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Preface

The purpose of this study was to investigate the

feasibility of using the two-parameter negative

exponential distribution, with scale'set equal to one, as 4

a baseline for a robust estimator for the location

parameter (minimum life) of selected life distributions.

This estimator could be used in determining cost and ,

performance estimates for systems containing many

electronic components (e.g., satellites), where expense

and small quantities make it impractical to conduct

enough tests to determine underlying time to failure

distributions with certainty.

A computer model was built using Monte Carlo 4
techniques to generate time to failure data for several

underlying distributions. Five estimates for the minimum

life were computed from this data and compared to the

actual minimum life. The best estimator of the five being

compared was shown to be the minimum variance, unbiased,

maximum likelihood estimator for the minimum life from

the two-parameter negative exponential distribution.

However, the limits of the usefulness of this estimator

still need to be determined.

The development of this thesis required a great deal

of help from others. I would like to thank my thesis

advisor, Dr. Albert H. Moore, for his guidance and
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* technical assistance. My limited theoretical knowledge

I could have made this thesis an impossible task. His

patient explanations of underlying theory and its

relationship to the real world quite often lifted a very

dense fog. I would also like to thank my reader, Dr.

* Joseph T. Cain. His feedback concerning the written

*portion of my thesis was invaluable.

Finally, I would like to thank my fellow classmates,

* the finest group of people I have ever worked with. Their

support and camaraderie over the last 18 months helped

ease the way through a difficult program . TIn particular I

would like to thank: Major Dennis Charek and Captains

Karen Barland, Jim Porter, and John Sours for their help

41j7 in finding background information and debugging my

computer program; Captains Jim Martin and Norm Jarvis for

their moral support at my thesis defense - the morning

after Thanksgiving; and First Lieutenant Stacy Brodzik

* for her support and encouragement, and for letting me

know when I was taking things too seriously.

Linda M. Allen



Table of Contents

Page

Preface.................................................. i

List of Figures......................................... vi

List of Tables.......................................... vii

Abstract................................................ viii

I. Introduction......................................1I
Problem............................................ 2
Objectives .. .. .. .. .. .. ... .. ... .. .. ... .. ... ......2
Scope .. .. .. .. .. .. ... .. ... .. .. ... .. ... .. ... ......2

ii. Background.........................................4
Life Distributions................................ 4

The Exponential Distribution................... 6
The Weibull Distribution........................7
The Gamma Distribution......................... 8
The Log-normal Distribution.................... 9

Robust Estimation.................................11
Minimum Distance Estimation..................... 12

The Kolmogorov Statistics..................... 12
The Cramer-von Mises Statistic................ 13
The Anderson-Darling Statistic................ 13

Measures of Effectiveness........................ 13
Mean Square Error.............................. 13

Relative Efficiency............................ 14

III. Methodology.......................................15s
Overview of Method................................ 15
Random Number Generation......................... 15
Parameter Estimation............................. 16
Maximum Likelihood Estimation................. 16
Distance Estimation............................ 16

Investigation of Robustness of Estimator ... 16

I V. Results........................................... 18

V. Conclusions and Recommendations................. 20

Appendix A: Graphs of Representative Probability
Density Functions......................... 21

Appendix B: Tables I-IV, Mean Square Errors for ~.*
Location Parameter Estimates............. 26

i v



Appendix C: Tables V-VIIf, Relative Efficiencies
of Location Parameter Estimates 31....43

Appendix D: Sample Computer Program.................. 36

Bibliography~~~~~~,~ ..................... 4

Vitlogay.............................................. 45

II

I4



List of Figures

IFigure Page

1. PDFs for several exponential distributions ... 22

2. PDFs for several gamma distributions when 6=1 23

1 3. Weibull PDFs for V=O, U=1, a=12- 1, 2, 4............24

4. Lognormal density function and illustrations ... 25

p vi



---... ...... .....- %.- . .

List of Tables

Table Page

I. Mean Square Errors for Location Parameter
Estimates (Sample size=8)....................... 27

II. Mean Square Errors for Location Parameter
Estimates (Sample size=12)..................... 28

*III. Mean Square Errors for Location Parameter
Estimates (Sample size=16)..................... 29

IV. Mean Square Errors for Location Parameter
Estimates (Sample size=20)..................... 30

*V. Relative Efficiencies of Location Parameter
Estimates (Sample size=8)....................... 32

VI. Relatiyve Efficiencies of Location Parameter
Estimates (Sample size=12)..................... 33

VII. Relative Effic-iencies of Location Parameter
Estimates (Sample size=16)..................... 34

VIII. Relative Efficiencies of Location Parameter
Estimates (Sample size=20)..................... 35

vi



" ....

Abstract

This investigation determined that for time to

failure distributions that are moderate deviations from

the negative exponential distribution, a robust estimate

of the minimum life could be arrived at by assuming the

underlying distribution was exponential and using the

minimum variance, unbiased, maximum likelihood estimator.

It was found that estimators using the minimum distance

statistics of Kolmogorov, Cramer-von Mises, and

Anderson-Darling did not perform well with the asymmetric

distributions explored in this thesis. However, they may

still prove useful for life distributions with larger

O-.. shape parameters (i.e., for distributions that are not

"moderate" deviations from the negative exponential).

The analysis was accomplished by using Monte Carlo

techniques to generate random samples of time to failure

data from specific distributions, and using this

empirical data to estimate the actual minimum life of the -.

distribution. Five estimators were explored: the minimum

variance, unbiased, maximum likelihood estimator of the

two-parameter negative exponential distribution; the

first ordered statistic; and the three minimum distance

methods (the theoretical distribution was assumed

negative exponential). The performance of these

estimators was evaluated by comparing their mean square

viii
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errors with the mean square error of the chosen"bs":

estimator.
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Robust Estimation of the Location Parameter of Life

Distributions

I. Introduction

Space assets have been playing an ever greater role

in the defense of this nation. Satellites can be placed

at altitudes that give them a world view. Unfortunately,

once in place these satellites are mostly inaccessible to

us - if they break, they are expensive to repair, if they

can be reached to repair at all. In addition, the space

environment is hostile, which tends to increase the

failure rate.

A typical satellite consists of hundreds of parts,

all of which have to be made to exacting standards. There

is a great deal of expense involved in the designing,

building, testing, and placement of these satellites. In

order to make decisions regarding the number of

satellites to be built, or whether they should be built

*| at all, there must be some way of estimating the expected

minimum life of the satellite.

Testing different satellite components can produce a

* rough time to failure data base that can be used to

estimate minimum life. In the case of a satellite, a very

expensive piece of equipment, it is hoped that the

*expected minimum life is greater than zero.



Satellites are generally expensive and manufactured

in small quantities. It may be difficult to collect

enough time to failure data to identify the underlying

distribution with certainty. What is desirable is an

estimator which gives a useable value in most cases even

when the assumption about the underlying distribution is

incorrect. Such an estimator is termed "robust" (Parr and

Schucany, 1979).

PROBLEM

A robust estimation method is desired for the

location parameter of life distributions. This location

parameter is the guaranteed minimum life.

OBJECTIVES

The overall objective of this thesis was to develop

a robust estimator for the location parameter of life

distributions, using the two-parameter negative

exponential distribution, with scale equal to one, as the

baseline.

SCOPE

Only four families of distributions were considered:

,L1. exponential, Weibull, gamma, and log-normal. The sample

sizes from each distribution were small. Four sample

sizes were used: 8, 12, 16, and 20.

2



Three minimum distance methods were investigated:

Kolmogorov, Cramer-von Mises, and Anderson-Darling. The

robustness of the estimators will be evaluated using two

measures of effectiveness: mean square error and

relative efficiency.

3



II. Background

If the underlying distribution of a specific

population is known, predictions can be made regarding

samples from the population. For example, if it is known

that the time between failures of the components of a

particular type of satellite is exponentially distributed

then predictions can be made concerning the performance

of that satellite over a specified period of time.

Unfortunately, the underlying distribution of a

population is usually something that has to be determined

from a relatively small sample from that distribution.

There is a great deal of literature concerning the

determination of underlying distributions and the

statistical inferences that may be made from these

determinations. Miller's and Freund's text on probability

and statistics, and Kapur's and Lamberson's text on

reliability engineering were used extensively in the

development of this thesis.

Life Distributions -

This thesis is primarily concerned with life

distributions. When electronic components are tested two

of the more important statistics collected are time to -.

failure and time between failures.

Time to failure has been modeled with several

distributions, the exponential, gamma, Weibull, and

4
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log-normal being of particular interest to this thesis

(Banks and Carson, 1984:134). The exponential

distribution is most commonly used for life testing

applications, with the Weibull distribution probably the

second most common (Kapur and Lamberson, 1977:233, 291).

Banks and Carson had the following to say about time

to failure:

"If only random failures occur, the time to
failure distribution may be modeled as
exponential. The gamma distribution arises from -.-

modeling standby redundancy where each
component has an exponential time to failure ...
When there are a number of components in a
system and failure is due to the most serious
of a large number of defects, or possible
defects, the Weibull distribution seems to do
particularly well as a model... The log-normal
distribution has been found to be applicable in
describing time to failure for some types of ' -"4. components, and the literature seems to
indicate increased use of this distribution in
reliability models." (Banks and Carson,
1984 :134)

The gamma and Weibull distributions both include the

exponential distribution as a special case (Banks and

Carson, 1984:132).

The exponential distribution is often used in life

testing applications because it is easy to apply (Kapur

and Lamberson, 1977:233). Also, in the case of a total

system composed of many components with different failure

distributions, the time to system failure distribution

will approach the exponential (Kapur and Lamberson,

1977:236). Of particular interest in this thesis is the

two-parameter exponential distribution. This distribution

5



"-'.form is used in nonzero minimum life situations, i.e.,

situations in which there is an initial period of no

failures (Kapur and Lamberson, 1977:258).

Following is additional information concerning the

four distributions of interest.

The Exponential Distribution. The two-parameter

exponential distribution has a probability density

function given by

(1/m) exp{-(x-d)/ml , x. d>O, m>O

f(x;m,d) = (1)

0 elsewhere..+."

where m equals the mean, and the parameter d is the .,-4

minimum life. The mean of this probability density

function is m+d (Kapur and Lamberson, 1977:258).

The cumulative distribution function is then given

b y

0 x<d

F(x) fx (1/m) exp{-(t-d)/m} dt (2)
I - exp{-(x-d)/m} , xd>O, m>O

In the situation where n items are placed on life

test, and the test is terminated at the time of the rth

failure, minimum variance, unbiased, maximum likelihood

6
..........................
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estimators for m and d are m' and d' respectively and are

defined by

im' = 2 (xi ) + (n-r)(x x (3)

( r-l ) .,

and .

d'= x - (m'/n) (4)

" - . ..J

where x is the first ordered statistic (Kapur and

Lamberson, 1977:258-259). This thesis primarily

considered the case where n=r, i.e., uncensored samples.

The Weibull Distribution. The cumulative .

distribution function for the three-parameter Weibull

distribution is given as

0 x<d

F(x;b,a,d) = (5)

1-exp{-((x-d)/(b-d))a } 
, x~d

where a>O, b>O, and d>O. a is the shape parameter or the

Weibull slope, b is the scale parameter or the .

characteristic life, and d is the location parameter or

the minimum life (Kapur and Lamberson, 1977:292).

7
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The Gamma Distribution. The probability density

function for the gamma distribution is

{ 1/(b a r(a))} (xa-1)exp {-(x-d)/b }

for x>O, a>O, b>O

f(x;a,b) (6)

0 elsewhere

where a is the shape parameter, b is the scale parameter,

and F(a).is a value of the gamma function defined by

F(a) = f xa-eXdx (7)

- ".Through integration by parts, the above equation

reduces to

r(a) = (a-I)f(a-l) (8)

for a>O, and

r(a) = f(a-1)! (9)

when a is a positive integer. (Miller and Freund,

1977:117) The exponential distribution is a special case

of the gamma distribution when a is equal to one.

7- .-- .



The cumulative distribution function is given by

0 ,t<O

F(t) =(10)

J{1/(b a r(a))} t' exp{-(t-d)/bjdt,

If a is an integer, successive integration by parts

yields

* k
F x) = k __ {(I/b) exp{-(x-d)/bl (1)

0 (Kapur and Lamberson, 1977:25).

The Log-normal Distribution. "The log-normal

distribution occurs in practice whenever we encounter a

random variable which is such that its logarithm has a

normal distribution." (Miller and Freund, 1977:114)

The probability density function for the log-normal

distribution is given by

I 1/ a tyf') IT
2

f~t) =expf -(1/'2)((1n t -~)a ,tz0 (1)

10 7,O
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where -c~< and 0>0. Here, the logarithm of the random

variable t has a normal distribution, i.e., a random

variable x defined as x=ln t will be normally distributed

with a mean of I and a standard deviation of O(Kapur and

i Lamberson, 1977:19). The mean of the log-normal

distr bution is

2
E t) exp{ W + 0/2) (13)

and the variance is

2 2

V t) {e2+ IeG -1 (14)

(~ (Kapur and Lamberson, 1977:20).

The log-normal distribution has a cumulative

distributon function of

0 ,T<O

F(t) =(15)

0exp{-(1/2)((ln TWo -)/ 2 )ldT, 0: T~t

(Kapur and Lamberson, 1977:20).

10



Robust Estimation

The parameters of a suspected underlying

distribution can be estimated using the information

provided by a random sample from that population.

Statistical methods that produce estimates that are

relatively insensitive to assumptions about the

underlying distribution have been termed robust methods

(Crow and Siddiqui, 1967). These robust parameter

estimates should continue to perform well under moderate

deviations from the suspected distribution (Parr and

Schucany, 1979:2). Ott

In this thesis the two-parameter negative

exponential distribution was used as a baseline, with the

Weibull, gamma, and log-normal distributions providing

the "moderate deviations". These distributions were

chosen because of their similarity to each other (see

Appendix A). Their probability density functions all

contain an exponential factor, and, for small shape

parameters, they have similar curves when graphed. With

small sample sizes, like those used in this thesis, it

may be possible to fit the data with all four

distributions, and impossible to say with certainty which

distribution is the actual underlying distribution.

. . --- %
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I.

Minimum Distance Estimation

Minimum distance estimation has been considered as a

method for deriving robust estimators (Parr and Schucany,

1979 and 1982). The "distance" referred to here is a

discrepancy measure between an empirical distribution

function and a theoretical cumulative distribution

function (Parr and Schucany, 1979:3).

The theoretical cumulative distribution function

used in this thesis is given in equation (2). The mean,

m, will be estimated using equation (3), and the minimum

life, d, will be initially estimated using equation (4).

The F(x) values so computed are the zi values used in the

distance statistics. The initial value for the minimum

(@ life is then varied through several iterations of the

distance statistics until the distance is minimized. The

value of the minimum life that achieves this minimum

distance is recorded as an estimate for the actual

minimum life.

Three distance statistics were tried in this thesis:

the Kolmogorov, Cramer-von Mises, and Anderson-Darling.

The computing formulas for these statistics are given

below; their theoretical development is beyond the scope

of this thesis.

The Kolmogorov Statistics.

D = max ((i/n) - zi) (16)

D-= maxlin (z i- (i-I)/n) (17)

12
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D max ( + , D- ) (18)

The Cramer-von Mises Statistic.

W2 In (zi (2i-1)/2n)2 + (1/12n) (19)

The Anderson-Darling Statistic.

A2= {In=(2i-1)(ln zi+ ln(1-Zn+li ))}/n - n (20)

(Stephens, 1974:730-731).

Measures of Effectiveness

Mean Square Error. The mean square error was

computed using the following formula:

MSE = I= 1 (d - d')2  (21)

where d was the actual minimum life of the underlying

distributions the samples were generated from, d' was the

estimated minimum life, and s was the number of samples

generated. The sample sizes were varied (8, 12, 16, and

20), and the number of samples taken for each

configuration of input parameters and sample size

remained constant at one thousand.

A small mean square error would indicate that the -

estimated minimum life deviated little from the actual

minimum life, while a large mean square error would

indicate that it deviated to a greater extent.

13 4
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Relative Efficiency. Relative efficiency was

computed as follows:I

Relative = MSE of "best" estimator (22)
Efficiency MSE of comparison estimator

For the underlying exponential distribution, the

best estimator for the minimum life was chosen to be d'

(see equation (4)). For the other three distributions,

the first ordered statistic (x )was chosen as the best

estimator, primarily because it was easy to obtain. A

relative efficiency greater than one indicated the

comparison estimator performed better than the ''bestr

estimator. Five different minimum life estimates were

7 ~compar'ed in this thesis: the exponential estimate (d';

see equation (4)), the first ordered statistic, and the-

three minimum distance estimates.

14
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III. Methodology

Overview of Method

The two-parameter negative exponential distribution

was chosen as the baseline for computing the minimum life

estimates. Random samples were taken from the

exponential, Weibull, gamma, and log-normal

distributions. Sample sizes of 8, 12, 16, and 20 were

used. Each sample was assumed to be from an exponential

distribution, and the mean and location parameters were

estimated using equations (3) and (4). These estimated

parameters were then used in the theoretical cumulative

distribution function used in computing the Kolmogorov,

Cramer-von Mises, and Anderson-Darling distances (see

equations (2), (18), (19), and (20)).

One thousand runs were made for each configuration

of sample size and input parameters. The mean square

errors and relative efficiencies for each of the minimum

life estimates were then computed.

Random Number Generation

The Monte Carlo method is a technique that uses

random or pseudorandom numbers for solution of a model.

There are arithmetic codes available at many computer

centers for generating sequences of pseudorandom digits,

where each digit (0 through 9) occurs with approximately

15



equal likelihood (Rubinstein, 1981:11). .

The pseudorandom number generators used in this

thesis were routines from the International Mathematics

and Statistical Libraries, Inc. (IMSL). Four routines

were used: GGEXN to produce exponential random deviates,

GGWIB to produce Weibull random deviates, GGAMR to

produce gamma random deviates, and GGNLG to produce

log-normal random deviates. Ten was added to each of the "

random deviates to simulate a minimum life of ten. This

value was chosen arbitrarily.

Parameter Estimation

Maximum Likelihood Estimation. For the nonzero

*0 minimum life situation the mean and minimum life were .

estimated using equations (3) and (4) respectively. The

underlying distribution was assumed to be exponential.

Distance Estimation. The theoretical cumulative

distribution function was assumed to be exponential, and

the maximum likelihood estimates for the mean and minimum

life were used in equation (2) in the computation of the

z. values used in the distance estimation equations

(equations (16), (17), (19), and (20)).

Investigation of Robustness of Estimator

One thousand samples from each configuration of

input parameters and sample size were taken, and five

16

F .* .%' .%% .- 'A



* S . - .t ' --k- --- WV-.-.

estimates for the minimum life were made. The mean,

standard deviation, mean square error, and relative

efficiency were then computed. The results are presented

in table form (see Appendices B and C) and are analyzed

in Chapter 4.

17



IV. Results

,*.. ,

Appendix A contains Figures 1 through 4. These are

representative graphs of the probability density 5"

functions of the four families of distributions

considered in this thesis.

Appendices B and C contain tables summarizing the

mean square errors and relative efficiencies of the

minimum life estimators. There were five estimators

considered: the exponential estimator (d'; see equation

(4)), the first ordered statistic, and the three minimum

distance estimators (Kolmogorov, Cramer-von Mises, and

Anderson-Darling).

An inspection of Tables I through VIII shows that in

most cases the exponential estimator (d') was superior,

with the Anderson-Darling estimator being next best.

However, the minimum distance estimators require much

more time computationally than the exponential estimator.

In order for one of them to be considered for robust

estimation purposes it would have to perform much better

than the exponential estimator.

The first ordered statistic was superior when the

0 shape parameter equaled .5. More runs with shape

parameters less than one would be needed to determine

just when the first ordered statistic becomes a better

estimator than the exponential estimator.

18
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.'* From a visual inspection of the graphs in Appendix A

it may be argued that as shape parameters become greater

than one, the underlying distribution may no longer be a

"moderate" deviation from the exponential distribution.

In these cases, a robust estimator based on the

exponential distribution could not be expected to produce

good results. Many more runs with different shape

parameter values would be needed to better define what

could be considered a moderate deviation from the

exponential distribution.

• The IMSL routine ZXMIN was used to minimize the

minimum distance functions. It was noted that the

Kolmogorov function was often terminated due to rounding

errors before it reached a minimum value. The Kolmogorov

values were left in the tables for comparison purposes

should someone develop an algorithm that would truely

minimize the function.

19



V. Conclusions and Recommendations

The exponential estimator for the minimum life (d')

may provide a robust estimate for the minimum life of

distributions that deviate moderately from the

exponential. What constitutes a moderate deviation still

needs to be determined. Variations in the shape parameter

greatly affected the mean square errors of the

estimators. More tests would have to be made in order to

determine the boundaries of acceptable shape parameter

values for this particular robust estimation method. 4

The use of histograms might help with determining if

the shape parameter is too large to use the exponential

estimator. However, the small sample sizes typically used

with robust estimation may not provide enough data.

The minimum distance estimators did not do well with

the asymmetric distributions used in this thesis. Further

study using a modified minimum distance method might be

feasible, but tremendous improvement in the mean square

errors would have to be achieved in order to justify the

much greater expense for the computer time required.

02
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Ngw~e 4.11. PDFs irr tiv.-d x±uis-ributions when 9=1.

Figure 2. PDFs for several gamma distributions when e~l.
(Banks and Carson, 1984:145)
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(Banks and Carson, 1984:156)
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PRIGRAM GKWA2(GKWA2GTAPEIO=GKWA2O)
C
C UNDERLYING DISTRIBUTION IS GAMMA.

C UNCENSORED SAMPLES.
C OUR SAMPLE SIZES -8912,16* AND 20.

C SCALE=1:0
C SHAPE=2 0 AND 4.0
C
C
C PROGRAM FUNCTION:
C
C - GENE.RATES GAMMA RANDOM NUMBERS.
C -SORTS RANDOM NUPBERS.

CSAVES THE FIRST ORDERED STATISTIC.
CESTIMATES SCALE AND LOCATIC14 PARAM4ETERS

C ASSUMING EXPONENTIAL DISTRIBUTION.
C -REESTIMATES LOCATION PARAMETER USING
C KOLMqORGOROV DISTANCE.
C -REESTIMATES LCCATICN PARAMETER USING
C CRA4ER-VON MISES DISTANCE.
C - REESTIMATES LOCATION PARAMETER USING
C ANDERSON-DARLING DISTANCE.
C - COMPUTES MEANS. STAN4DARD DEVIATIONS, MEAN
C SQUARE ERRORS, AND RELATIVE EFFICIENCIES.
C
C
C VARIABLES USED:
C
C -- SAMPLE SIZE.
C I LYPQ - LOOP COUNTER AND ARRAY INDICES.
C NRUNS - NUMBER OF RUNS (NUMBER OF SAMPLES).
C IOPT - ZXMIN INPUT -UPTONS SELECTION.
C MAXF?*4 - ZXMIN INPUT M AXIMUM4 NUMBER 3F FUNCTION
C EVALUATIONS ALLOwp-D.
C NSI A - ZXMIN INPUT - NUMBER OF DIGITS ACCURACY
C REQUIRED.
C NPARAM - ZXMIN INPUT - NUMBER OF PARAwETERS.
C TER - ZXMIN OUTPUT - ERROR PARAMETER.
C - ACTAL PRIMNITER .F (OT-P
C ,. - CAL PM L L N E
C TEMP - TEMPORARY VARIABLE.
C R(N) - RANOCM NUMeER ARRAY.
C Z01A) - Z VALUE ARRAY (CO).
C X(IPARAM) - ZXMIN INPUT/OUTPUT PARAMETER
C VALUE.
C - SAVE - PREVICUS X(NPARAM).
C F - ZXMIN OUTPUT - VALUE OF FUNCTION BEING
C MINIMIZED.
C -SAV - PREVI CS F.
C H(1),r-) - ZXIAI OUTPUT - WORKING VECTORS.
C W(3) - ZMIN OUTPUT - ZXMIN OLTOUT A
C VECTR.
C A( 1) - NORM CF THE GRADIENT.
C W(2) - NUMBER OF FUNCTION EVALUATIONS
C P ER FOR4ED.
C W(3) - AN ESTIMATE OF THE NUMBER OF
C SIGNIFICANT DIGITS IN THE FINAL
C PARAMETER ESTIMATE.
C SHAPE - SHAPE PARAETER (USED IN GAMMA ANC
C WEIBULL OISTRIBUTIONS CNLY).
C 'A(r) - IORKTNG VECTCR (USED IN GA MR"A
C D IS TR I TIo N ONLY .
C U - 1%AE LC;-NRMAL ISTRIUTICN
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L'ILI 1.

C SIGMA - STANDARD OEVIATIWN (USED IN LOG-NCRMAL
C DISTRIBUTION ONLY).
C EO(NRUNSI - IP41TIAL ESTIMATE CF THE LOCATION
C PARAMETER, ASSUMING AN EXPONENTIAL
C DISTRIBUTION.
C EM(NRU4S I - ESTIMATE OF THE SCALE PARAMETER*

cASSUMING AN EXPCNENTIAL DISTRIBUTION.
C XIj(NRUNS) -_FIRST ORDERED STATISTIC.
C ED C( RUNS - KOLM GOROV LOCATION PARAMETER
C ESTIMATE.
C EDJ(NRUNS) - CRAMER-VON MISES LOCATION
C PARAMETER ESTIMATE.
C EDAeJRUNS) - ANDERSON-DARLING LOCATICN
C PARAMETER ESTIMATE.
C DPLUSDMINUS - KOLMOGOROV MAXIMUM POSITIVESC A1ND NEGATIVE DEVIATIONS.
C DSUM*KSUlMWSUMtASUM*MSUMoXSU'4 - I4TERMEDIATE
C VALUES.
C XO9XK9XWVA9XMvXX - SAMPLE MEANS.
C SO9SKvSW9SA.3M9SX - SAMPLE STANDARD
C CEVIATIONS.
C M4SED*MSEKMSEWtMSEAMSEMMSEX - MEAN SQUARE
C ERRORS.
C OSEEO - INPUT SEED TO RANDCM NUMBER
C GENERATORS.
C
C
C SUBROUTINES USED:
C
C SORT - BURBLE SORTS RANDOll NUMBERS. PLACING
C SMALLEST NUMBER IN RUl).

(j7 C

7C GGExN - (PROGRAM EKWA ONLY) IMSL ROUTINE TO
C GENERATE ExPONENTIAL RANDCM NUMBERS.
C
C GGIB - (PROGRAMS WKWAI AND WlcWA2 ONLY) IMSL
C ROUTINE TO GENERATE WEIBULL RANDOM ...

C NUMBERS.
C
C GGAAR -(PROGRAMS GKWAI AND GKWA2 ONLY) IMSL
C ROUTINE TO GENERATE GAMMA RANDOM
C NUMNEPS.
C
C GGJLG - (PROGRAMS LKWAI A-ND LKWA2 ONLY) IMSL
C ROUTINE TO GENERATE LCG-NORMAL
C RANDOM NU"9BRS.
C
C
C INPUT FILES: NONE
C
C
C OUTPUT FILES:
C
C £S(WAO -PROGRAM rKWA
C -i(A. OGRAM GKWA1
C GXW~AZI PqCGRAM GKWA:
C WKWAIO -PROGRAM 6KWA1-
C WKWA23 PROGRA14 WKA
C LKWAIJ PRCGPAM L(WAI.
C LKWdA20 PROrRAM LKWA2
C
C

C
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*IOPT9MAXFN9NSIf,9NPARAMvIER
REAL Do MvTE'9R (2C ) Z(20) 9X1SA WEvFSAVE9

* X(Lt.I1(1)9G(I IF,9d3)9

* EOK(lG0CI ,COW( 10CCEOAI100 9
* OP LU S OM INUS9S HAPE 9 U S I GMA 9AK 4 3 9
*OSUMKSUM'.ISUi4ASUMMSUMXSUM,
*X3,XK, vIIYA, XMEW.
* SO 9SK 9SW SA,9S.4 SX

M MS E D #EEK pM S EW 9MSE A 9MS E49M SE X
OOURLE PRECISION OSEED

C *.UERSET SUPPRESSES TERMINAL ERRORS.
CALL UERSETCO.LEVOLO)
OSEFrO123457.0VO

NRq?4=110

0=13.0
N PAR A?=

MAXF N:50 0
I OPT=O

C *'TWO SHAPES (2.0 AND 4.0)
C
C

SHAPE=2.9
00 8 L=I,2

C
C
C *'RUN 4 SAM'PLE SIZES
C

N=8
DO 1 =9

C
C
C 0*MAKZ 100C RUNS
C

00 11 P=1,NRUNS
C
C
C **GENERATE GAMMA RANDOM NUMBERS
C
C

CALL GGA"'R( DSEED9SHAPE#NqviKvR)
C
C
C A* 3 AO FFSET FOR 4tNIMUM LIFE

03 S =9
8(1 )=Q( 11.0

6 ClTIIlUE
C
C
C 0*SORT RANDOM NUml3ERS
C
C

CALL S-3RT(NoRl
C
C
C :* AV FIRST 'F0R;EO STATISTIC
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C
X I (P3 :R (1)

C
C
C beESTIMATE SCALE AND LOCATION PARAPIETERS
C
C

XSUM=3.
DO 53 1=29N

XSUM=XSU!4.RCI)-R(1 3
50 CaNTINUE

EMCPI=XSUM/FLOAT( N-I)
EO(P)=R (1)-EM(P)/FL0AT( N)

C **REESTIMATE MINIMUM LIFE USING KOLMOGOROV
C OtSTANCE.
C
C

X (1 3 ED(p 3
CALL ZXMIN( KDISTNPARAMNSIGMAXFN. IOPT.
* X.Hs*GtF.)dIER)

C
L C

C ccREEST1'4ATE MINIMU*A LIFE USING CRAMER-VON
C MISES DISTANCE.
C
C

XISAVS=Rt1)
CALL ZXMINCIJDIST.NPARtAMNSIGMAXFNIOPT,
* X.NG*FqWZER)EDWP)=-l

C
C
C ccREESTIMATE MINIMUM LIFE USING
C 4NOERSON-OAPLING DIsTARCE.
C
C

XC 1)=E0D(P!)

EDAP3 13XvHvGvF,~iIER)

IC C0NTIlJUE
C
C
C c.COMPUTcE SAMPLE MEAN
C
C

DSUM=0 .0
KSUM:3 .0

XSU4=) .0

ASUM=0. 0
01 R8 I=19*.RU:S

DSUM=DSIJM.ED( 13

MjUM=4SUF*#EM( 1)

wSU".l3UME.4(I
A3UM:.A.0JM*E0A(I 3
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VoDZiSU"/FLOAT (NFU?.S i
XK=KSU-4/FLOAT (N(UNS )
X NM MS UM/FL OAT ( NR UNS )
XX=XSUM/FLCAT(PIPUNS)
XW=ASUM/FLOAT ( PIPUNS J
XA=ASUM/FLOAT(NRUNS)

I C
C *.COMPUTE SA4PLE STANDARD DEVIATIONS
C
C

DSU4=0 .0
CSU4=0 .0
MSUPM~ .'
,(SUNZO.o)
ISU'A=0.0
ASUN=0 .C'
00 %9 1=19NRUNS

3SUM=)SW4.(EDC1 )-XD) "2.0
KSUM=KSUM*CEDK( I)-XKI"2.0
PSUM:MSUM.CEN (I )-xM)*"2.0
XSUM=XSUM+( 1(l ) - * 3 "2.0
WU=JSUM#tEDWtXJ-XW)32.0

ASUM=ASUr
M
'(EDA( 1)-XA) .'2.3

SD=CDSUM/FL0AT(NRUNS-1)) ".5
SK=(KSU,'4IFL0AT(NRUJS-1) )*.5
S4(4SUJ4/FLCAT(.NRUNS-IJ )*'.5
SX=(XSU4/FLOAT(NRUNSI1 ?"*.5
SW=(WSUM/FLOAT(NRUNS-1) )**.5
SA=(AsIJM/FLOAr(NRUNS-I) ".5

C
C

c COPUTEMEAN SQUARE ERRORS
C
C

D S U F4= . I
C4SUvM .3

XSU4=0 .~3
VSUM=O.*

00 11 I:10.pUfqS
OSUM=OSUl+(3-ECX ))**2.3
KSUM=KSUM*(0E)'K(.1))''2.0

XSU=XSUMR(OY1C1 ))*"2.O
WUM4SUv*(O-Eli(lI)**2.0
ASUM=ASUM"( 0-EDAC I) )'2.3

*11 CONTINUE
'S'D:DSUM4IFLOAT (NFUNS)

MSEK:I(~jM /FLOAT (MRUS)
4SM=MSU4/I-LOAT (NRUNS)
MSE X=XSUM4#FLOAT (NRUNS)
'4SEW=WSU'4/FLOAT C.4RUNS)
MS7AAGU.4/FL0AT (RUP.S)

C
* C

C *.PqI1IT TAHLE
C
C

wR1TEC110,CI)
A01 p.V~'"ATC'tS,'DUTPUT FRCM GKW~A2'/I)

40*1 FlO'4AT(I~,*lNDO0LYT%G Z)ISTRT9UTION IS GA'MMA')
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805 FCRMIAT(1~o,'LOCATION4 (0) :',FlC.2/
IV 1W'SCALE (4q) =1 9FI1.3/

* IE'SHAPE =vtFIC.3'
IX 9 ( SA WPLE Siz (N) 9 13!
I* 2W,'NBR OF R UNS (NRUNS) -915//)

WRITE(C*81e~C I
810 FfORMAT(19X.'!MEAN*)

815 FOR4'ATC17%9,S0UARE' ,9X,'RELATIVE',26Xv
* STANOARDO)

ARITE(109820)
82' FOR'AT(18v,'ERPOR% 7X,'EFFICIENCY',13Xs

* 'EAN198U913EVIArTONI) :i1
WRITE(109,g25)HSED#MSEX/MSEoPXoS0

825 F0R4lAT(3XqlEXP' 94(5VvgF12.A) I
J R ITE ( 1 8 3VMS EKM SE/M4SEK 9XK SK2

83C FORMArc3,c,'KOLlv4(5Y9Fl2o8 9

RI TE ( 1 vA3 5 )MS E d9MS EX /MSE W9X W ISW
83 F0R.4AT(3X,CVMl9%t5XvFl2.8))

WRITE(1),84C)MSEA,'4SEX/MSEh.xASA
843 FORMAT(4K. 'AD'.4( 5X*Fl2.8))

WR ITE 1 8 45) MSEI,*X , 5
845 FORMAT(qE,'Xl',5IFl2.8917X,2(5X.Fl2.8b)

WR ITE (I 1 t8 fl IMS E N vX M,9S
853 F0R 4A T (1 X 1SC ALE ,5 X 9F 12. 891 7X 92 5 X F 12 .8)

'9 CONTINUE-
S"APE=SHAPE*2 *Q

8 CONTINUE
STOP
ENO

SUB~ROUTINE SORTCN9R)
INTEGER !,09N
REAL TEMPtR(N)

00 1GJ1N19

IF(R(J) *LT. R(I11 THEN
C 0.SWAP

TEMP=R( I)
R(I ):P(J)
R (J )TEMP

EN'ADIF
41C C34TINUE
415 CONTINUE

R CTJR N
E NO

SUBROUTINE KOIST(NPARANMjX.F)
CO

T M
NON RNPEOEMN,%1,EDKEDWE:CA.XISAVEFSAVE

INTrGER NPARAMN.P
REAL X((NPAR(AM) ,DPLUSOMINUSFTEMPoXISAUEPSAVE,9

* Z(20).R(20),ED(IECS),EMCXC),EDK(lCOO),

C *.COMPUTE Z(I)

61 CONT1NUE
C -. FIND MAv 0*

DPI US=09.0
ZVI 70 1=11N

T-4P=FLOAT( I) FL0AT(0 -Z( I)
IF(TE"P .,T. OPLUS) OFLUS:TEMP

7' CONTINJUE
C .. F1113 '48 0-
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U M L 14U .zlw Q
DO 71 I1 9N

TEMP=Z( I)-FLlAT(I-l )/FLOAT(hI
IFCTE4P *GT. OMINUS) 0MINUS=TEMP

71 CONTINUE
FzMAX(OPLUSDMINUS)
RETUJRN

C N

SUBROUTINE IDIST(NPARAMXF)
COMMON RNPEOE',X1 tEOK ,EDUEOA ,XISAYEFSAVE
INTEGER NPARAMNP
REAL X(NPARAM)tSUMFTEMPZ(20),R(20) ,X1SAVEFSAVE*

* Xl (1000 .EO( 1000) ,EMC 1000),
* EOK( 1000) .EDW(1O001,EOA(l000)

C
C *.xlSAVE IS THE PREVIOUS VALUE OF x(NPARAM).
C ZXMI'4 OCCASIaNALLY PUTS AN EXTREMELY LARGE
C NUMBER IN X(NPARAM). WHEN THIS HAPPENS,
C THE PREVIOUS VALUE IS USED.
C

IF(X(NPARAM) *LE. RUl)) THEN
XlSAV7: XC NPARAM)

ELSE
* XCM4PARAM)=XlSAVE -

ENDIF
C
C .9COMPUTE Z(I)
C

00 62 1=19N
ZCI)=l.-XP(-(RI)-xNPARAM))/EM(P))

62 CONTINUE
C
C 0.COMPUTE CRAMER-VON M!SES DISTANCE
C

XSUM=G *

00 g0 11N
TEMP=FLOAT(2.I-1)/FLC^AT(2.N)
XSUM:XSUM=XGUM.(Z (I)-TEMP)**2.0

81 CONTINUE
F=XSUM+FLOAT(1)/FLOAT (12*N)
RETURN .-

END
C ....... n

SUBROUTINlE AOISr(NPARAMXoF)
COMMIN RNoPEDEM, XlEOKEDWEOAXISAVEFSAVE
INTEGER NPARAMNiPFLAG
REAL X(NPARAN),FZ(201 ,R(20) ,KSU,TEMPtFSAVE.XlSAVE#

* l(10Cz3 ,ED(1330),EM(130003
+ EOK(lCC)EOWC1000)vE0A(1^Z 0J

C *.4INIMUM LIFE NOT GREATER THN FIRST
C ORDERED STATISTIC.

IF(VCNPARAM) GIT. R(1)I THEN
v(NPARA M)=XISAVE

ELSE
X'USAVE= I(NPARAM)

ENOIF
C .9C3MPUTS ?(I)

* FLA 5:0
0O i3 I11,N

Z(I)=* C-EXPC-(R( I)-w(NPARAMI )/EM(P) 3
IF( (Zt!) *LE. C.) .1 ( ZCI) *GE. 1.) )FLAG:1

63 COJNTIAUE
IF (FLAG *EO. ~)THEN

C *.COMPUTE ANC;ERSGN-DARLINqG "ISTANCE
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XSUM:XSUM+FLOATt2* I-i )*TE'P 6

91 CONTINUE
F=-XSUN /FLOAT(N)-FLOAT( N)
FSAYE=F

ELSE
F=FSAVE

ENDIF

END
15.06.7)8.UCLPs CAV N1706N39 C.64aKLNS.

r
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