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The mooring line is assumed to have the following properties:

Material Kevlar 29

Construction 6 x 19 stranded with independent core

Jacket Polyurethane

Diameter 0.61 in.

Weight in Air 0.114 lbs/ft

Weight in Water 0.0 lbs/ft

Breaking Strength 30,000 lbs

The normal and tangential hydrodynamic cable drag coefficients were

assumed to be
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DYNAMIC ANALYSIS OF THE PIXIE BUOY

The PIXIE Buoy has been chosen as the initial platform to be used for

acquiring airborne magnetic, electric, and electromagnetic measurements during

the preliminary sea trials of the LINEAR CHAIR system in FY 80. A mooring system

must be developed that will minimize buoy motion response in both shallow (100 to

200 feet) and deep (2000 to 3000 feet) water configurations. The following analy-
tical data are illustrative of a technique to predict and evaluate the expected

responses of the PIXIE Buoy under various sea conditions and mooring configurations. ,

These equations and graphs are meant as an aid to the investigator in designing

the optimum mooring configuration for the buoy with regards to allowable motion

and tilt as determined by the sensitivity of the buoy-mounted instruments. Actual

numerical values presented are only illustrative as they do not reflect the actual

configuration cf the PIXIE Buoy as it will be used in the INEAR CHAIR tests. Once

the actual numerical values for the various parameters have been established, the

following technique can be used to generate more accurate values of the buoy

res ponse.
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Section 1

STEADY STATE PITCH

1. BUOY PITCH VERSUS SUBMERGENCE AND CURRENT SPEED

pr The PIXIE Buoy is depicted in Figure 1-1 as a free body with the steady

state forces acting on it. The current is acting on the buoy from the right hand

side and the forces T and T represent the horizontal and vertical components
"x y

-, - of tension which the buoy imparts to the mooring line.

Two waterlines are shown in Figure 1-1. The lower of the two, the free
I

.- floating waterline, represents the case where the buoy is freely floating in still

' .water (i.e., no current) and no mooring line attached. It is located a distance L

from the bottom of the buoy. The higher of the two, the loaded waterline,

represents the case where the buoy is moored in a current. The parameter H

*. represents the distance between the two water lines, or in other words, the buoy

i Isubmergence.
*" The forces D and D represent the normal and tangential components

N T
- of hydrodynamic drag due to the steady state current. For a uniform current

Iacting in the region of the buoy (assumed for this analysis) the drag forces will

*' act at the mid-point of the submerged portion which is located at a distance of

(L + H)/2 from the bottom of the buoy.

The forces W and B represent the buoy weight and buoyancy acting at

. distances of L and L from the bottom of the buoy. The buoyancy force, B,w B
represents the free floating or unloaded displacement. The increased buoyancy,

.- A B, due to the buoy submergence from the free floating condition acts at a

6 distance of L + H/2 from the bottom of the buoy.
0

The angle, 6, is the resultant buoy steady state pitch angle.

A summary of the buoy physical parameters are presented in Table 1-1

1-1
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Table 1-1. PDE Buoy Physical Parameters

Buoy Weight W 57,169 lbs

Free Floating Buoyancy B 57,169 lbs

Buoy Diameter d 4. 77 ft

Free Floating Waterline L 50 ft
0

C.G. Location L 15.53 ft
w

C. B. Location LB  24.99 ft

Summing the forces in the x and y directions and the moments about the

-- towpoint we get:

Fx=0

T = D cos e + D sinex N T

Fy =0

ST = B + AB -W+ DT cose - DN sine

ZM = 0
H L +H

~BL B sine8+AB (L -)sine -DN ( °2 ) -WL sine=0
B o 2 N 2 w

(BL + 1B (L +H W s+

B 0 2 LL) sie2

L +H
D N (0 )

-1DN 2O= Sin - 1  H.. . . .
BLB +[ B (L + H) wL

B B 0 2 W

The normal hydrodynamic force, DN# is given by

D = 1/2 P C A2 Cos 2
NN 

B

L

[ 1 -3
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.' where V is the current speed, V cos e is the component of velocity normal to the

cylinder, P is the fluid density, CN is the normal drag coefficient, and Af is the
B

projected frontal area given by
Af = (L + H)d

Therefore, the buoy pitch angle is given by
p

1/2 P (L +H)dV 2 Cos 62

1 /2P N cos
S = Sin- o

BL + B(L + -
Bo 2 -

the increased buoyancy, AB, is given by

aB = Pg -d H

For small angles of E, then

cos e 1

2
Cos E-

and the expression for e reduces to

P pG (L + H) 2d V2
N oE= Sin -  'B
I 2 H

4 BLB +Pg -dH (L +-) 4 V'L

For values of buoy submergence, H, between 0 and 8 feet and for current speeds,

V, between 0.1 and 1.0 knots the resultant pitch angles, 8, are shown in

Figure 1-2. The values of the constants used in the above calculations were

assumed to be as follows:

C = 1.2

L P = 1.99 slugs/t 3

g = 32.2 ft/sec 2

1-4
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1.2 BUOY PITCH VERSUS MOORING LINE SCOPE

Until now the steady state buoy pitch angle has been described strictly

in terms of the buoy as a free body by itself where the buoy submergence, H,

has been a variable parameter. It has been shown that for a given current speed

and a given buoy submergence there is one and only one resultant buoy pitch angle.

The buoy submergence parameter is not an independent variable, however. The

key to this problem lies in the tension vector resulting from the mooring line

constraint. The parameter H must now be related to some other parameter of the

overall mooring system.

-. It can be shown that for a given current profile, water depth, mooring

line scope and buoy, the mooring system will assume some steady state

equilibrium configuration. That is, for any one set of conditions there will be
a-

one and only one resultant mooring line spatial geometry, and there will be one

.* and only one resultant buoy attitude in terms of forces, pitch angle and submergence.

Therefore, for a given current profile the resultant buoy submergence (and therefore

buoy pitch) is a function only of mooring line scope.

In reality, scope and current speed would be the independent parameters

- and buoy submergence would be the dependent parameter. However, since there

is a one to one correspondence between scope and submergence, it is convenient

* for the purpose of this analysis to reverse the relationship and make submergence

- "" and current speed the independent parameters and scope the dependent parameter.

The approach is to evaluate the relationships for T and T previously

formulated as a function of buoy submergence and use the resultant tension vector

as an initial condition to the computer program TOWLIN to calculate the mooring

" " line scope required to traverse the depth of water. The mooring configuration

scenario is depicted in Figure 1-3.

It is assumed that the water depth is 2000 feet. It is further assumed

- that the surface current acts only in the region of the buoy (approximately 0-50

4 [ feet below the surface) and that the subsurface current speed is 30 percent of 'he

. surface current speed.

1-6
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The mooring line is assumed to have the following properties:

Material Kevlar 2 9

I Construction 6 x 19 stranded with independent core

jacket Polyurethane

Diameter 0.61 in.

Weight in Air 0.114 lbs/ft

Weight in Water 0.0 lbs/ft

Breaking Strength 30,000 lbs

The normal and tangential hydrodynamic cable drag coefficients were

assumed to be

C =1.5
N

C

C = .005
T

c

As previously formulated, the resultant components of tension, T andx

Ty, at the buoy are given by

T = DN cose +DT sine

T = -- H+DT cose -DN sine

where

D = 1/2 P C (Lo + H ) dV cos e

D = 1/2 P C (L +H)-dV 2 sin 2 eT T 0 sn
B

1 = sin - 4NB (L0  + H) 2 dV
2

2
4L+ g -d H (L+ ) 4WL

1-8$4 .. . . : . .* . * .
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Using T and T, the initial conditions to the mooring problems, the' -.," -'.x y
computer program TOWLIN numerically integrates the differential equations which

F describe the tension in the cable and the curvature of the cable due to the

hydrodynamic and weight forces acting on an incremental length of cable. The

program proceeds with the integration until the specified depth of 2000 feet is

reached. The resulting cable scope as a function of buoy submergence, H, for

two current profiles is presented in Figure 1-4.

It can be seen that there is a strong dependence of buoy submergence

on mooring line scope. Proceeding from left to right past the knee of the curve

there is only a very slight decrease in cable scope required for a large increase

in submergence. This is because the mooring system is extremely taut (almost

vertical). In this regime the dominant force is buoyancyAB, due to submergence.

- ¢On the left side of the knee a large increase in scope results in a very small

decrease in submergence (i.e., the buoy is approaching the freely floating case).

This regime is called a slack line configuration where the dominant buoy force

S is drag.

To determine the resultant buoy pitch angle, the following procedures

would be used.

* 1. For a specified mooring line scope and current speed

determine the buoy submergence, H, from Figure 1-4.

2. For the same current speed and for the value of

submergence determined in Step 1, the buoy pitch

angle can be determined from Figure 1-2.

For example, for a current profile with a 1. 0 knot surface current and

. for a scope of 2100 feet, the submergence, H, equals 1.86 feet. Referring to

Figure 1-2 for a 1.86 foot submergence for a 1.0 knot current speed the resultant

buoy pitch angle, e , is 1.93 degrees.

-. 1-9
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Section 2

i nFDYNAMICS OF A FREE FLOATING BUOY

7 , 2.1 NATURAL FREQUENCY OF ROLL

The natural frequency of roll (or pitch), f for a freely floating buoy
, ' is given by

1,, W gm

where

W is the buoy weight

gm is the buoy metacentric height

* I is the buoy mass moment of inertia about the axis
V

of pitch through the center of gravity

The metacentric height, gin, is given by
-

gm =w +gb
V

where

I WP is the moment of inertia of the waterplane area

V is the displaced volume of water

gb is the distance between the centers of buoyancy

and gravity

WP9 p 4

4

9.6 ft 3  -

~.2 4.77
-- . - R -o( 2(0

- 2-1
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Therefore,

= 25.41 ft 4

gm 3 + 9.46 ft
893.5 ft3

- gm = 9.49 ft

The virtual moment of inertia, I , is given by

= +'

where I is the buoy mass moment of inertia and I' is the mass moment of inertia

of the entrained water.

Using the parallel axis theorum and theorum of composite shapes, the

total buoy mass moment of inertia, I, is given by

- 2

where

* is the principle moment for the ith component

M. is the mass of the ith component

d. is the distance between the center of gravity of the
1 .th

i t component and the center of gravity of the buoy

, For the aluminum shell,
*- -- R 2 +L 2 )

A MA 2 12

2 2A =. 75 4.77 60
A =32.2 8 12

I = 72,918 ft-lb- sec2

2-2
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*For the sand,

22R2 sI M R(2 + Ls2

Is s 4 12

40000 418.282
s 32.2 16 12

2
I = 36,359 ft-lb - sec

For the water inside the buoy,
~2

R2 L
I =M R + w
w w 4 12

9416 4 772 (26.73 - 18.28)2

Iw 32.2 6 + 12

2I = 2,156 ft -b -secw

1 The total moment of inertia is then

1= + d2 2 +M 2
I =A + M d  + I + M d + I + M d

2
I 226,797 ft -lb - sec

The moment of inertia of the entrained water is given by

(E2 L 2
I'= M R + 0 + b( 12

57,169 4.772 502 2
32.2 ( 16 + 1 + 9.41

I' 2
1,= 531,577 ft -lb - sec

I = I + I'L; V

I = 758,374 ft - lb -sec 2

V

2-3
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The natural frequency, f0 is therefore

f = 1 (57169 lbs) (9.49ft

f =0.1346 CPS
0

1
T = = 7.43 seconds

o f
0

2-4
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. 2.2 FREE FLOATING BUOY RIGHTLNG MOMENT

The righting moment acting on a free floating buoy can be expressed in

terms of the righting moment due to buoy tilt, due to the wave slope, and due to

a combination of the two.

2.2 .1 Pighting Moment Due to Buoy Tilt

. Righting Moment due to buoy tilt is expressed as

M =Wg7m sin9

and is illustrated in Figure 2-1. The metacentric height gm is given by

gm = bg + lim bin' -"
930

gm bg + bm,

gm = bg +

where ) is the submerged volume.

For small angles of tilt, the expression for the restoring moment

can be linearized such that

M = Wgm O

2.2.2 Moment Due to Wave Slope

The moment due to wave slope as shown in Figure 2-2 is exactly

the same as for buoy tilt but acts in the opposite rotational direction.

That is,

M = -Wsin q

M = -Wg-m

2.2.3 Moment Due to Buoy Tilt and Wave Slope

Figure 2-3 illustrates the geometry for a combination of buoy tilt

and wave slope. From the previous expressions it follows that the moment

is given by

"D , 2-5
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M = Wgm sin(9-q)

- M =Wgm

2.3 EQUATION OF MOTION FOR FREE FLOATING BUOY

The equation of motion for roll oscillations in waves is given by

I 0'+ b 0 + Wgm (9-9) = 0
v d

" where I is the virtual mass moment of inertial and b is the linearized
v d

damping coefficient. The wave slope p can be expressed as

p tan P = a sin t

where from the theory of ocean waves

21r _ H =e A ,

L g

The equation of motion can therefore be expressed as

II 0+b0 + Wgm = a W m snwtv d

" Simplifying and substituting for constants we get

2 2.0'+ 2n 0 + p 0 a ap sin et

bd
2n

v

pI natural frequency

v

The steady state solution to this equation will be

0. = C sin wt+c 2 cos Wt

Differentiating we get

=c coset - c2 e sinet-1 2 i

= -cw - c2 coswt .

2-9
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Substituting back into the original equation and equating sine and cosine

terms we get:

2 2 2 2
(p CO )c -2nwcc a ap

2 2
2nc + (p -W )c 2 =0

2nwj
2 2 2 c

2
(2 2 c+(2n C 2

2 2 2

a p 2( p 2 2

1 2 2 2 + 2
_1_ p_ & (+ (n[ 2 2 2nw2

= 2 2 2 2 22
(p- _-w-P_(j +(nu)

The solution can be expressed as

(9 sin (wt-o)

where

2 +c2

1 2_

0=tan1 2
\1/2

2 2 2 -,22 2 2 2
(p CO I (2ncu) a ap - )

(p2 -u2 2 + (2no) 2 i (p 2 2)2 L 2  2w 2 + (2no) 2j

a= aP (p2CO) '1+ (2nj)2

(2  2 2 2 ( 2  w2)2

(p CO + (2nco) p C

2-10
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2 __2 __2) __ 1(2 ~2) 2 + w 2

- 2)27 + (2nw)2 22

p2 ) p2 - I?2 2)2 2
(2 2) + (2nw)2  (2 2 W 2~

2 a2 2
p ( W )1 - )22)2 + (2nw2

P 2 _aW(2 2 +(nw (

ap212w /

-
2) 2 + (2nw)2 sn(t-

Since

2

a 2) + 2n 7 sin (wet -a)

2~~~P W24 LIERIE DAPN 2OFIN

2 22

'(Pdw) + l/2pcDD 2 r) d

ThrfrThe moffeentia oetcnrbtdb apn is given by

dM = r 3.2

2-11
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Integrating over the length of the submerged cylinder we have

IM = 1/8 P CDD( +

since

= sin cut0

0 = o Cos Wt
0

The absolute value of the average angular speed, ( , over one cycle will be

= ±T
_ /2

Si -2 (4 &o0w cosw t dt

= 2 s2t
1 -7rj- r sin (i

0

"- OW
0

Therefore, since the damping moment is

3 4
M 1 l/8PC D i +(Y )I I

D 1 2

then the linearized damping coefficient is

b = 1/8 PC D 4 + 4
D 1 2

For the following parameters

p =  1 99 slugs/ft
3

2-13



C = 1. 5

g D =4. 77 ft

=15.53 ft

2 34.47 ft

0 =0. 2 rad
0

The damping coefficient is computed to be

b = 333,107 ft-lb-sec

2.3 STATISTICAL ROLL RESPONSE TO OCEAN WAVES EXCITATION

The Response Amplitude Operator (RAO) is the linear response to a simple

harmonic wave of unit amplitude.

RAO Y A)=

2 2
_ ~J P

22

RP w JR (2o d

r-1K.~~ FR<;:~::.:j::.+~~~ 6§~ .* *
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The Pierson-Moskowitz double height spectrum is given by

4
- 9. 7x0 4

S2 H (w) = 5 V 4

where V is the sustained wind speed in knots.

Figure 2-5 show the buoy roll RAO, Y (cu) as a function of frequency.

Figure 2-6 shows the Pierson - Moskowitz double height wave spectrum for a

wind speed of 30 kts. The roll response spectral density for a 30 kt. wind speed

is shown in Figure 2-7. The area under the curve in Figure 2-7 will give the root

mean square response of the buoy in roll for the 30 knot wind speed spectrum.

The process shown in Figures 2-5 through 2-7 was completed for a range of winds

. ,speeds and the results are presented in Figure 2-8. The three waves shown in

- Figure 2-8 correspond to

the average of the one-third highest roll responses
1/3

the average of all roll responses

*.-..

- mthe most probable (frequent) response.m

2-1-
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*n Section 3 1

DYNAMICS OF MOORED BUOY

3.1 RESTORING MOMENT
The restoring moment as illustrated in Figure 3-1 is given by

M = (B + AB) g-m (0-9) + T L 0- D 0 (L ° + H  L) T TL-. - L x  Lw

where,

LB Lw ) B + L +-'H-- Lw AB

_ (LBLW)B+LO+~ W).+ 1 wp
B + AB B B

.i
M"(LB-L)B+(Lo+ -Lw)AB IP
7- B + \ + + A B

J.d

• H

. M [t L - Lw  B + e i 2- Lw) AB + IIwp (

B 0

+ T (L ewco0 -0Lo+H ) -

M= [(tL -ew +( in -LcBY 1
3-1T

+H
+ 2 LW) - T x L w

The angle q is the sum of the steady state and time varying angles,

-,- 0o and 9 (t)

19= H + 0(t) =  o +  esin(( t-a-)
'-" 0

= (t) =O co s (w t -cT)

t (t) (t) =  - sin ((jt -o-)
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M = (L- L)B +(L + L L)AB + -Y I +T Ljo

+[L-) 2(0 +- )AB +71I + T Uw 19(t)

-11

The steady state pitch angle, 001, is given by

~ [B: LO +H)

BL + B U\B~ (LO 7(O+ )-W

y~ wH

D D0 L+ 0 )
M= =LBL) B +( ++)XY +7ITP][]

+ t(B + ~B) + T L (t) -(B + A B)~T
yw

Lo+

3-3(
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BLY Iwp J ( Lo + H)
M I + Do 2 x

B (L B-L ) +AB Lo+ _H
w 2-)

+ [(B + AB) gm + T L e(t) - (B + AB) gTm .

Ill ~ ~- DO ( L° + H)L- .

y w

M = (B+AB) gH + T ] (t) - (B+.AB) gTRO

p..

The moments due to the steady state drag and the horizontal component

of tension for a steady state tilt angle, &00 cancel each other out.

This assumes that

D D + D (t)
0

dD d D (t= b
dt dt

and that the mooring line spring constant in the horizontal direction is

zero, i.e.

Tx()) = KL
K o

Tx (0) = o

3-4
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3.2 EQUATION OF MOTION

The equation of motion is given by

1G4+ b & + [(B+AB Th+ TL 1 (t) =(B+ AB) -gj

2

,H cow AI

3 + -B W W+Ty

bd (W T) gm+ (W-fT )gm aiw

d + [(W I T W Iv in

9+a4 +bO c siflit

bd

V

(W +T )gm + T L
by y w

I(W +T ygm, 2
C -A

The steady state solution is given by

q=C sir>it +c coscot
1 2

Differentiating we get

C C OSG~t C-( siric.Jt

L.L 2 sin(,t c 2 Cos t



Substituting back into the original equation,

-c (o sinGt - c 2 coSwt + ac 1 1cCoswt -ac 2usinwt

+ bc sin wt + bc co s (.t = c sin wt
1 2

Equating coefficients of sine and cosine terms,

2
-cw -ac ci + bc, c

2c 2w + acw + bc 2=0

2(b - ) c 1  awc 2 =c

2
maw c 1 + (b - w ) c 2 o

-aw
= c

2 b____2_

I b-~c 2 1

(b- )2+ w)2 c =C
bb -

22 2cbw (a-w

a - 2  sin(w c

Vc b o2

-1 c
a= t an-
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B2
:I b 2 , 2] + (aw- 2 i cb-} + (aw)2]

2  2  1/2

c (b-(b -w (b -w

2) + 2 2

(b-w) + (aw) 2  (b-) 2

c(b-2w I
c= - 2 2 2

) + (a22

(b-w ) + (aw) (b-w)2I

,I

E ( -w 2 (b+ (a(w) 2

2 C

'2
(b- w + (aW)

3.3 RESPONSE TO SPECTRUM :

The Response Amplitude Operator is given by,

Y = RAO AE)
A

(w+T gmco
y

gI V

(w+ __gm+ T L 2 +2 bd) 2

II3 -7
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The Pierson-Moskowitz double wave height spectrum is given by

-9.7 x 10
4

S(v) - 135 e K W

W5

The response spectral density is given by

R (w) = 2 (w) S()

2 -2 
-9.7 x 104

(W + T) gm 135
R (w) y e V

2 2 + T) gm + T L - 2)2 (b)di og Iv  cu o

v

R R(c) dw
0

In order to evaluate these functions it is first necessary to relate

4 ~several mechanical parameters to the buoy submergence term, H, since the

*- buoy is no longer considered freely floating. The parameters which must be

computed are the new virtual mass moment of inertia, the new linearized

damping coefficient, and the effective metacentric height.

Calculate new virtual mass moment of inertia

I =I +1'
v new new new

I = 226, 797 ft-lb-sec 2

new old

new = old + (AI + .1M d 2

3-8
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new~2 H l [D 4 + + 2 )

[ 24r- 21 2

I' =531,577 ft-lb-sec2 + 35.56 H 1142 + "-- + (3. + -12)jnew [12

UCalculate new linearized damping coefficient, bd

b d 1 7r P CD D(L +( O-Lw 4)H

L = 15.53 ft
w

L = 50 ft
0

L D = 4.77 ft

C = 1.5
D

= 1.99lb-sec2

*ft4
=0.2 rad

br (199 (1.5) (4.77) 1(15.3 + (50 -15.53 + H

b d =0.227 158,168 + (34.47+H)4

Calculate new Metacentric Height

LB ) w (L0  L -L)AB +wp

+ +H

gm =(24.99-15.53)(57169) + (50O 15.-lS.I~B+ 25.41

57169 + A B 7r(4 .77 25 H

540819 + (34.47 +-),1B 2.4

57169 +A.1B 17. 87 (50 +H)
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If the following mooring configuration is assumed

a * 1.0 knot surface current profile

* 2080 ft scope

- - 2 ft buoy submergence, H

. 1 .9 degree steady state pitch, 6
I0

then the following parameters can be calculated to be

AB =Ty= 2290 Ibs

I = 848,047 ft-lb-sec 2

~v

b = 414,072 ft-lb-secd
g 10.49 ft

Using the above values, the Roll Response Amplitude Operator,

Y(w) can be determined and is shown in Figure 3-2. The Pierson Moskowitz

double wave height spectrum for a 30 knot wind speed is shown in Figure 3-3.

Figure 3-4 shows the roll response spectral density to the 30 knot wave

SD'spectrum. Figure 3-5 shows the statistical mean roll response as a function

of wind speed.
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