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Abstract

An analysis is presented of the steady-state propagation of a .

semi-infinite mode I crack for an infinite inhomogeneous, linearly

viscoelastic body. The shear modulus is assumed to have a power-law

dependence on depth from the plane of the crack. Moreover, both a

general and a power-law behavior in time for the shear modulus are

considered. A simple closed form expression for the normal component

of stress in front of the propagating crack is derived which exhibits

explicitly the form of the stress singularity and its material depend-

ency. The crack profile is examined and its dependence on the spatial

and time behavior of the shear modulus is determined.
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1. Introduction.

In this paper an analysis is presented of the quasi-static problem

of a semi-infinite mode I crack propagating through an infinite, inho-

mogeneous, isotropic linearly viscoelastic body. Viscoelastic models

involving both a general and a power-law behavior in time for the

shear modulus are considered.

One of the few investigations of a boundary value problem involv-

ing a nonhomogeneous viscoelastic body was carried out by Walton (1984)

in which a quasi-static punch problem was addressed assuming a shear

modulus exhibiting a power-law time and depth dependence. This inves-

tigation was carried out by first appealing to the correspondence

principle and then reducing the boundary value problem to a generalized

Abel integral equation. An analysis of the dynamic steady state pro-

pagation of a semi-infinite anti-plane shear crack in a general infi-

nite homogeneous viscoelastic body was presented by Walton (1982).

Under very weak assumptions on the shear modulus the problem was re-

formulated as a Riemann-Hilbert problem and ultimately simple closed

form expressions were constructed for the stress intensity factor and

the entire stress field in front of the advancinq crack. The approach --

adopted in this study employs methods from both papers. The corre-

spondence principle is utilized to derive an integral relation between

the normal components of the stress and displacement fields and this

relationship is subsequently reduced to a Riemann-Hilbert problem.

Before proceeding to the formulation of the boundary value problem

under consideration, a few comments on the viscoelastic models assumed

in this work are in order. The homogeneous power-law viscoelastic

model may be characterized by a shear modulus, i, of the form

.'--

. - o°O.o --.

J. 2., 2_...' "c. - -..... . . . , 2 .. ". - . -. -5 .. -.... .. .. .-. - .... ... " . . - , .' °.' . ' " .. ..' . " - . .".-. '.
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t =c(t/tc)-
- C

.. ,,:

where t denotes time, t is a characteristic relaxation time, and

is a characteristic modulus. Clearly, this simple power-law behavior

in time introduces certain unphysical features into the model. How-

ever, as discussed by Walton (1984) and Walton et.al. (1978) and re-

ferences cited therein, the pure power-law model can yield useful

engineering predictions for many real materials.

In addition to the power-law model, a general form for the time

dependence of the shear modulus is also considered. More specifically,

the only restrictions placed on the time dependence of the shear mod-

ulus are that it be a positive, continuous, decreasing, and convex

function of time. Though the solution of the Riemann-Hilbert problem

requires a separate analysis depending on the particular form of the *?

time dependence assumed for the shear modulus, the normal component

of the stress field in front of the crack is identical in both cases.

Indeed, the entire stress field is independent of any time dependence

assumed for the modulus.

In this paper the viscoelastic body in which the crack propagates

Ic is assumed to be inhomogeneous in that the shear modulus has a power-

law depth dependence. In particular the shear modulus p (t,y) has the I-".

form

w(t,y) = Ocg(t) (y/yc)

where y denotes distance as measured from the plane of the crack, y

is a characteristic depth, 0 <y <1, and g(t) satisfies the conditions

discussed above. Again, it may at first appear that a model with a

simple power-law depth dependence is physically unreasonable and

_%7



I. 3

therefore only of mathematical interest. However, as pointed out by

Walton (1984) there are materials whose mechanical behavior obeys such

a power-law model over very broad ranges of time and depth. Though

the materials and examples cited concerning a power-law depth depend- 'V

ence occur more naturally within the realm of punch problems, there

are scenarios for which the power-law model applies to the physical

situations that arise in the case of a crack in a viscoelastic mater-

ial. For instance, boundary value problems involving thermorheo-

logically simple viscoelastic materials with a spatially dependent

but time independent temperature field are of the type amenable to

analysis under isothermal but nonhomogeneous spatial assumptions.

Within this context the power-law model may provide useful insight

when the mechanical deformation associated with the propagation of

the crack produces a significant thermal gradient which in turn re-

sults in a depth-dependent softening of the material. Other physical

situations in which the power-law model is appropriate occur when a

crack propagates in a polymer between laminated materials where mois-

ture has lead to a softening of the polymer material and in certain

instances of hydraulic fracturing.

In the next section the transformation of the governing boundary

value problem to a Riemann-Hilbert problem is presented and the solu-

tion of the Riemann-Hilbert problem is derived. In Section 3 an anal-

ysis of the stress field is carried out and it is shown that the usual

square-root singularity associated with the stress near the crack tip

is altered by the inhomogeneity of the material. A very simple closed

form expression for the normal component of stress is derived which

exhibits explicitly the nature of the singularity and its material

!'-
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dependency and indicates that the usual notion of the stress intensity

factor must be modified. The section closes with an asymptotic analysis

of the crack profile near its tip. It is observed that the displace- -V

ments of the crack surfaces depend on both the spatial and time behavior IA

of the shear modulus. "N

2. Formulation of the Problem.

The boundary value problem to be studied is that of a mode I semi-

infinite crack propagating with constant speed in a nonhomogeneous iso-

tropic viscoelastic media in a state of plane strain. Our ultimate

goal is to describe the normal component of stress in front of the

advancing crack and the nature of the crack profile. If we assume the

crack propagates in a plane about which the spatial properties of the

body are symmetric and along the xl-axis with speed v, driven by loads L

f(xl-vt) which follow it, then the specific boundary value problem to

be solved is

oi j , j  = I < 2  > '-

o 2 2 (Xlo,t) = f(x1 -vt) x I <vt

u2 (xl,0,t) = 0 x >vt < 0

12 1a 1 2 (xl,0,t) = 0 - < x I < . (I) .- '-

Here ij and ui are the viscoelastic stress, strain, and displace-

ment fields, v is Poisson's ratio (assumed to be constant), w is the

shear modulus, 6 is the Kronecker delta, and w*dc denotes the

i-

--: L.L %-
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Riemann-Stieltjes convolution

=*dc f t (t-T) de()- -.

* The construction of the solution of the preceding equations is facili-

tated by adoption of the Galilean variable x = x1 -vt and the change

of variables yl = y, I = 0xx'012 = ax 'U1 = x etc. For the shear

modulus, two cases are considered: I-.

case (l) Pl(t,y) = 1cg(t)(y/yc)Y1 . .

case (2) P2 (t,y) = c (t/t ) (y/yc)Y

In both cases 0 <y <1 and in case (1) g(t) is assumed to be positive,

continuously differentiable, nonincreasing, convex, and such that

P = lim j(t) > 0. It-+00O

A key step towards determining ayy and u is the construction of
yy y

the so-called transfer function, i.e., the function T(p) for which

o (p,O) = T(p)u (p,O)

yy y

where f(p,y) denotes the Fourier transform

f(p,y) = f(xy)ePXdx.

-00

The derivation of the transfer function is carried out as in Walton

(1984). A Fourier transform in x is applied to the boundary value

problem and then we appeal to the viscoelastic correspondence prin-

C ciple. Use can then be made of the known integral boundary relation

between elastic stresses and displacements for a power-law depth-

dependent shear modulus. Specifically, it is shown in Gladwell (1980)

,. . . . . . . . . . . . . . -
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that

u X, 0) [9 L 1 2 sgn(x- t) a 1 (t,0) -g 2 2 ' e (t,O)] Ix-t1VYdt (2)

where ue y a , and a yare the elastic displacements and stresses and

sgn(*) denotes the signum function. The constants 92and 92are

* given by

e
9 12 =(1-v) I cos (7q/ 2 )/(IJiY)

e
92 (1-v) Iq sin (7rq/2)(Tp cy(l+y))

q = [(1+y) (l-yv/ (1-v)) 1

I = 2Y (y+2) B (I2 '

The elastic shear modulus adopted by Gladwell has the form

The viscoelastic transfer function may now be derived by Fourier trans-

* form of (2) and substitution of the transformed viscoelastic shear mod-

e*ulus for (Recall that x is the Galilean variable -V. Thus

* I(t,y) is a function of x and y and p denotes its Fourier transform

C with respect to x.) If use is made of (1), it can be shown in this

* way that the transfer functions for cases (1) and (2) are as follows:

case (1) a yy (p,O) =-K 0 [(ipv)g( -vp)]Iplyu y(p,O)(3

case (2) 0yy (p,O0) =-K [(Vtc r 1(1-0t) (ip)~ PI, y (p,O) (4)

where
ji c T(y+2) cos (yT/2)

K = c .

q q(1-v) I sin (qir/2) y
C



After introduction of the functions
Sivp

Hl(P) = (ipv) g(-vp) = g(0) + e-ipdg(t) (5)

and.

( U a a ict~f sgn(p)
H2(P) =(VtC) r(l-a) (ip) = (Vt C) r(l-a) iple

(3) and (4) may be written as .

a +- =-KH l-Y- (6)

yy YY o i y i= ,2 •(6)

+Here a and ayy denote the restriction to the positive and negative

real axes respectively of ay. Similarly for u and u Line (6)
yy

may be viewed as the Riemann-Hilbert problem

F (p) = -KoH (p) IpI-F-(p) + h(p), i=l,2 (7)

where

F + ( p ) = $ ,0) = (x, 0) e pXdx,
0 yy

F (p) = Uy(p,O) = Uy(x,o)elPXdx,

and

h(p) =-yy (p,0) =f f(x)ePxdx. 5
-000

It is assumed a priori (and it may be verified a posteriori) that

and u are such that F+ and F define functions analytic in the

upper and lower half-planes respectively. Moreover, the limits

o'° . ° - ° . , . - . • . . - ° -. . .V

.............-+. . .- - • ..--" ..-..-.., + .-. .. --i .-i .' , , + ." .-.-+ ....-....-, . . - .. - ., ..'
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*F~ (p) limr F+(p+iq), F (p) limr F-(p+iq)

both exist and satisfy (7).

* Attention is now directed to the solution of the Riemann-Hilbert

problems (7). (The reader who is unfamiliar with the theory of Riemann-

Hilbert boundary value problems may wish to consult Gakov (1966).) TO

* solve

F (p) -K (r,) pi -F-(p) + h(p) (8)

it is useful to consider first the homogeneous problem of finding

*functions 4 (z) analytic for Imz < 0, respectively, which satisfy the

homogeneous boundary relation .-

*) (p) =-K oH (j,) P 'lYD-(P) -(9)

It suffices to solve separately

(D +(p) H H(p)cD1 (p) (10)L.

* and

(D + (p -K p~ l-Y D(p),(1

*for then (z) = )-(z)4)(z) is a solution to (9). In order to solve

(10) it is necessary to determine the mapping properties of H (p).

With the stated assumptions for g(t), it is shown (Walton, 1982) that F-

i) H(0) g g)< Re H (-vp) < g (0) H1

(i) Im H1 (-vp) =-Im H 1 (vp)

ii) arg H (-vp)~~:;

ILI



From these properties it follows that the image of I in the complex

plane of the real p-axis is as depicted in Fig. 1. In particular

HI(p) is Holder continuous for all p on the extended real line so

that the canonical solution to (10) is given by

1 nH (T )
± 1 1(P (z) = exp[2-- - di].2iu. j T-Z

Though the usual methods of solving a Riemann-Hilbert problem

may not be applied to (11), since the coefficient function vanishes

at the origin and becomes infinite at , a solution is easily found

by inspection. Indeed, if

=21Z) c z and ( = c-z 2
2 2

then

+ 1-+(p) = I -Y(p) (12)

c

Hence (12) is a solution to (11) provided that c+/c- = -K0 , and

+(L ) Z nHI (T )  ...

C 4-(z) = c z 2 exp[- 1  d

is therefore a solution to (9).

Before proceeding to construct a solution to the nonhomogeneous

Riemann-Hilbert problem (8), it should be observed that 0+(z) can be

greatly simplified. From (5) and the assumptions on g(t) it follows

that H1 (p) has a natural extension H1 (p+iq) for q <0. Moreover

* **. . ..**.*'-* ....*

.. ~.P. A~ h.' ,. ~ ,->**..**°*

.. .-..-,.-
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i) H1 (±-+iq) H H1 (c)

ii) H (iql) < H, (iq2 ) q <2 q< < 0,
1 2) 2.

and

iii) lim H (iq) = H(0).

Fig. 1 depicts the mapping properties of H (z) for Im z<O0. Clearly,

for Im z > 0

1______ I. 1 ZnH (T)-ZnH(~Tri,. ~~n1  d = n (00) -7r d'. (13)
27r1 1 Tr-z f2ni-

*-00 -C

* From the stated properties of H (p-iq), q >0, it follows that

IZnH (T)-knH (-o)1 0 as ITI +c and hence that the integral in (13)

* vanishes by an application of Cauchy's theorem. Thus

I-Y
+ +

(D (Z) =c z /9- (OT

and

1-y
+ +___

(D (p) =c /9 (0) k(p) IpI (14)

where

1 p >0
k(p) =(15)

e2 p <0. 4.

The solution to the Riemann-Hilbert problem (8) in case (1) is
NO.

C now determined by the expression

F (Z) + (Z) -1 fc h(T)

2 + T-

* * * ~ * * * * ~ * * - * * * * * * * ' *9(- . .



O'-_ V q--F_- rWr WTV 4r W.;-:w

Application of the Plemelj formulas together with (14) and (15) yields .

F+p(p) = hp) + kplpl hCT) dT (16)
2(i f 1-Y T-p

-00

k(t) ITI

Attention will now be focused upon case (2), which corresponds

to the power-law time dependent model. To solve

F+(p) = -KoH2 (p)pI lm YF-(p)+h(p), (17)

a solution to

" + (p) = -KOH 2 (p) IP 1- T- (p) (18)

is sought once again in the form T+= VIf where

T +4 (p) = -(vt c) 'ral-a) {p 1l+-y T- (p) (19) 5-,

and
+ i4 sgn(p) -

* '2 1p1 = e T (p). (20)

Problem (19) may be solved as before, producing the solution

C (z) c z' 1+I 
.,

where

c/C= -KO (Vt c sr(l-a). (21)

A solution of (20) may be constructed by defining

a (z) = nlz) 0 < arg z < 2,.

and

• (, It:... . .
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8(z) = Ln(z) -w <arg z< i,

z " p+iq, and setting

6 (z) = (ct-(Z) + 8 (z))/2Ti (22)
+ +

where a, denote the restrictions of a and 8 to the upper and lower
half-planes respectively. Then 6-(z) is analytic for Im z 0 respec-

tively and it can be verified that

+6 (p)-6 (p) = -sgn(p).

* Hence

T 2 (z) = exp[-ia 6(z)]

provides a solution of (20). Thus a solution of (18) is given by2 7r
T-(z) = c z exp[-ia - 6 (z)]

+ +.. .
where c and c- satisfy (21) and 6+ and 6- are defined in (22). The

calculation of a+ (p,O) requires that T (p) be known, and it is easy
yy

to see that

p 1+a-y -ia S +(p) 1 p >0 .v+(p) =c+lpl 2 e i(~-)"

r e~(+Y p <0

/2~ 1 p > 0  1 p>

where k(p) is defined in (15).

. . . . . . . . . .-. ' .,

.. ... . -. .; . ,.- ". -.'- ". *." - " " ., " ,.."e'.. " .. A ".~ "":"€;,' 5 . . .I ".i ; .. _ .:.;€""". €"
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Thus the solution of the Riemann-Hilbert problem (17) is

F-lI Ylz 1 hlTl dT
F (Z) = 'Y(Z) 2,fiJfo T+(T) T-Z'

2 OD

Again, making use of the Plemelj formulas and (23) it follows that

for case (2), F+(P) is given by (16). Since F (p) C + (p,0), it is
yy

clear that for both cases (1) and (2),
1-7 Y -

8~y(p,O) = h(p) + k P "- (24)2-,,i T-p 1 4 ::.,

k(T) IT I

Denote by fv the inverse Fourier transform, that is

1-1-i.;-x
+) xP (P)dPh dp.

fVyy - f

sinres inp frn -oypf the rienerinc14kyed for bot case (1 ad(2.npatiu~LPLJ"p.. dp.

*Again, it should be observed that (25) gives the normal component of '..

*stress in front of the crack for both cases (1) and (2). In particu- -..-

lar it is clear that the stress depends only on the spatial properties

exhibited by the viscoelastic shear modulus. In the next section,

(25) is written in a very simple form which explicitly displays the

C nature of the singularity of a yy (x) near the crack tip. Futhermore,
ypethe crack profile is examined. ..

.,

,* '". . """"""""", . . ,"-'"+. , . -"-.t ". . . .,+.".".-" ' "--. . ''''', .- - .'''+" . "",, .". . .- ,.".'
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.b

3. Stress and Displacement Analysis.

In order to analyze a (x) for all x >0 the following well known
yy -I..-

identity relating the Fourier and Hilbert transforms is recalled:

H[f] -[-i sgn (T)fV(T)IV (26)

where

H f Ifc-1 f (t) dt.7fr= t--T

Define functions a and 8 by

1 1 - klT)sgnlT) -' -=jg 4 1 +7 (27)""""

a(T) = 1(2)

k 't) , __0

with k(T) given by (15). From (26) - (28) and the definitions of

h(p), the expression for a (x) given by (25) may be written as
yy

1-y
C 7

+ (x) =-1x' k(p ) H 81(p) dp
yy -i --

1-Y

1 d -ix k(p)jlp( y*) (T) A(p) dp= i- [s e i  
[i sgn (T)(()( ]p)dp

TTF ax(p yy

i d

= 3 X(1(T) [sgn('()( .y *0)(r)]p(X). (29)
-.. :-.b

-_________________________~.2§ .
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(Here * denotes the convolution (f*g)(x) = f(X-T)g(T)dT.) From

(27) a(x) is calculated as

2 rct(x) = r - l----y d.

-i 11-Y)" ."-
r(l- e [1e i x >0 _

- 1-7 . ~30 ).. .
2 l l-2 - 0 x <0 '-. ...!i

Similarly for B (x), --

1 -ixt . .
a We - dT

k( (T I-T 1 -2

r 1 ) e- 1 + 1 [i+e i ffy] x > 0 "...€..
( 31 ) <

By utilizing (30) and (31), interchanging the order of integration in /..

(29), and simplifying the coefficient, the stress for x >0 may be --

written as

+ x)--s) d sgn(T) -.i
ay 2W ay ( -s)I+_ dT ds.F-

s(x-T) 2(T-S) ",".2

After setting T s+t(x-s) and performing the differentiation, the .. .

normal stress ahead of the crack is easily seen to be given by .. .

-.-..
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1-7, 1.Y
+l~ Cos (Y 0o

_a a- (S) Is I i-, x >0.
"TX yy) (1y)/ fY' (32)

-00

In view of the simple form of (32) certain observations are

apparent. By setting y=O the expression for the known stress in

front of a uniformly moving crack in a homogeneous elastic body is

recovered (Willis, 1967). Near the crack tip, as x -0,

+  ~K(X).ayy (x) 1-y)/2

where

K(y) . J- q .( ds. (33)

The effect of the parameter y is to reduce the order of the usual

square root singularity near the crack tip. This seems physically

plausible in view of the implications of a vanishing shear modulus

in the crack plane. The coefficient K(y) in (33) may still be called

a stress intensity factor in the sense that it is the coefficient of

the leading singular term of the asymptotic expansion of the stress

at the crack tip.

To illustrate the behavior of K(Y), consider the case in which

the crack is driven by constant tractions on a finite interval travel-

ing with the crack tip, i.e., yy(x,O)=-P[H(-x)-H(-a-x)] where a and P

are constants and H is the Heaviside function. Then

• I



* 17

1 -Y
* K(y) = a) c

y). 7r

We conclude this section by examining the normal crack displace-

* ment. The calculation of the displacement of the crack faces is ted-

ious, though in principle it is easy to construct an expression for

uy(x,O). In particular, from (6) it follows that
y

^-1 1 P - (p, 0
Uy(p,O) = K [H (P). I yy

and consequently

Uy(x,O) = [(H (P)Ipl' )  1(x). (34)y~ o [HlPIIl)*yy

This calculation depends heavily on the explicit form of the time

behavior of the shear modulus. Even for the power-law model, the

Fourier transform in (34) can only be explicitly calculated for cer-

tain ranges of the parameters a and y. A more efficient method of

analyzing the crack profile and deducing the effect of the viscoelastic

and spatial parameters is to examine the derivative of the normal

displacement.
C

Consider first the power-law behavior in time, i.e., case (2).

From (6) and (24) it follows that
T..

-ic2sgn(p)A G yy k(e) I h(T) dT
U(p,0) = Coe I +ay-7 2 - - --P" "

u( 3 5) '

where "2-:-1 - .

I~r l- I .(.)IT,

(35::):5
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q (1-v) I sin (E-) yy
C 2 c C

Three cases need to be distinguished; case 2(a): (l+2cx-y)/2 >1, N i.

case 2(b): (l+2ct-y)/2 =1, and case 2(c): (l+2ct-y)/2 <1. Note that

for 2(a) and 2(b) it follows that ax >y while for 2(c), ax >y and ax <y

are both possibilities.

0 Multiply (35) by -ip to obtain

u (P) U(p + U()(36)

where -ITx-snp

-iCoe
U1 (p) 1 1c- sgn (p) c (p)1 yy

and

2
U2 (p) =a -0 k(p) sgn(p) H [-a 8y 1(p)

with 0 defined in (28).
C

In case 2(a), uy,x may be obtained by Fourier inversion of (36).

In fact for this case it is possible to write

131(p) =r(p)a yy(37)

and

U2 (P ^() Sn()(Yyy

where



* . 1~~.~.~ ..-- o ' --

C 19

-C r (1-a+y) 1 cos(Y' x >0
r(x) : iI cos( +a7r) x <0

and
(3-2a+y) ' -

-CO  0 >
S(X) = 3-2 a+ i7i(j-a) -ii (3 a)

2rlxl I e [e + e x <0

Hence one obtains the following expression for the slope to the

crack displacement,

,(, ) yy(U)r(x-u)du+i Oyy(U) sgn(w)s(x-w)(w-u)dwdu. (38)

-W -00 x

To discover the nature of the crack profile at its tip compute

lim u This yieldsx-.0 y, x -.-.

C r(l-a+y)cos( 0u
U ,(0- ) = (u) U)
Y-X lul1 -a+y

(39)

- 3 -221)r (L4)[cos wa+ osT(-a)] a (u) dw du.

2 7 0

Since

dwL r(l+y-a)r( 2a-l-y)u

S(9 m b sh(0)()

(39) may be simplified to show uy,0- = 0. Thus, in case 2(a), the..-'-.-
y-x

crack surfaces close smoothly to form a cusp, in spite of the presence

~ ~ . ,.~a .a: ~ .* . -- . --
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of a singular normal stress.

In case 2(b) the crack tip is no longer cusp-like but the tan- F

gent to the crack tip has finite slope. It is apparent that for

(i+2c-y)/2= 1 (37) is still valid while

- sgn (p) """

U2 (p) = C e k (p)sgn(p)H [-ayyB](p).
2 0 y

In this case Fourier inversion of (36) yields

uy(xO) = oy(u)r(x-u)du -

- 0 (40)

- f r ~ a ~ s n ~ c t r r )

Co eip(x(u)) sgn (uw) )y dwdudp.

From (40) it easily follows that the tangent to the crack tip has

finite slope, corresponding to the crack faces meeting at a sharp

corner.

The case of a homogeneous viscoelastic medium with a power-law

time dependent shear modulus corresponds to y = 0 in cases 2(a) and

2(b). In case 2(a), a >1/2 and the crack profile is cusp-like, while

for 2(b), a = 1/2 and the crack surfaces meet at a sharp corner.

These results agree with the findings of Walton and Nachman (1979).

In case 2(c) the tangent to the crack displacement becomes ver-

tical at the crack tip. Formulas analogous to (38) and (39) can be

derived by Fourier inversion of (36). However, the calculations are

lengthy. If an asymptotic analysis of uyx is carried out, the nature

of the crack profile is more easily found.

.

S% ......... .. . .. . . . . . . . . .~ ~ 2;jL ~ .• ... - -. •
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If a >y, U1 E L (JR), otherwise

Cof(0) -0Lc- sgn(p),%"%
U1 (p) -IpI+- e as Ipl - (41)

To determine the asymptotic behavior of U2 at -0, first use the identity

1/(T-p) = -1/p+T/(p(T-p)) to write

yyg _~ -1 hT) dt + G(p)[-$ ] p l-o ...--

-k(T)ITI

( 3+y
where G(p) = 0(iPl ) as Ipl-I From this it follows that

-ict sgn (p)
C0e k(p) h(T)

U2 (p) d +2-yd

2-:-:-o-WI-I k(T) IT

and hence

( dt 1 e p) •1 (42).
2 - +2-y i(l+ci-)

k(T) IT I Ipl e p .

From (41), (42), and the Abelian theorems for the Fourier transform,

it follows that the dominant term in the asymptotic expansion of y1x

for x near 0 is given by

y x 7 J2t-y P(+a-y) -ixp
- o TTJ0  e d+ e el- dpu - -dTI dp + -- r+ -- Y- dp

k~ -CO 2

k• i.+ ° -
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C 0 1-2 + ) 1+O 0 a y (S )

_T r r -2)PO4 [Cos 7T+ Cos 1 (ctY) --. y J + ds1I 2 -= isl-"

(43)

The purely elastic result is recovered by setting a=0 in (43). The p.._,
homogeneous case is then found by letting y -0. This yields that for

x near 0,

(1A 1 -y(S) i_:
(i-_ 1 0y ds,Uyrx c  1x/2 is1/2

'c lXI f0 i I
-t

which agrees with the previously known result (Willis, 1967).

From (38), (40), and (43) it is apparent that the crack profile,

unlike the stress field, depends on both the elastic and viscoelastic

parameters y and a. The larger the value of y, and hence the softer

the material near the crack plane, the greater the crack opening. The

effect of the viscoelastic parameter a is to reduce the crack displace-

ments. In particular, when the viscoelastic effects are dominant,

i.e., cases 2(a) and 2(b), the blunt profile associated with a verti-

cal tangent at the crack tip is transformed into a crack opening that

is cusp-like or has finite slope.

One final remark is in order. The simple explicit expressions

for uyx given by (38), (40), and (43) cannot be obtained for a general

time-dependent shear modulus. However, given the monotonicity and

smoothness assumptions discussed previously, it is not difficult to

adapt the methods employed for the pure power-law case in order to

prove that a vertical tangent at the crack-tip is predicted by the

more general models.

. -.
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Figure Caption for Figure 1: Image in 4of H (z)__

CFig. 1 Image in of H 1 (z)
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