ‘

distributions. When electronic components are tested two :ii

® of the more important statistics collected are time to =
. ~
failure and time between failures. fi.

-

Time to failure has been modeled with several S

distributions, the exponential, gamma, Weibull, and




log-normal being of particular interest to this thesis

(Banks and Carson, 1984:134). The exponential

N
distribution is most commonly used for life testing :}$£
A
applications, with the Weibull distribution probably the s
SN

second most common (Kapur and Lamberson, 1977:233, 291).
Banks and Carson had the following to say about time
to failure:

"If only random failures occur, the time to
failure distribution may be modeled as
exponential, The gamma distribution arises from
mddeling standby redundancy where each
component has an exponential time to failure.,..
When there are a number of components in a

WET T
N

system and failure is due to the most serious g et
of a large number of defects, or possible O
defects, the Weibull distribution seems to do AR
particularly well as a model... The log-normal :Sﬁ:

distribution has been found to be applicable in A
describing time to failure for some types of
components, and the literature seems to
indicate increased use of this distribution in
reliability models."” (Banks and Carson,
1984:134)
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The gamma and Weibull distributions both include the E

exponential distribution as a special case (Banks and -

Carson, 1984:132). o

The exponential distribution is often used in life 5
testing applications because it is easy to apply (Kapur
and Lamberson, 1977:233). Also, in the case of a total
system composed of many components with different failure
distributions, the time to system failure distribution
will approach the exponential (Kapur and Lamberson,

1977:236). Of particular interest in this thesis is the

two-parameter exponential distribution. This distribution




form is used in nonzero minimum life situations, i.e.,

situations in which there is an initial period of no

failures (Kapur and Lamberson, 1977:258).

Following is additional information concerning the

four distributions of interest.

The Exponential Distribution. The two-parameter

exponential distribution has a probability density

function given by

(1/m) exp{-(x-d)/m}, x2 d>0, wm>0
f(x;m,d) =

0 , elsewhere

where m equals the mean, and the parameter d is the
minimum life. The mean of this probability density

function is m+d (Kapur and Lamberson, 1977:258).

(1)

The cumulative distribution function is then given

by

fo , x<d

F(x) = I: (1/m) exp{-(t-d)/m} dt

= | - exp{-(x-d)/m} y x2d>0,

(2)

m>0

In the situation where n items are placed on life

test, and the test is terminated at the time of the rth

failure, minimum variance, unbiased, maximum likelihood
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estimators for m and d are m' and d' respectively and are

defined by

m' = I, (xy mx) + (n-r)(x_ -x)) (3)
(r-1) ;r,i
and '-';I".'.T':ii
R
>
d' = x1 - (m'/n) (4) ?;ﬁ

where X is the first ordered statistic (Kapur and
Lamberson, 1977:258-259). This thesis primarily
considered the case where n=r, i.e., uncensored samples.

The Weibull Distribution. The cumulative

distribution function for the three-parameter Weibull

distribution is given as

0 : , x<d
F(x;b,a,d) = (5)

l-exp{-((x-d)/(b-d))®} , xzd

where a>0, b>0, and dz0. a is the shape parameter or the
Weibull slope, b is the scale parameter or the
characteristic life, and d is the location parameter or

the minimum life (Kapur and Lamberson, 1977:292).
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T The Gamma Distribution. The probability density

.
.

function for the gamma distribution is

{1/(baF(a))}(xa-l)exp{-(x—d)/b}

for x>0, a>0, b>0

f(x;a,b) = (6)

N 0 , elsewhere

where a is the shape parameter, b is the scale parameter,

and T'(a) .is a value 6f the gamma function defined by

-
»,

T'(a) = f x2 e~ %4y (7)
0

Through integration by parts, the above equation

reduces to

. r(a) = (a-1)I(a-1) (8)
for a>0, and

(a) = T'(a-1)"! (9)
when a is a positive integer. (Miller and Freund,

1977:117) The exponential distribution is a special case

of the gamma distribution when a is equal to one.
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» DA oSy
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0 , t<0 P
e
- F(r) = (10) 7
' X a a-1l AN
l J{l/(b MCa))} t exp{ -(t-d)/b}dt, .
! NS
L 0 0stsx PN
I If a is an integer, successive integration by parts .-
yields
. ; )
3 F(x) = [ oa{(1/b)x}" exp{-(x-d)/b) (11)
N k!
i (o
; (Kapur and Lamberson, 1977:25).
i The Log-normal Distribution. "The log-normal
4: distribution occurs in practice whenever we encounter a
! random variable which is such that its logarithm has a TS
" normal distribution." (Miller and Freund, 1977:114) i'f
i The probability density function for the log-normal :;%;
)
: distribution is given by
:.; ( {1/(o w/2m)}
J 2
- exp{-(1/2)((1ln t -p)/o) }, tz0
o f£(t) = (12)
" e , t<0
)
nooT
) 9
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where —w<u<e and 0>0. Here, the logarithm of the random
' . variable t has a normal distribution, i.e., a random
variable x defined as x=1ln t will be normally distributed
with a mean of U and a standard deviation of O(Kapur and
l Lamberson, 1977:19). The mean of the log-normal

distr bution 1is
a 2
‘ E(t) = exp{u + o /2} (13)

and the variance 1is

- ) 2 2
' Vit) = (29 ) (9 - 1) (14)

i (éj (Kapur and Lamberson, 1977:20).
The log-normal distribution has a cumulative

distributon function of

0 , T<O

F(t) = (15)
Jt(l/(ro/f?))

exp{-(1/2)((1ln T ~-u)/0%)}dt, OsTst

(Kapur and Lamberson, 1977:20).
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Robust Estimation

The parameters of a suspected underlying
distribution can be estimated using the information
provided by a random sample from that population.
Statistical methods that produce estimates that are
relatively insensitive to assumptions about the
underlying distribution have been termed robust methods
(Crow and Siddiqui, 1967). These robust parameter
estimates should continue to perform well under moderate
deviations from the suspected distribution (Parr and
Schucany, 1979:2).

In this thesis the two-~parameter negative
exponential distribution was used as a baseline, with the
Weibull, gamma, and log-normal distributioné providing
the "moderate deviations". These distributions were
chosen because of their similarity to each other (see
Appendix A). Their probability density functions all
contain an exponential factor, and, for small shape
parameters, they have similar curves when graphed. With
small sample sizes, like those used in this thesis, it
may be possible to fit the data with all four
distributions, and impossible to say with certainty which

distribution is the actual underlying distribution.

o
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Minimum Distance Estimation

r
L

Minimum distance estimation has been considered as a
method for deriving robust estimators (Parr and Schucany,
1979 and 1982). The "distance" referred to here is a
discrepancy measure between an empirical distribution
function and a theoretical cumulative distribution
function (Parr and Schucany, 1979:3).

The theoretical cumulative distribution function
used in this thesis is given in equation (2). The mean,
m, will be estimated using equation (3), and the minimum
life, d, will be initially estimated using equation (4).
The F(x) values so computed are the z; values used in the
distance statistics. The initial value for the minimum
life is then varied through several.iterations of the
distance statistics until the distance is minimized. The
value of the minimum life that achieves this minimum
distance is recorded as an estimate for the actual
minimum life.

Three distance statistics were tried in this thesis:
the Kolmogorov, Cramer-von Mises, and Anderson-Darling.
The computing formulas for these statistics are given
below; their theoretical development is beyond the scope
of thisg thesis,

The Kolmogorov Statistics.

D= max, .. ((i/n) - z,) (16)
D™= max, .. o (zi- (i-1)/n) (17)
12
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D = max (DY, D7) (18)

The Cramer-von Mises Statistic.

wi= LD_;(z;- (2i-1)/20)® + (1/12n) - (19)

The Anderson-Darling Statistic.

A= - (I3, (2i-1)(dn zy+ 1n(l-zp  _; D}/n - 0 (20)

(Stephens, 1974:730-731).

Measures of Effectiveness

Mean Square Error. The mean square error was

computed using the following formula:

MSE = I5_,(d - d")? (21)

S

where d was the actual minimum life of the underlying
distributions the samples were generated from, d' was the
estimated minimum life, and s was the number of samples
generated. The sample sizes were varied (8, 12, 16, and
20), and the number of samples taken for each
configuration of input parameters and sample size
remained constant at one thousand.

A small mean square error would indicate that the
estimated minimum life deviated little from the actual
minimum life, while a large mean square error would

indicate that it deviated to a greater extent.

!
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Relative Efficiency. Relative efficiency was

a4
'

computed as follows:

Relative = MSE of "best" estimator (22)
Efficiency MSE of comparison estimator

For the underlying exponential distribution, the

‘x
e

Ll v vt

best estimator for the minimum life was chosen to be d' S

(see equation (4)). For the other three distributions,

,
RS

the first ordered statistic (xl) was chosen as the best

estimator, primarily because it was easy to obtain. A

4
relative efficiency greater than one indicated the ﬁ
comparison estimator performed better than the "best"”

estimator. Five different minimum life estimates were

t! compared in this thesis: the exponential estimate (d';
see equation (4)), the first ordered statistic, and the

three minimum distance estimates.

14 RS
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IITI. Methodology

Overview of Method

The two-parameter negative exponential distribution

was chosen as the baseline for computing the minimum life

estimates. Random samples were taken from the -
exponential, Weibull, gamma, and log-normal
distributions. Sample sizes of 8, 12, 16, and 20 were

used. Each sample was assumed to be from an exponential

distribution, and the mean and location parameters were

estimated using equations (3) and (4). These estimated

parameters were then used in the theoretical cumulative ;g;
distribution function used in computing the Kolmogorov, ;}:
Cramer-von Mises, and Anderson-Darling distadances (see
equations (2), (18), (19), and (20)). e

One thousand runs were made for each configuration T
of sample size and input parameters. The mean square -
errors and relative efficiencies for each of the minimum

life estimates were then computed. .

Random Number Generation

The Monte Carlo method is a technique that uses B

random or pseudorandom numbers for solution of a model.

RGN
LA S
Bl S

There are arithmetic codes available at many computer

centers for generating sequences of pseudorandom digits, -

where each digit (0 through 9) occurs with approximately e
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equal likelihood (Rubinstein, 1981:11). ;Ju¢
The pseudorandom number generators used in this
thesis were routines from the International Mathematics
and Statistical Libraries, Inc. (IMSL). Four routines
were used: GGEXN to produce exponential random deviates,
3 GGWIB to produce Weibull random deviates, GGAMR to
produce gamma random deviates, and GGNLG to produce
1og-nofmal random deviates., Ten was added to each of the
random deviates to simulate a minimum life of ten. This

value was chosen arbitrarily.

Parameter Estimation

Maximum Likelihood Estimation. For the nonzero

g .'; minimum life situation the mean and minimum life were
- estimated using equations (3) and (4) respectively. The
underlying distribution was assumed to be exponential.

Distance Estimation. The theoretical cumulative

distribution function was assumed to be exponential, and

the maximum likelihood estimates for the mean and minimum

life were used in equation (2) in the computation of the (

z, values used in the distance estimation equations

(equations (16), (17), (19), and (20)).

. Investigation of Robustness of Estimator

One thousand samples from each configuration of

~ input parameters and sample size were taken, and five
. 16
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estimates for the minimum life were made. The mean,
standard deviation, mean square error, and relative
efficiency were then computed. The results are presented
in table form (see Appendices B and C) and are analyzed

in Chapter 4.
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IV. Results

Appendix A contains Figures 1 through 4. These are Lo
representative graphs of the probability density
functions of the four families of distributions

considered in this thesis.

Appendices B and C contain tables summarizing the
mean square errors and relative efficiencies of the
minimum life estimators. There were five estimators
considered: the exponential estimator (d'; see equation

(4)), the first ordered statistic, and the three minimum

distance estimators (Kolmogorov, Cramer-von Mises, and
Anderson-Darling). ;Aﬁ
An inspection of Tables I through VII1 shows that in {

most cases the exponential estimator (d') was superior,

ST
f
MR

RPN

with the Anderson—Darling'estimator being next best.

34

M

e
.

However, the minimum distance estimators require much

.
i

more time computationally than the exponential estimator.

I A

,.
D A R )
. .

In order for one of them to be considered for robust
estimation purposes it would have to perform much better -—
than the exponential estimator. |

The first ordered statistic was superior when the
shape parameter equaled .5. More runs with shape R

parameters less than one would be needed to determine e

just when the first ordered statistic becomes a better

estimator than the exponential estimator. -—

18
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From a visual inspection of the graphs in Appendix A

A
faTa et

it may be argued that as shape parameters become greater =
than one, the underlying distribution may no longer be a 55
"moderate" deviation from the exponential distribution. :g:
X
In these cases, a robust estimator based on the ~
exponential distribution could not be expected to produce f?;
good results. Many more runs with different shape i;;
parameter values would be needed to better define what e
could be considered a moderate deviation from the
exponential distribution.
The IMSL routine ZXMIN was used to minimize the :’

minimum distance functions. It was noted that the
Kolmogorov function was often terminated due to rounding
errors before it reached a minimum value. The Kolmogorov
values were left in the tables for comparison purposes
should someone develop an algorithm that would truely

minimize the function.
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o - V. Conclusions and Recommendations

The exponential estimator for the minimum life (d')
may provide a robust estimate for the minimum life of
distributions that deviate moderately from the
exponential. What constitutes a moderate deviation still

needs to be determined. Variations in the shape parameter

greatly affected the mean square errors of the
estimators., More tests would have to be made in order to e
determine the boundaries of acceptable shape parameter

values for this particular robust estimation method.

-The use of histograms might help with determining if

the shape parameter is too large to use the exponential

(. estimator. However, the small sample sizes typically used d

with robust estimation may not provide enough data.

o

The minimum distance estimators did not do well with ﬁké

o

the asymmetric distributions used in this thesis. Further ——

study using a modified minimum distance method might be Iyg

feasible, but tremendous improvement in the mean square

errors would have to be achieved in order to justify the ‘

much greater expense for the computer time required.
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PRIGRAM GKWA(GKWA2CsTAPELIJ=GKWAR0)

[ B « e ..
CAERNRERNE AL

UNDERLYING DISTRIBUTION IS GAMMA,.
UNCENSORED SAMPLES.

FOUR SAMPLE STIZES = 8912915 ANC 20,
SCALE=140

SHAPE=2.0 AND 4.9

o
-7

PROGRAM FUNCTION:

GENCRATES GRAMMA RANDOM NUMBERS.

SORTS RANDOM NUMBERS.

SAVES THE FIRST ORDERED STATISTIC.

ESTIMATES SCALE AND LOCATICN PARAMETERS

ASSUMING EXPONENTIAL DISTRIBUTIONS

= REESTIMATES LOCATION PARAMETER USING
KOQLUMORGORGV OISTANCE.

= QEESTIMATES LCCATICN PARAMETER USING
CRAMER~YON MISES OISTANCE.

- REZSTIMATES LOCATIGCN PARAMETER USING
ANDERSON-DARLING DISTANCE.

- COMPUTES MEANSy STANDARD DEVIATIONSs MEAN

SQUARE ERRORSs AND RELATIVE EFFICIENCIZS.

VARIABLES USED?

N - SAMPLE SIZE.
IeLoePy@ = LOOP COUNTZRS AKD ARRAY INDICES.
NRUNS = NUMBER OF RUNS (NUMBER OF SAMPLES),
T0PT = 2XMIN INPUT = GPTIONS SELECTION,.
MAXFN = ZXMIN INPUT = MAXIMUM NUMBER IF FUNCTION
EVALUATIONS ALLOWED.
NSIG = 2ZXMIN INPUT = NUMBER OF DIGITS ACCURACY
REQUIRED .
NPARAM =~ ZXMIN INPUT = NUMBER NF PARAVETERS.
ISR = ZXMIN OUTPUY = ERROR PARAMETER.
D = ACTUAL MINIMUM LIFE (LOCATION PARAMETERDW
M = SCALE PARAMETER.
TT4P - TEMPORARY VARIABLE.
R(N) = RANDCM NUMESER ARRAY.
Z(N) = 2 VALUE ARRAY (COF).
X(UPARAM) = ZXMIM INPUT/QUTPUT = PARAMETER
VaLUuS,.
X1SAVE ~ PREVICUS X(%NPARAM),
F ~ ZXYIN OUTPUT - VALUE OF FUNCTION BEING
MINIMIZEC,
FSAVE = PREVICUS F.
HE1D 601 = 2XMIt GUTPUT = WURKING VECTORS.
W(X) - ZXMIN OUTPUT - 2xMIN OLTPUT -
VECTRe
4C1) = NCRM CF THE GRADIENT.
W(2) = NUMBER OF FUNCTION EVALUATIONS
PERFORM D4
4¢3) = AM ESTIMATE OF THE NUMHER OF
SIGHNIFLCANT DIGITS IN THE FINAL
PARAMETCR ESTIMATE,
SHAPE = SHAPE PARAMETHR (USED IN GAMMA ANC
WEZIBULL OISTRIBUTIGNS CNLY).
AKCAT) = WORKING VECTCR (USED IN GAMMA
DISTRIBUTION ONLY) .
MU = MEAN (USZ) IN LT5=NTRMAL JISTRIRUTICN

’
ikl izl R R e K X X X Ka Xa X Re KR a N Na N Na N e o Mo Na Na Ne o Nyl e Mo Nel
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NN NAOONO0NONA0NOOO000MO0ON0000NO000N0NOON0O0OONNOOONOOO0NONNOOONOC

(21 AA NS AR N NAL I NS AL AL RIAZEI SIS R 2222 X1}

LT e
SIGMA = STANDAPG OEVIATION (USED IN LOG=NCRMAL AT
DISTRIBUTION ONLY). Nt
ED(NRUNS) = INITIAL ESTIMATE CF THE LOCATION e
PARAMETERy ASSUMING AN EXPONENTIAL W
DISTRIBUTION, Ry
EM(NRUNS) = ESTIMATE OF THE SCALE PARAMETER, o

ASSUMING AN EXPCNENTIAL OISTRIBUTION.
X1CNRUNS) - FIRST CRDERED STATISTIC.
EDK(NRUNS) = KOLMOGOROV LOCATION PARAMETER

ESTIMATE,

EDJ(MNRUNS) = CRAMER-VON MISES LOCATION

PARAMETER ESTIMATE.

EDA(NRUNS) = ANDERSON-DARLING LOCATICH

PARAMETER ESTIMATE,

DPLUSsOMINUS - KOLMOGOROV MAXIMUM POSITIVE

AND NEGATIVE DEVIATIONS. P

DSUMeKSUM9WSUM9ASUMIMSUMy XSUM = INTERMEDIATE S
VALUES. e
KOe XKoo WA 9 XMy XX = SAMPLE MEANS. . RO
SOsSKeSWeSA . 3MeSX = SAMPLS STAANDARD :
CEVIATIONS. O
MSED oMSEK yMSEWeMSEA ¢MSEMyMSEX = MEAN SQUARE P
ERRORS « e
OSEED = INPUT SEED TO RANDCM NUMBER
GENERATORS.

SUBROUTINES USED:

SCRT =~ BURBLE SORTS RANDOM NUMBERSe PLACING
SMALLEST NUMBER IN R(1l)e
t
GGEXN = (PROGRAM E€KWA ONLY) IMSL ROUTINE TO
GENERATE EXPONENTIAL RANDCM NUMBERS.

GGWIB = (PROGRAMS WKWAl AND WKWA2 ONLY) IMSL
RCUTINE TO GEZNERATE WEIBULL RANDOM
NUMBERS .

3GAMR = (PROGRAMS GKWAl AND GKWA2 ONLY) IMSL
ROUTINE TD GENERATE GAMMA RANDCM
NUMBERS

GGiL5 = (PROGRAMS LKWAl AND LNWA2 ONLY) IMSL
ROUTINE TO GENERATE LCG-NORMAL
RANDOM NU¥BIRS,.

INPUT FILISI NONE

JUTPUT FILES?

CKWAO = PROGRAM IKua

GKWALD = PROGRAM GKwAl
GXWAZD) = PRCGRAM GKKAZ L
WKWALO = PROGRAM BKWAL [
WKdA2) = PROGRAM uxuWAD
LKWALD =~ PRCGPAM LXWaL
LK4a20 = PROGRAM LXWa2

TOMAON 9 NePeZ e IMe Y1 9Oy IOWe I0A WY ISAVIWFIAVE

-——e=n emem® [ maear smemw
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AN AL AULS L IWI LD L pAULDI
INTEGER NoelosLoPsloNRUNS
TOPTyMAXFNyNSIGoNPARAMY IER
REAL DoMeTEMPR(2C) 9 2C2C) 9 X1SAVEFSAVE S
XCLYoHCL ) oGCL1 Y oF 4 €3 )
ENC1I0CY pEMELIN00D) o X1€2CCC)
EOKCLICOC) 2 EDWCICCC DL EDACLINC )y
DPLUS ¢DMINUS ¢SHAPE o MUsSIGMA 2 WK 3D )y
DSUM 9 KSUMeHSUM 4 ASUMMSUM, XSUM,
Ao X Ko X g YAg XMo XXy
SOsSKeSHWeSA9SMeSX s
MSEDeMSEK o MSEW sMSEAp MSEMy MSEX
DOURLE PRECISION DSEED
c *e UERSET SUPPRESSES TERMINAL ERRORS.
CALL UERSET(0.LEVOLD)
DSEFD=1234S7,000C
NRUNS=1100
Mzl,.?
0=12%.1
NPARA M=)
NSIG=
MAXFN=300
10PT=0

*

LK L BK B R B AN

ce THO SHAPZS (240 AND 4.0)

[z XsEzNzNa)

SHAPE=2,9
DN 8 L=1,2

e* RUN & SAMPLE SIZES

aAanNoOoonn

N=8
DU 3 Q=1e9

e MAKZ 100C RUNS

NOONO

00 17 P=1yNRUNS

o+ GENERATE GAMMA RANDCM NUMBERS

NONON

CALL GGA“R(DSEEDySHAPEyNswKeR)

e+ AD]Y IFFSET FOR MINIMUM LIFE

[z Ra Xz NaXal

03 S [=1eH
R(I)=R(1)+D
6 CINTINUE

e* SORT RANDOM NUMOZIRS

s Re Nz KaNzl

CALL SIRTUINIR)

ee ZAYT FIRST 7SDIRED STATISTIC

IO0O00
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(s X

X1(PI=R(L)

e+ ESTIMATE SCALE AND LOCATION PARAMETERS

.
[sRasNaNaNal

I XSUM=J42
. 00 53 I[=2sN
XSUM=XSUMSR(I)=R(1)
S0 CONTINUE
EM(P)IZXSUM/FLOATIN-1)
COLPIZRLLI=-EM(PI/FLOAT(N)

#e¢ RECSTIMATE MINIMUM LIFE USING KOLMOGOROQV
OISTANCE.

-_—
OO0 0

X€1)=€D(P)

CALL ZXMINCKDISTeNPARAMINSIGoIMAXFNoIOPT,
- XoeHeGoeFoWo1ER)

FOK(PY=X(1)

ve REESTIMATE MINIMUM LIFE USING CRAMER-YON
MISES OISTANCE.

o000 n

X(1)=D(P)
- Y1SAVE=R(1])
. — CALL ZXMINCWOISTo NPARAMNSIGoMAXFN9IOPT,
i (. . XoHeGeFoWyIER)
v EDW(PYI=X(1)

ew RECSTIMATE MINIMUM LIFE USING
ANOZRSON-DARLING OISTAMNCE.

[aEsEaNa R Nel

l X(1¥=0(P)
X1SAVE=R(1)
FSAVE=,399
CALL ZXMI'CADISTeNPARAMSNSIGMAXFNLIICPT,
. . XeHeGo Fyd o IZR)
" E0A(PI=X(1)
10 CONTINUE

ee COMPUTF SAMPLE MZIAN

s N NaKe Nzl

DSUM=Ce2
KSUM=Je0
MSUM= 40
ASUY=I D
WSUM=J,43
ASUM=041
' 09 98 I=1,%RUMS
DSUM=DSUMeED( )
- K3UMSKSUM+ZDK(T)
- MIUMSUSUMeIM(T)
3 XSUAZXSUNer2 L)
' WSUYSUMED4(])
A3UMIASUMEENA(T)

, A mmcie e
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(VR LW TVT N

YD=OSU“/FLUGAT (NRUNS)
XK=KSUM/FLOAT {NKUNS)
XM=MSUM/FLOAT (NRUNS)
XX=XSUM/FLCAT CHRUNS)
Xd=dSUM/FLOATCHRUNS)
XA=ASUM/FLOAT (NRUNS)

ve COMPUTE SAMPLE STANDARD OEVIATIONS

DSUY=0.0

KSUY=0.0

MSUMZT.9

XSUMz0.D

¥SUM=0.0

ASUN=0.C

N0 39 I=14NRUNS
JSUMSOSUMS(ED(II=2D) *e2,0
KSUMIKSUMO(EDKCI) ~xK)*e 2,0
VSUM=MSUMS(EM(])=xM) 2e2,0
ASUMIASUMS( Y] (I =xX)*v2,0
WSUMZJSUM(EDNLI) ~XW)ee2,§
ASUMSASUYe(ZDACI) ~XA) ##2,3

CONTINUZ

SD=(0OSUM/FLCAT(NRUNS=1))ee,S

SK=(KSUM/FLOAT(NRUNS~1))re,5

SH=(MSUM/FLCATI(NRUNS=1))ee S

SX=(XSUM/FLOATINRUNS-1))we,5

SUS(WSUM/FLOAT(NRUNS 1)) we,S

SA=C(ASUM/FLOAT(NRUNS~1))ee, 5

ees COMPUTEZ MEAN SQUARE ERRORS

DSUM=C W)

KSuM=0.17

“sSyv=J.9

XSUv=0.40

WSUM=0.2

ASUM=S L0

DO 11 I=1+NRUNS
QSUMZOSUMS(D=c0(T))ee2,]
KSUMIKSUM*(D=ZIKC( [))ee2,0
MSUMzUASUMe( M=cM(T))*wv 2,0
XSUMSXSUMEL(D=¥1(1))ee2,(
WIUMZUSYMS(D=E0%W( [) ) ve2,.0
ASUMZASUMS(C-EDACT) Iwe2.]

CONTINUE

MSTDIDSUM/FLOAT (NRUNS)

MSEK=KSJM/FLIAT (MRUNS)

MSZIM=MSUM/FLOAT(NRUNS)

MSZXZXSUM/FLOAT (NRUAS)

1STW=WSUM/FLOAT (NRUNS)

MSIAZASUM/FLCAT(MRUNS)

ee PRIMT TAHLE

WRITE(1N48CY)

FIAUAT(®L ¢4 *QUTPYT FRCH GKWA2'//)
MRITZ(1S4R51)

FIOMAT(1 ¢y *UNDFOLYING DISTRIGUTION IS GaAMMa')

i~ e -_—am
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R
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AR

ML L RS TIL N RO Ry o WU WS
803 FCRMAT(LIXNy*LOCATION (D) =¢,F1C,21/
I *SCALE (M) =% ,F17,3/
LX o ?SHAPE =*4FL1L .3/
LX o *SAMPLE S 12T (N) =0,12/
L9 *NBR OF RUNS (NRUNS) =9,4137//)
WRITECL1C+81C)
812 FNARMATI1I Xe "MEANT)
WRITZ(104815)
813 FIRMAT(LT Yy *SAUARE" ¢IX 4 'RELATIVE? 426X,
. *STANDARD?®)
WRITE(104820)
827 FORMAT(LI8Yo*ERPOR ¢ TN 9" CFFICIENCY® 913X
. TMEAN? 4BX 4y *JEVIATION?)
WRITE(1D¢825)IMSEDeMSEX/MSED S XD»SD
825 FORMATIIN9PEXP? g8 (SX4F1248))
dRITEC(LD) 9BICIMSEK yMSEX/MSEK ¢ XK y SK
83C FORMAT(3IX2?KOL?484L(SYeF12.8:)
WRITECIC)AICIMSEY oMSCTX/MSEW o XM 9SH
B335 FORMAT(3IX. *CVMY (S XeF12.8))
MRITECL) ¢B4CIMSEAJMSEX/MSELeXA9SA
840 FORMAT(AN 9 AD T 9 4(SX+F12.8))
MRITT(17e845IMSEX9XXySX
843 FORMAT(AX 9 *X1? 9SXpF 12891 TX92(5XeF1248))
WRITEC10 4850 IMSEM X MeSH
B85] FORMAT(IXg¥SCALZ® 95 X9F12e891TX92C(5X4F1248))
=Nes
3 CONTINUZ
SHAPE=SHAPE#2 .0
8 CONTINUT
STOP
£ND
I 22 2Z 2R 22222 22X AR ZI R R RERATZRR AR 2SR YN )
SUSRIUTINE SORT(N¢R)
INTEGER IsJeN
REAL TEMP R(N)
DO 415 I=14N~l
00 441G J=I+1lyN
TF(R(JY «LTe RCI)) THEN
e SYAP
TEMP=RC I)
RCIN=P(Y)
RLJI=TEMP
ENDIF
41C CIONTINUE
4"S CONTINUE
RETURN
END
(AR X2 A AT R 224 R RS NI R X2 2ARAZRRZ2 222
SUBRQUTINE KDISTINPARAM ;X ¢F)
COMMON RoMoPoEDsEMe X1 yEDK9EDWe SCAWXISAVEWFSAVE
INTZGER MPARAMyNeP
REAL X(NPARAM) ¢OPLUSOMINUSeF 9y TEMPo X1 SAVEsFSAVE
* Z(20) sRE2C)I9EDCICC2) 9EMILIO0CCIGEDKCLICO0D
. X101O0C) oEDUCLCON Y 4EDACIZCC)
ve COMPUTE Z(I)
D2 351 I=1lN
2UI1=1oC=EXPL=C(R(II=-XINPARAM)I/EMN(P))
€1 CONTINUE
e FINO MAY Do
DPLUS=0,]
37 70 Izl
TEMPFLIATC(I)/FLOAT(N)=2¢])
IF(TEMP oNTe DPLUS) DFLUS=TEMP
73 CONTINUE
s FIYD MAX D=

. -

+ 40
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PRV U DA DA WAy D I 1

(s NaNsNsNaNal (2]

[sNalal

[z NaXal

1

62

63

UMLHU 330 ey

DO T1 I=1,4N
TEMPSZCI)=FLIATC(I-1)/FLOAT(N)
IF(TEMP oGT+ DMINUS) DMINUS=TEMP

CONTINUE

F=MAX(DPLUS +OBMINUS)

RETURN

END

(A2 L2 AR 2222222 R0 222222 d22 22 T2 RZ )

SUBROUTINE WDISTCNPARAMyXsF)

COMMON RoNoPyEDEYeX19EDK eEDUWeEDA e X1SAVEWF SAVE

INTEGER NPARAVMyNyP

REAL XCNPARAM) ¢ XSUMsFoTEMP92(20)4RC(20) 9 X1SAVEWFSAVE,

* X1(1000)4EDC10202 sEMCL000)

A EDX(1900)+EDNC1000)9EDACLIO00)

s« X1SAVE IS THE PREVICUS VALUE OF X(NPARAM).
ZXMIN OCCASIONALLY PUTS AN EXTREMELY LARGE
NUMBZR IN XC(NPARAM). WHEN THIS HAPPENS,
THE PREVIOUS VALUE IS USED.

IF(X(NPARAM) oLEe RC(1)) THEN
X1SAVI=X(NPARAM)

ELSE
X(NPARAM)=X1SAVE

ENDIF

e* COMPUTE Z(I)

DO 62 I=14N
ZCI)=1e0=-XP{=(RCII=XINPARAMI)/EMC(P))
CONTINUE

e+ COMPUTE CRAMER-VON MISES DISTANCE

XSUM=0 .2
00 80 I=1N
TEMP=FLOAT(2¢ I=1) /JFLCAT(2«N)
XSUMIXSUMIXSUMe(Z (IV=TEMP)e# 2,0
CONTINUE
F=XSUM+FLOAT(1)/FLOAT (12eN)
RETURN
END
P N VRN SN IR R PN E I NP R AN RN PR P RO TO PO NI RGOS
SUBROUTINE ADISTONPARAMX oF )
COMMON RoMePeEDyEMy XL 9EDKIEDWCDAWX1SAVE pFSAVE
INTEGER NPARAMINgPoFLAG
REAL X(NPARAM) 9F¢2€20)sR(22) ¢XSUMyTEMP ¢FSAVE ¢ X1SAVE
. ¥1C(10CC) 9EDC1300) oEMC130C) o
* EDKCLICZC) oE0WCL5G0)eEDACLGCD)
ee AINIMUM LIFE NOT GREATER THAN FIRST
OGRDERED STATISTIC.
IFCH(NPARAM) +GTe R(1)) THEN
Y(NPARAWM)=X1SAVE
ELsSE
X1SAVE=X{(NPARAM)
ENDIF
*e COMPUTE 2¢ 1)
FLAG=0
DN 33 I=1.N
ZOI) =i C=SXPL=(R{I)=X(NPARAM))/EM(P))
IFC C28Y) olEe Ce) olRe (Z(I) oGEe le) DFLAG=]
CINTINUE
IF (FLAG oEGe 2) THEN
ee COMPUYUTT ANCZRSCON=DARLING CTISTANCE
ASUYTTeD

43
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SRR G 0T A A S e A i o A i I s e b

UU 71 131N
TEMP=ALOGCZ (I ) *ALIG(Lel=2(NeL~-I})
XSUM=XSUM*FLOAT (2¢ I =1) o TEMP

91 CONTINUE

F==XSUM/FLOAT(N)I=FLDAT(N)
FSAVE=F

ELSE
F=FSAVE

ENDIF

RETURN

€ND

15406384 UCLPy CAs N1706H3, G 64 CKLNS.
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-~ This i i i determined that for time to failure (o
distributions that are moderate deviations from the )

negative exponential distribution, a robust estimate of
the minimum life could be arrived at by assuming the
underlying distribution was exponential and using the
minimum variance, unbiased, maximum likelihood estimator.
It was found that estimators using the minimum distance
statistics of Kolmogorov, Cramer-von Mises, and
Anderson-Darling did not perform well with the asymmetric
distributions explored in this thesis. However, they may
still prove useful for life distributions with larger :
shape parameters, (i.e., for distributions that are not e
"moderate" deviafions from the negative exponential). e
<»The analysis was accomplished by using Monte Carlo - et
techniques to generate random samples of time to failure
data from specific distributions, and using this
empirical data to estimate the actual minimum life of the
distribution. Five estimators were explored: the minimum
variance, unbiased, maximum likelihood estimator of the
two-parameter negative exponential distribution; the
first ordered statistic; and the three minimum distance
methods, (the theoretical distribution was assumed
negative exponential)..» The performance of these
estimators was evaluated by comparing their mean square
errors with the mean square error of the chosen “"best"
estimator. -
~
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