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On The Isomorphlsm Between Gauge Groups Before And After Q:

Renormalization In The Presence Of Abel Subgroups And Higgs Fields f
Rong Wang

Graduate 3chool, University of Science and Technology of China) !_

ABSTRACT

We give a rigorous proof on the isomorphism between gJauge qgraups L
before and after renormalization, in the presence of Abel subgroups

s L

and Higgs fields.

I.

The gauge groups which contain Abel subgroups (The W-5 model is a

RO - o
I

special case of these groups) are more complicated than the gauge
groups which do not contain Abel subgroups. This complicated case was
never discussed by 't Hooft and Veltman [11, and by Lee and
Zinn-Justin (21 in their early renormalization studies. Later,
although Ross and Taylor [3] studied the renormalization of the W-S
model and the gauge invariance after the renormalization, their
discussion was not rigorous. In fact, their results were accurate
only within two orders of perturbation. By using the identical
equations of Slavnov, Julve and Tonin .41 found out that gauge groups E;
before and after renormalization were isomorphic even in the presence )

of Abel subgroups. Their method is very similar to Zinn-Justin's

discussion where the Abel subgroups were not presented.{51 But this
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:

method, as pointed out by 2Zinn-Justin {51 and Taylor ‘6., requires a ;;3
strict definition ot SY. Namely, £or each order (i.e. each n, n
represents n loops), S°*SY=0 must be satisfied. To ichieve =hiz

requirement, S, after n loops of renormalizatisn and 35, after n+l

loops of renormalization should satisfy the following relation: e,

5‘;.0' - S‘,‘, - r le (S‘:) -~ J\' ’.09)).

<. \®+})

KE Here, (%-S+-LA,+§;,+—;;] , which replaczs S+ A viu+df) | i35 used :
9 to calculate T and 7", where 7 is the loop number parameczer. :. 7" ’
il represents the high order correction with order higher than (n+2). ?Q“

However, how to define E: 0of each order n and how %o de*ermine the
high order correction 0(7'“) were not very clear in this method. This

also was not clearly described in the paper of Julve and Tonin. This

vagueness was later cleared up by Lee 7! who was able to determine

the relation between S, and S{. 1In his proof, it was clearly shown
that, for each order of n, s rigorously satisfies E,,

~

S¢ x 3% =0
In this paper, we will modify and improve Lee's method. Wwe will ?ﬁ5
give a rigorous and clear proof that the gauge groups before and after
renormalization are isomorphic in the presence of Abel subgroups, and féii
that for each n, §% rigorously satisfies S°*S:=0. iif
II.
In this section the Slavnov's identical equations in the presence
of Abel subgroups and Hiqggs fields will be derived. The gauge group

can be expressed as GC=A58, £

where A is not an Abel subgroup and B is an Abel subgroup. Without

fermion field, the Lagrangians which are invariant under the gauge

PP AL SR P U WA YR W VR R T
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transformation can be expressed as s
LA, B,S ) =LA+ £ B, — Lo = arGe, :{-\;‘_}.:
2 %
. 1, , €
Lol == _4‘ \On‘i: — O, T A'/‘:."‘.:"‘.; s :‘K‘:'
z’...;b_]=-—%(0_1:,—6,8,_)’, -
. ‘ i -, . LN
(Do) = (0. = Tgit- Al = Ty )s] : 2
where A; is the non-Abel gauge field, B, is the Abel gauge field, s. 1f
and s; are the Higgs fields. We also choose By
3

V(sts) = (s35,),

3
In the W-5 m.321, £or ol veo 3
‘1--“1:—_(¢’1+up,), s -l (pe —
\/2 4 E Pa ““J)!
S . 1,
N = (¢ — 1qy), 55— (e + 10y,
v 2 v 2
7', 7% 72 are Pauli matrices.
The gauge fixed term of the Rg gauge is
1 . | I 4
- -2‘ §,C1) — B s§.C8),
where
- 3 1 Qv ' e + 0 -
C —”' i. + - "‘,‘:(841'")‘—4({‘;0“) (n*—‘l, v 3)
;‘ 2 'V/ 2
. 1 g'v - .=
= 9.8, = T g',,_ ;— (Jut?l“( = ik ri/‘sn).
8 =
These expressions can be rewritten if the gauge is expanded into the
general case of one gauge only (includes the Rg gauge)
C e FA A, + c¥y + 38, 4t

C'-F:B'+ (:ak’f‘(:*‘i:_
Since this is the more general case, it is not necessary to be
confined in SU(2) and a is not necessary to be 1,2, or 3.

The gauge transformations are:

o - 1 ..
A= Al = Al — — (00 — ylud’ L),

Ba—’B;"‘B,* 0,0,

1
:

B S e e o
PR P -,
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and =, —

It ngAf, 6=g'aA, and the simplified functionals are usa2d, then the

above exXpress . .ons I3an 2e I2wr . TIien s

A= A, = 4, + (&% + g 1,040,

B,— b. =K, + a4,

‘. 1 - Y
S > 5, - — ; (gTimi%m + g'dsy),

’ H N
57>l -+ ':(84:-’:-11.*' glh),

-

Some symbols are simplified as below (x,8 are the space-time indices;
a,b,c are the group indices of the non-Abel subgroup; / ,m are the

group representation indices of the non-Abel sub

A= A2, A= —3,5(x, — 1,)5.,,

where the i in the left hand side represents a,«,

hand side; the b in the left hand side represents b and zjin the right

hand side.
By = Jesc8' (5, — 13)5‘(‘- — 1,084,

where the i in the left hand side represents a,a«,
hand side; the g in the left hand side represents C’P' and x,

right hand side; the b in the left hand side represents b and

the right hand side.

Similar to the previous expressions, we have

A-' - "'6,8‘(:, - ’;)9 r.‘m - ff..5'(’. - x‘)b"(x, - X,)_

Same as in Ref.7, there are the following relations:

lt‘, f.] - ’dr"’

A T A = fare T

[——'z—r‘,—-—';r']-’»c(—"z‘r"

At aiafaAda VIR S AL AR DA A0 RiNCRN

and %; in the right

and z; in the right

l‘, q
2
1.

l' l. "

.
.
N T,
a
.
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These relations do not appear in the Abel subgroups because the
structure constant is zero. ©Now, from Egs. (4) and (5) we have

. : I3 \ asyr b ,:*rb
FR(a® -+ gihA,) + cf (" ‘7‘8’;(’() T 7T S 8 X u/}:

—ML= e

(e

R : P . (L ' .
—\y= DD -t &—--;gn)'* uad 3 £ 4 )’
A

! . l+/_‘;_ g
_\1;_%E”_}.‘EA:-{-C?\-__;'K“)*—“ (725: ))
I3

. b ’ ' » e _l_ I’Yb ).
—M= g = ‘2""““) (g eith

There are two sets of F-P fields needed to be chosen. One set

is

~1

Uyr Uy

which is corresponding to the non-Abel subgroup; the other set is T,

u which is correspondina to Abel subgroup. The zauce compensated term

: should be Loy — uMbs A u MO WM + uMu, -
' - ——E,F:"(A.“ -+ glf,.f,)lu "‘
— o, —‘Z‘Sfiut Ty — 7w, —2‘ SJ:TL fuy, —wFEol
' —L,u\—ég”)u——“'ﬁ(z—‘u,’)u
e _ b
—:',u,('—Tgx,)u—r,“"u,(—g;f)u R
- 2y ——-gr‘“(/\ u, — iy \-;—‘u:r: }u, .
' Let's take A
S = lA]+ <.l8,] — % (Ds, Y — AV(s+.0
-— 1 A8 \2 1 I3 F} o
1 ?§4(C ) -—;sn(C » L
) < C
+ (Kt~ FRE)% + g d4)uy + (K2 — Fla 22, k-
+ (K] — 3, — c2u i —%f":t‘a"o-%"’uu‘
‘ + K = e, — 3 ( L gt + g ) G
1 F
+ =L fa,u,, 9 S
2 RN
AL
3 b3 R4 :.‘\:.‘.
. where K:,K,,K‘,K, fU, ,Uy,U, and u are mutually anticommuting. In thls T
y PSRN
4 r
; case, the B.R.S. transformation should be (sA is also anticommuting ko
, 5
-
. “ ...‘
J o
: 5
. . . B
PO GO P G NN ¢LuA.;;L.L;*i;. -L};}_ )
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with respect

According t.

B.R.S.

equations which are satisfied by s® can

sk

functional [ .
d(a)d(u) is i

identical equ

Egs.(1lla) and

to

transformation of Eg.{10}Y.

can be used to derive the

etc)

K, u,u,....,

NI 3 1] A -
A, =AY g, u,84, 3B, = (224 S4,

., ==

’ . . .
' ETaaMy T g g A,

to |~

5.:;. ==

(gsxtim, + glilu)bi,

|-

By = = = gluspu.Bh,

Su, =S (F*1, + gy .l )84,
Su == -

Bu = S, FIB, + clay + <20 )6A,

ine Zalculation, the s® in

Fr-om thisz, %he

be derived

65% 3¢ o3 83* 83t a3t 85 83t o3t eS|
- - by r
okt 84, 8K 8B, 08K 3 BKiT8 8L, 5,
g 08 w08 88 e
K 3Ki .7 AR
N oR oK Y
SV . . Y
3K2 5K} 8Kt Su
= +?""((‘“)z+—i‘§.(C”r.

(perturbation)

Slavnnv

1nvariant under the

idanticmsl

vertex generating

Since the integral volume element d(A;)d(B,)d(u,)d(u,)-

nvariant under the B.R.S. transformation,

ations of I can be obtained

8 sf _ 8" 8 _ sf 8 _ o ol _ &I &
5h' 84, S8K) 8B, 8K, 8 ON{*8 8L, 5u,
PP | PN PN | S |
LT N 5K] 3Kt 8u,
~pp 80 _ aof _ a. 80 el _
8K oK BKi*  bu
Fal o ;- ELCHY + L5 (COR,
(12a) can be simplified into
- o
S*S"'-U, r*r_u.

I

the Slavnov

lik

11

110
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\ III.
I Correspondinag to the Slavnov identical equatior: S.ooand (12,
' the opeziz. . . o defined b
& -G+ £, ;
) DN SO L S o SN . S )

KL) L 03" 8
SN 84, OK) 8B, 8K 85, SN* 8 5L, ou,

= (A5 + gt A u, 4 4 Alu BZ

84, -
: [ s -]
Tl = —gripsguy — — g5 ) ——
I K 2 e 2 ’ 6)‘,
, s ) ) 13b
+ (_ Lt 3 “r [ 1 ] J
2 Box Ty + 2 §uu ) a"' + 3 gf.-n“"k 5:‘4 ’
b3* 55+
- 8 4 [ M) 6__’_2_ 8 - SRR 13

84, 8K* 85, 8K ' 8 8N] 8t SN | bu, 5L,
They also saticss the £z21llowing relations
&y So=0, ¥+ ¥ =,

S0, . &G =,

(Similar to the case of Ref.7, é; does not appear in the above
equations. The only difference is that some u terms appear in our
expression but not in Ref.7. Since they always show up in the forms
of uu+uy, (=0} and uwu(=0), they can be eliminated.)

Now let's start our proof by the method of induction. First of

all, we assume that n loops of renormalization has been done. The
bare S° after n loops of renormalization is defined by §: (equal to Sf
. of Ref.6). It rigorously satisfies the following equations
3 $x8=u,
N e 8y, Cw b BY, 8%
s SN TN BTNE o“‘_u’
. —FEO: w03 e 0% s 15
¢ LIN- T TUR P
The first equation means that sf, after n loops of renormalization, is
8
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invariant under the B.R.S. transformations (This is true for n=0,

where s°,=5%). after n loops of renormalization, the B.R.Z.

LELY

mutiaL Ly

)
~
]
W
4
b

transformatio-- === < fany W'e and [ o T o0

anticommuting o

= o ; = L 84,
21 = e O SEINY
N A
5, - 02 84, 8;! aL,
SA SA,
TN\
b, = — P2 84, bu, = §.,C 84,
5L
bu = u, Bu = 5,084 0

.2. transrociwzion of Eg.(16), the

cr
T
1]

to
A

Since S9% is invariant under

R

ad »~f 27 muzst satizicy the Zlavnoes

0}
i
i

calculated [ by 2s3inag 2, inst

identical equations. (There is one condition that the integral voclume

element must be invariant under the B.R.S. transformation of Eg. (1l6).
It will be proved later that, after the 3°, S.,,... etc. are

determined, the sum of the Jacobian diagonal terms is still zero. So

the integral volume element is invariant under the B.R.S

transformation.} This impiies chat
[x] =v
i st L 3T e 5T ar -y,
" 8K 5K dNT du
i a i of .
Y R O L5
8K?2 3K TN - ™
Here [ can be expanded about the loop number’at first s® s replaced
R
by £8%): -
Y3 Foam N T
18

According to the assumptlion of induction, [ ,fi,...,]i are aill
limited, and E“ starts to become divergent. This divergence is a
general divergence of n+l loops. The divergences of all subloops
(less than n+l loops) have been eliminated. According to the

discussion in Ref. 5, the divergent part of 71, is expressed by

USRS S ¥ S S PP AP U W G ST VI WP AP W G 1P 5. LY W L G W D LI A WHE W VR DR T YR S T G P S CHPC AT Y




[u iv(ss) in3d must satisfy:
nes) - N .
F oo (So)*3"+ 5" *«Tdv () =(s,+ %)l d (5, —.
. 1

.
Lhs tevri (sl

’

L b . -
—.",‘ —: "’A‘,‘ L’ '_‘Lf-' *8‘ —’5‘;)’ dl\'(s;/'—‘.,
5K 8K; BRIT By, aed
. . ) o . b [ .
(T — el T e = =T an (SL) =
' .1 5K K}t Bu ws 19
In order - e2liminate this divergence, we must .. 31 cut the complete

sclinins of [div (S5) which satisfies Eg. (12

(net)

It should be noted that $/s4 does not show up both in the Slavnov

identical equations and in %, and ¥, . Therefore, there are three
kinds of solutions. The first kind of solution is without F-P field;
the second kind of solution has ujand =, 'alss can have u and n); th=

third kind of solution has u but not U,. For the first two kinds of
solutions, the proof of Jaglekar and Lee .8:. is still applicable. 1In
other words, the local complete solutions without F-P field and with i,

and U, should have the form like:
GlA, By sy st o+ S 7 Ay By s, st w6, u, N, L),
20

Although expression (20) may contain the third kind of solution (see F
of Eq. (30)), it can not contain all the third kind of solutions. The
complete solution of the third kind will be discussed later. Let's
first study GfA,B,s,s*J which is a gauge invariant functional. Since
f is a local functional with dimension 4, and only X:w-A:', Z... By,

- ﬂDsq‘, and V(s*s) are the local gauge invariant functionals with

dimension 4, so the general form of G/A,B,s,s’ ! should be like:

G[A)B")J'] _a'(e)-(/m'lAi] + a’(b):{’,.-lg’]

— o L 10nit ) = VG 21

(use the minimum renormalization, e=n-4)

For 4, 4 is the operator of Eq. (1l3a), and ¥ must satisfy the

following requirements:




~

(a) The F-P charge of % is +1, the F-P charge of [ is zero, so

the F-P charge of ¥ should be ~-1. (L,:-2; K,u,,d:-1; A,B,35:0

~e
[

R B
PRSI A

(b) The dimension of ¥ is +1, the dimension of f is 4, 50 the
dimension of ¥ should be 3 (K,L,:+2; C* ,c™,c? ,c :+1).

ic) All the indices of % are contracted, all <he indices orf r are
also contracted, so all the indices of ¥ should be contracted.

From these three reguirements, g only has seven terms

3

KOALKEE LN GRS K dime R ree)™)s Ki(d % + e*c?), Ly, which contain K and L,. No

- 1% i 4 - v -
et <'zr ' g

oo -a an

vL

. R - - ’u . A e -
1 ZeTzlos 2f the wislati-ono

tirngle Rerm 105 Tontain

n

of the above three requirements. K}t® t® A, will come back to K:A;

€ Cef TIR TR
because of g;151~C(G)5;Q. KitlaThes will come back to K/ s, because

N . . -7 —
of Timth¢ ~ C(R)5,,. 5ince the propagators satisfy SgSe = 0, 3p85,= 9,

S.3¢ ¥ 0, both K;s; and K?%, are excluded from ¥ .

A

(d) Due to the last two of the Slavnov equations (19), K;A,, KfB,

1

, Kfs, , and K's’ have to show up with U, and U in the following
4 { @

/ [4
forms: ) _
(RS — 4 Fra,, 22
(K! — uF2)B,, 23
(K; - (1‘.l;. bl f[’u)!‘, 24
(Kj* — ¢, — efradsr, 25

Besides, there are also some other terms which satisfy (a),(b),(c),(d)

and contain K; and K, . They are:

(Ki— ¢, — cla)dlmca® + el 26
(Ki* = i, — Fa)(ded + evel). .

It can be seen from the perturbation theory that d®" and a% are the

*

group covariant constants, e’ and e are constants. Since the




r,.-rv_q':_,f
LR A et .

propagators satisfy §,5* % 0, 5,5, =s's; = 0, K, only multiplies with

4”7 and c;°, and K,” only multiplies with c2* and c?.

c

The term, which contains L,, is not affected by requirement (4}
and is still

L,u,. (~™

I1£f % is operated on (22), and (24) to (28), then as mentioned
before only the second kind of solution (contains u, and U, or u and ;;f
0) will be obtained.

I1f ¢ is operated on (23), then the third kind of solution which
contains B, will be obtained. But, as mentioned before, expression
(20) does not contain all the third kind of solutions (i.e., for the
Abel subgroup, the solution of Joglekar and Lee is not completed).
Therefore, the other method must be used in order to find out the
third kind of solutions.

If the perturbation is on SR,4F must have the term of-ﬁ@fafu
(i.e., the uu self-energy term). According to the third one of the

Slavnov identical equations (19), this texm of f should have the form

like

~ (Kg - GFS) a2 u
At the same time, 1f the perturbation is on cfﬁs,u, f:must have the
term of1~c:Gs,u (the ﬁslu vertex of the renormalization). According E;J

to the last two of Eq. (19), this term should have the form like

~ (Kj—= c*u, ~— clu)su,

Similarly, [ should a.:so have the term like
~ (Rt — c*™ta, — c}'a)iju,

1f ¥ i{s operated on all these terms, they will become

TS SR R ST S S PN PR vk ik |
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‘ (K2 — aFD)aty = 2L a2,
3 8B, s

o [(K; —cu, — ! u)( )g':,n

+ (K" — ¢f**u,— ¢! u)\ )g:,u]

R AP BT 80w (1 .
_8;, ( 2 Eft“)'f “BTKE'EI.“\.

Sincelgﬁ;, is invariant under the y(l) gauge transformation, it is

zero iZ ¥ i3 sparatad -n RER
Therefore, Eg. (29) is also a solution and should be the third kind of F?
solution. However, it can not be written as in the fcrm of (20). .
It also should be mentioned that ¥x(23) is the only third kind ot -
solution which contains Qﬂ, and that (29) is the only third kind of ié:
soluticn which does not contains B,. For the former case, since only o
& 8:?" B, = O:ZZLA-'“ can cancel out
& (K2 — &F, )0k = _Qi%l;- Alu h
, but not the other funzs%ional 22 3,. - ;;,
@ x (23) = f’%;%‘— B, — (Kl —aF2)a
is the only third kind of solution* which contains Qﬂ. For the latter E%ﬁ
case, since the F-P charge of u 1ls +1, when it shows up in‘f it must o
be the combination of Kfu, K/u, K;"u, Gu, G,u, and L,u,u. The

dimension of I is 4. Although the dimension of L,u,u is also 4, it -

should be excluded. This is because the form of L, u,.... can not be ‘
obtained from the perturbation on L,f,,  u,u.. Uulu and U, ud,u which }:1
have dimension 4 also have to be excluded. This is because uu=0 and T, 5%.
Ua=0. 1In fact, according to the last two of equations (19), T,u,qu igz
only can show up in the forms of (K -c;"U,-c/@)y,, (Kf'-c;"‘ﬁg—c;'ﬁ)u. ’gz
, or (K/-G,F™ )u,multiplying (K’ -¢/* T, ¢/ Thu, (K" -¢/** T, -¢/ Ty, or L
* cee F of Eq. (30)
S
;
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(K:—ﬁuFf')u. Because of this, the dimension will be more than 4. So ﬁ;y
$ they should be excluded (here there is no perturbation for the vacuum :f&
e
spontaneous symmetry breaking). Therefore the solutions, which F'
satisfy the last two of the Slavnov equations (19), have F-P charge o= t;i-
zero and dimension of 4, are consistent with the perturbation, have ;ﬁ;
all their indices contracted, and do not contain B, and u, but contain !ﬂ{
u, only can have the following three combinations (A; has a different o
index and can not be included): :
~ (K2 —uFh)als, i
~ (K} — G, — cPid)su, Y
~ (KT — e} u, — cudilu, ”
(The reason why K;s; and K;'s, do not show up here has been discussed N
before.)If the three terms above also want to satisfy the first one of [;j
the Slavnov equations (19), the only possibility is that these three }EI
terms must combine themselvesinto the form of (29). So, (29) is the ~j§
only third kind of solution without containing B,. E(v
V. =
All the independent solutions which satisfy the requirements of :”f
[diy (S?) have been found. They are (from (21) to (29)): .
A=Lnld),  B=LwlBll o
C = — l—[D;,l’, D= V(') ‘
2 E‘ _
E = & (K¢ —a,F")A, £ =
- 0 g (KE — G, F)atus,
o ' Caes
F = (K2 —GFDB, = 20m B, — (K —GF2)ake, .
3B, -
G = F(Kj— cfu, — clu)u e
s A i T
- 5‘% s — (Kt — e, — ¢)id) k" "2‘ BT — PR ““)’ ."'j:.
H = $(KF — cfi, — cl*a)i o
- @; st~ (Kt — c*u, — c:"ﬁ)("': girTaM, + ‘%2'57")' t'
[ Th -
] = F(K; — cru, — FuXdlucd" + ec!*) ot
o
1§
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oK
- 55 (et + '),
]

J =GP — o5, — Pa) (e + e*cd)

oR
= s et
a7

o ] . - I's
A Fi L, -— L., - 4,y
- ou,
ok
Lo
Su 30

For convenience, these twelve independent solutions are

rearranged. They become:
3 IR NS s
B e T - Ky
28 2 Y 5

A K= T 2 og L, TN u, bu,’ :

.3 X S

-1 o 0 L = ; 31a

2 S 2 I PP _

(It will be zero it 1, & g 9 operates on the terms containing ga, :fd
ad pd -

) B €]

. ©ACh N
___g_d_-*___l_(gg 4wl suls

2 8B 2 9 2 ot bu ba )

x o 5

-+ _l_ ‘-‘l §§ _‘_, ‘.‘l¢ 85. . ;
2 &c? 2 8} 31b

operated by B, ¢ _ ¢ o,
2 8B, 2 &g
85" s 83 1 (,., & 5 5\ =
C+2mie®2 400 00 2 (s T oo + P 2= )3
8., 2682 2 ( "Ny ! e ‘64'") 3l
1 e 8 ar O e 8 0\ =
e T T e SR T AP K
2 (\ T ‘i 8¢ ! 8:“') ’ 31d
D = V(s*s),
oR -
—£+x~—4,§5—+(xf~—" PR LAY
8A,; 5K/ Su, 5,/ 31c
—(," 6 w9 )’R LQST,
Scp . P ‘oL,
oK \
—F+L-—B,-§"—+(': L A AT
6B, 8K. Su % 31f
] 8 B+ ] ) oK
—\¢r 5t S
( "scr ! ac,-') ’ 31g
1 ] 3 3 8\ -
—GC e (KL g L ‘___>SR
( ‘s v '8 e ! at ! 35
31h
Y O e L
Ar 6:, 3 I' 81; -
U . e
o= (Bc 4 ec?) O, 314 T
9, ol
r_.
. 14 :
T e e e e '-‘k‘}l;'.'}‘L‘}”ZA;“:;;“;s‘;"}:L“-“}“;;}';‘L“;';“}‘;JLLJQLEL:LJL;Lbﬁ“:QQ:L s
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] = (dSc2 + r":') S‘
¥

3135
. 1 . 6
2 K+ L=—(K'—+u, a—+u—’—+l\‘——-" +ul il
. 2 8K du Su, 8K Su ou 31w
N ~

+ &1 DA,
> SN ONT
N Loweu 311
. du
o, the j3eneral form of [d'v (S5) i3
{nee)

r dxv (82) == a(e)(31a) + a’(e)(31b) + a"(e)(31c) + §(0)(314) .

+ 8(e)(31e) + 8 (e)(31E) + 37(e)(31g)
+ 87Ca)(31h) + 8(e)(31) + 8Le)(31))
— r(e)(31k) + n(e)(311)

5

¢) " ‘a'(a) , ’ 5
— 314 oa, T L u,) = 3('))8‘.58,

m)( ot ag) 00l g

‘—’(—)-H?() M)kK‘%+ g ")

:[;

Q)
[

—_— “ —_—
5K} * Bu, bu,

__l.,.p( ) — LQ))(K,__"_-+“1+.,£)

ant Bu 55
+(— (g—(g“?’"(ﬂ))+<—i;)+,y(.)_i;2)
+(i‘_(-_2 (e )) (K‘ T Kra:?)

+ k(a(z‘ —ﬁ(c)) - (9—2“‘) —ﬂ"(-))) . (c," ;:7;+n‘" —£—>

e
+((#2—rc0) - (- ) (55 + o)

g 2 a
= VilesU -;‘T - ”I‘il-bh?] $* + C(.)V("‘)- . 32
i 1

TR

Some points should be explained. They are:

(a) Since u and U have common renormalization constant Z;,, S0

7(e) = 0.

(b) Since s, and s,‘ have common renormalization constant Z; (i.e.,
- the 2 of s,'_é,‘ propagator), so let
Alite) ="' (e) = g (e).

(c) Z(e)V(s’s) can be eliminated by the renormalization of A in

..................................
............
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Eq. (2) (For example, we can choose Acri = A, + 27 0(e)) ). There is

an independent Z,.

Viteen ™ —(dlac®" + ec)")8:(6),

P
Vicmsy ™= —(d:‘l(: + f"l. )ax(‘).
33a
Let
‘?(-*l) - (Zn):el(}l hs (Vl ).41),
ey = (Z)Gi+ (01))s - 33b
where
(Z,)i= 1+ nz,q, + n'z,ay + = + 1'2,0)»
a R LI SR T TN SRR S L 33c
&
Here the zerotn vrueir does not have spontaneous breaking, and Y., =0.
. V10,570 s Vit s Ve are gauge related (related to c:‘,cf, g;“, c;')
: cancelling terms of the polliwog diagram. They can be eliminated by
renormalization as following:
] -0 um -
flast, T Site. ((Z')I'I:‘(“ + (v)es1) — (Z)4G + (o1)a))
/ nt}
- l+-—-JL_ﬁ&ﬂL___)m__ - -
( b+ mz, g+ - 5"z, ., l) (2,037
+ U/l + 22,0040 0
N 1+ N2, + e -+ 'l.z[(-)) (’}”““ t o
T peg) — Cyogey + +-+ + n‘u,(.))‘)( Z
.ty - 343
- ? 7 LIPS} + "'*lyl(nbl) + 0(1"’1).
Similarly, we have
- 1 .
STl = sy = 7 N2 aard] T ey + 0o(9"), 34b
Again, le<
A?.- - (23)10/7/‘5’ “2(-; - (ZJ)L”“" '-‘1;(-) - (23)}'.:‘;.’
Bl = (Z)¥'B,, W, = (2%, i, = (2L, 3he
If every (2), is expanded by R
. 344 '
(Z). -] 4 7‘3([)"’ s 4 n 2(a)e
then we have .
Alesr, — Ak = %'I"'Zx-mdo + o(»*"?) '..-‘.-:'q
S
1
A e




' ?f-‘r,

oL

We also car =-n:::: neglect ( ),symbol)
Z. . zZ, . : :
;[ =B LIPS ~~_'_ E0 gy 24 0 o 3
ST IIp® BT gt Ty 2Ty

A = 2,)7KE, KPP = (Z,)7KE, Lé¢=(Z,)"L,,

27240, _ 207207

'
A zin z\» "
K".-Z;IZI/I ”'—2;”12"‘”}{”'
& V] ? I's 12 f ]
z, Z,
o -2y - F - Z;mf?, .
' 7 z
.oozwm AL
= Jﬁcf', c,'"——-‘m . 34
Z, :
Compar 22y, then the z . 's &
[ r(e) Zyne
S \ Z3(ne’ _a‘e_) —_— - —
-:‘-——,j(u)—-—-"z* 2 +5() 2 2
R ' . ! v(€) Zoadld
fe) . 2iined — 0(82 ’ —_ - -
9—5——#(6)—————4-2* ’ > + 8'(s) 2 3
" ey 2,{n
o (’)—5 (o) = — Zaiztl,
2 2
) - 1
- ‘L(—Q - (51(.4»1) — Txaeti T ;’ zlf"’é)'
5
, - 1 .
_ale) o (;;(-ﬂ, — Tiael, — -:23("\))- 35
2 -
- [H [
If th: A,B,:s,s",K,L,c,q9,9',4,...,u, and u of s? are r=placed by A, ,B,..
° re @ — P R . °
1Scnms v Sippy 1 Keners #0000, and u,., ¢ then S 1is redefined as S,., .

o ° -0 o "3

Similarly, if they are replaced by A., ,B., ;S /5., +Ka »-+..8,,, and u;,
, then s® 1s redefined as S.. After these replacements, we have
Flaen(Shar) = Froes (82) + (0 — 2) + o(4*?), 16
Because of Egs. (32) and (35), (8% -87) (~0(%™)) will cancel out all
the divergent terms 7""1:((3'%\/ {s.) (-0(7""); this is a general
divergence of (n+l) order) of j?nu,(s:). But this will not affect

those terms with an order less than ‘7”'. So, for ]: (s...), not only

net)

those limited terms %', »%....,7” are still limited, 7" also becomes

limited. This i3 the result we want for the renormalization.
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Since s8,°, and s are obtained from the variant transformation of

SR, the Slavnov identical equations should hold after the variant

v .

Ao J) - - e e T

vransforma- .-~

: o3, 8, . - 5% .. 8%,
" SRR 84%.,. 6KRZ ... 8Biaa.  BRP... 8.4,
" LB, s 59, s,
| P T T Y
" 8[\:‘-0' a‘l‘uoi, 81—-.\«01' B“Mno:,
l i s a;‘u’ 'S‘C. P i‘d ) 5‘”
¢ —pp St e D2 e Ve ST
SN e, ONTwuny SN gwi, Bug am
-8 bs.‘.',-) 3 b.§‘f,-| B+g 55‘2,; 55“3,,- -
e el T T T Chavl, T T T T =
SA Slasn) SA [las) 8K, Sulaey v
-3 1 =u 2 1 g L
I Siei = ey + - §‘(.,,,(Cm).ﬂ + 'y ;ol‘.+.)(c *)arte
From the multiplication Zeiation (Eg. :4) of the renormalization, we
have {(see expra2s53izn 130
1 1 ; 82
_}_so‘(cs&)z + l g().(CN)J - ""’54((:“)] + - :B(C ).
2 2 2 -
! So the gauge fixed term is invariant under renormalization. Because
. of the following equation (from Eg. 35)
: 1 1- 1 . 1 - 7(e2
- — re+y + '2—2:(.+|) - —2' Zy(w+y T ? Z3(a+)) ™ 2
. we have (the equation above is true for each order)
> ’ ]
132y = 2,23, -

So, after eliminating the common constant factor, Eg. (37) can be

rewritten as

' Bi - b‘S‘;” -+ —5__;2_4_v BS‘O + 83?,.' 8@,;1 + _a_gj,_,; 35“‘,:1 - fjr-- 5§L..; -,

- 5n) 8., A 88, 8N by LIS AS - TH 8L, du,

'?_' —_ 1;.43 '5§o" — (l‘. as.evfl — ‘_IAI? 83‘;1‘ —_ ‘SS'O':N - 0,

'Y BN 5K} 5K} 84,

‘ _F:&_,;&_(pfﬁz_ﬁlﬁ_o. _

5K T3 SKTT od 39

It is obvious that Eq. (39) can be proved rigorously, and is

‘ consistent with Eg. (15). So; it can be used as a starting point for

- the higher order renormalization.

It should be noted that the first one of the equations (37) implies

that E;, is invariant under the following B.R.S. transformations (EQq.
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10 is under the varlant transformation):

Y 4P G s [ L] 0
b-'i.-n-ﬂ} bl (A.“ hs g.n-ﬂ,‘u"‘,’\ﬂ+l;)“‘(u-ﬂ - ’

§BL.,,, ™ (A.’.u?w! )84°,

. gt [ o 1 PR I 0 L
8);'m+l; - “"(E‘-ql, ksl Bhingl) T Blawi Siine! Hne: JO4,

-6 L4 0 . s 0 Y 0 -¢
8 iesy = ‘:‘(E\-'l,)l\-*hfu“b(uol) T Blarlii b Bliner, J545,

~ -

0 1 o 0 0 0
Sudiagy, ™ — ol SCRAATI PRSP D SORYE. D AN
2

) :0 4% 40 440 0 .48=C 40 -0
B1ig ngt, = s"(F. Alast, ¥ il aetShian, + 0500 580,40)82°,
)
5"‘\-01; -4,

0 0 »po | ] 0 B.po -0 AV P
a“moh - ;l( F-B-uvl, + (luo#l,"l(--th + rl\.o‘."l\nql, )6"»-

()

. . . . (-} o R
Trving variant trancformation again, A,M,,,Bﬂmw,,.... aze tralstormed

into A.,B,,.... according to Eq. (34). Among those gauge rixed termsz,

{fE?‘A; and E;EfB, are not renormalized. For the B.R.S.
transformation which is related to $u,and su, &AFfA; and E,E:Q. are

invariant before and after renormalization. Because of these, we

should choose

81 == 2\ 71781 = 227082,

Then we have:
5.4, = ((Z!)-MA.“ + g(zl)u-ﬂ‘t:-{l)“nal»

8B, = ((Z})usa24)82,

8, = :2'— (g(Zv).“rhqu. + g'(f()uu)dl,
20 = = (2Dt + g(Zi)s7u)oa,

1 5 .
Su, = — ry 8CZ1)euifurcttru 8,

5u,-f‘(F,“A,+(:‘I‘+(."'JI)51,

Ou =0,
Bu = £4( F:B, + t::‘ + f:’l:)dl, 49
where st =i+ (V) )egrs i =5t (6] aar
43

Here, (42) is the B.R.S. transformation related to Eq. (39) (s), is

invariant under the B.R.S. transformation), and is also the general

19
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form of the B.R.S. transformation of (1l6). Replacing n+l by n, (42}

will

translated by Eq. (43). This is necessary for the elimination of the
divergent terms Y, and z&'(g&uqe related vacuum =2xpectation wvalue:

which appeared during the renormalization process. .

In other words, a; will become bare 4.
correction of (n+l) order perturbation. These bare a,t’,7° and £°

still satisfy (from Egs. (44) and (6))

0 AN L] A%0 0 45
‘zninﬁl,A-\-Ol; - lln(-‘l,AnunO'l; - f‘l’lc(-tl,Ai‘\u+l»-
This 1s the same as Eq. (6).
(c) Exchanging i and ¢ in Eq. (45), we have
’.‘:’f.ol,’:’:.ox, - '.“i’}'.)\-ﬂ, - !go.—(-ﬁ;’f?(.on -0,
f..‘=M;, can be treated as a matrix. For different c, M®'s are
mutually independent. So, we have
’:?(n-ol) -0, 46
. o . . .
Since f,,0 ~ Eascr SO fascine ~ Easc . Thiz implies
47

Therefore, under the B.R.S. transformations of Eq. (42), the sum of

become (16).
Zomparison between (42) and /10Y:

(a) In Eg. (10), SI=§I' s,/=5/, but in Eq. (42), 3, and 3, are

{b) Between Egs. (10) and (42), the following relations hold:

AL = A, = (Z3)an1d"

b L0 - .0
L= ael, ™ { Z!)nv)-,”

;. >
{:n - t:.'n atl = L L JaeiTimy

’“: - ’20(('41/ - (Zl)-ﬂtllaar.

Abv
Ab etc. after the

(pey 7 °

(4

L4 o o« o« <@
Litawlbjatael) = Flliaa) bntael) ™ feociaatifii(aetss

(‘_ L“y) r:’ll-#\; ‘\_- é) r’?u(l#l) - \_ %) r:’[(l4~l, (\— L_") r??‘(l")

3 .
= facasr,| = T Timaen,s
2.

’&Mmﬂ,\ -y,

w0 Looymm
T

. e .
PP .
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the Jacoblan diagonal of the functional integral volume element is
zero and the Jacobian is 1. The Slavnov identical equations oﬁ‘f at
{n+l) order can thus be obtained. (i.e., Eg.(17), i iz derived by S5,
)

This will guarantee that the same renormalization process can be
continued for the next higher orders.

(d) The gauge transformations which are corresponding to Eg. (42)

$y 34 = i

O, ulA = - _——
are (let o (2. ! )
54, = . A% + (Z:)au 7,4,)9*,
. (ZJ asi
3B, = (a6,
- (Z) (Z)uy
5*1-——'[—:—”'-;'1'?;,6'+__\.___"_‘_‘g,~5)
2 '(Z;).;q * (ZJ)IOI ! ’
. ] (21) + (2) e
s, —L(____\ . g r.‘@' -+ —_— LEd) 5 U’, -/‘8
SR C SN2 WL Ak
It can be seen rrcm 0}, (c), and (d) that the . “1-uvus2 constants of

gauge groups before and after renormalization are one to one
correspondence, and that the Abel subgroups are still Abel subgroups.
This is the proof of the isomorphism between gauge groups before and
after renormalization.

In the presence of fermion fields ¢, and ¥,, since 3gA,; and g'B,
appear in 2, and . ¢, they are zero after the operation by 2 54
-2 06 B, & ) .

3‘62' 2 55, 2 3¢ This will only give new renormalization constants
2, and Zg, but will not affect the overall renormalization. The
fermion field coupling with the Higgs field will give new coupling
constants and then new renormalizatlon constants. But again this will
not affect the overall renormalization.

If the vacuum spontaneous symmetry is broken, then the discussion

of Zinn-Justin and Lee L2i is appllicable. No discussion will be given

here.
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The method in this paper also can be applied to the case with

several subgroups.
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ON THE ISOMORPHISM BETWEEN GAUGE GROUPS BEFORE
AND AFTER RENORMALIZATION, IN THE PRESENCE
OF ABEL SUBGROUPS AND HIGGS FIELDS
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(Graduats School, Tmarerniy of Scaence and Technology of Chuaa,

ABSTHACT
We give a rigurous proof on the isumorphism between guuge groups belore and after

renorwalization, in the presence of Abel subgroups and Higes fields.
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