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1. nTRODUCTION

"Human mind like parachute, works best when open."
C. Chan

Advances (left shifting) and delays (right shifting) are shown to be
inverses for Laplace and z-transforms. This is true for both bilateral and
unilateral Laplace and z-transforms.

This result is not In agreement with some of the Laplace and z-transforu
literature, and the oversight made I% that literature is pointed out.



11. THE PROBLEM .

The delay or right shifting theorems of the Laplace and z-transforms are

L f (t - to)] e to Lf(t)] (1)

and

Z(f (t -kT)] ;k Z (f~t (2)

respectively, where

z esT .  
(3)

Some literature also gives advance or left-shifted transforms [1,2,3] as

to

eSto [Lf(t)] / ) e dt (4)
0

and

kI
zk- ,( )"."

respectively. Note that these "advances" are not inverses of the delays.

It is assumed that for the function being transformed,

f(t) - o, t < 0. (6)

For developing the left-shifting theorems, .- -

f(t - kT) - 0, t < kT (7) .

while for the right-shifting theorems 11,2,31 some assumed

f(t + kT) - 0, t < 0. (8)

It would seem that

f(t+kT) =0, t<-kT (9)

would be more appropriate. The question is simply this, does equation (6)
mean f(t) is zero when the argument is less than zero, or when time is less
than zero?

2



111. DISCUSSION

A. The Shifted Laplace Transform

The bilateral Laplace transform [4] is

fp

L f(t J -f- o s dt (10)

providing there is a zone of convergenceo .t)

To form the unilateral Laplace transform, let

f (t) - g(t) u

where
0, t < 0,

uW 1, t >_0 - +

is the Heaviside unit step. That is the unilateral Laplace transform is

L[) u - /(t) u(t) ;a t dt . (13)

The advantage of the bilateral Laplace transform formulation is that
a change of the integration variable does not affect the integration limits
since they are both infinite. The unilateral representation using the unit
step allows this property to be retained.

For a shift in time, t 0 ,

- t T to (14)

it follows that

t - C + to (15)

and

dt - d'r. (16) i"riA

The bilateral Laplace transform becomes under this translation in
time,

(t) ;st dt (± to) ;s(T - to) dt (17)

3
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and the unilateral,

fact) u~t) Vt dt f (r(± to) ur (T to) ;a(Ito dT (18)

One may "start" at anytime and the Laplace transform is the same, i.e., there
is no absolute zero for time in Laplace transforms.

time, What if everything under consideration does not "start" at the same

tim, i.e., have the same time zero? Factoring out e+ stO on the left hand side

of equations (17 and 18) yields

-St Ts t fs
St) t dt e 0 _ to) es dr (19)

and

(0 u(t) -st dt e St 0 J to) u(' ± t0') e dt (20)

respectively.

L From the definition(s) of the Laplace transform(s), Equations (10 and
13)

L [f,(t)] sto L[f(t + to)] (21)

and

L (t) u (t)] - e:,to L [g + tto,) ut + to) , (22)

respectively.
+Sto

Multiplying both sides by e yields the shifting theorems,

L [f (t _ to)] - e L[f(t)] (23)

and

- to)] u+t)]
L [g ( " to) t :" to)]  l [g(t) u(t)]-g (24)

respectively.

4
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B. The Shifted Z-Transform

To develop the shifted z-transform, the z-transform (a discrete
Laplace transform) must be developed first.

* The Laplace transform is made discrete by the sifting property [5,.61,

/ t 6(t to) t f (to) , 25

of a sequence of Dirac deltas,

6 (t -nT) '(26)

that is

Z[f (t)] - f f(t) 6) (t -T ;a dt .(27)

Interchanging integration and summation

Z [f(t)] f f(t) 6(t -nT) ;at dt (28)

and applying the sifting property

Z[f(t)] - ~ T sT(29)

or

Z~~) f f(nT) ' . (30)
no-m
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Of course, for the unilateral z-transform

t)g u() g (nT) u (nT) ?' (31) -,

As with the Laplace transform, the advantage of this formulation is
that a change of the summation variable does not effect the summation limits

* since they are both Infinite.

For
I- n ; k, (32)

then

n A + k, (33)
and "

f(nT) i- - f f( + kT) (1' + k) (34)
nn-~ °o C

g(nT) u(nT) P - g(f + kT) u(.tT + kT) ;( ±-k). (35)

As with the Laplace transform, there is no absolute zero for time in z-

transforms. Factoring out z k from the right hand side

f(nT) f. ( ( + kT) z (36)

nm-rnjmr

and

," L lT) u(nT) z"= z mk  (YT + kT) u(YT + kT) XT (37)

* nm- wn nim- rn

6
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From the definition(s) of the z-transform(s), Equations (30 and 31), , V

Z [f (t)] J' Z+ [f (t ±t kT) (38)

and

'J1%

Z[g(t) u(t)] Z- Z z[9 (t + kT) u (t t kT)] .(39)

Multiplying both sides by z- yields the shifting theorems,

kT (40)

and
±k

Z[g(t + kT) u(t + kT)] " z-- z[g(t) u(t)] . (41)

IV. CONCLUSIONS

For the bilateral and unilateral Laplace and z-transforms, advances and
delays have the same form. That advances are the inverse of delays fits the
physical intuition of time shifting in that it is all relative. What is an
advance relative to one, would appear to be a delay relative Lo the other.

That the bilateral and unilateral have the same form is quite interesting
since while many relations are the same for both, some are not, for example,
the transform of derivatives.
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LIST OF SYMBOLS

Dirac delta distribution

f(t) A proper function

g~t) Aproper function with at least one
continuous derivative

k An ~integer 1

An integer0il L...1 Laplace transform of... 4.
U An integer

T Time step or interval

t Time variable

Time variable

U(t) Heaviside unit step

z Shifting opera tor

Z[(...J Z-transforu of...
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