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PREFACE

This document is generated under Contract DACA72-84-C-0017 for
the U.S. Army Engineer Topographic Laboratories, Fort Belvoir,
Virginia, 22060-5546, by Applied Science Analytics, Inc., Canoga
Park, California, 91303. The Contracting Officer's Technical
Representative (COTR) was Dr. Hans Baussus von Luetzow, ETL-RI-C.
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1.0 INTRODUCTION

1.1 BACKGROUND

The U.S. Army Engineer Topographic Laboratories (USAETL) awarded
a contract to Litton Systems, Inc., Guidance and Control Systems
Division (LITTON GCSD) back in 1966 to determine the feasibility
of wutilizing an inertial navigation system in a surveying
application (Clark, 1966). Subsequent studies (Maughmer and
Yamamoto, 1968; Maughmer and Byrd, 1969) led to the feasibility
and practicality of the Position and Azimuth Determining System
(PADS) .

Following these studies the USAETL awarded a contract to develop
an experimental PADS in February, 1971. Acceptance tests were
completed in November 1972 and reported on at the Institute of
Navigation's 28th Annual Meeting at West Point (Huddle and
Maughmer, 1972). Subsequently Ellms (1973) wrote a report on the
design, fabrication and testing of the PADS which was capable of
measuring the change in horizontal position to 20 meters (CEP),
elevations to 10 meters (lo), and azimdih to 0.3 mils (lo) at
various test sites in the continental United States for missions
of six hours duration and covering distances of 120 miles. These
accuracies were achieved while requiring the vehicle to come to a
stop for only approximately 20 seconds following a travel period
of roughly 10 minutes. At such times, observations of the
residual values of the computed velocities along all three
platform axes are processed by the PADS real time Ralman error
control mechanization to correct system computed position,
velocity, and platform attitude, and to compensate various
sources of system noise. It did not require any external
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position or azimuth information during the mission or at mission
closure to achieve these accuracies.

Subsequently USAETL wanted to explore the possibility of using
PADS for gravity surveying. Huddle (1973) examined the _f
application of the PADS to mapping, charting and geodesy wherein
he concluded that ‘'great potential exists for improving the
continuous estimates of the change in the deflection of the
vertical between the initial and the terminating point of the
mission through the use of optimal smoothing techniques which
employ a deflection change observation at the mission termination
point.' For a one hour mission this study showed that near term
performance limits of 12 to 60 cm (lo) for elevation, 2 to 3
milligals (lo) for anomaly and 1.5 arc sec (lo) for deflection
are achievable provided that: 1) certain parameter value changes
were made in the real-time Kalman filter, 2) vertical A-200D
accelerometers were replaced by the higher accuracy Al000
accelerometers, 3) the 1Inertial Measurement Unit (IMU) was
isolated or engine turned off during zero velocity measurements
and 4) post-mission smoothing of real-time filtered estimates
were performed.

As a result of this an experimental study contract was awarded to
Litton Systems Guidance and Control Systems Division in 1974 to
determine if replacement of vertical axis A-200D with A-1000
accelerometer allows determination of gravity disturbance
magnitude to 2 milligals. The results of this experimental study
indicated that the running of engine during measurement leads to
excessive errors (3 to 4 ug) due to front-end mounting and that
with engine off accuracies of 1 to 2 milligals is achievable.
The results of this study was published by Mancini and Huddle at
the 35th Annual Meeting of the American Congress on Surveying and
Mapping in March 197s5.
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Following the installation of the higher accuracy vertical
accelerometer and other modifications, the PADS was renamed
Inertial Positioning System (IPS). Subsequently in 1975 LITTON
GCSD was awarded a contract to configure the IPS as a gravity
surveying system which came to be known as the Rapid gravity
Survey Systém (RGSS). During this contract Litton investigated
the changes necessary to configure RGSS from IPS. This resulted
in some changes in gyro error control mechanization of the real
time Kalman filter (Huddle, 1977). During this contract Litton
also examined techniques of post-mission smoothing to improve
performance and analyzed data collected by UASETL at White
Sands. Their results indicated a potential 1.5 arcsec recovery
capability with Kalman post-mission smoothing. The first
analysis of RGSS deflection data obtained by USAETL appeared in
Huddle and Lentz (1976).

Subsequent to this during 1977 and 1978 LITTON GCSD was awarded
another contract to perform further analytical studies to improve
performance of RGSS. The objectives of this study were to reach
performance goals of 1 milligal for gravity anomaly and 1 arcsec
for the deflection of the vertical for 1 hour mission time. This
study derived deflection recovery performance limitations due to
integrated correlated drift rate, the results of which were
discussed at the First International Symposium on Inertial
Technology for Surveying and Geodesy and also in a paper in the
AIAA Journal of Guidance and Control (Huddle, 1978). In order to
achieve such performance goals the study recommended additional
modifications to the RGSS: 1) Super pre-calibrate systematic
errors, especially heading change sensitive effects or run
straight traverses only in order to achieve accelerometer biases
of 0.5 to 1 ug and gyro drift rate of 0.001 deg/hr, 2) Obtain
better isolation of system from random motion at stops in order
to achieve observation accuracy of 0.001 feet/sec at 10 seconds,
USE OR D) SCLOSURE OF DOCUMENT DATA 1S SUBJECT TO THE RESTRICTION ON THE TITLE PAGE OF THIS DOCUMENT.
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3) ensure accurate deflection values are used by post-mission
smoother of the order of 0.1 to 0.3 arcsec. As a result of this,
this study recommended: 1) investigation of more extensive pre-
mission calibration techniques, 2) testing to determine
systematic content of heading sensitive instrument errors and
noise content of level A-200D accelerometers and 3)
modification/expansion of mission data recording to enable more
effective post-mission analysis.

Following this, during the latter part of 1980, USAETL awarded a
contract to LITTON GCSD for the development, test, preparation,
delivery and installation of optimal adjustment software for
inertial survey data. The objective of this contract was to
develop alternative minimum variance algorithms for simultaneous
adjustment of three axes position and gravity data applicable for
single traverse and multiple traverses. This effort culminated
in a software package for area adjustment of multitraverse RGSS
data. This software package is called the Regional Adjustment
Program (RAP) which was delivered and installed on the DEC VAX
11/780 of Defense Mapping Agency (DMA) geodetic survey
squadron. A series of reports (Huddle, Brockstein, Buchler and
Bose, April 1981, June 198la,b, August 1982) were written to
document the efforts on this contract. The conclusion in these
reports was that near term performance goals of 0.3 arcsec can
nearly be met with existing equipment provided survey
measurements are processed utilizing some area adjustment program
such as RAP.

Subsequently Baussus von Luetzow (1981, 1982) developed a coupled
horizontal channel optimal method of vertical deflection
determination in the context of Litton's local-level system.
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This study extends on this and develops the algorithms necessary
to implement the method of Baussus von Luetzow.

1.2 PURPOSE AND SCOPE

The objective of this study is to review and analyze astrogeo-
detic-inertial methods for determination of the vertical deflec-
tions. Methods of vertical deflection determination developed by
Litton Systems, Inc. and the U.S. Army Engineer Topographic
Laboratories is taken under consideration to the extent published
in the context of Litton's local-level system. The scope of the
effort is restricted to the development of all the algorithms
necessary sSo as to create the foundation upon which optimal
adjustment software can be developed for large scale simulation
or actual field data processing. The scope of the study does not
include any software development but to carry through the devel-
opment of the algorithms to the point where they are complete and
no further work be necessary on algorithm development.

1.3 TECHNICAL APPROACH

The overall technical approach in this study is to examine the
method of Baussus von Luetzow in detail and develop all the
necessary algorithms to work in conjunction with the Litton
inertial surveying systems. The algorithms are developed taking
into account not only the present state of the hardware but also
future hardware improvements. The real-time software on-board
the Litton inertial surveying systems is an important
consideration since the design of post mission estimation methods
must invariably take into account any on~line corrections. The
approach taken in this study is to dgsign the algorithms for
post-mission processing in a way that takes into account the on-
line corrections made by the on-board software but does not
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require any changes or modifications to the on-board software
thereby minimizing the impact on real-time software changes.

l.4 OVERVIEW OF REPORT

This report is organized as follows. Chapter 2 investigates the
applicable error models. In this chapter, first the general
local level north pointing error model is reviewed, which is then
approximated for land survey vehicle applications from which a
reduced set of error equations are obtained based on further
appropriate assumptions. Closed form solutions of the reduced
set of error equations are presented in Chapter 3 wherein first
the time invariant dynamics matrix solution is written followed
by the appropriaée eigenvalues and eigenvectors necessary for the
solution. In Chapter 4 the transition matrices during vehicle
stop periods, motion periods and Kalman filter updating are
obtained. The observation equation is derived in Chapter 5
wherein first a generalized form at each point is presented which
is then reduced to separate the unknown gyro drift rates from the
unknown vertical deflections. In Chapter 6 the different
etimation methods are outlined for the initial conditions, gyro
bias, unknown coefficients and finally the vertical deflec-
tions. Summary and recommendations are discussed in Chapter 7.
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iwk The central error dynamics of concern here is that of the
inertial system. Huddle (1982) has presented the pertinent

&f' equations along with suitable approximations to be used for an

ﬁﬁ‘ on-line Kalman filter design. For a local level north pointing

T

$§~ inertial navigation system the error differential equations are

ry (for the horizontal channels only):
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where figure 2-1 is a block diagram of the error equations and
table 2-1 gives a definition of all the variables.
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Figure 2-1. Local Level, North Pointing Inertial Error
Block Diagram
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TABLE 2-1. DEFINITION OF LOCAL LEVEL NORTH POINTING
ERROR VARIABLES
PE = -VN/R = East craft rate
N = VB/R = North craft rate

pg = (Vg/R) tané
g

R

Vg, Vy

)

Q

iy = flcosd
Qg = Qs8in¢
Ag, Ay

Spg = -SVy/R
$oy 8Vg/R

Spg = Goy tand
s§0oysec?e
§Vg, 8Vy

§d

+

SA
S\ cosd

bps Oys Pg

Ver n
€Er EN- Ez

Vertical craft rate

Vertical gravity vector component

Earth's mean radius

System's east, north velocity

Geographic latitude

Earth's inertial angular velocity

North component of Earth's angular velocity

Vertical component of Earth's angular
velocity

East, north components of vehicle's specific
force

Bast craft rate error
North craft rate error
Vertical craft rate error

East, north velocity error

Latitude error (North angular position
error)

Longitude error
East angular position error

East, north, vertical platform attitude
error

Composite east, north accelerometer error
Composite east, north, vertical gyro drift

ORI, »."5 l’-A et :‘i %%, n,l b o.t't.‘ :l
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2.2 LAND SURVEY VEHICLE APPROXIMATIONS

Considering the fact that the survey vehicle moves slowly over
relatively short distances various approximations can be made
without impacting on the validity of the error equacions. First,
the errors due to errors in the corriolis corrections can be
ignored. These are the errors proportional to &Vy, dVg, Spy and
5. Second, the errors proportional to position error (§),

§¢) can be ignored except for Qy 8¢, which is an important
azimuth, 1level coupling term. Because of the accuracy of
initialization, the periodic null velocity updating and the low
vehicle speed, these position error coupling terms represent very
small equivalent gyro drift rates. Finally those terms
containing Pgr Py and pg can be ignored because of the low
vehicle speed compared to earth rate. This reduces the error
equations to | '

R6® = §Vy

R(S) cos ¢) = &Vg

§Vg = Axtg = gby + gn + Vg

§Vy = -Agdy + gbp - gE + Ty (2.2)
op = =6Vy/R = Qubg + Q04 + Eg

oy = SVg/R - Qg¢p + ey

bz

(1/R tan ¢) §Vp + Qnéo® + Qnoép + €4

where the terms gn and gf (the north and east deflections) have
been explicitly extracted from Vg and Yy respectively. These
equations agree with those of Baussus von Luetzow (1983).
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f e
=

e

;c: 2.3 FURTHER ASSUMPTIONS TO OBTAIN REDUCED SET

a

nd

F5 The following assumptions are invoked:

hid

i

?ﬂ a. Under accelerometer bias calibration Vg and Vy are
. .

K- assumed to be calibrated out.

' b. The horizontal accelerations Ap and Ay are neglected for
£ the time being.

X

° c. Longitude error dynamics is neglected since the

_k differential equations for the horizontal velocity

ﬁ; errors have no coupling to longitude error d§A.

=

P :

~ Under the above assumptions the error equations given by (2.2)

- red o

5t uce t

:) )

!‘.! |
;. , :

L

xj g = (1/R tan ) §Vg + Q66 + Qudp + €4

e .

L

N g = -6Vy/R - Qby + Q04 + cp (2.3)
>

e

(L%

g[ which can be written as

s

&
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7 o . ! | S I e B e
sV ot 0 o0 : I A I R -7
A of o ' o ' o |, -g 0 V.. gt
E ! | ' ! I
- ——— e e —— et = = e == = ——] | —— -———
RE¢ 11 0o 1+ o ! ot 0 | 0 RS b 0
c I — < i l'—-sg_s'_ ' l ~ 2 [
¢2 0 | Rtanbl R : 0 " 0 I {cosd ¢Z s
= —— —_—m———rt e e - e e -
| [ ! ' b .
¢ 0 : o 0 : 0 : 0 |-Qsind by "N
L I D D e
-—— - I esind! .
o R: 0 : 0 i Qcos'bl Qsmfal 0 oz £r
b - L | l ! l 1 — L —— - -
(2.4)
or
[
Yy = Ay + Db (2.5)

.

e

v s

At suf bt

D

3
.
b
o
k:

C
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3.0 CLOSED FORM SOLUTION

3.1 TIME INVARIANT DYNAMICS MATRIX SOLUTION

As can be easily seen from (2.4) the coefficients of the dynamics
matrix A include:

a. Mean radius of the earth, R

b. Earth's inertial angular velocity, Q

c. Geographic latitude, ¢
For the applications under consideration it can be assumed that
R, R, ¢ are constant between stops of the survey vehicle. This

leads to a time invariant dynamics matrix A for which the closed
form solution to (2.5) is given by Brogan (1974) as

t
yt)y = e2§(oy) + / AT nar (3.1)
0
which reduces to
y(t) = eA§0+A‘1<eAt-1) by (3.2)

where b(0) was assumed to be constant over the integration
interval.
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Now, if A; are the eigenvalues of A and u; the corresponding

eigenvectors, then

such that
A 0-1
L
a [u tut ] - [u ro | 2,
1: 2: ....: n 1:“2: ce e :UIJ 0 N (3.4)
. n
L -
or
AM = MA (3.5)
where
1 | [
M = [ul: uzl' .o-.: unj (306)
and

A= . (3.7)

A gy he o ik e e sas Adc BA-eiaod o d-matand s soe Mra Mt A Al b
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Therefore, from (3.5)

A = MAM~l (3.8)

which leads to

At = I + At + % a2e2 4+ ..

= I + MAM~Lle 4+ % MAM~1maM~1e2 + ...
= MIM~l + MAem~l 4+ M% A2e2m~1l & ..

= M (I + At + % A2¢2 + ...) M-l

Metm—1 (3.9)

Similarly,

a~l(eAt-1) = A"l (1 + At + % a2¢2 + ... -I)

= a~l (at + % A2t2 + ...)

= It + % atl + ...
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= It + %MAM'ltz + eee

= mreml o+ Maoae2utl 4+ L,

- = M (It + % At2 4+ .. Mt

P“

o = MALl (et -1y M1 (3.10)
&N

o

°

B Hence, substituting (3.9) and (3.10) in (3.2) yields

-::

<N <

R J'\

h J;._

i y(t) = Meltm~ly, + ma~l(elt-1) M71lp,

e

) = Tyg + ¥by _ (3.11)

A Q s
. -"t“v:f

where

S

T = Meltm~1 ' (3.12)

X e kg Ay AT
s !‘l,.,')‘
[ E BT R )

y = MATLl(eft-1) M71 (3.13)
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Recall that

pl ¥ (t) §Vy (t)

4
k? Yo (t) §Vg(t)
’ Y3 (t) RS (t)
oo y(t) =

Y yq(t) 04 (t)

Ys(t) ¢N(t)

yg(t) o (L) (3.14)
|78 | E

LAANSS

¥
L

mn o ses e s o

>
P>

For each individual element of y(t) of (3.14) denoted as y;(t) we
have

A
o Bt R

y o e o

SRR

ToF

2
-

WS S Sl

§ At
i = 3 oM, el ¥ ot yote
j=1 k=1

o

t

o
&
-

6 6
Ast _
¢ Y uad 2y ) e by
j=1 J k=1

R
. dL.'.L',C I

1'1'2' LI 6

(3

ety

(3.15)

‘s
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3.2 DETERMINATION OF EIGENVALUES/EIGENVECTORS

The dynamics matrix A given by (2.4) has a characteristic
equation as

26 + a4 (202 + 2%) + 22(a} + 220%sin?0) - a%alcos?e = 0

(3.16)
which has roots
A = tiQs, #iQ', 2K (3.17)
where
Qg =@ 1/2 (3.18)

is the Schuler frequency and

1/2)1/2
L 02, 02, L 1 f4 2,2 2 4} J
Qr [5(05+Q)+2{Qs+2§259 (L + 2 cos®¢) + Q

(3.19)
¥ {meta °°52°’}1/2 (3.20)
and
ko= [% {Q: + 29292 (L + 2 coszqa) + 0 1/2 - % (Qi . Qz)] 1/2
(3.21)
= Q cos ¢ s
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The eigenvectors are
9 (4,2 2
A (ki + gs)
gitsind
2 2
;25 (Xi + Qs)
i = i (3.23)
- 2 2,2 2,2_..2
{(Ai + Qs) + AiQ sin“o }/Aiﬂ cos ¢

- XiQSiDQ

2 2
Ai + Qs

L —

where u; refers to the eigenvector associated with the 1ith
eigenvalue. Thus the modal matrix M is now completely
specified. To specify M~l the eigenvectors of the adjoint matrix
is necessary. The adjoint matrix is given by AT, which has the
same eigenvalues as .A. Let the eigenvectors of the adjoint
matrix AT be represented by 6;. Then

A%e; = A564 (3.24)

which leads to

A 0
| ! XZ
ATe'e'.nue]--e'e'.”' -
[1:2: ! n [1:2; ;9d 0 .
n
(3.25)
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b

%

i,
4
1)

or

ATN = NA (3.26)
where the modal matrix for the adjoint matrix aT is

N - [eliezi ceee i ey) (3.27)
and the eigenvalue matrix A is same as before given by (3.7)
Thus, from (3.26)

AT = Nan-1 / (3.28)
which leads to

a = ()T T (3.29)
Comparing (3.29) with (3.8) leads to

Ml = §T

Thus, solution of the eigenvectors for the adjoint problem
completely specifies the inverse modal matrix.

L

<
b
Y
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' "l '\-
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i'sfzs
5
?1: The eigenvectors of the adjoint problem are i
o |
' 1
s
ol i 2 . o2 2 2 ]
L (3 + a2) (2%cos?e - 1 2)/R
) |
Vi)
’::"s |
- 3 . !

2Ai isin ¢/R
Wy 5 5
W 2
‘ﬁg Q€cosdlr; (A7 + QJ)/R !
2 i
5 0y = aj (3.30)
.’}2 i a i .
i
-4
) 2,2, o2
k. ) Qcosdr] (Af + Q)

: 2 2 2
Q sxn¢xi (Ai - Qs)
3,,2 2
Ai(xi + Qs)
L -

where

252,2 .2 2 2 4 2,2 2
a; = 4Af& Qs sin®d + Z(Ai + Qs) (Ai + Q Qs cos <b)/Ai

(3.31)
is the normalizing factor such that
T .
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4.0 TRANSITION MATRICES

4.1 VEHICLE STOP PERIODS

During vehicle stop periods the horizontal accelerations Ap and
Ay are assumed to be zero. Therefore, the dynamics matrix A of
(2.4) is exact during the stop period. Consequently, the stop
period transition matrices for the initial conditions y, and for
the drivers b, are equal to those given by (3.12) and (3.13).
Therefore, during stop periods

Tg = T (4.1)
and

¥Yg = ¥ (4.2)
4.2 VEHICLE MOTION PERIODS
During the motion period the horizontal vehicle accelerations Ag
and Ay are not zero. Thus, in order to compensate for setting Ag
and Ay to zero in the dynamics matrix A we try a perturbation
addition to the solution y(t).
Comparing (2.2) and (2.3) the neglected terms are identified as

GVN = - AE¢Z (4-3)

&VE = Andg (4.4)
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I
\-&: Thus’
t .
3.':; Vg = - of Ag(T) ¢5(T) dt (4.5)
and
, £
o sVg = of Ag(T) g (1) dt (4.6)

*—§
! ¢ The above integrals (4.5) and (4.6) could be integrated
Ihes numerically given the functional form of Ap and Ay. However,
since the integration time is expected to be no more than ten
o (10) minutes a Taylor series expansion for ¢, is appropriate.
But since every motion period is bounded on either side by a stop
period it is likely that the acceleration of the vehicle will be
J close to an odd function about the midpoint ‘of the motion period
4 interval. For example, figure 4-1 is one possible form of the
! acceleration profile during the motion period, bounded on either
ﬁ side by stop periods. For such an acceleration profile as shown

i

&

s in figure 4-1, its functional form is given by
_'n

R4

o

158 T

ot + A 0<t< 3

, a(t) = (4.7)
1550 - a FitsT

"

boh

'*.:,,\

This suggests expanding the Taylor series for ¢y about the
midpoint of the motion period interval, T. Thus,
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Figure 4-1. Motion Period Acceleration Profile
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dog (t) s 1 4% (8) 7.2
dg(t) = ¢ (t)| + —gg— [ (£ = 3) +'2—;2— (t -3 + ...
t = T/2 t = T/2 t = T/2
(- -7 | - J \ -/
2 2’4 v
%20 ¢z1 ®z2 (4.8)

Let us first examine the third term, ¢4, in the above expansion
(4.8) in conjunction with the assumed acceleration form given by
(4.7) .

fTa(t) ¢zz(t) dt

0

2 2.
/2 d“e, (t) 2 T d“e, (t) 2
1 z T 1 z T
= ./rm As —42— | (t -3 dt - As —2—— | (t - =) 4t
0 A 2 dtz 2 'r/{ 2 dtz 2
t = T/2 : t = T/2
A d2¢z(t) { fr/z 2 ,/'T 2 }
= — (¢ - T/2)%dt - (¢t - T/2)“dt
27 4t 0 T/2 .
t = T/2
5 820, (8) Jro , er/z )
Si—d?— {-T/z tl dtl - 7 tl dt1}= tl = t - T/2
t = T/2
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2
d%¢, (t) { 0 -T/2
=3 _2 S 2ae, + S zvt}ét=-t
27 g2 2 171 h t2 9t 2 1
t = T/2
=5 —2— t at, - ts dt
2 a¢? { -1/2 1 -172 2 ZJ}
t = T/2 =0
= 0 (4.9)

As expected, for the assumed acceleration profile the third term
of the Taylor series integrates to zero. The actual acceleration
profile will not be precisely as given in (4.7). However, in
order for the vehicle to execute a stop-motion-stop process the
actual acceleration profile will be similar to (4.7) representing
an odd function about the midpoint. For any odd function, the
third term of the Taylor series will, therefore, integrate to
near zero. Thus, keeping only the first two terms of the Taylor
series we have, for any acceleration profile a(t),

T
AT 0, (t) dt
0

fr dog, (t)
= s a(t){¢z(t) —gt (t - T/Z)} dat

t =T/2 t = T/2
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X
P
7 T dé., (t) T
i b (81| S a(r) at + —— S a(t) (t - T/2) dt
2 0 0

t = T/2 t = T/2

b, d¢. ()
= ¢, (t) o,/' a(t) dat + —L— { 0,/"';“a(e;) tde - % a/"Ta(t) dt}
t=T/2 t = T/2

d¢z(t)

de, (t)
a{d)z(t) } fTa(t) dt +—§-t—- ofa(t) t dt

t = T/2 t = T/2 t = T/2
de, (t)
v(t) z av ()
’{"z“" }f —d—t(:— dt + —g¢ 0'/ gt ¢t 9t

t = T/2 t = T/2 t = T/2

T T
dt
{¢ (t) }V(t) + —— {V(t)t N o,/' vit) 5§ dt}

0 N D

t =T/2 t = T/2 t = T/2

dqsz (t)

d¢ (t)
dt

T d¢z(t)

integration by parts

s e 994 (t) dég (t) Lap
- 22| -7 iU - YOp ¢ e {UDT - W) - g e
=() =0 =( =(
t = T/2 t = T/2 Stop Period t = T/2
\—>begin & end w—— /
velocities
de, (t)
ol {P(t) - P(O)} (4.10)
t = T/2
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ﬁ” Hence, using (4.10) we have for (4.5) and (4.6) respectively
-

SVy = + (E(T) = E(0)) —3%
t

3 §Vg = - (N(T) - N(0)) —3%

where

E(0), E(T) - East position of the vehicle at the beginning
and end of the motion period

55' N(0), N(T)- North position of the vehicle at the
353 beginning and end of the motion period
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dé
To evaluate —3% utilize (3.14) for i=4 such that

t=T/2

0g(8) =y (t)
i=4

6 ALt 6
= Y man e Y wraa yom

j=1 k=1
: 1 Mgt 2 -1
+ Yuwn 2 edn Y wtaa pm
j=1 J k=1
Therefore,
do, : a4t S
5= = ) wan g e M50 yo k)
t=T/2 j=1 t=T/2 T
° o1 .a Mt SN
+ ) M4 Fgg (el - Y MK by
j=1 ] £=T/2 1

6 6
AL T/2 i
= Y Mi re 3T Y Ml ot

_ j
Jal k=1
6 . 6
AsT/2 -
+ ¥ om0 Y wlaa by
j=1 k=1
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The perturbation solution for motion periods affects only §Vy and
§Vg and can, therefore, be written as

§ \T/2 o )
sy () = ‘“’i{z e age 3 Y o yom

J
j=l k=1
J AT/2 & )
+ Y Mi ed T Y Mdk bo(k)} (4.15)
j=1 k=1
where
( 0 i#1,2

§P; = < (E(T)-E(0)) i =1

L -(N(T)-N(0)) i =2 (4.16)
The total solution during motion periods, y?(t) is given by
y?(t) =y (t) + 8y, (¢) (4.17)

where y; (t) is as per (3.15) and 6y;(t) as per (4.15).
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Hence

§ Mtes -1 § A§1/2
y(t) :{Zu(i,j)e J Zu (3,k) + &P, Znu,jn e ZM (3, k)} yo (k)

jo1 k=1 j=1 k=1
L — g
Tm
; RS N : . A5T/2 N
+ {zu(i.j) LIy Y uly,k +ospg Y Mia,de Y v haab by
\j’l J k=1 j=1 k=1
Ym

(4.18)

= Tp¥o + ¥mPo (4.19)

4.3 KALMAN FILTER UPDATING

The real-time software is assumed to have a Kalman filter which
periodically updates its states using null velocity measurements
during vehicle stop periods. The Kalman filter states in the
real-time software are not necessarily the same as those selected
here as initial conditions y or the system drivers b. Thus, let
the Kalman filter states be represented as vector 2z different
from y or b. But let

y = Fz (4.20)

and

b = Gz (4.21)
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;' Then the incremental update for the initial conditions is
[\ a :
O
& 0y = FAz (4.22)
1_}.' .
i".:ic
R Let K be the Kalman gains, and H the observation matrix of the
E}.s Kalman filter. Then, the Kalman filter state update increment is
0 given by
L
u.’.
3 Az = KHz (4.23)
t\‘:'
0
o Therefore
@
R
' A =
: % Y FKHz
' - PKHF"ly ] (4.24)
l.‘,
!‘!.
}:::' Hence, denoting superscript - as prior to update and + as after
!.‘5'
X d
::::! update,
S
R y* = yT - oy
N
A3
i = (I - FREF~ L)y~ (4.25)
-}- | Thus, the transition matrix for the initial conditions at every
Do update time is
i -
— Ty = (I - FREF"1) (4.26)
[J
A0 Similarly, the transition matrix for the system drivers at every
§" update time is
i vy = (I - GREG™L) (4.27)
~'n“
e'j'a
o
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L .
' 4.4 STOP/MOTION/UPDATING COMBINED
?E The overall transition matrix T needs to be examined with respect
by to whether the vehicle is in motion or stationary. Within the
ﬁ» ' stop period the real-time Kalman filter utilizing zero velocity
3% updates also needs to be taken into account. The total vehicle
§
B traverse is broken up into multiple legs, each leg includes a
o stop period and a motion period as shown in figure 4-2. Within
%_ the stop period U zero velocity updates of the real-time Kalman
E filter are performed.
L
®
29 Therefore, the transition matrix from tg to t; representing a
;ﬁ typical leg of the survey traverse is given as
3B
»
g T(ty,ty) = T_(ty,t )T _(t_ . .thr (et eyt (e7,e% )
V' 1’"0 m' 1l m+l’ st m+l’Tm’ ‘utm’ m’ "s'm’ "m-1
" .- -
b ...Tu(tl,tl)Ts(tl,to) (4.28)
J
!:':
)
!§ Similarly for Y.
13
)
{'
4
W
r"'
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U updates
4 ! .
mns 1 m*z 3 L] ] . L] [ ] m=U tl
to 1 T2 - o e o o o Tp  Tpel
\ - J v -/
STOP PERIOD MOTION PERIOD
Figure 4-2. Stop/Motion/Updating Periods
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S.0 OBSERVATION EQUATION

5.1 GENERALIZED FORM AT EACH STOP POINT

The transition equation from time 0 to time t can be generalized
for any interval (n~l) to n as

y(tn) = T(tnltn—l) Y(tn—l) + \y(tnltn-l) b(tn-l) (501)
or

n , rnh-l

y yn=1 4 yn=lpn-1 (5.2)

This can be generalized to

n-1 . n-2 n-1 L.
y* o= T tiy0 4 z T rreded + on7ipnd
i=0 j=0  i=j+1 |
n-1 )
= a0, Z B‘j’ b3 (5.3)
j=0
where,
n-1l
A" . rt (5.4)
i=Q
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and
n-1l . .
T ol 0< 32 n=2
n i=j+l1
B. = : (5.5)
] " j = n-1

Using the notation

A (i,j) —_— (i,j)th element of matrix A

Xk —> kth element of vector x

we have
6 n-l 6 _
Z An(l'k) yg + Z Z Bg(l,k) ba ’ L = 1'210006
k=1 j=0 k=l

(5.6)

which represents the value of the Lth element of the state vector

y at stop time t, as a function of the initial condition vector

elements yg and the driver at the jth stop vector elements ba .

5.2 LINEAR COMBINATION OF UNKNOWN DEFLECTIONS |

f
N |
> . . . .
o The observation equation (5.6) includes the driver
b - [-g¢3 3 S TS |
¢} = -g& gn 0 €z EN EE (5.7)
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Here, the deflection at each stop point i.e. gj and nJ are
expressed ‘as a linear combination of the deflections at all the
desired points.

Let there be N spatial points where it is desired to estimate the
deflections. Then, the deflections at each stop point can be
expressed as a linear combination of the deflections at all the
desired points. Thus,

N N
i o ' z =
E Z ajkgk + Z bjknk (5.9)
k=1 k=1
_ N N
i z =
n Z cyky * Z a3 M (5.10)
k=1 k=1

Zgs, Mg = deflections at the desired points

gj, ny = deflections at the stop points.

The terms with ﬁk in the determination of Sj, and vice versa,
enter because the deflections are strongly cross correlated.

Defining
ra3-1 = &3 (5.10)
€24 = nJ (5.11)
and
Tok-1 = &k (5.12)
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we have
2N
ry = z a5 (5.14)
k=1

which expresses the deflections (odd-f{, even-n) at the jth stop
point, rj as a linear combination of the deflections (odd-¢,
even-n) at all the desired points, ryp (1 < k < 2N)

Thus,
_ 2N
] = T '
£ Tg5m1 2:1u2j_l'k Ty (5.15)
k=1
. 2N
J = = T
n r2j 2: %25,k Tk (5.16)
k=1

5.3 GYRO DRIFT RATES APPROXIMATED AS CONSTANTS

The gyro drift rates are approximated as constants over the
mission. This implies

s -~

2 e, (5.17)
I I
3 £y (5.18)
e% - EE (5.19)

where €;, €y, E€; are the constant gyro drifts yet to be
estimated. '
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L)
f"n,
bl 5.4 SEPARATION OF GYRO DRIFT RATES FROM UNKNOWN DEFLECTIONS
0
) Substituting (5.15)=(5.19) in (5.7) yields for any general stop
fﬁv point j
N\ ,1-
oy i ~ ~ -
Y j 2N -

{3 -g I a,, r

o 5 8 k=1 2j-1,k "k
[
AN . 2N .
;‘Ll J . - I
Rt +gn +g £ a,, ., r i

\ 2j,k 'k !
A kel % ;
‘7 b3 - 0 - 0 |
e . !
R ] : |
) Z YA :
S 1
e e £y
X -) J -
*a.' £g €g
by
g‘ g - g — o —
- 0 T%25-1,1 *23-1,2 T%25-1,3" 0 251,28 “)
b )
‘ } iy ¢ o s 0
ol 0 “25,1  “25,2  %23,3 “25,2n T2
NIY =
g _ )] N 0 0 r3
; N
; § - 0
A ¥

A N _
i‘rj - 0 0 r

2N

: El’ L
‘%
§
28
AN = C + DyX (5.20)
Iy
o

which separates the unknown constant gyro drift rates C from the
unknown deflections X.
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Substituting (5.20) in (5.3) yields the final generalized form of
the observation equation as

n-1 n-1
y* = any0 4 Z B’j‘c +g Z B’j‘njx 2 1,2,...,6
j=0 j=0

(5.21)
where A" and Bg are given by (5.4) and (5.5) respectively. In

the next chapter, methods of estimating y°, c, Dj and X are
explicitly outlined.
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6.0 ESTIMATION METHODS

6.1 INITIAL CONDITION SPECIFICATIONS

At survey traverse initial time t=0 the initial deflections are
assumed to be known i.e. £&£(0) and n(0). Therefore, under
consideration of plumbline leveling

rcst(O;1 [ o 7
GVE(O) 0
0 _ RE®(0) i} 0 (6.1)
Tk 24(0) 0
4 (0 n(0)
[t ] (5]

0

Thus all the elements of Yk in the observation equation are now

specified.

6.2 CONSTANT GYRO BIAS ESTIMATION FROM TERMINAL DATA

At the termination of the survey it is assumed that the north-
south deflection ({(T)), east-west deflection (n(T)) and platform

azimuth error (¢z(T)) are available.

Thus, at the survey terminal time ta=T,

Yoaqg = 0g(T) (6.2)
Yieg = 0y(T) = n(T) (6.3)
Yoag = %g(T) = E£(T) (6.4)
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1Y)

5 :l ‘

Jﬁ But for 4 < 2 < 6 the observation equation reduces to

‘DY n-1

" D - B" (6.5)
! Yq z,kYk je k€ .

: j=0

due to the non-coupling of the deflections X into ¢5, ¢y, ¢g as
is evident from the structure of the Dj matrix. These three
equations are then solved to obtain the three unknowns in the

(S vector C.
-:hb .
(A‘H
.;-7' 6.3 COEFFICIENT ESTIMATION VIA STATISTICAL COLLOCATION
[
5 From (5.14) the relationship that expresses the deflections at
,5$ the jth stop point as a linear combination of the deflections at
: the desired points we have as an estimate
. 2N
)7 A -~ -
%y r. = Qs 6.6
14 J Z Jk7k (6-6)
] k=1
o Minimizing the mean square error between rj and ?j leads to
s
NI - - . st - - N
W a . v e g y D
3 L1 1,2 4y, 2N E(rye)) Blyprg) e Elrpargy)
o, - ] : - - -
I._, AL g e % N E(rzrl) F(rzrz) F(rerN)
A% - : S
Q “am,1 %oy, 2 oMy an | | BT ECrgyTy) weee E(ryroy)
- = -l S, -
L2 — —_
Ny s hod
j':E: | E(rlrl) E(rlrz) eees E(r rZN
)
"“0 jos -
::‘:: _ ,E(rzrl) E(rzrz) E(rerN)
t’._!,.n .
_ (6.7)
o
L ' - -
A E(r,r,) E(r, r.) .... E(r,t..)
f:‘ | 2M°1 2M°2 2M ZN_J
fﬂ
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or

(3] [ezD)] = [Esf)] (6.8)
where E is the statistical expectation operator

Therefore,

(2] = [=cE)] [en)]~? (6.9)

where the needed covariances can be estimated using any one of
the many statistical covariance models in practice (Bose and
Kouba, 1983). Thus, all the necessary elements of Dy in the
observation equation can be estimated.

6.4 LEAST SQUARES ESTIMATION OF DEFLECTIONS

The fundamental observation equation for the least squares
estimation of the deflections is given by

n-1 n-1
y* = afy0 & Z B‘j‘c +g Z B'j‘njx (6.10)
j=0 j=0 ‘
where yo is known from initial conditions at t=0 such that
yg = [:o 0 0 0 n(o) s(O)J T, (6.11)

the vector C given by

c =[o0 o o T Fy g T (6.12)
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Gt
?'3' is estimated from terminal conditions .¢,(T), &(T), n(T), and the
}" elements of Dy given by
‘.'1
) _ .
::‘. =02§-1,1 ~%2j-1,2 T%2j-1,2 ceccc TG2j-1,2N
L) ’
‘ -
E:::; a2j'1 a2j'2 a2j,3 S0 eesoe aZJ,ZN
':"ff D: =
J 0 0
19§,
20 0 0
s | 0 )
i 0 0 (6.13)
. - —
W is estimated using statistical least squares collocation as ‘
n.., discussed earlier. |
1
5" Thus the observation equation can be rewritten as '
é n-1 n-1
J “-“0-23‘? = ZB‘T.x 6.14
i Y, ~AY ' 5€ g ' 323 ( )
.'l j=0 j=0
g
0 where
7 2 Vy 6.15
Yyu1 S (6.15) |
et |
! n -
37

Pt

LS

\
at every stop point (1 < n < M) are the data used in this \
estimation procedure. The above observation equation can be cast

s into the form

s Y

3 ) '

3;:.. ¥ = X (6.17)
4,8
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::*é‘;! where
3

') Y = y"-a"%0- z BIC (6.18)

H = g z B7D.x (6.19)

DU The estimate is simply obtained via a least squares solution as
s x = (aT@)~1laTy . (6.20)

0L where

S “2NJT (6.21)

2
A A

o

[

il
[

1]
()

)
XY

=] |
~N

;:3"' are the unknown deflections.

&‘.l
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7.0 CONCLUSIONS

7.1 SUMMARY

A new optimal data reduction method for estimating the
deflections of the vertical was outlined. Highlights include:

a. Incorporates dynamical interaction of the two level
channels of the inertial system.

b. Uses existing real-time zero velocity Kalman filter
updating during stops along a traverse.

c. Exploits statistical collocation techniques to preserve
correlations between the two components of the

deflections of the vertical.

d. Estimates approximate gyro bias wutilizing terminal
azimuth and deflection values.

e. Performs 1least squares estimation of the unknown
deflections utilizing all data simultaneously.

The data necessary to implement the method includes:
a. Inertial system horizontal velocity errors at each stop.

b. 1Inertial system real-time Kalman filter update gains
only, no need for real-time covariance data.
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c. Astrogeodetic initial and terminal deflections of the
vertical.

d. Terminal Platform azimuth error observation.
7.2 RECOMMENDATIONS

It is recommended that software be developed to implement the
algorithms derived herein. Such a software package will be
useful and significant for future vertical deflection
determination and densification in support of the Defense Mapping
Agency, U.S. Army and U.S. Air Force.
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