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STRESSES AND DISPLACEMENTS
IN A FOUR LAYEPED SYSTEM
WITH FIXEC BOTTOM

Introduction
( ,7,_ o

This report deals with the mathematical aspects required for the
establishment of a computer program able to calculate all stresses
and displacements in a four layered system.

The materials of the different layers may be isotropic or cros?-:l/7
anisotropic.

The interface conditions cover all the cases from full friction

to full slip included partial friction.

The bottom of the fourth layer is considered to be fixed (no vertical

deflections).

pPre v/ous ré sSfa PCX 04«\)

existing material ;1sotropic mu1t11ayer theogx{%bURNrSTE?~*1943)~- ~z =
/ <and anisotropic muTt'i layer theory, UWELAERT ;—19€3). .

d (3)
D+
A original research eofk%ﬁ interface conditions (fixed bottom,

partial friction) and satisfactory convergency, thus complete
accuracy, at the surface and in the first layer of the system.f‘”'

~The report is based on

This report contains fhreeparts? (1)

Rart It a theoretical outline wheer1the basic equations are given,
- the specific boundary conditions discussed and the particu~
lar numerica) problems related to the accuracy at the sur-

face and in the first 1aye§§;§%1ved. ( Z)

~
Part.2 : the general mathematical analysis of the chosen numerical
C solution and a description of the programs and their

utilization. a #d (_3" D)

Q
Part 3 :‘;aéppendices) the detailed mathematical and a19eb?ﬁca1 analyscs

__—Sisses for the different considered cases.;}isotropic or
an1sotrop1c, fu11 slip or not.

The programs are written in FORTRAN 77 and run on 1BM PC or h}fl/;her

compatible equipment. h’eyu sl . P(/V(n""*/ c/p ,?,, 4‘\
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PART 1. THEORETICAL OUTLINE
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1.1 THE BASIC EQUATIONS AND FUNDAMENTAL HYPOTHESISES

‘ The stresses and displacements in a layer of a multilayered system submitted
to a vertical flexible load are obtained for an isotropic body from following
stressfunction (BURMISTER, 1943) :
¢ = pa I -—————1——J°(M";'J (ma) [Ai'emz - Bie-mz + z(‘,:(’,mz - zD,,:e’mZ] dm
and are given by
oy = pa[ Jolm).Jy (ma) [A;me™ + B;mPe ™

. - Gmil - 2u; - mz)e™ + Ouml) - 2u; + mz)e ™) dm

»

o, * - pa I Jg (m) .3, (ma) lAim’emz + B‘-.m’e'mz
+Cml(l + 2 + mz)e™ - O;m(l + 2 - mz)e ™) dm
+ pa [ J:(M,)”;LJl(ma) ( A‘-'mzemz + Bimze-mz
+ Cmll + mz)e™ - D;m(l - mz)e ] dm
3 . Og = - pa I. Jotm).Jy (ma) IC‘om.emz - Qm.e-mz] 21 .dm
[-‘"', ‘ R Jy(mr].J, (ma) 2 M2 2,-MmzZ mz
- pa - [A;m%e™ + B;m°e + c&-m(l + mz)e
. :
3 - O;m (1 - mz)e ™) dm

i, S
-
[}
H
S—

nz Jyim) .3y (ma) (A m?e™ - B;m?e ™™

+Cm (2 + mz)e™ - D.m (2, - mz)e™) dm

L R Sy !
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w = .lﬂf_‘:paf Jo(mn).J) (ma) [A‘:mzemz - B ™2

e
L
E& . m

- Cim (2 - 8y - mz)emZ - DOm (2 - Ay + mz)e-mzl dm

140 Jylmn) . Jy (ma) mz
u = - Ei -pa I ;_Tl___ [A’(.'mze

-mz

2
+ B(m d
-]

mz
|

+ Com (1 + mz)e™ - Dim {1 - mz)e dm

where

a is the radius of a circular uniformly distributed load

p is the value of the vertical pressure

n is the horizontal distance from the axis in a cylindrical coordinate
2 is the depth system
o, is the vertical stress

Oy is the horizontal radial stress, Og is the circumferential stress
T, is the shearstress

w is the vertical deflection

u is the radial (horizontal) displacement

Ef is the Young modulus of the concerned layer

ui is the Poisson's ratio of the concerned layer

A¢,D¢ are unknown parameters to be determited by the boundary conditions
Jo is the Besselfunction of the first kind of order zero

I is the Besselfunction of the first kind of order one

m is an integrating parameter

In the case of a cross anisotropic body, they are obtained from
(VAN CAUWELAERT, 1983)

-

Jo () .7, (ma)

-m M (2 -ms{
: [A;e™ - Bie™™ 4 ¢ e™4% - p e ™) dm

A A
This stress function differs fundamentally from the preceeding one :
indeed in putting s¢ = 1 in it, we do not obtain the stress function for

the isotropic case. We conclude that the two cases must be handled in a
separate way.
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The stresses and displacements are given by
o, = pa I Jolma) Iy (ma) [rg(1 + uy) (A;m2e™* 4 Bimze-mz)

°

d;mz “dimz
+ nglng + pg) (Coaim?e™7C 4+ Dis;mPe 47°) ) dm

o, = -pa I Jolma) . Iy (ma) [ngi(1 + ;) (A{'mzemZ + Bimze-mz)

-]

. .ol s. -4.
#M—-u—ﬁj ((‘L-it-mze (M, o 54-.m2e &mz)] dm

ng - ug
"3y (mn) . T, (ma) 2 mz 2 -mz
+ pa f e Vl((l + ;1&-) [A&'m (4 + B‘(m e
2 d:mz 2 -d:mz
+(‘&-:54-’m eA +Dé§€n1€ 47°) dm
o0, = - pa Jolma) . Jy(ma) [C;s,m2e* ™ + 0. s.m?e % MZ) ne M (1-n4)
8 p 0 1 (AgmTe Lym - T'_TJL_—
Jv(mn) . Ty (ma) 2, mz 2. ~mz 2 A:mz
- pa [————"ﬁ——— IA&-me + B;m%e +(‘L-5‘-_m({&
° 2 -8:mz
+ Dysime ] ni(1+p£)dm
Thz = - pa J Jutma).Jy(ma) Engll + ug) (A;m2e™ - B;m2e ™M)
+ nj‘b(in('_ +ug) (C 5(-mze5&'mz - 0 %mze-/s&-mz” dm

w o= LEEC IJo(m)‘l).J;(ma)

-mz
E{ m )

mz
nll + ng) (Aim?e™ - Byme
2
, s (g +ug)

(1+ug) (Cp 4m?eX™ - D5, mte” ™) ] dm
£
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_ 1+ ug) nilng + i) pa I Jylmn) . Ty (ma) [Aémzemz + B mz
E; . m
+ ¢ 5(m e3M o 54-»12('-34"”2] dm ;
where S
‘.

n; = EV‘/th is the degree of anisotropy, the ratio between the vertical -

' and the horizontal Young moduli of the concerned layer ;
TH is Poisson's ratio expressing a strain in the horizontal

plane induced by a stress in the vertical direction ;
niwiio . .

si =V ~is the index of anisotropy.

n (’('u A

The anisotropic relations are established in the assumption that
- the shear modulus in the vertical plane, G,,, is related
to the other elastic constants by (BARDEN,1963 ;
VAN CAUWELAERT,1903)

1 1 +ng+ 204

Gnzi E{

- Poisson's ratio in the horizontal plane, v, is related

to Poisson's ratio in the vertical plane by
(FFTIMIF,1973)

|-
V¢ = "‘/”.('
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1.2. THE BOUNDARY COMDITIONS

1.2.1. The partial friction condition

Let us consider an layered system, consisting in (n-1) layers of a finite
thickness built on a semi-infinite body.

For each layer exists a stress function ¢; (A¢B;CiD;) with 4 unknown para-
meters : the total of unknown parameters is 4n.

Two parameters depend on the shape of the load at the surface

oz = flp) for z<a

At infinite depth stresses and displacements must vanish and thus A, and

Cy, = 0.

We remain with 4 (n-1) parameters to be determined with 4 conditions

at each interface.

The hypothesis is introduced at this stage that under effect of the load,
the layers remain individually fully in contact, what we express by imponing
that at the bottom of each layer and at the surface of next layer vertical

stresses (o;), shearstresses (t,,) and vertical displacements (w) are identic.

The fourth interface condition depends on the relative adhesion in the
horizontal plane between the considered layers.
The two extremes are

- full continuity, expressed by setting that the horizontal displace-
ment («) are identic ;

- frictionless interfaceby considerina the interface as a principal
plane and thus by settina the shearstresses equal zero.

Partial adhesion has been temptatively introduced by several authors,
utilizing, in the same way as WESTERGAARD (1926), a relation between
horizontal displacements and shearstress :

K {wg = uge1) = T4

where u; is the horizontal displacement at the bottom of the i-th layer
and u;4) that at the surface of the (i+1)-th layer,

We shall prove that such a relation cannot be correct in the case of a
multilayer.
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One has, for an isotropic body, following relations between displacements,

shearstrains and shearstresses :

RN
.

au‘ aw' Yo
§§i +-5;* = Trzio= [ 2 (1 + pe)/EQ) Tz
- duge,  Owis y
i dz t 'ﬁi 5 Yneis =02 (1 +win) /Byl Thz iy

We know from the interface boundary conditions that
. We = Wiy, Thzi = Tnzin
and thus that

; P . 1410 14Mi+,
. 5y (Wi - wgn) =2 I*R.— Firr 1 Tazg

. ) _ 1+  14H({+1
(ug - wgyy) = 21 T - Firt ] J Thzi dz

. On the other hand

K lug - wiy,. = Thz;

. so that

1+pe _ 1+kin . )
2 K [‘—Ez‘ E,(”] J T)in .dg = Thzg

t

vhich solution is

141 14V (+,
. = 2K Z — = em——
Thz; éXP [2K .z F; Fint )

1.1 (n)

Comparing this solution with the relation above for the shearstress,

we conclude that the ohtained expression cannot be deduced from a stress-
function that is still solution of the compatibility equations.
Compatibility is thus nos respected and relation K{ug - ugy,) = Toz,
cannot be accepted.
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Our meaning is that the only way to express partial adhesion consists in

writing
u“: L4 Kui, 1

With K € ]00-[
When K = 1, one has full continuity
K # 1, one has partial continuity (normally K> 1)

Full slip is then a completely other case, for which another program has
to be written, what the before mentionned authors tried to avoid by intro-
ducing their particular relation.

1.2.2. The fixed bottom condition

The boundary conditions discussed in previous alinea implicate that the
last layer of the multilayer is considered as a semi-infinite body.

One can also consider the case of a multilayer built on an und~formable
body, that thus any vertical displacement vanishes at the contact face
with the undeformable body : we shall call this a fixed bottom condition,
This condition can be introduced in several manners and thus demand a
detailed analysis.

A vertical displacement is obtained by intearation of the vertical strain :

w = J €z . dz

It would not be correct to resort to an inteqration between limits,
such as

H
w = I €z . d,
0

where H could, for example, be the depth at which we want the bottom to be
fixed. In doing so we would ianore the contribution (zero or not) to the
vertical deflection (or displacement) due to other parts of the body that
we neqlect by integrating between specified limits.

The correct way consists in writing (TIMOSHENKO, 1970) :

W= I €z . d; +f(n]

where f {n) is a function of x only, and thus a constant regarding z,
so that by differentiating we obtain again

e s O T . .. T ST

S el . o . L S RO . K e
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By choosing an appropriate expression for f (#), we obtain the bottom
fixed at the desired depth : by doing this, we introduce in fact a
“ geometrical condition fixing the reference level for the vertical deflec-
- tions at the chosen depth.
But with the ceneral solutions of the compatibility equations in multi-
layer theory, we can do it also in another way by expressinag that w = o
at the desired depth and determinatina the corresponding values of the

n Dn-
Since there are thus several possibhilities to express a same boundary

S PSS A

parameters A,, B,, C

e
vt

condition, it is necessary to compare the results obtained and retain the
one that scems the most appropriate.

To do this, we shall consider the most simple case, that of the semi- »iii
infinite body : the one-layer case.

Let us consider a semi-infinite anisotrapic body submitted to a uniform LHQI-EQ;
distributed vertical pressure at its surface. S
The stressfunction is

¢ = pa [ lglmﬁlﬁgijmg) (Aemz - Re M 4 Cemsz _ p()—mszl dm

. o

The surface boundary conditions (o,=p, 14,0, z=¢) are induced from the
relations given in § 1.1. for the stresses

n o (14u) (Am2 4 Bm2) 4 n (n4p) (Csm?2 + Dan?) = 1

n (1) (Am2 - Bm2) + ns (niy) (Cam2 - Dsm2) = o

Sclving this system for B and I’ , one obtains :
n (1-5).(1+u) Bn? = - & + n{l4s) (14u) Am? + 208 (i4y) Can?

o (1-8) (n4n) Dsm2 =1 - 2n (14u) Am? - n (143) (n+p) Csm?

The next step depends on the boundary condition that fixes the deflection
at a depth H.
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b) Fixed bottom_expressed by _zero_deflection

Referring to the stress ans displacements equations given in paragraph 1.1
the condition w = 0 at a depth H is written

ns {n+p)? smil

-ndl
) Y

2e'6m”)

n {1l+p) (Amzem” - Bm?e + (Cam?e - Dam =0

Replacing B and D by their values

mH n(l4p) (14u) e-mH ' 2n6—§n+u)e—6mﬂ
(1-5)

2 hms{n+p)? sntl  2ns{ntp) -mi | na(148) (n+p)? -amil
+ Csm? | ) e rr:g%— e + rTIﬁT—TTjZTL- e ]

Alntp) 1 e-bmH _
(14u) 1-1

Am?  fnll+u)e ]

5 e—mH
1-5

Durina the integration proces, the value of m tends to infinity, so that
the limit expression of the equation becomes

Lim mH AmH

npre

[ Am? (1+p)2 " + Cam®s{n+p)? > 1 = o
This relation can only te satisfied by settinag
C=0 when 5> 1

A=o vhen 5 <1

It is easily shown that, in the case of an isotropic body, one must always

have (C = o, because of the factor z multiplying C in the stressfunction.

Taking 4 < 1, C becomes ;hﬁé}iﬁ&}
!‘ﬁ!!E*;i
e-AmH [(1+H)QOMH _ ("+“)Q-AmH 1 s s

ns (n+u) Cam? = S
2004u)e™™ e ) (1-8) - (14s) (napye” 24

The expression of the deflection at the surface and in the axis of the
load (Jolmn) =1 for n =01 |is

w = l%E-, pa I JL%FEJ (1 - 2ns(n4p) Csm?) dm
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c) Fixed bottom by an_appropriate_function

—— - - = - - P A T L T T T

The vertical deflection at a depth z is qiven by

w = 2 P“[ Jo(mn) . J, (ma)

E - [ n(l+p) (Am2e™ - Bm2e ™2

. 2 -
+ E%{%%y) (Cam2e®™2 _ pam2o73M2y 4 g

We now choose an appropriate function f(n] so that w becomes zero for z = It

fln) = - l;L‘ - pa f 'la—'(lm_);,,—]’(_mi) | n(1+y) (Amz('m” - Hmze_m”)

o

2 -
nty) (Cémzeém” - Dam?e émH’] dm

na (ntp
)

The final expression for the deflection is then

w=w; + fln)

One verifies that f(n) is indeed only a function of n and that
w=0 for z =H,
For the reasons developed before, one of the parameters A or C must be zero.

The other parameter is obtained by a supplementary boundary condition
(a mechanical condition) :

T Tz

o at the depth if

= u

0o at the depth If

If we still suppose 4 < 1 and thus A = o, one obtains in the case

that T, =0

ol - st o8l

.

ns(nty) Csam? = — - T
2e Hm. o Am (1-5) - (l4s)e 25m
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The deflection at the surface is then

s{1-n) J Jilam) .
1-»

w = pa

[(1-s) ,om
l+p -J,(am) A ntp) -sm 4 -mH
t P4 [ m U= s ® 1-3 ¢

2 8{n-1) 24 -mit
(1-3) Nt 1-5 ¢

+ ns (n+p) Csm? |

;: _ntp sHm p4p 1+5  ~smif
j-j 1+“ Y4 W& "1—_2 4 ] } dm

In the case u = ¢

2 -sHm -Hm
ns(n+y) Csm? = e - (1+u)e

+ {1+p) (1-8) - (1+u) (1+s)e

[ (n+11) se
m e-AHm

-AHm]

The deflection at the surface is given by the same relation as above
with the appropriate value for C.
One sees that in the 3 cases, the deflection is composed of a first term

W = pa 2 1-n f J,;am) dm

pa ¢

This term is the deflection on top of a semi-infinite body.
In the case of an isotropic body, one has (n = 1):

The second term w, depends on the choosen boundary condition ; but in this
3 cases it reduces the value of w. because of the fixed bottom.

We have computed the values of w. and w, for different values of {//a.
The results are given below, at a factor (1+u)/E , for & = 0.5 and for

the isotropic case.

- .‘- ~.\ ‘.~ ". M
RO YT
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.
! s =0.5 w= = 1.025
&
E /e wn(T”z = o} w”(u = o) w”(w = 0)
’ 1 0.339 0.729 0.153
2 0.120 0.295 0.043
; 3 0.058 0.147 0.019
N . 4 0.034 0.086 0.011
& 5 0.022 0.057 0.007
5: 6 0.015 0.040 0.00%
2 7 0.011 0.029 0.004
i 8 0.009 0.023 0.003
. 9 0.007 0.01e 0.002
< 10 0.006 0.015 0.002
R ns=1 w. = 1.000
.I 1 0.402 0.934 0.276
o 2 0.143 0.442 0.086
- 3 0.069 0.231 0.040
. 4 0.040 0.138 0.023
5 0.026 0.091 0.015
y 6 0.018 0.064 0.010
7 0.013 0.048 0.008
8 0.010 0.037 0.006
9 0.008 0.029 0.005
. 10 0.007 0.024 0.004

We conclude that from a depth of about H/a = 5 , the absolute influence
of the fixed boundary is negligible. This influence will still be much
lesser in the case of a roadstructure where the E-moduli of the layers are
sensitively higher than the modulus of the subqround.
We conclude also that the relative influence on the deflection is much more
important when we fix the horizontal displacements (« = ¢). This should be
the case in a laboratory testpit with lateral walls, but less in the case

of a real road where lateral movements are not restricted.

‘ B

!E The relative influence of the condtition Ty =0 is also more important than
- . that of the condition w = o, altough less important than the condition u = o.
3 It seems nevertheless very unlikely that there would be no friction tetween

- the subground and the last layer.

The easiest way to fix the bottom from a mathematical point of view is on
the other hand the condition w = o,

Taking then into account the little influence of the choosen condition on the
deflection at the surface and the fact that conditions « = ¢ and Tz = 0
have less physical sense, we retain the condition w = o as the most indicated
fixed bottom condition.

.....
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:d 1.3. SOLUTION OF PARTICULAR NUMERICAL PROBLEMS . uixﬁ
) N
1.3.1. The full slip interface condition i;mﬁ

S

* The value of any stress or displacement is obtained from one of the above . bt;q
mentionned relations. ;-1324

Let us consider, for example, the vertical stress in the i-th layer of an :;2:

- jsotropic layer :

v

L,

-'..l'.m
.

DL

e
!
7 A

P

a, = pa [ Jolma}) . T, {ma) [A(m’emz + B(m’e-mz - Ctm(l-?u(-mz)emz

i
f

'l
A

+ Oim(1-204mz) o M ] dm

The integration can only be performed numerically.
One must thus calculate the value of the stress for a set of values of m

* growing from o to a value high enough to ensure convergency.
For each value of m, those of the parameters A;, B;, C; and 1; must be
. determined out of the set of toundary conditions, a system of (4n - 1)

equations with (4n - 1) unknowns in the case of a fixed bottom and n layers
above it.

The first programs solved this problem by inverting the matrix of the

(4n - 1) unknowns. MNevertheless the inversion procedure leads in some

cases to unsoluble difficulties because of the presence of the negative
exponents tending to zero in the determinant of the denominator,

Other programs have tried to avoid the inversion procedure as follows :

one chooses appropriate values for B, and Dy , goes through the whole set of

W W™
.
e te

+

X equations and verifies in how far the surface conditions are met.
Eﬂ One then chooses another pair of values for B, and Dy, and follows the same
i: procedure. Since the whole process is linear, the correct values for B,
3 . and 0, can finally be obtained by linear interpolation after two runs,
The difficulty lies in the appropriate choice of the values of By and

. N D to ensure a numerically correct interpolation.
- ' However, even those programs are not entirely appropriate for the cases
=~ with frictionless conditions at some interfaces.
Ei We shall show this with the most simple case, that of a two layer. .
tt Writing A¢, B¢, C¢, D¢ 1in stead of Aim?, Bim*, Cim, Dim , the boundary
!g conditions are, in the case of two isotropic layers, with the origin {z = o)
o at the interface, the thi_kness of the first layer being H and the second
E; layer semi-infinite :
S e R I e
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At the surface (z = -H)

me™ s g™ - ey (1-2uemi) e ™ 4 0i(1-20,-rH) ™ = 1

Axe’”” - BxQMH + Cx(2u1-mH)e-MH + 01(2u1+mH)CMH + 0

At the frictionless interface (z = ¢) :

Ay + By - Ci{1-211) + D1{1-211) = B2 + DP2(1-2u2)
Al ~ B1 + 211C1 + 2mD1 = o

- B2 + 2u20; = 0

1
“_g: [Ar - By - 2C1(1-2m) - 204 (1-2mll = 2 [ - By - 20;(1-2ua) )

N

Solving the system for C, and D, , one obtains (RURMISTER, 1943)

G [-Femi) ™ - (1-F™) L g
0y« [F™ - (Fomie™) . g

where

v o= F™ 4 (2F-1).2mH - (1e2m?H2) + (1-F) M

Foa (loba) + n(l-u)
2(1-uz)

n ._E..i...(_)l‘n‘”
Er (14u2)

Ay = Cy(F-2uy) - Dy(1-F)

By = CyF - Dy(1-2u,-F)

-------
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The vertical deflection at the surface is

1+u1f Jolmr).J, (ma)
F1 m

mi!

w = pa [A,mzc'MH - Bym?e

mH

m (2-8u,-mH) Dyme™ ] dm

- (2-8uy+mH) Cyme”

Replacing A,, B,, C, and D, by their values, the deflection becomes

- pa 2(1-pd) f Jolmn) .7, (ma)
E 1 o m

w =

F2™ _ (2F-1-2mi) - (1-F)e 2™

[
Fo?™ w (2F-1)2mH - (1+2m?H2) + (1-F)e 2"

v ] dm

At the origin of the integration (m = o), the term in between brackets
becomes indefinite : C/0.
This has no influence when computine stresses, because the Pessel functions

products occuring here are also zero at the origin : Jo(mt).J,(ma) = o

form=o0 .

. . Lim Jo(ma).Jy(ma) _ a
But in the case of the deflection me —— i * 7%
It is therefore absolutely necessary to have the term in between brackets IO
in a sufficient closed form to be able to determine its value for m = o. E N
The importance of the first term of the series is not negliaible : &:{.
for m = 0 the term in between brackets is equal to FE,{1-pf)/[E2(1-pf) 1. ;:f.Jf'

! -

If h is the interval chosen for the numerical intearation, one can then
write

o 201-18) ( ?%_ E (1-¥2) b, [ Jolma). ]y (ma)

E, Eo(1-p?) 3 m L1 dn ]

wes -p
h

and, if ve make a semi-infinite body from the two layer (F, = Fz, uy = wp) 1 ol
o

“ .-....‘ )

- .\.:'v AYSYAY
12 v :
we - pa 2(1-p ) ( %_ + [ Jo(mle';;.x(ma) [ ]dm ]

° BRI

.........
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Comparing this expression with that for the deflection at the surface of
a semi-infinite body

wa = - pa.2(1-p2) /E

One concludes that the contribution of the first term h/6 is indeed not
negligible, especially when we have in mind that the only practical measu-
rement that can be performed on a real roadstructure is the vertical

R S LY TR S A N OEREY Y,

deflection at the surface.
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1.3.2. Over and underflow problems

* During the integration procedure m varies from o to a value high enough
to ensure convergency. We mean by this that the integration procedure
can be stopped from the moment on that the terms of the series become
so small that they have no more influence on the final result and can

2 20 S S VN .

o

thus be neglected.
Practically, hcwever this means that m can reach quite hich values such as

20 or 30 for example.

fa s WS

3 To illustrate the influence of this, let us oo back to the two-layer
;j developped in the preceeding paragraph.
I The values of C, and P;, from which the values of all the other parameters

can be deduced, are

¢ - L(-Femt}e™ - (1-F1e™
Fe™ 4 (2F-1).2mH - (1+2m?H?) + (1-F)e o™

‘ [ Fe™ = (Femi)e™ )
. D, =
- - YR L (2F-1).2mH - (142m2H?) + (1-F)e" 2™

. The geometrical units are generally expressed in function of a,
the radius of the load.

Let us consider H/a = 5,

One immediately sees that no computer can handle exponents as e
ezm“/a without overflow occuring for values of m above 10,

However this proglem can easily be solved by dividina both numerator and
mH

mH/a and

VYT )y

denominator by e

L11-Fami) ™ - [1-F) e 3MH)

A Zadr LR

Cy =
‘ Fa[(2F-1).2m0 - (1e2m2H?)] e 2™ 4 (1-F)o~9mH
. D, » (Fe™ - (F-m)e ™ )
. F o+ [(2F-1).2mH - (1+2m?H?)] e o™ 4 (1-F) 3™
P
‘ Underflow will obviously occur now, but most of the computers have a

routine that sets variables subjected to underflow equal to zero.
If such a routine does not exist, it is very easy to build it into the

program,
But more interesting is the fact that, havina transformed the relations

for C; and D;, convergency will occur quite quickly and in a complete
safe way : the numerators tend both to zero, while the denominator tends
to a constant F,

. IWIY .

P
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This can be obtained automatically in writina the boundary conditions at
the surface (z = -H) as follows :

mH -2mH

=3mH L o (1-2py-mH) e ™ < e

H

Are 3 L BoT™ e (1-2u4mH) e

mH

S L Dy (i) ™ o

A1€-3MH - Bxe-mH + C1(2uy-mH) e

However this is only true in the case of a two-layer system.
In a three-layer with H;, the thickness of the first layer, and H,. the
thickness of the second layer, occur exponents such as

QZMHI emH4 Q_- 2mH, . 2mH,

but they eliminate when writina the denominator in close forme so that
dividing the expressions by the largest out of e?™1and  o2™24g enough,
If one should divide by ezmH"ZMHz, the denominator would also tend to
zero, which should stop the program because of dividing by zero.

Here is another reason for writiro the equations in closeform for three-
and more-layers.
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? 1.3.3. The vertical deflection at the surface

)}
N,
:3 When one computes the deflections at the surface, convergency is obtained
R: : only very slowly,

q

To illustrate this, let us ook at the expression of the deflection at the
syrface developped in § 1.3.1.

we - pa 2(1-yf) I Jolma).J, (ma)
E; ° m
S Fe?™ _ (2F-1-2mH) - (1-F)e” 2™ ,
( -~ oo ) dm
Fe™ & (2F-1)2mH - (142m2H?) + (1-F)e

To avoid overflow problems we divide numerator and denominator by e?’"”

2(1-p2) [ B im). 3 (ma)
El J. m

et e "

0
e e b

wes - pa

F - (2F-1-2mH)e 2™ _ (1.F)e %mH
F oo [(2F-1)2mH - (142m?H2)) e 2™ 4 (1-F) 0%

) dm

' (

27t LT
() NPT
PR RN

For large values of m, numerator and denominator tend both fo F,

so that for, let us say m - L the expression above could be written
as follows :

e

L B

. f.‘-.:.-.' g

v v v

™
2(1-p?) I Jolmr}.Jy (ma)

we - pa
'.. P El ° m
:ﬁj
y F - (2F-1-2mH)e 2™ _ (1-F)e %M
e ’ [ -2mH -8mH 1 dm
- F +[(2F-1)2mH - [1+2m?HE) ) e + (1-F)e
. , -
;_;. - pa 2(1;\11) J Jolmn). 3y (ma) dm (1)
W ! m m
o L

't N
(]

The first integral converoes fast, the second converge§ proportionnaly to
1/m.  This means that if one should want a result correct at 10°%, one has
to perform the numerical intearation of the second inteagral until values
of m above 100,000 !

~F
v
o

g, PRRBER

Lo S0 4
L R )
LRI NN N )

it ]

R A e T
A AT T e
L S N L

L T T S - P .-

LR R A ol T I TR o ERPS T CUEY D
...... . R R SR IR < LIRS AT el . -
R T T P “n B R I .

T vy,
1

o e
e

‘3

L

[T

0
¥
N
¢
¥
[}
K
.
'
s
bl
.

.
0
.
3
»
3
!
»
1
N
H
[
\
)
s
¥
3,
b
)
}
[
[}
'
3,
’
'
'
\l'
.A
1}
f,
i
’
»
»
'
.
3
»,
’
»
»
’
'
;
»
'
»
'
b
'
»
3
»
9
3




SOhRE ST 3R Nl WIS A e R IR e N AN N Fa N A M 4o A e e N A A S A
[ 3 H‘ - b

LI
[
£ .
v
3y
LN

~ '
~N

«

.
iy

This is practically impossible. o .f K 'ﬁ%:
One could of course tempted to interrupt the intearation procedure when the }3 'é; :%\4
. first intearal has converged toa satisfactory level, "hoping" that the _,' :gl ,5&;3
second integral can be nealected at that moment. A s s
. To illustrate the danger of such an approach, we return to the semi- ,Eﬂ’lgié 7;513

infinite body.
In the case of an isotropic body, the deflection at the surface and the
vertical stress at a depth z are oiven in the axis of the load by

AT

2
-u?) [ Jifma)
m

2(1
we - pa ( 7

(2)

o, « pa J Jilma) (1-m2) ¢™™ dm (3)

Those integrals can of course be solved analytically

S ]
ws-paz_(.l__eu) (4)
ZJ
o, =pll -~ ———-] (5)

3
(a? + z2]*2

We can compare (2) with the second integral of (1) and (3) with the first
integral of (1).

We perform then a numerical inteqration of (2) and (3) and stop the pro-
cedure when (3) has converged %o a satisfactory level, which is easily
checked by comparing the obtained result with the correct one aiven by (5).
The difference between the numerical result for w obtained at that moment
by integration of (2) with the analytical result given by (4) will give us
an illustration of the possible error when inteara*ing (1) and stopping the
process when its first integral has converced.

~ - This difference is illustrated on fioure 1,

In abciss, we have the converaency level adopted for the vertical stress and
in ordinate the error, expressed in %, on the values of the vertical stress
and the vertical deflection, '

One sees that, for even such low levels as 107?, the value of the vertical
stress is absolutely correct, while the erroron the deflection varies between
- 5% and + 8%, depending on the chosenconvergencylevel and the relative
depth at which the vertical stress is computed; the worst of all is that

we have no means to predict either the direction either the amplitude of the

',
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The only way to solve the problem satisfactory is to split the expression
of the deflection in another way than the ore we had done.

Ve write first the expression of the deflection with neocative exponents
only :

w e - pa 2014 I Jolmn). T, (ma)

E,; . m
F o (2F-1-2mH)e 2 - (1-F) o %0
o ~ ]dm
+ [(2F-1)20H - (1+2m2H2)] o 2 4 (1-F) o OnH

We divide then the numerator of the term in between brackets by the
denominator :

a2(1~u12) f '_7o(nVL).J,(ma)
E m

ws=-p
~8mH

mH
-4mH ]

2m

- (1-Fle

dm
Mo (1-F)e

[[1-F) (14mH] + m?H2] o2
( 142 -
F oo [(2F-1)2mH - (1+2m2H2)] e

and split the integral into two parts from which the first is integrable
analytically and the second converges in the usual way.

For ~ = o, one has J JL%TQL dm = 1

T JelmilJiima) g g

For =« -

a, one has J

°
-

For 2 < a, one has J 4ﬂlﬂfl%glllﬂjdm = F (172, -1/2; 1;-53 )
a

"~
P.‘
)

i
.
.

N

[-]

where F is the hypergeometric function of CAUSS :

v v
¥

YA LA

~

° /
n! (c)n

F (a, b; e; z) = 3 Eilﬂ_lfjll_ 2N

{a)’z = a {a+l}) (a+2 ) ... la+n-1)

{a)s = 1

r;o A AR (e
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For 2 > a, one has J J°(mn)&1‘(m“) dm = .27 F (172, 1/2; 2;
>

~N

hlﬁ
~

The obtained result will now be correct, while converaency is reached as
fast as for the other equations for stresses.

But again, if we will be able to compute as incicated, we must dispose over
the equations in closeform, altough in such a form that the intearal can

be split.
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26, .
1.3.4. Accuracy in the first layer L; ..{
NS
. L0
As for the deflection at the surface, the numerical computation of the , t: -3
stresses in the first layer, in fact nearby the surface, converges also e ;}' : Ei;
very slowly. oy o F
To illustrate this Tet us look at the relation for the vertical stress in T :_:45
the first layer (the equation is given in § 1.1) of a two layer : :,ifﬁ
1 t.:.-
g mz 2,-mz mz NN
9, = pa I Jolmr) Jy(ma) [ Aim?e"< + Bim?e ~ Cim(1-2u,-mzle : A s
+ Dyml1-2p4mz)e ™ ] dm R
We replace A;, B, Cy, P by their values obtained in § 1.3.1, ,'S:

o, = pa f Jolmn).Jy (ma) [ FL1+ miHez)) ™ ™
. ]e-mﬂ'tmz . ]e'3MH.sz Ny ]e'3MH.e'mz ] %? SR 71;

The values of z are negative in the first layer (z = 0 at the interface).
The term F (1 + mi{H+z)] e'MH.e'mz.-%- converges very slowly for values of : e
- z nearly equal to H, the other terms converge normally, ‘
To solve the problem created by the first term we divide again numerator

by denominator :

F [l + mlH+z) ) ™ omz %} = {1 + m{Hez) ) ¢ oMz
(1 + miHez) ] ™™ D 2r1)2m - (1e2min) ) 2™ 4 (1-F) o7 ) X
F e ((2F-1)2mH - (L42m?H2) ] & 2™ 4 (1o e 4mH =
, i
. . The second term of the second member converces normally so that we can E;g
; : again spiit the integral in several parts fromwhichthe one that converges ;33;§5523é'-
' ‘ slowly is AT
! pa f Totma).Jytma) 1 1+ miHsz) 1 ™0™ dm
}i This integral is known as a LIPSCHITZ-HANKEL integral, but only some parti- :
EE cular cases are integrable analytically. To solve the problem for all 0
e cases we have to make a detour throuoh the analysis of stresses and dis- foe o —

placements in a semi-infinite tody submitted to an isolated local force P.
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- 1.3.5. Stresses and displacements under an isolated load

XN )

The HANKEL transform in the case of a uniform distributed load is

- K‘ - X -
¥ (m) = pa f—:’-‘—(im-! ¢ dm "Y‘]:: Y
m .

-
° ~
.

We consider the resultirg load P = n pa® acting on a surface whose area A
reduces to zero. :

Lim P fJ’(am’ o dm
a*o T am

R o ' e
PR I

Y (m)

P
2—"f¢dm

The relations for the stresses and the displacements are then given, in

the case of an isotropic body, by . :_‘Z:

.-:
o = _p_ [J m Jo(m)e-mz.dm -z [ szO(mlL)e-mz dm -':;'.;._:'.-.'."T:
n 27'_ g ;

- [1-2u) I J‘—,(L'M—)e-mz dm + 2 J m bi—@e-mz dm ]

° °

z 2z 3zn2

s S S -
27 [ (z22442) Y2 (z22422) Y2 (2 +n ) %2

+

2,22
- (1-2u) [ +27) 2 2 }
)LZ()LZ*_ZZ)I/Z (22+)L2)3/2

9, . [ f m Jolm)e ™™ dm + 2 I m2Jo (ma)e ™ dm ]
21T o °
. P z + 2z 2292 ]
2n  (22+12) %2 (Z+15)Y2 (2 en )52 ]
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- 2,2
T, =Fz Iszl(m)e " gm = — X2
2 on J 2n (n%+z

P 2(1-p?) -mz Pz {1+u)
W'-E—-—E——IJQ(M’L)Q dM'ﬁ F

f m Jolme)e ™ dm

_ P 2(1-3) 1 _ P (e 2
E [z24n2) V2 Zn E (z2241%) Y2

3

ws - LliElfil;EEl J Jylm)e ™ dm - P2 13l [ m Jy(m)e™ dm

211' ° 211’ E
P (su) (1-2u)  (nP42%)V2 z P (14) n
2n E n (n2+z2) V2 2m E (z22+ 72} V2

1.3.6. Stresses and displacements .under a uniform distributed load

The stresses and displacements under a uniform distributed load can be
obtained by integrating the relations under an isolated load over the
concerned area

Zn ra
op = I f olpdpde

where o is given by one of the relations of § 1.3.5. wherein the distance
n must be replaced by (n%+p%- 2rpcos 6) V2
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a) Relations_for the stress 9,
The relation for o, under a distributed load is given by
o, * pa f Jolmn). Jy(ma)e ™% dm - pa f Jo(m) . Jy (ma)mz ™% dm
- pa (1-2u) I Ji (] Jiima)e™™ dm + pa IM_) Jiima)z e ™ dm
o M o N
so that comparing with the expression for the stress under an isolated
load we can conclude that :
: -mz p I (a zZp
I : pa on(me).Jl(ma)e ‘dm=—f J dod®
o 2r J, ), (224n%p2%-27p0 c08 6 ) Y2
1, : pa[ Jolmn) . T, (ma)mz e~ dm
P Iz"r[ 2zp 3z(n%4p%-21p cos 8 )p ]dode
21 )y J L (z24n%02%-27p cos € )YV2 (2% n%+p2-2np 04 8 ) Y2

Is : pa[ ‘-h—’smm-d—) Jilma)e ™ dm =

R IZ“ fa (z2242%4p2%-210 cos 8 )2 - 2 dod6
2n Jy Iy (n¥+p2-2np coa®) [z2+nl4p?-21p cos B )72 pae

- 1 ra
Tu pa[ -'%mﬂ.]l(ma)z e dm ._'?.f j zpdod#
° 2 ), i (z%4n%0%2np cos € ) V2

b) Relations_for_the stress J;

These relations can be deduced from those established for the stress o,

.
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¢) Relation for _the stress Tx;

acoseaaaae = cwCchsameccaans

T,, ° P& IJ](M).JI(MQ,MZ e " dm

Iy pa I J;(M).J:(ma)mz C-mzdm L

- JZ" Ia 322 (n*+p%-210 cos 8 )'/2

pd8
2" o (z24124p2-21p c0s 0 12

d) Relations_for_the vertical displacement w

2
w = - pa 20w )j Jo(mn).Jy(ma) -mz
E o m
- pa “;”’ I Jotm). T, (ma) z "™ dm
- n qa
Jo(m).J - dpde
) e+ pa .( ) —'—l‘m,emzdm 'BWI I 2 pz pz 1
. m 2% ), 4 (2%n?4p%-210c08 0 ) /2

. 21 ;a 2
1, : pa fJo(m).J,(ma)ze""dm -'E’EI j zpdpo. de
2 ° ° (Zz""l-z*pz"?'tp cos 6 ,,/z

- w e pa {1+u) {1-2y) J Jiimn).Jy (ma) ¢ dm
3 R m
) - pa ‘—1—:_-”—’ f Jilma). Iy (ma)z e”™ dm

Iy s pa | LAMLJ(0a) omzg,

p Iz" r [ (224n24p%-20pcosB )2 - z) 0dpd®
o ‘o (n?4p?-21pcos B )2 (2247 4p2-20p o8 B | V2
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Is : pa IJ;(M).J;!m)ze""'zdm « P

r" r z(n24p2-27pc08 8)Y2 pdopd®
2n

(z24124p2-20p c08 8) %2
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1.3.7. Resolution of the double integrals
The integrals of § 1.3.6 are most easily solved in transforming the variable
6 and p by setting : x = pcos 8 y=p 8in® opdpd8 =dxdy
One obtains
i a 2_ 21
u-f.f 2z la”-x) /2 dx
2T J_a  (z22+x24n%-2xn) (z24n%4a?-20n) Y2
that can easily computed numerically.
1, « -2 I“ 22(AZ+x2-2nx) (a?-x?) Y2 [ 1 .2 ]dx -
2" J_g (z24x24n2-2xn) (z24n24a?-2xn) 2 L (a2 -2x422)  (234x3mat-2nx)d
a 2_,2y1
. in [ 2z(a®~x?) Y2 dx
2" g (22en?4a?-2un) Y2
a 2_,2)1/2
. j% I 2z la2-x?)Y dx
2 - (z¥#+x¥+22-22x) (z234r%+a-21x)'/2
Is, 1, and Is are particular LIPSCHITZ-HANKEL integrals that we shall solve
X in next paragraph.
:.'::.‘. a 2. 2, 211 2_.211
I¢ ,_21:_ J o A2-2onea?ea?) Ve ¢ (a2-a2) 2,
o -a (n2-2xn+a?422) Y2 - (a?-x?) /2

R

.- 1, can be deduced from I,

,;Z_': I, and 1, are particular LIPSCHITZ-MANKEL integrals.
R

o
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Pl

1.3.8. Resolution of the LIPSCHITZ-HANKEL integrals '

) The solution of the Lipschitz-Hankel inteorals is aiven by WATSON (1960).

% CAXAAAAr (o

kY

-

- -ax u',
J_ ™ 3yl62).3 (ct) 27 dt -

>

14

A.".
A

bl gnap®er L

RNy, T X B
; XA
P
PRURERITVN

_l‘ _l' A K

{be)V T {u+2v) r‘ F u;zv' u+§v+l; vel; - g_'_:, sirl od o
a

L. x VT (2u41) .
:_._ .. . :";
i where RO

:;:f w? = b2 + ¢c? - 2be cos ¢

£

L -

< i Iy = E;%‘ L ngm)';‘Jl(ma) ¢”™ dm

T 2
. . p Lf F AL, 3/2; 23 - %) sin? 6do
zz 2n /o z?

with (WAYLAND, 1970)

2 2 2 -
; F I, 3/2; 2 - %) - _z_.[l-(1+w_, n/,]
’ Zz w’ z2

.

T8 F 8§ & & ¥ ., vV v
'.' 1" r‘l Kl v & e '. PR
AR AR

v ¥
P

- and w? = a® + 22 -2an cos &

%

RN

2 n
- The resultingintegral 1, -ya%— I 1 [ 1-

.w’

can easily be solved numerically.

ToepE [ Jutm g imde ™

T« 4 wmy . . .
."-'n‘knq e !

2 ™ 2
.pﬁ_..l_f F13/2, 25 2; -4) sin? ¢d ¢
22 ¢ I, 2?2

.-'; ."' -.": "

4

F (32, 25 23 -2) « (14 %) 72
2?2 2?

...........
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n
2, sint o do

a
Iv =p
L (224 w')¥2
2 )
1. Is = p az I Jl(M).Jl(md)MQ-m.zdm
i a2, " 2
B . Opan F (2, 65/2; 25 -L) sin¢d ¢
- nz? z? =
- 2 2 - ]
. - e e el
| F (2,522 -2) = (1+=1"% RRASERED
z? z?
- m
- 3pa? n z? sin® o d ¢
°, Is = e ] e ——————
[ ] n {22 +u?)¥2
i 1s can be deduced from I,.
" 1 can be deduced from I..
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1.3.9.

Expressions for computation in the axis of the load

When stresses and displacements are computed in the axis of the load,

one h

I,

1, :

1,5

Iu:

Is :

1¢ :

1, :

Ig :

To :

To be applicable, all the developpments of paraaraph 1.3.4.,

as :

-

o

-

Jiima)e Mdm X222 | pa

a Z

Jiima)mz e "% dm —_—
(a2+22) V2

1,

Jl (M)L).Jl (ma) c-mzdm = pa I J]("‘d)e_-mz dm = T‘

1
mn 2

J—‘,(Tmi). Jyima)z ™% dm =-% paJ Jiimalmze M dm =

Jilm) . Ty (ma)mze ™ dm = o

J1(ma) 0" g = (a?+z2) Y2 -2 . pa
m a

Jl(ma)ze'mzdm =z .1

I (m!t)';J; {ma) ¢ dm

=0

Jiima) . Ty imalze ™ dm « o

all the equations to be availatle in closeform,

12

2

again require
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% PART 2 : NUMERICAL RESOLUTION

A

e 2.1. THE MATHEMATICAL ANALYSIS o o
5 A
,:;': AN
ﬂ We give here only the main principles of the analysis. The detailed analy- E:f v R{{
. sisses are given in appendix. a t&ﬂ
x -
"
£, 2.1.1. Ful) or partial friction at the interfaces
" Next system of boundaiy conditions has ¢ te solvad L
% - At the surface o, =P s
- L
T, =0 el
i "z 5§
S - At each interface Ori " 9041 {f\
Tnzi = Tnzi 41 ST S
W, o W o
! e A& Uiel
i - At the bottom W= o0 AN
< AT
! A, or C, = 0 "W'
; This is a system of 16 equations with 16 unknowns (A,, By, ..... Cuv, Dul.
; It is very difficult to solve this system in a complete analytical way,
- as BURMISTER did, for example for the two and the three layered structures.
i Indeed it is nearly impossible in doino so to avoid mathematical errors in
? the analysis because of the extension taken by the different expressions
" in the elimination procedure of the unknowns,
- Thus it is necessary to reduce the analysis to a more comprehensive model
- but in such a way that all the numerical problems detailed in part 1 can
| still be solved compietely accurately.
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The main objective is to obtain an expression for each unknown parameter
consisting in a numerator containing negative exponents only and a denomi-
nator containing a constant term and neoative exponents.

During the integration procedure, when the variable tends to infinity,

the numerator will then tend tc zero and the denominator to a constant
value.

It is thus absolutely necessary that all the exponents appear in closeform
in the analysis. The factors multiplying the exponents may then be expressed
in a more comprehensive form.

The mathematical analysis can then be resumed as follows.

Replace in the boundary equations of the third interface the parameters A,
and C, by their values obtained from the fixed bottom condition.

Write all the interface conditions in matrixform.

- At the surface MI (A, By C, Dy) = (1 0)7

where MI is a 2 x 4 matrix

- At the first interface (A, By C; D) = MalA; By Cp Dg) 7

where M, and M, are 4 x 4 matrices

- At the second interface M3(A; B, (", v,)T = M (A3 By C4 D;)T

where M; and M, are 4 x 4 matrices

- Pt the third interface Ms(A; By Cs D3} = Me(By Du)7

where Ms is @ 4 x 4 matrix
and Mg dis a 4 x 2 matrix,

Invert the matrices M,, M; and Ms
The system becomes

MI (A, By ¢y o0 = (1 o)

(A, By C Ux)T » MyiM2 (A2 By Cy Dz)T
(Az B2 Cz2 D2)7 = MjIMy(A; Bs Cs D)7
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(As By Cs D3] = MalMg(By Du)T

and finally

MT MY Mg M3 M Me NG (Be DT = (1 0)T

The product MI.M7'.Ma M3t My . Ms! Mg is a 2 x 2 matrix, so that we can write
ari a2 B, 1
az, az:2 12 0

and solve the resulting system :
az2

B =
N Q11.422 - Q21.4)2

=azi
Dl. =

ayy1.222 =~ 221.412

Utilizing the different matrix equations, we express then the other parame-
ters in function of By, and Ds.

To obtain the exponents in closeform, all the matrices are split in such a
way that the exponents can be put out of the brackets.

For example, in the isotropic case :

!

-X X
- 4("“1) [ e -Mll + e .sz)

My! =

My = [ eX.May + e %M )

- !

Msl "W [ Q-y.M31 + Ql'!.Mgz ]

My = 4 Muy + e Y Ms )

- 1

1 _ =X X
Ms £TT13] [ e ".Msy + " Ms2 ]

Mg = [ Q-u.Msl + e-Z.M“ ]
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where x = mh,
y = mlhy + h2)
z = m(hy + h2 + hy)
u=mlhy + ha + hy +2hy)

hi being the thickness of layer <.

The terms of all the matrices are of course known in closeform, so that

they can be introduced as input values for the numerical procedure.

The terms of the resulting products are not expressed in closeform : it

is sufficient to know which coloms or rows of each matrix contain

only zeros. Indeed in the final product intermediate matrices disappear
because they are identic zero. Practically, those matrices vanish, which
are preceeded by positive exponents,

The values of all the unknovwn parameters can then be expressed in the
desired way, a numerator with only neaative exponents and a denominator
with a constant term and neoative exporents, excepted for the parameters

B, and D, at the surface.

Indeed at the surface the values of the parameters B, and D, contain in both
numerator and denominator a constant term, followed by negative exponents,
so that satisfactory convercency cannot be obtained.

ﬁi The parameters B, and D, are then expressed, utilizina the surface conditions,

in function of the parameters A, and C,.
The resulting expression for a qiven stress or displacement becomes then

L o = pa f Jolma). Jy(ma) [ K + f10Ay) + f2(C1) 1 dm

A where K is a constant term and f,(A,) and f,(C;) are functions of the para-
5: meters A, and C, which converae normally.

The expression of the stress can then be split into two parts

gy £ pa JJo(M).Jx(ma). K dm

which can be solved analytically

o * pa [ Joma). Jy(ma) [ f1lA) + f2(Ci) 1 dm

which can be solved numerically in an accurate way.




39_
The same difficulty arises in the first layer near the surface.
Although all the parameters converce, acain the parameters B, and D,
converge very slowly so that complete accuracy is also here hard to
insure. .
Therefore, again utilizing the surface conditions, we split the expres- {;i~f-\*:
sions for stresses and displacements into two parts. P:{:lffﬂﬁ

The first part, known as a LIPSCHITZ-HANKEL intecral (paragraph 1.3.4),
is solved analytically; the second part is solved numerically.
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2.1.2. Full slip at the first two interfaces

The procedure described in previous paraoraph cannot be applied here.
The boundary conditions are :

- At the surface o, *P

T
rz

- At the first two interfaces : Ot ® Ypial (1)

T,,; %0 (2)

nzi
Thzi+l = ° (3)

Wit Wil (4)

- At the third interface : Oi = %risl

Thzi © Tnzi+l

. s .
L L+1

3 * 3
Ue Uisl

- At the bottom : w=o0

Ay or Cy, = 0

The systems of equations at the first two interfaces cannot be expressed
in matrixform, because two of the four equaticns are homooeneous.

The mathematical analysis is here :

Replace in the boundary equations of the third interface the parameters
A, and C, by their values obtained from the fixed bottom condition.

Second_step

- ) - -

Write the boundary equations at the third interface (friction) in matrix

form (As By C3 D3)7 = M:1.Mg(Bu Du)T

Paf AN et 8 e Jeig AW A3 oy ) TRV WY
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a1,

Using the surface conditions, express A; and By in function of C, and D
T
(Ay B)T = MolCy D))
Replace in conditions (1) and (2) at the first interface A, and B; by their

valyes and solve the system by expressing C, and D, in function of A,, B,
C2, Da.

(€, 0217 = My (A, B, C; D)7

Replace in condition (4) at the first interface A, B, C, and D; by their
values in function of A, B, C; and.D:.

Using then conditicns (3) and (4) at the first interface, express A, and B:

in function of C, and D;

(A2 Bz)T = M2{C2 vz)T

Replace in condition (1) and (2) at the second interface A, end B, by
their values and solve the system by e;pressing C> and D, in function of e
A3' B3’ CS, 03. :;“.i_.:..- -

..........

(C2 Dle = M3(As By C» Ua)T

Replace in condition (4) at the second interface A, R, C, D, by their
values in function of A; By C; D,
Equations (3) and (4) at the second interface reduce then to following

system
My(As By Cs D57 = (K o)

where M, is a 2 x 4 matrix and K a function of the intearation variable.
One obtains finally

Mo M3 M6 (By Du)T = (K o)

a system which can be solved in the same way as in previous paraaraph.

The same procedure is also utilized to express all the unknown parameters
in function of B, and D..
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Nevertheless a supplementary difficulty arises in the full slip case,
regarding the expression of the vertical deflection :

w-paE ° 4L 4 4L 4L 4
L

et I Jolm).Jylmal ¢ x B. ¢.D.) dm
m

When integrating numerically, this expression becomes, for m = o

Lim Jo(M).Jx(md) - &

m=0 m 2
Lim 0
meo ‘i B G0 =T

so that at the origin (m=0), the expression for the vertical deflection
is undefined.

But, thanks of the fixed bottom condition, we know that at the bottom
w=o for all values of the integratinag parameter me thus also for m=0.
Using the boundary conditions we can then write :

At the bottom fu(Ay By Cu Du}) = 0

At the third interface f3(A; Ba C3 D3) = fu{As By Cy Du)

At the second interface f2(A2 B2 C2 D2) = f3{A; By C3 D3)
and, at the first interface f,(A, By Cy Dy) = f2(A2 Ry Ca2 D2)

Thus, in all layers, we have, for m=0 fi(AL BL Ci DL) = 0

s>t e
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2.1.3. The detailed mathematical analysis

' A

The completely detailed analysis is civen

in appendix 1

in appendix 2

in appendix 3

in appendix 4

for the isotropic case with full and partial friction

for the isotropic case with full slip at the first
two interfaces

for the anisotropic case with full and partial friction

for the anisotropic case with full slip at the first
two interfaces.
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2.2. THE NUMERICAL PROCEDURE

The stresses and displacements are obtained by numerical integration
of expressions such as

o = pa f Jolmr) . Jyima) f{m ) dm

Therefore we use Simpson's method.
Tlabl = & 1 +8fi42f 4. +4fn ¥ fan )

where [a,b] 1is the interval of integration of 1 [a,b) subdivised in
2n equal segments of lenath h.

Here the interval of intearation goes until infinity.

The numerical cemputation is interrupted when the value of the function

fim,z) (in fact the values of all the parameters Ai BL CL DL) becomes smaller
than the imponed convergency level

fi(M, zl< €

The function fi(mz) varies quickly for small values of the integrating
parameter m and much slower for hiah values of m.

Thus it seems appropriate to increase the value of h for higher values
of m.

The numerical integral car then be written :

h
I{o,e] = -3—1 (fo+ 4fy + 2fy + 8f5 + fu] for m < [,

+'—2[fu+4f5*‘2fs+4f7+fs] for Ly < m € [,

+ -—3-[fa + 4fg + 2f,0+ 4fy1+ f12]) for L, < m

For practical reasons we take

hz =2h1, hg =2h2,...

[l
'y 7y
« 4
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Unless in the case of the vertical deflection, for which the function is
computed in a separated way, the first term f, = ¢ ; the last one fan
(here f,,) can be nealected.

The integral becomes then :

h

I[o,.]’ %‘ [4f1 + 21> + 4f; + 2f, ] + B_flo

2h

s BBpags v 256 sagie2is ) + G
+ f13ﬂ [ 4fs + 2f10 + 4f11 + 2f12 ]
The main computation routine is
(L., L.] = 2iﬁ [ 4f + 2f + af + 2f ]
(Lo L; I T £ 3 L4200 T ldeanaa {+2n

When modifyina the lengthof the intearation segment, a secondary routine
increases the already obtaired with a value 2£h

=5 Lian

The initial lenqth h of the intearation segment is chosen by the user.
It is multiplied by a facter 2 when the values of f(mz) become smaller
than 1072, 107%, 107 and 1075,
The final convergency level is 107¢,
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2.3. RESUMED FLOW SHEET

The main steps of the program can be resumed as follows.

2.3.1. INPUT precedures

- Input of the data (by display or file)
regarding loads and structure

- Input of the coordinates (by display or file)
of the points where stresses and displacements are to be computed.

- Choice of the lenath of the inteqration segment,

2.3.2. Computation

- Computation of the value of the vertical deflection at the surface
and in the first layer, for m = o.

- Computaticn of the parameters Ai B{ Ci DL for each value of m.

- Computation of the values of the Pessel functions for each
value of m.

- Computation of the stresses and displacements in cylindrical
coordinates for each value of rm.

- Computation of the stresses and displacements in cartesian coordi-
nates for each value of m,

- Upbuilding of the vectors containira the results using
Simpson's rule.

- Convergency test for each IZk function.

- When the final convergency is reached, computation of the additional
values at the surface and in the first layer (LIPSCHITZ-HANKEL
Integrals).
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2.3.3. OUTPUT Procedures

- Creating of a file containing the results :
stresses Ox OU Oz Txy Txz qu
displacements uy vy, ;3

LA N PRI ! L B

- Computation of
principal stresses o, 0, 03
principal strains €, €, €,
linear strains €x €y €2

i - Printing (if desired) of the results.

o 2.3.4, Capabilities of the program

el TR o

"
.

The number of circular loads, with different radii and contact pressures,
) is limited to 20.

. Stresses and displacements can be computed at 3C places in the horizontal
l ) plane and at each place at 30 depths (included & values at the surface

4
PR
*y y e

a
.
o
\
-
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-
&
-

and the interfaces).

2.3.5. Used lanquage

The language in which the proaram is written is FORTRAN 77.

AW

AL A

LR A
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P 1R
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2.4. PARTICULAR FEATURES

2.4.1. Verification of the accuracy of the results

Stresses and displacements are computed at each interface with the
appropriate stress function. This means that, at each interface,
the computations are performed at the bottom of layer £, using parameters

A; B; C;D;, and, at the surface of layer £+l, using parameters

Ais1r Bisrs Cints Ui

Thus stresses and displacements are computed at a same point with two
different functions. This procedure allows to verify the results

(mainly to insure that the chosen length of the integration segment is
small enough) takina into account that the boundary conditions have to be

satisfied :
~ In the friction case : 0z{ = Ozi+l

Thzd * Tazi+l
we = Wi+!
wi = AL ui+l

~ In the full slip case : Oy; = Oz:41

* Tazi+l =0

we = Wiy

This is of particular importance at the first interface where the stresses
at the bottom of the first layer are computed in a complete different
way (part of it analytically).

In the full slip case, one must be carefull by choosing the length of

the integration segment.

Indeed by choosing it to small (0,02 for example when a good average value
is 0,1) there is a risk that the values of the function f (mz), undefined
for m = o, result in complete abnormal figures for values of m near to o :

for example tensile stresses for g,.

Beside the preceeding procedure, the test way of verifying the results
is to compare them with existing tables such as these of JONES (1962)

established for a three layered system with full friction at the interfaces.

It is very easy to reduce the four layered system to a three layered one
by setting the Youna's moduli and Poisson's ratfo of two successive layers
identic. That creates no numerical difficulties.
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49,

On the other hand it is necessary, because of the fixed bottom to aive
an important thickness to the last layer in order to assimilate it to
a semi-infinite tody, as considered by Jones.

0f course the comparison of the results can only be done at the two
interfaces, but there also the values of Jones are completely accurate.




2.4.2. Convergency of the Eessel functions

The Bessel functions are computed by series expansion such as

ko (x/2)%R

Jatx) = 3 (-)F DA

For high values of x this expansion leads to overflow problems, because of b
the factorials in the denominator.

For values of x hicher than 16, the Bessel functions are approximated by
their asymptotic values given by

v 2z cos (x - T/4)

JO(X) =~ ™ :
Jilx) = V é% sin (x - T/4) ivljiﬁii*

The introduced error is less than 107"

.......
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2.4.3. Underflow problems

FORTRAN 77 does not have a routine that sets variables subjected to under-
flow equal to zero. Thus, this routine had to be built in the program,
The 1imit value for underflow on the IBM PC is exp (- 88)

Maximum there occur in the computation 4 products of expcnentials.
So in limiting the value of each exponent to (-2C) normally there should
occur no underflow.

We have that exp (-20)= 10°°® ;Li;;i;;;

Normally one computation requires about 60 loops, let us thus say a maximum
of 100.

T e
T

PRT oA
LU RN
——

The maximal error resulting in the limitation of the values of neaative

exponents is then _ _
100 x 10°® =10 ¢

which is the value of the converaency level of the whole procedure.
In doing so, we insure thus accuracy of the results at a level of 10 ¢,
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2.4.4. The computation of the principal stresses

The principal stresses are solution of followina relations (TIMOSHENKO
and GOODIER, 1961)

33 - 4:1.32 + '('.2.3 - -(.3 =0

where the stress invariants are

Ly = +0 +0
! Ox y z
: 2 2 2
iy = 0 +0..0_+0_.0 -1 -1 -1
2 %% X"z 2"y Xy Xz yx
: 2 2 2
i3 = 0 .0 =21t .T . T _ = .T -0,.1 -0_.T
3 %%z 2 xy' ‘yz' ‘xz ~ %yt xz X' yz z' xy

The equation is transformed into

¥ +at+b=o0

with %

S+ »(,1/3

o
L]

(34, - 43)

b =-él7-(-243+94'1./;2 - 2745)

Knowing the trigonometric identity
8c04%8 - 3cos0- cos(36) = o
we may write, with

£ =mcos ©

m3cos%0 + amcosB + b = 4c0s%6 - 3cosb - cos(39)

L

=
a
5
-
b ."
o
.
’_.-
ié

-’ - 3b = (- 4 1/2

= so that cos(360) T and m= ( §cd

-,

]
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The solution is then given by

I . 0, -% arc. coa(%l 2, = cos 6, Sy =ty - £1/3
E . 82 = %- arc, coa(%?) + %} L2 = cos 6, Sy = £2 -~ £1/3
03 --:1; arc, cob(-i—b) +-%"- Ly = cos B, Sy = 2ty - 41/3

When a = o0, the value of coa(36) seems to become infinite.
Nevertheless, this is not true.
We have always
- 2
(ox Uq) 2 0

- 2
(oy oz) > 0

- 2
(oz ox) > 0

and thus

2,,, 2>
oy °y 20x.oy

2 + 2 >
°y o, 20y.oz

2 2
c.% + > 2.
9, 0,.0

4 X

By adding 0.2 +02+0. 2 > G+
y g o, y . Oy+0y * 0,00, +0,.0,

Expandingparameter a, ve have

= .1 2 2 2
a 3 [3°x’°y +3°g’°z +3°z'°x -31 Xy -2 vz -3t 2%
R S N B - -
0y -0 y 0%, Zox.oy Zoy.oz 2°z’°x’

- l 2 2 2
3 [ox.oy ¥ 0y0y *0y0, - 3T xy "31%,, 23T,

4. - . -..- -
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Since o xto y o, Oy oy og o, +0

we have that always a < o .

The parameter a can only be equal to zero vhen

02402 +0. %2 4+431% +31% _ +372

=g .0
X y z xy yz zx X

+0 .0 +0.0
u %z r A ¢

This is only possible when o, =0,=0,=¢

Thus when Oy °y and o, are the principal stresses in a spherical stress

situation.
The value of b is then

b--21—7 (54 ¢® - 27 0® - 27 6%] =o

and the value of m is undefined.

We conclude that, when g, * Gq
obtained by )

O = = 0y =0_ =0 =0
1 02 3 X y 2

g, the principal stresses are immediately

A

)
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2.5. USE OF THE PROGRAMS

2.5.1, Generalities
The programs are available in two versions :

- EXECUTABLE version, in which the executable proaram is mede up of only
one block with automatic loading, when DOS is ready.

-~ SOURCE version, in which all controls, data and modules are in separated
files. '

Each program is written on a separate floppy disk.

.'...'l.r
N

.; ¥

S

-

L

The names of the programs are :

N IR R
AT AN
4 .

FLIP : Four layered isotropic system with partial friction
at the interfaces.

FLIS : Four layered isotropic system with full slip
at the first two interfaces.

FLAP : Four layered anisotropic system with partial friction
at the interfaces.

FLAS : Four layered anisotropic system with full slip
at the first two interfaces.

Each diskette contains an explanatory notice which can be called by
next instructions :

FLIP NO,TXT for FLIP

FLIS NO.TXT for FLIS

FLAP NO.TXT for FLAP

FLAS NO.TXT for FLAS

The notice FLIP NO.TXT is given in appendix 5.

''''''''''
- P




2.5.2. Source version

For this detailed analysis of the source version, we refer to the notice
of program FLIP in appendix 5.
Each program is built up in 9 modules.

Module 1 (FLIP1,FOR)

Main module controlling the whole computation.

Module 2 (FLIP 2.FOR)
Data input module with following subroutines :

DOMEC : Mechanical data of the structure
DOTRA : Traffic (load) data

POCAL : Stress coordinates in the xy plane
POINT : Depth coordinates F 9
PAS : Lenath of the integration seament ;ftﬁ?i};}
CHECH : Desired geometric scale j;};; ij3
ERROR : Error routines on input procedures. DA

Module 3 (FLIP 3.FOR)
Initialization module

ECHDE : Scaling of the geometric parameters

VINIT : Initialization of the integration parameters

ZERO : Initialization of the results vectors

FINIT : Computation of the values of the vertical deflections at the
surface and in the first layer for m = o

Module 4 (FLIP 4.FOR)
Computation of the parameters A; B; C; N, for each value of m

P4442 : Product of a matrix (4,4) with a matrix (4,2)
PCT 22 : Product of a constant with a matrix (2,2)

PCT 42 : Product of a constant with a matrix (4,2)
SOM42 : Sum of two matrices (4,2)

SOM22 : Sum of two matrices (2,2)

P4444 : Product of two matrices (4,4)

P2442 : Product of a matrix (2,4) with a matrix (4,2)

CONST : Computation of the parameters A, C, R, D,
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Module 5 (FLIP5.FOR)
Computation of the stresses for each value of m

BESJ1 : Computation of J,(ma)
BJOJ2 : Computation of Jo(mr) and J,(mr)

. SURFA : Computation of the stresses at the surface
COUC1: Computation of the stresses in the first layer
COUC2 : Computation of the stresses in the second layer
COUC3: Computation of the stresses in the third layer
COUC4 : Computation of the stresses in the fourth layer.

Module 6 (FLIP6.FOR)
Integration procedure

TITRE : Display control
MODIF : Alteration of the lenath of the intearation segment
SIMPS : Routine for Simpson's rule and up building of the results vectors.

Module 7 (FLIP7.FOR)
Definite values of stresses and displacements

COMSU : Computation of the additionnal analytical values at the surface

FONC : Computation of the Gauss function for the vertical deflection
at the surface

CCOU1: Computation of the additionnal analvtical values in the first layer

FONC1: Computation of the LIPSCHITZ-HANKEL integral T, (appendix 1)

FONC2 : Computation of the LIPSCHITZ-HANKEL integral I

FONC3 : Computation of the LIPSCHITZ-HANKEL intearal T,

FONC4 : Computation of the LIPSCHITZ-HANKEL intearal I.

FONC5 : Computation of the LIPSCHITZ-HANKEL intecral Is

FONC6 : Computation of the LIPSCHITZ-HANKEL inteqral I¢

ECHEF : Rescaling of the displacements.

Module 8 (FLIP &,.FOR)
Printing of the results

IMDON : File storing and printino of the data
IMRES : File storing and printina of the results.

Module 9 (FLIP 9.FOR)
Display instructions.
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2.5.3. Running of the proaram

We refer again to the notice in appendix 5§, on page 5, from where on
the complete running procedure is explained.

2.5.4. Miscellaneous

It is important to notice that the mechanical input data (loadpressures and
Young's moduli) must be expressed with the same units and that also the
geometrical data (radii of the loads, thickness of the layers, coordinates
of the different locations) must be expressed with the same units.
Nevertheless it is not necessary that mechanical data and geometrical data
are expressed in coherent units : for example, mechanical data may be
expressed in psi and geometrical data in meters.

The stresses will be expressed with the same units as the mechanical data
and the displacements with the same units as the ceometrical data.

It is not possible to compare the results of the anisotropic proarams
with those of the isotropic ones in setting the degree n of anisotropy
equal to one. Indeed, in decino so, all the relaticns become undefinite.
Approximate checking is possitle by settina for the stresses n = 1.05
and for the displacements n = 1,20 .

Routine ECHDE of module 3 scales the aeometric parameters of the structure.
This routine has been introduced to reduce the problems recarding accuracy :
in using the same scale one can use the same length for the intearation
segement.

Convergency problems arise essentialy at the surface and in the first layer,
The best scale factor is therefore the thickness of the first layer.

Another appropriate scale factor is the radius of the loads, obviously

when all loads have the same radius. The computation of the Besselfunction
Ji(ma) is then the same for all loads. But this scale factor should only

be utilized when its order of maonitude is the same as that of the tickness
of the first layer.

Of course, at the end of the whole procedure, the values of the displacements
have to be rescaled in their oriainal values (routine ECHEF of module 7).
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The Young's moduli of the materials are known. This is not always the
case with the Poisson's ratio. Therefore the proaram aks if Poisson's
ratio is known. 1If not, a value of 0.5 is taken in the isotropic case.
In the anisotropic case the procedure is as follows :
- First question : "Co you know the anisotropic Poisson's ratio ? "
IF YES : Input the value
IF N0 : Second question.

- Second question : "“Do you know the Poisson's ratio when considerinag
the material as isotropic ? "
IF NC : The proaram utilizes the maximum tolerated
value : 0.5 for an isotropic material

g . : i
%:iiﬁ for an anisotropic material

(LEKHNITSKII, 1963).

IF YES : Input the isotropic value u;

The proaram computes then an adapted anisotropic

value w. = A « LSxn . 3xn
a 05" 2+n A 2+n

The program computes the principal stresses in routine IMRES of module &.
It also computes, in the isotropic case, the principal strains by applyina
HOOKE's law.

It does not compute the principal strains in the anisotropic case.

There indeed, the values of the Youna moduli varie with the considered
direction. Thus to apply HOCKE's law one must know the principal directions
to be able to compute the values of the Youna moduli. This computation
requires the resolution of a system of three triconometric equations with
three unknowns. Although this could theoretically be done, accuracy of

th results can practically not be insured.

During the computation, the successive values of the intearating parameter
{ m are displayed. This is only done to show that the proaram is running
! and to protect the user from despair when utilizing the model with an impor-
tant number of loads.
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-t

ot
a = 4

"remain patient" on the display means that the proaram is computing
the parameters A; B; C; D; and the stresses (modules 4, 5 and 6).

. _‘u'., L)

"remain more patient" means that the proaram is computing the
LIPSCHITZ-HANKEL integrals (module 7), which can need a certain
amount of time with several lo ds out of the vertical axis where

stresses are computed.

2.5.5. Values for n and la.

Granular materials and soils can be considered as anisotropic due to
compaction or settlement. In most of the cases the value of n, the degree
of anisotropy, is higher than 1, which leads to the phenomenon of vertical
stress concentration; the value of n can be related to Frohlich's stress
concentration factor k, approximatively by

2k -1 -\/4k -3

-

ns=

- The value of k varies from 2 to 5 (3 = isotropic), thus the value of n
from 0.4 to 2.4.
For superconsolidated clays, n is lower than 1.

Full friction is introduced by setting ]a =1,

When la tends to infinity, the shearstresses tend to zero.

Thus partial partial friction is obtained for values of 1a between 1 and
infinity.

The practical value debends on the value of the maximum shearstress
(Yocated near the edge of the load) tolerated at the interface.
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APPENDIX 1

Algebraical Analysis of a four-layer isotropic System
with fixed bottom and partial or full friction inter-
face conditions.
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APPENDIX 1

Algebraical Analysis of a four-layer isotropic System with fixed

bottom and partial friction interface conditions.

1. Boundary conditions.

We write

Ai = Aim® Bi= Bim* Ci= Cm D;= Dim

Fox £, (4r ) Fu = X, £, (14 12)
b E (44p0) A
)
Ea(4t 3) |7g = A m
kw = ____C__.t_— A 2 E_z(,'.’.vz)
Ea (4+pr)

R s

Low Eapir) £y (r+13)

X"-‘-M\'L

\/a ™" L”:‘* H"')

2= M(H,* H2+H3>

b= m(H,+Het Hy + Ha)

W = —-9\\_‘*2

[}

where Hl’ Hz, H3 and H4 are the thicknesses of the four layers.
The index 1 applies to the surface layer.

Boundary conditions at the surface (z = 0):

2= p A+ B, -C (4a-2p) +» D, (4-2p) = 1

T'gso A," &, "'C-,.Zk. * D'-2)A,=o
Boundary conditions at the first interface (z = Hl):

Tx: Aty B, Y- C (_A-Zy,-x) e +D, (4- Zr.,rx)o'xe
A+ Ba£X o Cy (A-2p,-x) € + Pa (-2 +x) e
Trz: A - e+ C, (2p,+x) e + D, (24, -x) ™=
Aak- B, Ca (2p2*X) e+ D, (_z)“—x)e"‘




":j w: Ac- Bl C, (2-4,””!)(.” - D (2-4»,-“);*:
2 -
5 P [ A= B0 € (2-4pam®) ¥ =D, (2-4 g+ %)@ "]

Cw: A+ BTy (A+x)e™ = D, (4-x)fx.=

Fu }-_Aze" F Doy Cylarr)eX D, (4-x) e"x]
Boundary conditions at the second interface (z = Hy+ H,):
0 Ay Ba7o G, (A-Zy;-y)e‘/ * D, (4-2)*,_»7)57;-
AseY 3 33,_“/_ Co (""2}*3‘7')"7* D, (- 213 +y) <
Trz: A’-Ba7 4 Ca (2N+y);‘/ > D;_(2’M-y}e'7 -
A By s Cy (2)4»):)0/ + Dz (2ps~y )7
w: A BT .C, (Z—AY;—y)ey— D, (Z-A)n-‘l)f—-y" .
bew [ Ast? - By - €5 (2-4p3 ) =D> (Z'AYVY)‘YJ
W: Ay 193¢ y Ca2(a3y)e” - D2 (2-¥) eV =
Ku [A;'—y ¥ Dy 3 Cs [4*7)0' -y (4-)')57l
Boundary conditions at the third interface (z = H; + H, + H3):
Oz : Me 3 Dac - Cy (4- 2»,-1) e & Vs (4-2s yz)e 2
Aue™ + B4E%-Cy (A-Z'..,,-'z) e™4 Dy (4-Quy +2) et
Tyz: Ay - DXy Cy (2,,.5-;1.}&" + D (1r,-z)e‘1=
Age™ - Dae® +Ca(2par2)e™ + Da (2p4-7) &t
w: M- By Cy(2-Ap3-2)e® ~ Dy (2-4ps ya)e s
- Lw lﬁqe"- Pact_Cy (2’47‘1“"‘) :* - Dy (2-4ps w:\e'z]
. we Ayes Dyr%4 Cy (ar2) e = Dy [u-2)e %=
‘ La, {_A\,c}* By + Ca(ara)e® - D4 (4-2) 7 ]
Boundary conditions at the bottom (z= H1 + H2 + H3 + H4):
e Auet- BacT_Cu (2 Apa-F)er - Dy (a-dyas?) € T

Coco

------
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2. Resolution of the system of 16 equations.

In the equations of the conditions at the third interface, A4 is replaced
by its value taken from the fixed bottom condition:

- -r
Ayt Biet v Da(a-4part)e
We write the conditions at the third interface in matrixform
T
MS(AD D, Cg D:)T = MG (BA D4)

We invert M5
1

- T
(As®sCaDs) = M5. Mc (B4 Do)

where

Lwr)  —(edpyd)  -(200v®) = (-2

, A a e o ° o
ij-‘ N'l = - A | - | -1
P A‘ﬂ"\")} ) . . .
E.’:‘ Q o (o} o

LA e @A) @) (a2
- A(A-p) ° ° ° ©

-\ -! ‘ '

- | (2-Apart) \ ‘ (-2 )

" } 1y 4-1)

h X i (Z-Ayn\r) éz ‘ (Lpu

: M= < Ly Ly (2- Apactt) " dw bw{ahper®)
w W - _L e
Tw M"“N“” hw \~(A )

T M
T A l,;i_ Ms, + ¢ 52}.
b - - ———
(A\’bgc% 3) = 4[4"}*') -
‘.&-k. Mo + ¢*. MGZJ- (B4 y“)

-2{¥-7)
2.
M')’\G|+Q‘2 M5\52 e . MfZN

L liﬁ.
- - l. _
(4 )“‘) , MA :) [P D4 )'T

NN

el
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Mg Mer = ° ° = Msie)
$ O+
° 0
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ﬂil'”G? s ° ° = M5\62
+ +
0 0
0
+ ¥ = Ms2a
Mb‘z. ﬁG\ =
© ©
+
(o} ° ° < 2 o
Ly (L-t2) oo La
- bt > ' + =
Msg2.Me2 = ' ' + 2 o
<] Q o L
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-1, V2 Q ~-13 0
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i Al.5
Y We write the conditions at the second interface in matrixform

» Mg(/‘zbzcz -Dz)-r= Mlv(AaDaCbDa)T

-
(/\291 €2 D:)Tf-‘- Ma -My (A3 BSC3D3)T

E‘i
3 “(Ary)  ~(2-4pz-y) < (2paty)  =(4-2)ay)
A 4 -y Q Q 9 Q
> = - e
A(4-pa) ! - | -1
(o} Q < d
° ) o ©

“0y)  (2-4pary) (2p2y)  -\A-Deay)

o o ) Q

-\ -t ' 1

\ ° - (" - 2)\5‘7) o

Sy v AR A ) YT T T PRt ARt g o 4 - S
L]
~<

y ) ° (2pa+y) °

R R
t. ¥ o ke (23D ©
X o o (A=Zp2+)
i ~ | o = ° (Zp3-y)

+
. © L wkw ° SWw(aARW)
‘ SV “dew(4~y)
"' (ﬁ;B, Qz D:)T = 4 ) [MN . e‘)’ + M32.¢y) .
AG [4-p2 ) [4-]p3)

B . LY N

[M/,,.J v Mhz-?] (AsByCyDs)




»,

-
L]

%€

T TR,

v ~ v v
RPN

T Y TN

AR AT 2 Vo o Rthie Sl tRASE I A Sagelt T WY ey
B . .

............. RARANE AL A A oA Al el Skl Sufnch wat wad ted ong ol

T A y
(Mb:C2Dy) = : [Na:-m» + MMy 4 Nzn-“hzezy-r M;;.Mz,,ezj-

AL [A-p) (4- 1 3)

-2{Fr~=

[ns‘\cl'éﬂ:* Mﬂsz‘;h+ Msznel ), NA:) (B DA)T

M- Mg e = Mauz

MPLMM © < “nm

¥, o -XK; © “Xy o (X-%) o
¢ k 6 ky © (k-k)
“),.n),\ + M)).MA; . N ' ° A + \/ >
k_; © X2 IS c © kj °
O © -k_) °
K
v ° - Mp
° © o °
0 ° (\] (=]

K,z -mA).,-\m-Q)ﬂ(kw_k‘.)

Xze =A4-2%y + Ak p3 - K

Kys Kw-ku

Wi = A+ Epy = Ipapy —dpyadw b apaday + k- 2k




A v 4
MB.MA = [F 7 = Ny Mpzz- M52y = ° = Ny
o0 r &
+ o+ N
° 0 + b 1
= | *f =N M HNA . °© o . N
”924\-“5»5\- b o 12 dN4A2 . . 22
+ ¥ 0 9
O © + &
2 ° ® s Nl.'b
Mo Mgz = [+ *| = My MB. Msiq 0
°° Lo o
- .
X Y
+ MP, Mgz 2 ° o = M
MD. M52 = | & = Ny -
o o©
4 \ Q Y
+

”‘nAz-MS\ew = MWu-MS»u = M%M\'Mfztw Mau...m s o

A
(A2 B2 Cad)

— .| ¥
M(A-)M)(A-r-;) l

T
-2t -22
-2|¥-1) N +,:7'Y ;'IUJ.) )/z, +€zy. V22 '*9—2 Ny +e N)t‘]. (b“ .?A)
e « Iy .

We write the conditions at the first interface in matrixform
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We write the conditions at the surface in matrixform:
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where the matrices Uij are all (2 x 2) square matrices.
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We write the terms of matrix ll11

Oy ar

()|| =

0 a, az

and the sum of the terms of all other matrices

Ch Cua

Cay Caa

We notice that the terms aij contain constants and linear functions of the
variables x, y, z and their products.

The terms cij contain all negative exponential functions of the variables
X, ¥, Z and t. For high values of the negative exponent they all tend to zero.

The matricial equation of 84 and D4 can be written in the following way:

- (ﬂ.” + Cu) “b,q ¥ (&\l + C\L) D4 = ~64 (4-’»\)(4°)A1) (4-',‘5)
(01\ +Cz\) Bz, 3 (Qn + Cu) Dy = o

The solution of this system is:

By = - 64 (4-}“)‘54—}‘1) (4-p») I_O\u R Cu]

DA = ‘A(A')“) (-4-)“)(‘-,“) 10\1\ + Czl)
\'

V T A AL - r1.002 + (C(u'?‘ Cn) Ca:

-(az\"CLl).C|1 4+ C".QZI - Cavv0 2
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One verifies that

A2 - A.Cu2 = (F\ﬁ‘_ +F3F4)(k‘k, + k;kA) ()-\Lz'f L3Lly.)

A1l the linear functions of the variables x, y and z have disappeared
in this relation, so that for high values of the variables, the value

of the denominator V7 tends to a constant

FkL = (F.Fa* FaT4) (ke ¥ Ka¥ea) (Lot Lz,Lz.)
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N 3. Values of the parametrs A,, D,.

“h

.

a 3.1. Values of the parameters Al’ Cl.

,3 At the bottom of the first layer, parameters Al and C1 are factors of the
ﬁt positive exponent eX. Thus when computing stresses in the first layer we
L have to input at least two positive exponents which necessarly will lead
b to overflowproblems. Therefore we shall express next modified values

> of the parameters A, and Cy: Al.ex and Cl.ex.

Regarding the parametrs B1 and Dl’ we shall replace them in the equations
for the first layer in function of A1 and Cl’ using the boundary conditions
. at the surface:

* ’4 " Te
. 0

LRSI N

h Ax D -C (4-2p )+ D, (A=) = 1
g A -, + Cp. 2 + D=0

. The resolution of this system leads to
Bi= 24t A (A-4)p) ¥ A C, (4-20)
D, = A-2A, %+ C, (4—4)~>

The values of Al’ Bl’ C1 and D1 are given by

TN A— [T e T 200, 2
64 (A-p) (1) (+1)
-2 )
"'TM-%K 1)+ Va,. M 2-10 “)+ Tzz-ih' +sz.€u+ Ta4. g2z

P L P e Tl Rl L

“2y-) ok -2(y-
' Thwzw VAR, oy, 2 Ty A, T“‘;z;z-;oj (By D)7

We notice that the matrices Tli and Tdi contain nothing but zeros in their
first and third rows and that the matrices T21 and T3i contain nothing but
zeros in their second and fourth rows, so that the values of A1 and C1
depend only on the matrices T2i and T31.




We obtain then

A

e?.(A‘ o G, O)Tz - .
(b )

_z-)-zr-) -2y~ —-2r- ~(22- -
[Tz\ (2y=x) (r-z v Toa \v’t_’.\_be\ﬂ'xl‘24‘1(22)0*-’;“

+T2;1 Ez\r-*/) Ty O —2l1~>’+ Tas. Pl -2[* %) . ( Ba DA)T

We notice that all the terms contain a negative exponential function. For
high values of the variables, the numerators tend thus to zero and the
denominator to the constant FKL.

For the reasons explained in previous paragraph we express next modified

values of the parameters: Azey, Bze'x, Czey , Dze'x'

The values of the paramaters are given by

T
Q\l bl Cl D'l‘) = -———-——A——'_—‘—"—‘ N)\ + w\i c

Ao (A-‘h‘l) (4—‘*%)

-1()' 'x)-} Nz\- ;2‘, ?‘:20—-1} + Nl?. 2‘.,

2(rv)

2(2-v)

+N3Q,

¥ Nay € 4 Ny, & -h]. ( B4 D4)"

+ Ny

We split this relation in

w =2lr=z)
e,y. e L +

Y Cy o T': 4 Nll
e (hz M) > m l4 ).1)(4 )") L

+ Npp. €7 4 Nz'yzu ‘7)+N2 -(22- Y)J (Bg DA)

-x -» v
( Pa e ) 46 ( Ay)(,a 3) S- "
a8 N, P2,y & J(H)J by 247
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The values of A3, B3, C3 and 03 are given by

@mbacsbﬂl lﬂem 27+ Mgy € o2

(-M)
b Msar. €200 M) (s )T

We split this relation to obtain

(2t-2) -2 T
e (Ab 0 Cb )T 1h5m\t *’Mﬁwz‘-J (5A D4)

A(A %)

. - -1[ -2 T
e (o By 93)T= & +MAQ‘] (B4 Da)

.-},.5

3.4. Values of the parameters B4, D4:

D e L i .

Following the same procedure, we obtain

54_51 e - b (4-}“),('4—"‘1) (4—)»'5) lvxzz ¥+ sz).e:'x’
\
Da.e X = 64 (*-"‘)(A-P‘)b’}‘») na + Car &%
« Lot |,
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4. Determination of the stresses and the displacements.

The program calculates the stresses and the displacements using following
relations:

1 -ma

0
Oz= p* L Ja(mr). 3,(mw) {A;mitma-)- Bim e .
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? 1 .
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AR
Stresses and displacements are calculated in a system of cylindrical -

>N
LN )..v.‘

.':'_.f,:.-_‘.-,

- .- "\'.\:“.l
coordinates. The stresses due to several loads are to be added together. SN

Therefore we must express them in cartesian coordinates using following
relations:

o

K
-

mix

Tx = 0. i + O‘S.I\'mla= Trslh ‘[r_;_?_
Oy = 0. VPR %.m’a’ - 0‘r+:'§ W:r_;{'l wn e
Tp = Y2z

Tyz = Tz hon O

Tyz = Tez- AN

Ty = (Tr- 7o) o ot = U]:lg;. . i A

Wy = g on

wy. m

<
~
1]

YW = W

wherein the signification of the angle a is illustrated below.

lLoad
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< @) (4-2-) e )Axcmr).)—'(w‘“)efhl\ol“

E, "

©

A
_ (A+ ) P ) J, (wr). J,(mu)_ yul\e:’“l‘otm
£, o

o

A R (xewh _{x-mh

) ~[xymb)
+ (A 3-4}.—2»‘\\) 'Y Gemk) C.&)(A- i+l -k 44'.‘»‘%)!.[ *w’]o‘;\.«

The relations for the stresses and displacements are given in paragraph 4.1.

The terms Aimzemz, Bimze-mz, Cime'"Z and Dime'mz are to be replaced

In the second layer (H,Z h{H, + H,) by
1 1 2

" oy < [wh- ~[(y-wh _ay = (whx
(Azey) (’:(’Y— ‘\3 (bzt. \e[m)'\ X) (Q;_':’)C«U W ) @12. )Q. » )

In the third layer (H1 + H, £h( Hy + H, + H3) by

- —(2-mh) - -LML"/)
(A.,J).E(z""')') [b,é’)é(% ¥) )< (2 @“y) :

In the fourth layer (H1 + Hy + Hy <h( Hy + Hy + Hy + Hy) by

2y -(mh-
b":m\\ . @461)_9’(n~ 2)

2y = (wh-)
D™ e ()

AAQ‘M\‘: (AAQ};) Q"(,\—'W')‘B
_ (bl.ia) E:Lr-z) < (Fwmbh)

gy ~(F2) —(Fmb)
+(}-4»4+E) U)z,tz).'z( z).a_
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APPENDIX 2

Algebraical Analysis of a four-layer isotropic System
with fixed bottom, full slip condition at the first
and second interface, full friction at the third

interface.
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APPENDIX 2

Algebraical Analysis of a four-layer isotropic System with fixed

bottom and full slip condition at the first and second interfaces.

1. Boundary conditions.

We write

A= Aim Pi= Bim” Ci=Cim D=Ddnm

P Bl g EBalepn  Eelepd) L
Ea(at ) B3 (14 ) =% [V 1) .

X=m H, .

y=wm(hy Ha)

2= m( Nt H, ¥+ Ha)
Yo m( K¢ B, + Ha ¥+ W4)

we —2Y+ 2

where Hl’ HZ’ H3 and H4 are the thicknesses of the four layers.
The index 1 applies to the first layer.

Boundary conditions at the surface (z = 0):

Tz P Axr b, -C, (4~2) ¢+ D, (A-2) =4
Trazo A,=D, + C 2y + D2 =0

Boundary conditions at the first interface (z = Hl):
- X
G: A+ Be7- O (AR e’ 4 D, (A Burn) S =
- X
At v BTG, (2-2p 2 )“j + D, (4_2‘,1»;()@

T;z.=o'. A,&,‘ - B, N C, (1%,4-7(}&.”5— D, CZ’,\,—x)L—xro
fﬂfo : A'zQ‘ - b,z’* 4 Cy (2’.2'}1)&’( + ), (2.},_,-)()&,-7‘ e ]

w: A- D, C.(l—A]-\.—x)ex.—3,(71-,4),\,-”)0_'7(:

-
F[A LI ST o) (1-Ar,-x)x’( -9, \Z_-A]MM)Q :)
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Boundary conditions at the second interface (z = H; + Hz):
0z: A v Bad? o Co(A-Yrm y)v.7+ J, (4—7-)»7*7)‘:7=
Ayels b, 7-Cy (4—2}.3-7)9,7 + D3 [4—2}0*‘/)‘1—7
Tizpea: ARY- B3 G Cz’»fry)e.‘/ D2 (pr~y )C7=¢
Tzyc0: Ayed - Bpe” + Co (Ysy) 3 D, (zrg-y)(_-yte
wi Ao il Co(2-Ape-y)el - T (2-Apoy)E e
k[Abty- By~ Cy (2-4p3-y)e” = Do (24P *V)‘;y)

Boundary conditions at the third interface (z = H; + Hy + H3)
bp: Ax€+ By - Cs (A-Y-2) & ¥ D3 (A-2p3+2) € %=
Aae"+ BAET - Cx (A-s-2) 3 D4 (4- D4 »z) <
Tins AyE- Dye? 3 Co (Yprr2)e® + D3 (Ypp-2)es
Axe’- EACZJr Cas (,2’\4 +z)cz + Di (_ZH,-:) P
Wi Aye- byi®o Cy(2-Apa—2)e” - Dy(2-Apsrz)e =
L IAA'—2- Bict-Cy (_Z—Aklwt)zz-DA (2-4r~41l)e_j
z

NI A9¢z+ Baiz 3y Cy (1+z)ef- D, (_)—z)o: =
~Z
)-):Al.e.li» bre s C4 (+2)e” - D, L»~z)e J

Boundary conditions at the bottom (z = H1 + H2 + H3 + H4):

YV AAQ.‘--— DAC}—- CA(Z-A)U‘—") e"_ DA ('2-44)4, "‘}')e:‘};a

CA:O




2. Resolution of the system of 16 equations. e 'i 3

In the equations of the conditions at the third interface, A4 is
replaced by its value taken from the fixed bottom condition:

- -y RN
AAJ}. BAe*,_ﬁA(;—AyA+*)m R Nt
We write the conditions at the third interface in matrixform f::i:i;\'.‘—"
[.pw‘.'\_r\ \

MS(Ab%DC593>T= MC (blo y‘l T .
AN

We invert M Ll

(Ab%bcbﬁg)—)} Ms. M ( s J’A)T

where
—(+2)  -(2-4Apy-2)  o(2parr) -(-2p4-2)
A A -x ° ° © ©
M = - .
? 4("‘ }*3) \ -\ ' -1
o o o o
A L% -(v-2) (z-z.)k.,n.} (2rs-2) —l"zh"‘)
A\A'k‘;) o o Y O
- -\ ] 1
| (2-4p 4+Y) ) (A2 442)
w0 g 2 - (2pu-2)
M( a e >y e
L L(2-Apsuth) L -n(2-2pw 2)
L LQ2-4puth) L ~L (%)

(A2BaCs D)= - I,(TA;T o M5,+3.M52:).1€‘?Mc,+éz.mf](s,,m)1
-y

4(A-p»)
+
"’M'SZGI_-)' (Ba D4)
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) I —2(/\—-2}49)_ (2 L)
La= -2l (A-l’«a) - (4+ L)
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We consider now the boundary conditions at the surface.
Adding and substracting the surface conditions, we obtain

2A,= 4+ Ci(a-4)p) -D,
2p, = 4+ C =D (A-4 )

Adding and substracting then the first two conditions at the first
interface, ve obtain

2A, - C, (4-4p, - 2x)eX 4 D, &* 2 [ AZ)
2087 - CieX 4 D, (A-Aptr 2X) P [A 2)

where

-
[Alj"’ A'i’-x X Bli"qu(A—le-x)e." + D1 (4—2)»;”() y

We replace Al and B, by their values in function of C, and [I'1 and
solve the system

C o= [_Az}[(2x—s)£2x+ ﬂ —(4+2x)e,“" .
e =

1(4-»2:1)52" AT

T V.0 (G Dt B oo S

2(A+2x")€25 cAr 4

) L. . . £
le combine the T rz—cond1t1ons viith the w-condition so that x

2(4-p) G o 2 (4-p)DC*s F \_2(4-}&)91&’ + 2(4-p) Dzéj

and with ‘F| = F (A-_ti ; ‘ﬁi . .—_"—
E‘ . (4' }A\) - B
t G e-x + D, e?x = F4 LC] e D-; e X-J : “

We replace Cl and D1 by their values in function of A?, BZ’ C2 and ﬂ?

[A2)[ +4x€"—e’j"‘) ~2(arx) &7 5 2(a-x) e

: = Fa\ Cz‘!f ¥ D —x—]
u 2 -2 _A,‘ S- 1e
' 1(4" Ax )e - e - A




A2.6
Together with the <t vz condition, we ohtain then the system
- -x
Az - Dyl v Oy (2-}*1*") N M (7—}*1"‘)'— s
=X R'x

Ay b.l{" -C (4-2},1-x+ Rw,) ¥ ¥ D;(A-Zy,-)x-Rb)L s - ?{T

vihere
R.= A+szlx_é-4x

Rix 2(a-x)d?" —a(arx)e”

Vi= 2(a+ lx’)éz‘- PRl

Ry= TaVa

R,
e notice that form= &0

R.‘=A Rq_:ﬂ Vl=‘4 R")"' - Fa

We solve the system for A2 and 82

-4
2A3_= _%1;;7‘"_ Cz (4—4}«1_-2"1’nb> --Dz(/"k'b)l "

A% - g’%tx y Ca (4*'“3)@3“ -4 (4-A ),qle-Rb)

\

Adding and substracting now the first two conditions at the second
interface, we obtain

1A1€y— C1 (4-4);\1,—2y)zy » ng_-’: XAb)
28,7 _ Coa? a Dy (A-4pan 2y) RERWEY

. where

S_Ab} = A s BT L Cy(4-2pay)e & Dy (A-2p0 y)e™”

lle replace A2 and B2 by their values in function of C2 and D

2
and solve the system,
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pTTTT T s 4 AR O A el B BN e e
e e i ST S, - -

e, [A3)[(2y-2x+ R,-,);z(v-x)‘ (1)) > [(4+2y-2x)¢L7 ) oy x)J

2142039 70y Ly () @) aamy) ST sy,
~2y-7) ~4(y-*) Lt -t -x) “3ly-r)
S.ABJI_("*' 27 ‘2)”'%5)@2(‘1 - [41’- R))Q Y J > .%T I.Q_ 1 - (A 27 »2x 'y -J

2[402039) ™™ w4y (y-) @V (g ST (4o

»he =

te combine the T,,” conditions with the w-condition so that

2(-p1)C2e” v 2 (a-p1) De?s W Lz(«-y;)cae" ) 2[4-}*5)93[’)

and with
K= WAk PSR
S SO
-
Cie” v 117 = K [Cre” s D587 ) R :f‘fi

We replace C2 and 02 by their values in function of A3, B3, C3 and 03

~4ly-=) -3y -»)
\Aa)tz(‘ly -2x vﬁ;)e. 4 (A-R5) —-(4*R;)e“y J + 3&1(41»7—1()1. (A Y w)e v :l
2‘_/\72(\,-!)2-3 2y- ,)q— Af, (\,-r)eﬂ 4+R;)_4(7 -x)_ (A- RB)

= X, Lcw’»f Dbiyh)

Together with the Trz—condition, we cttain then the system
Y -y ) -7
Abc - %gc ¥ Cb(?‘)“b’\/)L r 5(2}"9-7)" =

- —y- e
Aye » %b._‘/ _ Cg(A-l)A)‘V*&))J v Ny(4-Yrs ry-Oy)e = - o oLl
where -

-1 (y-» -4y %)
Q= 1(17-2”%)3(" v [a-Ry) - (21 Ra)e

- - %)
9, = -nh V"" yelr=? ,(4-777:)@5(‘1 ]
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Vo= 2 ‘_A\- 1\7 —ﬂl)e:z(\' =) y ARsy(y-%) El(y _’Z (A Ry) {,4(" 'x)__ (2~ R»)

Q)b = K, VL
0,

We notice that for m = 0

Q= 2-Rs  Bgea  Tam-laR) G=-k
We write the system in matrix form
Y \ o - (a-2p>-7 Oy) o
) o Qya+y v

o (A-2ps vy-0y u

(4
-

- o 2p3-y Cy °

or

T
\zy. My o+ e—.yNz\-L] (A, B, C, P))T-.: L—%l\ o)

We replace the matrix (A, By C3 D)7 in function of B, and D,

T

(%) Mgz v Mszi2| (82 D)

- -2t 1Y -2
I.JMM ruyﬂAz)\_e Ng\“ e N‘S\GZ LA

T

= Al (R °)

We notice that M,,.M

415261 ~

Ma1-Ms062 =

Mao-M5161 =

My2-Ms162 =

|
o o o o




We call

TR Bl
15162 = M2
Mo Mso61 = M3
Ma2-Moo62 = Mg

and write

2

[, v 8 o PUP 0 s ] Lea 20T

= dpp (G )T

that we transform into

- -y T
Lé'll"“/)NA N ;—2\1'7)‘\]1 R ;’2("“1) Ny + N"J (%A‘Q.r DAQy,)

= A(a-pa) %« o )’

. We write
1\,’ 1) Aw ar
AV R g VR \
(| PN hra
' bn
Nx. T
bll h')!

where all the terms a5 converge vhen m = o4

He develop the matrix equation

(&n vy b)) Ba? 4 (o v bn) Die” o Afa-ps) .%L

(0\2\ y b:\) LY R [mu ybha) Dz,e.-’ c ©

We solve the system

|
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A2.10

Kaz2 ¥ ‘12

B e 4(4-s) Q‘T 7

-y : g!_ az + bu
DAQ: —4[4 ’»’"3) ' V3

where

Vbs [ oen vbou)(mzee b22) -(_on; + bu)(o«u ¥ an)

= (ﬁn* L") xRz - ("UI— ) l”“)"‘l' 3 bn-bzz -~ Ln-b21 ran-bzz -a)2.b2

The term bll'b22 - b12‘b21 contains linear functions of the variables
and has to be develloped in close form

-] -]
Ln bll o ) © 4’2}‘”?'0) L. Lg fZlLl'Lé
Lz. \_)n Q ot o 2}«)-\, o 9

° La

l’l\:" L|

bia= LpralLi-ba) + Ly (A-2¢a+Y -Q3)
bZl a —L.

baz = -Ly-2(L-ka) + Lo (2p3-7)

by-baza - bn.bzy = L,L-l)- Z(L.-L;) ¥ L:(l)“)‘)')
Ly +a(l-be) v s (A-Zps Y 'Q’))

= L La (4—@3)

The linear functions of the variables have disappeared so that for m = w
the numerators of Bd.e'y and Da.e'y tend both to zero, because of the
factor Q2’ and the denominator tends to a constant:

im  Q Ly (4-03) = (A+F)(as k) 1L,
LS
and finaily

Bl. e:l 2 BA 57. ;(‘-7) 1);,{"; ])A":)" e—:(i—y)
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S 3. Values of the parameters Ai’ D]..

We express the values of the parameters A., D]. in the same way as
explained in appendix 1.

.:: 3.1. Values of the parameters A5, Bg, (4, Dy

’; The values of the parameters I‘3, ﬁ3, r3 and 03 are obtained from the
= relation

. T . -1z

i (A'b ba C; Db) = o~ - A . l'q_lt Ms‘(” 1 & ,‘15\52

. : 4(4—}* 3)

- T
y e g0 v Mea ] (P P4)

The matrices '15261 and r~15262 contain nothing but zeros in their
- first and third rows, so that we can write

(Ab o Gy °)T’—‘ - A IQ.ZEMSIU } ahbMS‘wz (P D‘)T
.: ao)
_ () (%
- (A§: N C)'? °>T= = —'/"——- t( z.)a( ) Msic)
A(A-p3)

' 3 {(1-7) ME\GZ) (54?:7 Th‘e-y) T

The matrices "’5161 and N‘5162 contain nothing but zeros in their
second and fourth rows, so that we can write

.
(o 2 o ). -_i_le—-zv-zmm.msm}m %)

J A(A—)»s)

- g INTT
. < D ZY)T = - —-—4—-—-—' éz(h1)7451c, + Mys262 (BAC Dye .)
0 (" Dae” o I )
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3.2. Values of the parameters AZ’ B?, C2. 02‘
He have
2y-x (49 -b(‘r"_)]
BT (RN FLLL NP R RVENELL I
Cie =
Va
-4( . (v) -3(y-
) ‘7 [AE]L(A*Z‘I lx'RB) l(\'-y) A+R) L _] R ‘.“»’ \/0—1)‘\4
e
Y,
so that

-X ~Y %)
) e D WAR AN o
- -3(y-%) . 20
_ LA‘:)LC"*L["-"*R’)%( (/Hﬂ;) - _J ¥ .%_‘.LA - (4 2y +2 ) _J
= vz

where

- . -y
T.A%}: Arel + Bye” o Ca [a-Yua-y)e? + Dy (A-2pasy)e

-(2-y)

: s (M) 7 L 9,87 _(0y) (At ) B (A2

We have also that

247 - Cy (4-4y1—2y) vy DEY ‘_HE’]

so that

Ase? = —"—',{—- { S_Aa] y G, KA—Ayz-?-y)c @zt )'(y ")}

and finally we have that
293 = - Enlgx y G (aﬁ-ﬂb)%, -~ (A—A}A1+2X-R3)
so that

s A 1- 3% 2 (C20) (R € _pp, ). (4 Apa 2x- m))

4
-

-
.

4_‘ e T e s . Y, .'.
Y AR A
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3.3. Values of the parameters A, and Fl.

We have that
[AZJ' Y_(zx—|)£2"+ 41— (A4 Zx)Cx ¥y e
Vi
-

yot . LA [(ae2g Rt + (439 e
R A
v

Ix
C,e=

where ’ .
LA:}: Ay 30" -Ca (4_z}q~x)¢." v Dafa-YarrA)
o A) S0 g (G () T 2 (a2 )
We have also that
LA C,(a-hpi-2n) e Dt [AZ]

so that
X _ Yhiqﬁy
AeX = ,;l:% [AY) » c.(A—A}«.-'V)"

The values of B1 and D1 are obtained from the surface conditions

A B -C,(4-2) & D,(,a-z*,,): 4
A.—b, fcllyn » D, 2"‘=g
so that
B,z 2p. A.(A—Ay—.) > A)«.C. (A-Z}..)
= 2, » (MY Sy A () (-
D= A-24, 4 C(a-4p1)

= A= Q(A,l’)t-x ¥ (C‘Qy) ("'A}’“)e'-x

..........
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4. Relations for the stresses and the displacements.

The relations for the stresses and displacements are completely the same
as those developped in appendix 1, by replacina the parameters Ai’ D,
by their adequate values.
Nevertheless, there is a problem in the computation of the vertical
displacement: its value at the origin (m = 0) is undeterminated.
The relation for the vertical deflection at the surface is given by
” )
w= po AP} Ty () Sifme [A-B.-C. (2-4p0) -, (2-4p)]
B, wA
which, to avoid convérgency problems, is transformed into
1y f 4
W:-T)vuz(A ) I J‘(Mr) JI(M“) A - 2[A|- (A- ZV.)CJ S dwm

\ ™
The numerators and denominator of A1 and C1 are both zero for m = 0,

To eliminate the indetermination we should develop Al and C1 in a
Taylor series. Altough this is theoretically possible, the required
computation is very long and the risks of introducing errors, in doing
so, are enormous. Fortunately, we dispose over the fixed bottom con-
dition, which, for m = 0, transforms into
Au-Ba- Cy(2-4pa) - Da(2-4ps) =0
The w-conditions at the other interfaces transform into
Ay- Dy - Cy (2-Ap3) = D3 (2-4)a) = L [ A4-Pa -Caf2-dfa) - Dy (2-4m41]
M= B - O (2-Aps) ~Da (2-4pa) = ¥ [As =B ~Cs (2:4p) -Ds (2-4p)]
A~ B, - (24p) “Ds (2-Ap) < F [AamBas o (24 D2 (2o4p) ]

so that, form = 0,
A\ - b\ —Cv ‘-Q—AY\B “DJXQ“A'/‘\‘} -
and thus

)._A, - (- 2}«.)(3.3 = -iz—

so that the problem is solved without any difficulty.
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APPENDIX 3

Algebraical analysis of an anisotropic four layered structure with

fixed bottom and partial friction interface conditions.

1. Boundary conditions.

Because of the presence of 4 different exponential functions in the
expressions for stresses and displacements, the algebraical analysis
is more laborious than in the isotropic case (appendices 1 and 2) and
has to be developped in a more detailed way.

To reduce the number of exponentials we write
B4Hy+ - HY )
A;m1m(4+y~'.) ew‘( t ) = A

O H.*H 4 ... Hi_, .
Bim ni (atp) ¢ (ot g
msi(h +Har - n)

Cim misi(nivp) € y C;
Dim' m si (i) gwrilh ey W),

Further we also write

F\: ._E_‘._ Ta= M Ey 1+
E, 2 Y- Wy \2
= Ea Kz= I’E-}_' »E mz Y‘}
1 E‘b 3
L E> La= /\35—3—
VE T
E. 4
X=mH,

where Hl’ H2, H3 and H4 are the thicknesses of the four layers.
The index 1 applies to the first layer.

Boundary conditions at the surface (z = 0):
q‘z’-*" A,Q-Y‘Vb, "'(f\le—»s')"'Dl’/1

- ~ 51X _
Trz=z=90 .ax—B,+S'IC,L'—f.D,-o

.........
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Boundary conditions at the first interface (z = Hl)

NS WA Nl A A N
Tﬂ'- Tt BIQ +5.C -5, D.e = Azé(yq)_ Bz + 5, Czéo"t(y-x)- s, D;

wi Papy A, = (A+pD By e, (et pYCr - s (nrp) Dy DA
F-L(A”P“)A:C“ ) (A+p2) By +52(mp) 6 < o }- 32 (”1*""\1)1}

— 5\ X

b (napy Ay b () BT ¢ (4 Cy (2+}) Die™ =

t2 I(nuyx) A1€(\/4)+ (matpr) B2 4 (_Afp)&éh(y“‘x (A+)2) %]
Boundary conditions at the second interface (z = Hl + HZ)'
Oz A—z*bzo‘.ly- ), Cav Die =) ayolE) By + Cre2®Y) D,

Az— B;e“ )1» $2C4 _glb,’h\‘/'x) A -(2- )/) By + S C L;(Z V) s Ds

| wi (A+pr) Ar = (44p2) BzE > +S7[mf}n)Cz —h(h:+)~1) Die s1ly-x),

V[(M}*”)Agt( 7). (1403) 5; ¥ S (hntpry) Qb'- - 55 [n3tps) D’]

w: (mpdh »(mr}n)’)z& +(4+)n)cz . (4+)u)e."(>"")

a2y 2-
. V]L{hy)}q)Agc, 1 (hg}',x;) 95 i—(A"-}'ﬁ) Cbg_J’( )') + [A#PB) Dl]
Boundary conditions at the third interface (z= Hl + H2 + H3)-

~33(2- 7) Ase ~(r-2) v 0 JuF2 . D,

: U}l Ab "'B)t( )‘FC + D +*
Sa( ¥ ).f D4

E Ten: An-Byel 5505 -5 ’BJ’P oyt g, +J‘4C«
Y (40*3)A5 (401«;) b;e( 3 .Sb(h;¥’hb)c'3 S;(h;'})n )‘Dgl
L, I(Aay‘.)Ax,e )(u}u.) By, 4 54 (ha ﬂu.)D.L M z-.h(m#)«x,) D&J

532 7)

& )
. u: (pps)As +(wm By "7 (1) Cs +{4+r»>>33

r" L: l(hA})A[:>AAt + (m.&}al.) BA ¥ (4 4-',\4) (\AQ, *_ {"""“A) DA:]
ﬁ;' Boundary condition at the bottom (z = H; + H, + Hy + Hy):

. ) )»2)
Wi (#pa) Aa = (arpea) pel™? I (naipn) Co = Sq(nntpa)die A=)
If S 1 CA:.-O
4> -(+-2) 3 -2(r=) S4(V4+ha) Das ~ (1454} (%)
.o T
If s, 1 Aaz< ]
! ~(4+d4)( F-2) 254\ k )
CAQ"(hl) —————————h*w) BAP-(M 5 +Dse *

) Iy (h).*'k“)
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¥
- 2. Expression of the boundary conditions in matrixform.
)
. 2.1. At the third interface.
-
. In the equations at the third interface, A4, or C4, is replaced by its
T value obtained from the fixed bottom condition.
= He write the conditions at the third interface in matrixform
h Ms (AsD>C3D3)T= M (bs Da)T
- Me invert Mc
- T
N -\
[‘_ (AbQJ)C?, D;)Tz M5- MC (‘b‘* 04)
M) mbe) s i
: N 2-y Ty 2~ = .“:.‘._ S
o H" A Sa(“}*s\“k ) ¥ a(m*}*»)e( ) -Sa?—( ) -Sst(z V)
a 5= ':7.'4‘.-_.-.\..4
;L 2!5(4—7!3) -53( My %Y (2+13) - 53 %.
33lz-v) Blzy)  sylzw) ;,é”("") Lol
l SDa(narpa)e - (e e S
If 545 1
- (a+18)(F-2) R
’ —2(~2 Ly Shlwapd o
1 ¥e an)
e ,{7“—%) - 54 + ‘_sg‘lﬁ‘_)‘}ﬁ €(4+I")('—-’) b
M¢= -2(+-2%) (32 arSu){ -2 P
L, (arpa)]-r +e ] L. Salnat ) [—4 y ! . } m
- F-2)
—2(F-2) Sajnatis) {ar52)( }
L) €00) L (e L TR
1f 5, ¢ 1
4 {
234 F2)
A g LA e .
Jalnnrpa) -254(F-2)
{ V3 WA _(avrit-2) -J4a ke -S4
- e
NAYpa) “24(F-2)
MC " b -\MSI,)U'—’X)J L&[h;ﬁyh)["’}t __)
L\(A*““) \_\ re
(Arp W)? —(4¥8n)(F-2) \ lemﬂ
2y
Lo [ ) e

Sa(narp4 )
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We write Al' By, C3 and D3 in function of B4 and D4.

X SOASALX |4

A, - EMg(4) Mc(i1). Ba + = M) M (G2) D4
235 (4-13)

2 M5(2). M1). B4+ = Ma(a) Me(i2) Do (2-9)
233(4-n3)

3 M3 (31). Mc(ia). B4+ = Ms(2i). Me(i2)D4
293 (a-n)3)

= Msl). Me(ia)-Bs 4+ = Ms{ai). Mg (i2) D4e,3(g_,)

A3y (A-n3)

PR

AP

AR ERENGG  ARN
™
v
!

where Ms(i,j) are the constants in Mgl.

We write
?jA = M i) M((ia)
?ja = = Ms(j1) Me(i2)

so that
! Ab ~ ’ ?n 'vvz \
b, A Py el Pl . By
C) B 2’3(4-'0) ?3‘ le Y
E e gt |
d
E} ' 2.2. At the second interface.

We write the conditions at the second interface in matrixform.
= T 22
b M3 (Az B‘L Ca Dz) = MA (A; B; C3 Dg)

lle invert M3

~ T
(A2®:C2D2)T= M3 Mu(A3D3Ca0s)
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U

D ‘ .
\“-?x‘

o &y
AN

e
(4 :'"-\ .

a
s,
P
VYV

: §E .

P e P s
s LI
h Y A

e Pl d

XX

S;LA*}A‘A) -5 (narpa) Sa -3 \
e A S.(ﬁ}“)é%x) .h(m»)n)tn_x) _y, YA _s,e0)

bll""“‘) -3 (/nﬁ}a) (A""‘l) -1 Se
<32 (nay yt)é‘l(y.”,_ l,‘*}d\é‘(‘l"') é‘l(\l“') 50 (‘/")

s
)
A

(4

, P:lﬂ) ' ) ‘ |

M, = ) - Jgi"(bﬁ it
L=

k.(4+}~3)€h-y) ) k,s>(m*ys);.%lz-y) =W Ty (W34 )

i alatkd) K (aspye® Y

Ka (a+p3)

We write AZ’ 82, Cé and 02 in function of A3, B3, C3 and 03.

A S My (1) Mali) P, ¢ 3 Mapi) Mu(in). By
1:

¥ (4-\01)
y Z M) Malin) S, + 5 Mal). Mulis). D
232 (4-n1)
B, - 3 My (21) MA(M)E("Y)Ag. + SEMy(20)Mafin)-Da e(y.a:)
AS3 [4~ V\‘L)
- » 2M(0). Ma(i9)ePEC, v 3 Ma(2i)-Mu(is) Da L)
4 232 (A~ ha)
é Cy - S My(30). Nz,('m)i(”)Ab r SMa(3) My(32) Ba
' AN (/\*Y\‘l)
. S My (3). My (1) e s s S M3 (21).0 (14) Ds
an(A"V\‘L)
V. . M) Muline®™ Ay & S Malai) Ma [32) By es’l‘)-’S
2- ﬂJ:(AAV\ 1)
s 2‘.?’\s,(A'.).MA(\:)&"l"”c, y SMaldi).-Ma(in) Ds 20
ﬂ:-, (4-h7)
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where M3 (i,j) and M4(i,j) are the constants in Mgl and M,.

We write
@3 = =Ma(y) Ma(it)
S0 that
! A 1 ’ Qn':(w) ®n 'Q\)E,’lﬂ) Qu, \ ! Ab\
b | QA g ) g, B e
z b
C ) 2 [4-m) @ut:("y) Q,, “':hlz-v) U4 c,
D’} l Qh\il’.y-)ef’“") DAzehly-’\Qt.ai,’lz‘q_"“-’)&’wc"l‘f")} Da |

2.3. At the first interface.

We write the conditions at the first interface in matrixform.
M. (A,'b.C.D,)T= nz[‘&zﬁ’zcz%)-r

We invert M1

MOl R

- T
(A 5.C.D)T= N Ma (A2 ®2C2D2)

| sy =5 (vap) 5\ -5
M. A Sifavp) ¢ s, et a5t st
' -13.(4-\\) Y (Vh*r") (AQ—Y\\ Py | 3, .
\ -ﬂ(hﬂyc)ej'x -[My.\ es.x e"’ S.e '
! co) \ s U-) |
Q-W"') - J-g!,—h(y-,) -5
* e -1 -¥)
nl E ("*Y"Jy 4 "F'["*Y") ES:[WLHN)&’ :’ ’,) ~%5n (Mﬂﬂ)
R oty
Ys[m*rﬂiw ’ hinmip) (4»y1\l—, ! To(134)

We write Al’ Bl’ C1 and D1 in function of AZ’ BZ’ C2 and D2




A, =

Dq =

4 S Ma(n) M2 (n)é" !

C, =

D, -

S Ma(4i) Ma(i3)e00, ¢ EMa) (4D
&

e

ZNay Mz(‘*‘)n:‘y‘ )A2 + = M) M1 (i2) B,
25,(a-n))

Z M) Ma(13) 790, o+ ZMa(4i). M2 (4) D,
2:.(,1_)\.)

> My@i)- M DY™A, 4 Zma(ai) M) B
25, (A-n1)

( -x)Cz v S Ma(2i). Th(i2) Dy

25, (A-n)

S Ma(2) TG EYA, + SHA(38). M202) Be
an (/‘ h\\

. 3 M) Ml ST | s A (31).M264) D

2.?, (A*V\ -\)

S M. (Aig .N‘LCM){‘YJ)Az *rmé;tk (4.\ ) Ma(i2) B’l.eJ‘.x

2y, (A—h-)

2:‘ (A—h\)
1

where M, (i,j) and M,(i,j) are the constants in Mi and M,.

We write

so that

e, i ()

Rjt= M. (3)- ™M, (i)

) —h(\’-ﬂ Qu,

3¢

{ Ry —(‘[ x) R'z

-lY"‘) R Rpe” R:;ih(’ ’.‘) X Qu,e

R)l~-'¢(\’~,) R,z 933 i"’ly"{) R34

\ P),, - x.) S Rln

e

o

5 RM -nly- X? Sx R44 Ju!}

-------
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3. Resolution of the system of boundary conditions.

We write the conditions at the surface in matrixform

- -5 ¥
O,y A e 4

. (A. B; c. D‘)T:

~X ~ L

e -A 5\ -5 o

He have then following system of matrix equations
T T
MI (A.‘bcctb') = (4 Q)

-
(AB.C.D)Ta A MR (A2B,C2 D))
25, [A-n)

T
4 B3Ca D

(A2PaCy D)= MQ (A>B3C3 Da)
1]’1(!'7\1)

-
A D4
(ArB;C3Da) = L MP (B4 D4)
J;, (4—"3)

so that

1 CMI. MRMOMP(B, %)= (4 o)T
U5,5, 53 (4-n) (4-m) (2- W3)

Oy o s 4

MI. MR =

o34
an o ad

b bia \

MQ NP = ba. Y12

by, b3
\ ban b42 1

Cy Crp
MI. MR MQ.MP= l ]

c2, ciy
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3.1. Determination of cu.c22 -

E‘qs Vs s25)y (A—)n)(*!-—hz)(A-Vvy) . c22

Cip- C22- €. Cuy

Dy = - 85 5255 (a-w) [4-m) (4-12). cu

Cu-Ca;- Ciz. C2,

€21:%12

The expression of the denominator €11-Co2 -
in complete closeform altough regarding the exponentials,

Cy= G.n-bu ¥ an,-bg. + a.;.b;, r O\M.\u,,

oy by ¥ o baa + Q\‘l-\’n_ + Qun. bf'l

C\1

Cqy = 0\u.bu + Q. bm + Qz;.h;g 2 aza-‘”ﬂ

a2y - bar
Ciq = ;- b ¥ o. b ¢ c23.byz v 224

Cy.Ca2 - - =

(awan - mz-ﬂz\)-(\m-bu - bn-ba)
+ (m\-an.— ars. o ). (bn b - bu-bav)
+ (“n- Q24 - ong.an ). (bndaz - b ba)
t {0 @y - an.022)- (b2 b - bz by )
+ (onz Q24 - D4 DAL ) (11.buz - b bar)

+ (m;.au. - ml..aza)-(ba\ buz - bsa. \”“)

I
-(y-*) -x X R Rare
ﬁ“:e\’ 1%;!1 Ry v Ry
Tt
“hX Rlﬂ,e'
Cuz= [ﬂn;’ v Raze” + Rne "
Six
-nly) ¥ Raze J
mﬁze'b [ﬂ,;{, r Rt “Q‘))i v Ras i
JR's \
v Ruae J
v Rap e v Rau 3
Q'A: ].“\Li )

c21.c12 must be established
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-z - e
bv\ = Q)\-vl\-e V)+ Qn_.?z‘_él Y)+ &\3-?‘5\&’5( y)’ Q“.'Phe’)(z‘v)
b2 = &n- P2 + Op- M + Qi 3 G Paz
\)1\ s "Qn. Vn L 2 sz.?z\ + 02‘_93‘ 1 Qz‘hp’“ J e{y-;r)
s Gt + Q\u,.?n) e,(‘/”')

b2y = )_Wz\- Pl r On P2

v Q33 P + Q3P4

b)\ < wb\.v" 4 Q.)i. ?2‘ P
D32 = @3.Pn v G272 3 03P 3 G4 P2 -
Y_
))11\ < \.Qm,p.. + Qli-?l\ + QA)-P}\ 4“*‘.?&\ Q«rl(y-x)
+ 0u-Pn » Quu-fazle

Daz = \.Qlu.pn + Q-2

-9, eLt-V} cS;(z-v).

hl\-bll - b\‘}.hz\ =

(=) o olz)

{ Lwn- Q22- Wn-\bu) L9n- ?11 - ?n-?zv L2

Yo o -G @21 ]| Pu- Paz - P12- P 62:": )
AL By 0] [ 1 Poz = P2 P ) © >1 Yu "
! N""'q" - Qu 0] P51 P - oo P éi([::\:;{’:(zw)
¥ 1%- Qa4 - Q. 823) [?n- Pz~ Po2 P ) %

1 [llm..@u - 0n. 02y ) P P22 - Paz. Pz\) }

We write
P = \?“'?11 -Pha.Puje :
pra = |Pn Paz- P P ) SeY)
pid = [?’»'- Py - P22. P c.-n’(z-v) -
bn = [T P - b2 ) Sl 2
Pasu [?3\. Paz - M. Vm]e?("y).[”(z"’)

a2 = 1PA|,911 - V4 ?z\:)
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Bn.bli - \)n . b'l.\ = e(y-i). Q,(z“,)- Q”(Z-V? 'bn

r b3 - b ba = eV Y By

by ~1)&(’1~Y)' R Bis

bu. bayr ~ dn-ba

bay. b3z - baa. b
Y2 baz- bar. bar e

L) () 5, gy,

L

c'(\’.1{). R_' 2 (y ‘7’) e’(z-y). '—J‘; (Z-Y)' b 24

bsy. baz - M. bay = e,"’b’.ﬂ. e(z“’). e,"’(z"). B4

The value of the denominator is then finally

¥ six  _(y-9 sy _(z-¥) 33(_Z‘Y).
C'|.C‘21—C\2.C2‘= Q,-Q,'- e . . e .

[ A B SO o9

_aly ) -232(y-")
%.A‘)_ B\},.e (y .

y Ay, Dy ©

> Ay B2 o2y

2(y-¥)

¥ A2y-924

i N - Sa{y-*)
v Asy. Baa 0270 )

The term 4\24.824 contains the constant

VEA-:.) R22.Res + (50-Y) Rz.;.?u._} -
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4. Values of the parameters Ai’ D‘..

4.1, Values of the parameters ﬁ3, B3y C3s 03.

The values of the parameters are obtained from the matrix equation in § 2.1,

A, By P

B, \ 8, eFY) % [tz B,
C, ) 113 (2-n2) P, %, D,
D, Pay e(z‘Y)'s’ Paz c,th)

One obtains immediately the values of the parameters A3 and C3

A Pu.Ps 2+ P2.Dsy
A= w 4 2
> QI;(A-'\’)) I- }
Cype —2—— [PaBa + Ra D)
1?;(4-“3)

The determination of the values of the parameters B3 and D3 need
some more computation to insur convergency.

B3= ___E_(_’_l,:z)—-—- ‘792\. Bl: + pll'DA]
235 (4-n3)

D - Qh('l‘Y) ‘_P‘H- Py 4 Pya. Dz,J
a«l)(/\—h\)

Those relations contain positive exponents which much disappear to

avold overflow problems.

0. W o) o) frn) [Pa B4~ P2 D]
253 (a-nn) - Caa

By

n

S 91,8, 1 [4-h) () (+-™) \%-b'z. - PM-D"')

D3 <
23y (4-n3) - Cha




PRI R

A
s
L

[

~ -
e e e
PRI

......
.............

?2\.%'[. - P?Z-D’A =

1 [~2lv-*) hly-x)\ BES €’zlY"')

2. bha
N g-(yo'ﬂ)t.lh (Y‘*)Q)ll . \”gz ¥ e(\f-x\ a‘2A. b’AI]

SR

cly=x1 2 2nly ")m 1.bl + oy .,\'zA-\”A'] =

_ 'Pz -Z(\]"") -h(y-") \ . ‘7\‘11‘ b,zl

_ !
Q.’lh#\e- nly " O\L.\ [ Pay. b‘n - %2 by

S0 G ] e B
o:\y-ﬂ.ézn\y-x) 0\‘235_ Pyy bhg - P2z ),'3\‘}
5y Q-K\"’() D\l;,), I?2). b’[,)_ - ?22- })’Al]

?2\.b\\1 - V—n_.\J"\, =

lz-v) ~ R -(:-»A
?2‘ IQ“ pll N ®‘1 ?12 ’3(’ y) \5‘3 ?31 ‘2 V) 2’)(1 Y) \Q ?‘.2 J
- 9‘2‘1 \Qu.P“ ¥ (.bn.- ?1,\ + (bn-?‘b\ + O 7% :]:

-q\z-;) nlz-y)

- zw)?m 1@\\ Py & -l').~v) -s,\-z -¥) v On. Poz & -253{2-y) . Oua. PAz] 5
_Q-('H') e [0". P, v Q. Py, y O Pm] :

S R -

P21 b2 - P2 b =
- l').-y) pz‘ u2‘ ‘la“/) -')\7-‘)') Q %1 -2‘“1 -v) ¥+ 0 9"7]

sg.h-v). P22 I_Qn- n Yy O 3, 3+ Oy pln:) .
e\ PBay N o
RSO
w1
=




/7,

A

. ?—
‘vt ‘:

"'n'a')
[ AN

A
v

P4

=
4

as B
i)
S

'

e e st Ak 2t b s s prCuL s USRS SRR SLEHAR SR EDEDER RIS AR S
'y ."-

- Q:-(')-“l)' Y22 [“5\. ?“ + (bbz-?gy + \Dy, Pm]
= Q?tq-Y). ?Bz:b

-2 R
e‘("‘)/) P2 IQm.?\'le-(’l.Y)e-J;lzﬁ) + QAZ'V3ZQ Hlt Y)"’ ‘D'I‘"p‘ln:}
Yy, Y_Qm.P\, + Quy. Py, ? ¢,,4,P;.|J

= -('1-Y) PJBQA

The positive exponent e(z-y) can now be eliminated

By= Asisa(a-n) (A-02).

5 (y-»
€2(Y—')_ Er,(y-x? 0‘\2-" ?\344 R ‘LJ:(‘/ 7"‘2.1' P%zz

- ) -y A
+e~h 70-0:2:;\\; "y PRy v e "‘2“‘?91":) Caa

and the numerator contains again only negative exponents.

Yay. Pl - Pu2. Dl =

Ay -5 (y) -hly-9 \
?Jn 13 ly V‘ s 52 (Y- D\‘zp b‘\‘l + e b Y ‘
= - ~{y-x) ]
p e anly=0 L, g Y o.'l,,,b;.;) .

Q-l\‘f‘x) e—h (7")() 1 \O'” N e—,‘l [\'—¥)0\

! 1
- ?ln N 22 b bl

+Q~‘Y~\/‘£"\\y—1)m\13 b'a' + Q‘(Y‘?‘) mle b’z-l‘ }

= R

- \ EXVEA Lo Py Do
-2(\,_’)2-!”’ )00!\1\ \_‘)ln. ‘D‘n 'VA‘L b“ 1t ’ o\u‘.?M.\n'l 472 :)

- / v,
N ih-y\e.h\(y-r) oy [?"L bz Pan '\,)3‘:] +eb v)“lu L&"' bl V.V :\

.....




ot A e dinp it Zia i s s it e S e S e i Sen pas diay- A SUS - dar S r- shn- g i S o/l SR g S gt el et R A Sl S SR SR
- FERRAE N
A

.

" A3.20

! Par. B2 - Pz b=

. 41. OV 22 bw

L7 RS 2o Mz.y) W'L?u-”\z#) Wvan-v.lz‘yo)fh(z ) Q. Vz.ze‘z Y)]

l - P ]_\h\ P +Qy. Py ¥ i, Py + QO Py ]

AN ‘_Q\\- P g, @ Paa + Q. P2 €6 ehlxM]

é -e_h\?“ﬂ. P a1 \Q“ Py y 0,2.Pn + O P ]

,'i = éj"p‘“’) P84

g P b2z - Paz b= &i "
A B st 0, P+ gy P PERET)] RREe

] L

__me('l-*/).?‘n [Qu'p” + Qu n  + 02». Pa,

- e.!y(‘l“/) ?blol

Puy. b2~ Paa bl = ) » ley) NG V)J
Ll ) 9, ‘_le Prc =21 | Q,, P +Q;3 ‘:‘: _) __Qw
-?:h’h‘ﬂ. Pra [mb\. P b2 Py 2
=y nlz-y) PYH43 _
) ST
) b =
?Al b‘!l - P‘l A 2(’ " o __(a.y) Jg.l'l‘)')J
_ Pz ) P, ‘QAI e y Waz P v Qus . Taae
Pa,
-Q-h\'la’) ?Al Y_uhl. Py y Qa2 Pa Q. T2 ]
' = Q—J‘b‘ﬁ‘\/‘ P’b A[’

and the positive exponent es3(z-y) can be eliminated

Db = 455 (4“»“) (4"h‘) .
‘_‘;‘ (\,-ﬂe_. nh PO 4 ™ by -")a'zz- PBu2

D v ¥
Y s ly-» 0 g1, PBas | 1.
SR, Phuy v o R 24 0 aa




v A I e Aaititnd Seiinisbd A Aul b A A i el St SRR IR MR AL R A

£3.21

4.2, Values of the parameters A2, 82, C2, 02.

The values of the parameters A2 and C2 are immediately obtained from
the matrix equation in § 2.2
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The numerators of 82 and 02 contain only necative exponents because of
the presence of the factors 51 3595 353 and a5q-

4.3, Values of the parameters Al' Bl‘ Cl‘ Dl.

The values of the parameters A1 and C, are immediately obtained from
the matrix equation in § 2.3.
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5. Determination of the stresses and the displacements.

5.1. Mathematical procedure.

The stresses and the displacements are deduced from following relations
wherein the notations of § 1, are utilized:
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The stresses in cartesian coordinates are calculated as explained in
appendix 1.
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5.2, Stresses and displacements at the surface (z = 0).
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5.4. Stresses and displacements in the other layers.

The stresses and displacements are immediately deduced from the
i relations in § 5.1.

The exponents associated to the parameters are:

- in the second layer (H1<h(H1+H2)

'- - - - b Sud -J1 L"H!
b Apem (IwHh) o cm (o) o oo (Waa) g cam )
-
5 - in the third layer (H +H, Zh{H +H,4H,)
~ Hy - - -H,-H
Ay (Hata iy L)‘ poe™ b H,- W)

Oy LR Rt Hamh) gy s (b= W= R
b

- in the fourth layer (H1+HZ+H3<h<H1+H2+H3+H4)

-H,-H,- -H,-H
bz.{w'(‘" H,-H, )’ra)’ -DAQ'_J‘:.M())—R| H,-Hs)
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Algebraical Analysis of a four-layer anisotropic System
with fixed bottom, full slip condition at the first and
second interface, full friction at the third interface.




. APPENDIX 4

A Algebraical analysis of an anisotropic four layered structure with
fixed bottom and full slip condition at the first and second interfaces.

1. Boundary conditions.

To reduce the number of exponentials we write
LA D)
Aivini (arpi) & (R ¥a A ¥

Dimni (as »i) ?:M(R'+ Hat-- “;")_-. Bi
Cin i 5i (ni +pa0) M5 (BaHas.. .H.‘)= C

Dt ni 5¢ (ni +y‘-)e:”""(“'+“7+---Hi-4)= D,

Further we also write

- F.. E Fo B Sa(na-t)
b - " - —E:; E‘L S-‘ (“4,4) " P\l ‘_
- 2

S Es V= Ez (33 (ma) Si:( 2 -*)
k’l = —--é-"—3 E‘S 3‘1 ('\1'4)

E
E'& Lq_ = ,_é.
" L E4 B4

X:W‘\H’\
y=m (_“-"'“1)
= = mn (\-).+H;+H3)

Y= w (wl'\'H‘*HB*HA)

. where Hy, H,, Hy and H, are the thicknesses of the four layers.




(AL S A A R M N NN A RTINS JRCNC A SACACANL AN SR AROAE S AL N SAR M AR MDA AIC SR S SNCANE A P I ard ot e g

A4.2 AL,
LRI ot
r e T .
Boundary conditions at the surface (z = 0): T .}"\:
Ac*+y B, + S €™ 4 D= 1 NN
Tacp: e v ™ ‘ ' SRS
B P RS
Tyzso: A" - B, +5C €™ D=0 v ’ y ?-
Boundary conditions at the first interface (z = Hl): 5 .j-';_\_
- Fz: An"‘ b'cxi‘ C! s D' irﬂ: ALJ(Y"‘)‘ Bz + C! C-hl'y‘.)‘ P, ) .-'.
Tn: A-b.e” + 50 -5D& a0
. A, O p, + 520 6500 b
— ¥ R My
wi (arp) A = (P BET 4 3G -8 (nitp D& ' R
-(y- -5a(y-x) -
F\L(«}“)Aﬂ-“ :)(M)‘t) B + Blwap)Ca LTS [rtp) D'J . o
Boundary conditions at the second interface (z = Hy + Hz): R L,
~{y- - -¥) - |- - - SR -1-?
Ta: Ape th(\’ ", G *Dn"h " thh Y)+ By + Gehlr ™), D, ’
If]: Az - b;c—(’\'-’)¥5-.c; -5 Dzarl(y"')= [ K :
) Ancl 4 by 40s Gy 5,9, =0 . B
~{y- S (y-x) N
W: (4“\‘1) A\ - (4”'1) b‘e"\’ ’2 £ (b?’}“’) C, - :) [h'l-"y\) ‘»1& l(y = . ":-;':-j

ki [(«ws)hc""l (aeps) By +3s(narpy) Tl N [STRY Ds]

Boundary conditions at the third interface (z = Hl + HZ + H3):

Fr: Ay *%;:.(Z-Y)»C; + D;E”‘b’), AAEO")-' Bi ¢ Cs G+ D,
Ton: A»,—a,z"")+ 33%-’;’5:"‘2'”- ,44:'“"1)—34 +J‘4'C‘4-3‘(hi)—!4 D4

w: (Arha) Ay = (atha) b;i"") s Su(matpo) Gy =S3(mpths) P,["""’)e

L, l(Aoya)A4€ (=2 (4+pn) By + 54 (s w:.)l).:‘“"’)-u (na+}ns) D4J
w: (Marprs)As +(narhs) b)t:("’)+ [2+s) Cy, »(4+p3)D3 =
. L. L(»“ W Al (rasps) By + (A+pa)ls Fadled [A+pa) D4J

Boundary condition at the bottom (z = Hy + Hy + Hy + Hy):

Wi (hppa) Aa - (Ahps) e 4 (naspn) Con = 54 (h,,;;‘,.)j,,.:’“’“’).__\,
If 5431  Caso _— -
(- _a(ha)  Selnasha) g o LU ‘
Ml By, ik L i
<1 Aaso
4 - [4422)( -2) _2“”_13
sslhe) M) B e,’l L s
Cae - ———— D4

34 [M.’-P“)

S .-
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2. Expression of the boundary conditions in matrixform.

li

R
L el

L% 7

PN

2.1. At the third interface. :;f-‘-::’

ls'

s
..
s
~
X
VY,

In the equations at the third interface, A4, or C4, is replaced by its
value obtained from the fixed bottom condition. '
We write the conditions at the third interface in matrixform

Ms (Asb3C3Da)T= Mg (bs D)7

We invert M5

DTN ';:".

E (Ay?5Ca03) 7= Ms'. M¢ (®a p4)T
[
h 3y(a+hry) =33 (n3¥p3) 33 -33 ‘
: n~| A s;(ﬁyﬁe}py) J‘,[m»)n)e(z-y) -s,g("”) _5“_(2-7)
5:
Inpns) | -sy(map) (4+)3) - 1Y
S3lz-7) Bl nmlzy) oy, SE) |
-y lhaspale - [(#pa)e ¥
If s4> 1
r ‘20“7-) \x 5’4(“"’ g‘);(."’")(‘.‘,“ \
1+
-V ¥ 52(\‘—’\) -S54+ Sg(‘[:)f&)-:)) ;(4*"‘)“”‘)
Me= ~2(F-2%) 4 _(avia){ 2
o I
~2[F-2) 3 -|AxSa) (-
\ Lz(nup\[n—tz“ 1} L, (aps) [+ _’_;‘]:’T“ﬁ‘:;‘—l-; f]
If s <1
4
A3 —(ar5a)(F-2) Vs ?_-ZSAU"“) \
27k e
. Junntha) _2“()__1)
! "‘\-»:1. -(M-n.)l\'-‘\ -J4 +e -S4
- A © 242
Mc¢ ( \;"{"\ 1 i\nsz.)(}-'z)) L‘;“hh;)\h)[./a-*b _]
LiAavpa) V- v
| L (V'MN\ [’\ r .S'_‘_i"—):- '_?-\“I')h J ‘-1(40}“\)[4 *9:2;4[\"-1’] }

Sa (m.%H)’
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We write Ay, By, C4 and Dy in function of B, and D,. Eﬁ:?:gﬁ
SRR
A ZMg(1).Me(i1). Ba + = M5(i).M¢(i2) D4 RN,
> 235 (4-13) Ty
by = 2 Ms(2). M (i1). B4+ = Ms(2i).Me(i2) D4 (29) '
233(4-0>3)
Ca = S M3 (d1) Mc(i1). B4 + £ Ms(3i)- Me(i2) D4
) 293 [2-1 3)
=Msl). Mefia)- B4+ = M) Me(12) D4 4y (a-)
1)5 = e
A3 (A-h3)
1

where Mc(i,j) are the constants in M; .

We write
Pjr = = Ms (Y M (i)
P = X Ms(§¥) Me(a)

so that
! Aa !'?n ‘pﬂ
D; A ?21 e 1.7) Pue_(zv) - B‘O
C, - ﬂJ,(A-M) P ™2 D4
\ D | P B, )
3 e
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2.2. At the surface

Adding and substracting the surface conditions we obtain

A 2 A= (Arn)CiETT (a5 ) Dy

'zb‘ = A- (A-J") C.e-:.x-(4+rl) D|
2.3. At the first interface,

We add and substract the first two conditions

-ly- -5 (40
2A,+ (145)C, + (+7) )& - A, B, » G (4", »,

a [A2]

2%,% + [4-3)C + (Ar5) D& = [A2]

We replace A1 and B1 by their values obtained from the surface conditions
(4e2)C JA-€ ) # (-rdD [€7 E] = [AZ)-e”
(e 4] - n [ = Ay
We solve the system
C,= {Iﬁa].‘_zs.é""— (4+:,)ef" + (44.‘)@")

- -X = 8% A
¥ ‘_2:,-(4\-&3- Q,xe,s',+ [A-J.)e e )\._,.‘,;—-
.Va

= {1Az]-12r.c’.e:"*- (JH.!‘\)C’N ¥ (A-S.))
-5, A
L L2$|€" - ('A-h'n)i’.,x 4 ‘4-:,){7"‘4:’] } -—V—d—'

The positive exponent eX has disappeared.
- -Jy -')( "Sl,
D= i‘_Az].l‘Lr.e.,-(A-}h)es‘ s (4-)ET€E ;‘
A
+ ‘_23‘. i (4&-‘3){2’ () ]‘] ———V4
- 2 —2’ -2
Voo 3555 2 (v les &) + (o5) [are™e ]

FOF m= e V,|= (4-:,)1
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We transform the w-copdition utilizing the T,
s5(n-nC, -5, (n.-") D, ™= T Y_‘t("z-‘) Cic -y~ —l\(hz-‘) D ]

T, S)(Vl‘).“]
y\(h.“)

C w2 veehlkp,

F-

We replace €, and D; by their values

C|— D\ e—s'x-
-25x (a- I.)zlx QJ.J

{1/\ 2] L(»\-s.) - (4+r.)€7"'+ (a+r)e e
[25€”(4- €7 + 28MENT zc"")}. "V
4

1lA2].R4*—Rz§.;%T

Ra=o

For m= e Ra= (A-S.) ,
tGe "D ¥y,

—

| A7) R, + RaY. 3 -
-2 (y-x) 2
[A2) - BR [ b0 ). B

Writing Ry= Eﬁv_ﬁ , vie obtain the system

1
-5 (y- -n(y-»)
Azit\’-x) + B, Cz"f‘(y x)* D, -~ Rylae ™ + RyDas '—gl
4
A‘){(y-x) - DL ¥ Cl E"(Y—x) - Dz:o
and by adding and substracting
- - ) R.
247V L (han- R Gl O (asis R3) D - =N
Ra
R,

2D, = -~ (4-52-R3) Coe 9 _(arsr 4 R2) D -
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2.4. At the second interface.

We add and substract the first two conditions
rY IR NSV NERS Wil R B Tl ac® SN il ul &
= [A3]
)
'lbzt,(V -%) + (4-!‘1) Ca (4*31) ’1th’ e [ABJ

We replace A2 and B, by their values obtained from the first interface
conditions v e

Cl L(_A+ S’-) - CA+31 -R )) Q'(’ -")é," (\,—X)]

Y y) 2 ( -x)
S D,Ua—-n) saly-x = (a-32 .}R-,) )z [Aaj * %T.e,‘l

[y -5 (y-"
Ca [(a-12) -(4-;,-}?,)‘1" &Y ]

- _{ -x) _ B_l_"(y—x)
> D;[('\‘!'I;)CH[Y D (arse s R)EDTT) = [AD]) s Bee

We solve the system
- -x {(y-0

Ci= {Lh'b]‘_'lrzéhw x)—_ (A‘\J‘v\—RB)Q-:(\, )+ (a-d2% Ry)e 1 J

+ R [[,“,) L r‘(‘I -x) _ 25, - (-n)E -ly-") - hl‘f"')]\

= &IA}]L’L&C‘Y-#) S'l(\f -%) ('44,1‘1!',23)& (‘, )+ (4 "*_a))J

hiyR o c0-9 (en)e S 2y>) —h(\;-"’h A

y R [U y2)e ™ 2,

The positive exponent e(y ) has d)sappeared.

> -2ly-x) ~h( -%)
Dq_: \[h'ﬁ] ['l’,t. - (4-\»1;-?}) .r,(_\’ )+ (4 Sa- RB) 2ly b ‘J
L T I B
* t
-25(y)
V.= 5 "l\'-ﬂ) s:(y- ’) (Mh\l(anuR,)e + (44 8- R,) hly ]

-7 4) —211 (y-%)
4 h)L{a—r,H{ﬁ + (_4- Fan R,)e, (‘l Y J

For m=o (4-12) (4-52 » D)
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We transform the w-condition utilizing thEI.rz~conditions
2 (na-1) Ca = 2 (na=) Dy 1Y)
= “n[’)(‘r') Cb;’;lz-ﬁ— $3(n3-1) DB:)
Ke ) Satnaztd
52 (na-")
C,- B, \ccbe”l"”)_ ' Dy
We replace C, and D, by their values
Ca- Dze_—s’c\/'x):
{ A2 (12 52-R> ::,(Wl (a- 52+ R3)
- (a5 +“)) ;2(\,-7)_ (a2 R2) !.:2“#){ 25y -”J
N 3111 SO SO g g2 0 2, ] 1‘ .:'v_:—
‘ A
= S[Ab] R+ Q) o
For mea, Q= (4-5H+%) &y =0
writing!D,= ECZE » we obtain the system
\
NP TN GO T W N L N R A %L;

A)i\"“\/) - %3 XY 3 C":é.”{l-y) - 53 D} X

and by adding and substracting

1A3-€l1~v) 4 (4-}' -f;-&;) D)éta&—y)-i- (4— 33 +03)»3 s -~ %l‘.

20; + (4~$>-—®3)C3€53[1“/) v (A353+02) Vo= - %—‘-
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3. Resolution of the system of boundary conditions.

We have from the boundary conditions at the third interface ( § 2.1)

A3= A [P".‘BA + pn_.bl.)
173(_4‘-?\3)
By 7 [PaBa + PuDa)e )
1‘3(4—“‘5)
Ca= ___1_.———- [_?31- D4 + P22 DA]
1’3 LA—V‘\)
D'b 2 ___1__—-—- [plu -bl. + Yaa DA:) e:’)(l"Y) - c - s
1:,(44\3]

We replace A3, Bss C3 and Dy in the last equations of § 2.4

b‘ o<, (a+53-03) Pa éhliﬁ) v [A-53+ 0)) ?A.J,(z-ﬂ] B4

. 53 (27)
¥ [29\1 <), (a+ 53 - 03) P P 7, (#52+0) Pae 2 J Dy

= -2 -h)Qt_.
= 53(a-n2 5

2Pl (st 27 0 (s + )R ) By

g I3|2-Y)
¥ [‘L ‘?ne,b-ﬂ + (4— ’3-03) ?;ze”h Y) ¥ (4433 ¥—Q;) Prre? ] D,

= =25y (A°\'\ﬂ .93:.
]

We solve the system in B4 and D4

By= -253 (A-"2) 0. l_ 2P, & (27, 2%, e ()
! fla-

—-273 P’n‘{"bli"/) y 253 pAZ C—bll ’)l ___4__-——--—"—
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A4, 10

bAs 28‘3 (A—V\)) _%}_ [- p'1£2[1-Y)€3)l7~—Y)~ Plle,‘ 3){1-"/)

r3e PN EMBY e, 2
Vs

The positive exponents e(z-y)’ e53(2Y) and e(27Y).53(27Y) paye
disappeared.

Yy = 25, (4—“3) _@6%_ ‘-Pi\ é") (”Y)_ ?, E‘lh.-y{;.t;(‘l.—y)

A

~ —(2~y) =15|2Y)
) Mué_pmékq..y}‘.w'il) 2. 3‘ . -—-——oV5

Q-:("’Y) e— ] 5( 1-Y)

Vs

"

QL( Pu- P‘Lz—- P qu) + S;(Pu.?;,—z - ?)1-?‘.))

¥ (/14 Iy 4 Q'b)( Pu P‘Q’. - .pu_?)") éz(z‘)’)

_25(z-y)
+ (A*I?" QB) (?3\911 - P PZ\) e )(
+ (4' Jy - “)'b) (P)\ ?31 - Pn ?3,)

b (rs B3 (Faz Pra= T )

c2len Ezs;l z-7)

For m= = V‘b = L(A- 3) + \\'(A-Jz)) (722 Yay - P2 Plﬂ)

The numerators of B4 and 04 tend both to zero and the denominator
tends to a constant value.
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4. Values of the parameters Ai’ Di'

4.1. Values of the parameters A3, B3, C3, D3.

The values of the parameters A3, 83, C3_and D3 are obtained from the
boundary conditions at the third interface in which B4 and D4
are replaced by their values from § 3.

2 D
L?»:B;. + P‘; 4] m
- L( Pra. Py - Pu-Paa) & -H) S’(Pn’n-?n\ )-('Iv) ~25fz-v)
r Sy PPy~ Pa- P:.z) i V—,
[2-)
Dae | Pai By + P Vs t
3 { 2\ VU4 _] 2“(44\;)

~2[> "/) --"3 [2-y)

Y [.(Pn. A - P pﬂ-)

12 oY
- [] y)
MR (_le Pyq-~ P P31 lz-'f) Sl 5 [721?1“- 91'941) J

= 0 L(f’n P2 - P

s 5y (P2, Pra- 2. f’s.) e

i) € -(2-v) -5>("“/)
23 (- -Y) NN (.PII.P‘" - Pll pAZ)) V;

The positive exponent e(z‘y) has disappeared. Although the presence
of the constant s3(P22P41 - P21P42) the numerator converges to zero
because of the factor 02.

LP\\ 34 + P31 D‘«J __i.__..._
233(4-n3)

T l“" 2 < Poa P) EXER B, o b wBa ) &)

+ Sb(Pn pz.,, - Psmz) ~[z-Y)] ..___V_._
3

" _a_r '.I ,
t"(f‘i []

A
v
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D= LP‘“.BJ, I ?z,z.DAJ ;‘:M

255 [4"“3)
= Q}_ LL'\)A\ P - Py Paz) JZlQ-Y) ¥ @“1'?2' - Par Pu)
0,

¥ Sslpzu-ﬁn - Pz\-gl-z) ¥ e (by)] —46——
3

4.2. Values of the parameters AZ’ 82' C2, 02.

The values of C, and b, are obtained from the relations established in § 2.4.

Cas AV i 20T 5 RSP (s R3)].
2

[Ae s By 4 CreE 7003

+ %’; U_zn—h) E,’z[\/ -r)_ 2 r:e'b’#) _ {a-3a) iz(\f")g’ll‘;—ﬂ] }

Dae A 1 Y200 | fasr-Ra) SO, (R g0 0]
2
[A5 Q—:(l-y) + \‘53 r Cy e’,’;l"ﬁ) + D‘s)

¥ 'R'R'L' [_UJ« :1)52(\7'#)_ Que:l\’—x)?:h(\'-x)‘ ("’h)-} )

The numerator in 02 converges because of the presence of the factor RZ'

The value of A2 is obtained from the relation established in § 2.4.

Aq= 52— 1A3 clxn By + C;e""ti—y)»r D, - (4+n) G, -[4-:;)%{"‘(\"’()}

The value of 82 is obtained from the last relation of § 2.3.
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4.3. Values of the parameters Al' By» Cl’ D;.

The values of the parameters A1 and C1 are obtained from the relations
established in § 2.3.

Ci = AV { \'_zr, et _ (4”‘)Q_‘7" + (A—l’.)].
A
el 4 By » Ce™07900,]

¥ {2!‘. [ R A &Iy (ar) e P:J.XJ }

For the determination of A;, we need the value of Dle'slx.

— A - ~2x -
'D\ C’S‘u)‘___ 3 lz.ﬂ Q:-ie.h)f - (/H—J‘.) e:-?-hx > l"""‘) Py be‘ ?.J‘:x]
A

[Mcti v by v GEMY L Dy

3 1'2)‘. o e:-'l.h)‘_ (4+ ")e—'-in-J.x A [4-5-)5,"')‘]

A= —E—LAzi("")x— B + Cae¥ 9y, . (4+s)C, - (""')‘D'ér‘x}

The values of B1 and D1 are obtained from the surface conditions.

B i [ove Lavsa A7 210"

S|"4

D=2 LA-QA.L—)‘ —(1+5) C.efs')j
' 5,-4

5. Relations for the stresses and the displacements,

The relations for the stresses and the displacements are completely
the same as those developped in appendix 3, by replacing the parameters
Ai' Di by their adequate values.

The relation for the verticale displacement is again undeterminated
at the origin ( m = 0). The problem is solved in exactly the same
way as developped in appendix 2 (§ 4.).
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Four—1layered System Frogram s

. This program is available in two versions:
'y - EXECUTAEBLE version, in which the executable progeam
E is made up of only one block with automatic loading.
‘ - SOURCE version, in which all controls, data, and
. all modules are in separated files.

I following text, 3 means A = ANISOTROFIC
- I = ISOTROFIC
- y means F = FARTIAL
- S = GLIF
:& Each floppy disk contains following main files:

AUTOEXEC .. BAT # automatic program loading
LOGO.BAT = display of introduction logo
FLxyl.O.TXT introduction text on screen
- FLxyMO.LLOG ———=3% introduction text for printer
:} FlstyNOLTXT ~--—-% this notice

FEXECUTATLE floppy disk
This disk contains the following files in addition to
the main files:
= Flty. 3 --—3 erecutable program
. Flity o« DAT —--—3 data file +or demonstration
Flaty . L&T ———% result file for demonstration

o5 XKGOURCE floppy disk
o Thie floppy disk contains the following files in additiun Lo
: the main filess
.- Flty o VEIR e @V B1 0N
& FLxyloF e omain madul e

X Flaty2 o FOR == subroutines DOMEC
. DOTRA
- FOCAL
- FOINT
L 68
s CHE
S EFF
SONRE FLty3 . F0OR —-—= subroutines ECHDE

» VINIT
2 ZERO

.- FINIT
= FLxy4.FOR -—=% subroutines 4442

= FOT22
- FCT4Z
”,

- SOM4 2
GOME22
- Fa444
. F2442

CONGT
o
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ISIC FOUR-LAYERED (FLxy) USAE Fage 2 .
KK KOKKOKIOKOK KK KKK KK KOKOOK KKK 0K 50K0K kK 50K KKK K K 3K %0k K K KK KKK 30K 308K K0K 30K 0K 0K K X KKK R KOk K X

T
prsLSS

3
1

FLayS.FOR === subroutines BESJ
BJOJ2
SURFA
couci
caoucz
coucs
couca
FLuyd. FOR —-——2 subroutines TITRE
MODIF
SIMPS
FLyy7.FOR —-—-=% subroutines comMsu
FONC
ccoun
FONC1
FONC2
FONCE
FONC4
FONCS
FONC&
ECHEF
FLxy8.FOR ———% subroutines IMDON
IMRES
FLxy9.FOR -——% subroutines MENU
ECDON
LLEDON
AFDMC
AFDTR
AFFOC

Conftiguration:

IBM-FC (G4 XT,AT) with at least 256KB, 1 ou 2 diskette drives,
80 col. screen (monochrome or color), math. coprocessor,
matrix printer.

In the next presentation <ENTER:» means action of key S,

Insert the EXECUTAEBLE disk into drive B.

L.oad DOS, if necessary, then type DIR B: and FATH A\
- FLLB> FLxy <ENTERX

on screen : FLB: type FLuvy.LST <ENTER >
on printer : FLB» type FLxy.LST *prn <ENTER:

e T T e

on screen t FLE> type FLxXyNO.TXT SENTER>
on printer : FLE> type FLxyNO.TXT >prn <ENTER:
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. Disk preparation for naormal running:
::: gl s rpert et gt e el [eibig e i prodns o g e el g o R R R e~
- Format & system disk with COMMAND.COM, and files needed for
) running AUTOEXEC. BAT.
Freparation of CONFIG.S5YS with files=10, device=ansi, bufferse=10
i Alterations in  sowce filess

. By text editor EDLIN or any other text editor, program
) statements, may be altered. T

z Commands for EDLIN are:
- FLB> edlin xxxxn.for <ENTERF
- where ——-> file name to be modified Gooienetor)
e nD -—% erase line number n
. n —-—%* digplays line n for alteration, type the
- correct statement.
= nl,n2L —-% digplays lines between number nl and number n2
- E -—x ends session and returns to DOS
Compilation:

\: PP g L SRR n g e
':: After alteration, the new version of the module has to hbe
= compiled.

Insert Frofessional fortran compiler into drive A.

FLE: br  <ENTERX»

FLE> path as\ <ENTER:

FLEB: profort  xuxu/li <ENTER:

Linkage: *
- After correct compilation has taken place, a new executable
- program has to be created.
) Insert diskette with FORTRAN libraries into drive A.
FLEB> link Fluyyl+FlLyy2+...,FLxy,CON:; TENTER»
f: ) Note =
l::' To obtain introduction logo on printer
- FLB> type FLiyND.LOG :>FRN SENTER»
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Pr psentation of d;fferent possible screens: g_ ».Ef%

FD-USAE-vers. 2.00 1986

MAIN MENU scren :

SnasRNomEERSRSEESS

Strains and stresses

in USAE-2
a four-layered system. L
PSSt R Rt iRt sttt s et eet et s s e ee st ssseeseeeeett

1. Data retrieval in a file

2. Data saving in a file

3. Screen displaying and/or alteration of system data

4. Screen displaying and/or alteration of traffic data

5. Screen displaying and/or alteration of computation coordinates
6. Input of intermediate depths

7. Program start

Your choice —=-—- 0 for stop -- :

Screen of CHOICE 1

e - 2t

Strains and stresses

in USAE-2
a four-layered system.
AEAEXRRI AR RN ERXXLK AR NXA AR AR AR RN RN R AR A XS KA XA

Data retrieval in a file.

A FLxy.DAT file contains base data.
The user can define another file whose name has to be written in
B characters (format XXXX.DAT).

Name of chosen file or FLxy.DAT

) ~, - L .'-'-'-‘~'~' . . .
T S R N RN S
. AR . N .

EAGAC AR -

) . v
c .t Purs

. RO S
T Gt S Y ‘-.3.1.3. .:.3.3.lA_;_.._‘.._)A._-_.._“._.._.AL.“_A_AMA._A:“_L
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Screen of CHOICE . :

Strainsg and stresses

in Uil 2
a four-layered system. T
3K KKK KK K OK KKK K KKK KK K KKK KKK KKK KK K K 0K KK K K OKOK K KOK K KKK K KKK O IR kK T

Data saving in a file.

A FLay.DAT file contains base data.
Tha user can define another file whose name has to be written in
88 characters (foramat XXXX.DAT).

Name of chosen file or FLuy.DAT :

5
MR |
..~"..' ..' ..‘ ..1
SO
e e
.»' _.--__-..\ .~|
e
- -—-!E.—-r-d

Strains and stresses

in Usak -2
a four—-layered system.
ACKCAOK AOKACKOKCKOE 30K 0K KKK KKK KCHOK OK ACKCROKACIOK O CICKOK A CHOK RO OO OO K KR R ok Rk ok ke

System data.

P gecpiriafoiapitaforigtg oo g R o) i‘iﬁ‘-’ g .‘

Layer

g Foisson™ s r. Thickness Friction ra.

1. 4OO0O0O0. 0O 0.16 20,0

2. 100000, 0O 0.28 20.0
. 1. 0000

A 10000.0 0.50 EO. 0
1. 0000

4, 1000.0 0.50 Q000 .0

For return =1 or alter. =2 - g
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Screen of CHOICE 4:

EooonssSTTSSESSERnDESES:

Strains and stresses

in USAE-2
a four-layered system.
ttttt#tt*ltttttttttttttltt#tt*tttttttt*#*x*xt*t*x*##**#t*tt##t#tttttttt#

Number of circular loads = 2

Radius Pressure Dist. x Dist. vy

- e —— v — o J e e

11.450 7.900 4,350 Q. 000

For continuation =1 or alter. = 2 ~——— :

Screen of CHOICE S:

oSS EErRNEnEERRENEES

Strains and stresses

in USAE-2
N a four—layered system. ¢
- #lt*tl*i*#!t*il*t‘#*t**##***#it*l*il*t##***#****##*##****#*l#tt#*ttlt*!**

Number of computation coordinates = 2

n= y=

0,000 0.000
17.175 0. 000

For continuation= 1 or alter. =2 =--—- 1

—— e o s e e e S — -— Tt s s o (et e i GO e i e e S o S o S S S e o e o S S S S S

Screen of CHOICE 6&:

TN SSEERNSESSESRESRmER

Strains and stresses .

in USAE~-2
a four—layered system. ’
e R Rt e P Rt ettt et et et esseissssees)

Fositions of stress computations in depth out of interfaces.
(max 22)
number of positions :

- ————— — o —

IS RIS I T S
LTI N I

- K R - IS
. e e T e R
SO e N L RS
B T T T R S I TR S SIS IR, ¥ St e
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Screen of CHQICE 7:

Strains and strasses
in USRE-2
a four-~layered system.
EREKRER RN AR KA KRR E R KE KRR RN RRR KRR E KRk,

initi1al computation interval (0.1 is g=a2neraly small enough)

Next screen:

Strains and stresses
in USARE-2
a faour-layered system.
1 P PR P et PPt sttt siesitssseeeessissiesses

choice of scale :
KXERRXNENRNRKRRKK

allowed choices :

———— thickness of 1rst layer
———= thickness of 2 first layers
——— thickness of 3 first layers
——— thickness of 4 layers

~——= load radius

[CRR IR SR

suggested solution : &
your chaice

Screen for execution:
EE Pt - & & 1 7

Strains and stresses
in USAE-2
a four-layered system.
[ 2R AR RS RSt SR SRR R AR S A AR i 2223838233308

computation start..... be patient!!

m = Q.10
be even more patient...!!
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Strains and struesses

. in USAE- 2

e tour —layeroed tyulem,

TRRRAERRERBARRR R LR R KR RN A TR IR R RN R RN RN R R RN IR R AR AR AR R RN AR R R RN RN D N

—— - o

1A file FLxy.LS5T contains base results.
'The user can define another file whose name has to be written in
18 characters (format XXXX.DAT),

Name of chosen file or FlLxy.LST :

-— e s

.\ e cag——— - = -

e —— Pty o - S —
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BEREEEABEBEBEBE AR NN B IERITUBETRANRKRERKRABEXXXBAINXXIREEEEREEREEREE34302S

3

.ample of results (FLxy.LST)

7

-z our—-layereno system program 1sotropic - partial friction

) .

:,Q‘ USAE-Z departesent des constructioas
b isic

av.de I’hopital, 27 b
7000 sons belgique

l!ll)l!lll‘lllllllllllllllllllllllltllllllllllllll!llllllllllllllllIllllllllllllllllllllllllllll;llllllllt!lllllll

» wechanical data
(SRS SSRREERRR)

Young ' u modul us Fo'nw raliu thichihuss fraction rutio
400000.0 0.14 20.000
1.00
100000, 0 0.25 20. 000
1.00
) 10000.0 0.50 30.000
1.00
1000.0 G.50 GG00. GO0

raffic data
PEXATXERARE

load radius pressure ® y

b 11.450 7.900 0.000 0.
2 11.450 7.900 34.350 0. 000

. . o -
'y Te % T e 3

o 0,0, —r .
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>
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:

SRESUBEERNRIRNREBAREIRERBRRRRBtRRusantaRssasiIsatsaastestesstsasttesee

P RN TR W S a ) U S

position 1§ X = 0.0060 y = 0.000
depth layer sX sy §2 tyz tx2 txy

0.000 188 10.1640 11,6793 71.9000 0.0000 0.0000 0.0000
20.000 148 -3.4792 -4.5018 1.4968 0.0000 -0.4187 0.0000
20,000 281 -0.5790 -0.8163 1.4989 0.0000 -0.4164 0.0000
40.000 28 -2,2733 -2.5873 0.1873 0.0000 -0.0611 0.0000
40.000 J 80 -0.1734 -0.1997 0.1873 0.0000 -0.0611 0.0000
A 70.000 388 -0.3907 -0.4035 0.0540 0.0000 -0.0045 0.0000
‘“ 70,000 4 8t 0.0095 0.0082 0.0540 0.0000 -0.0044 0.0000
A 9070.000 4 84 0.0000 9.0000 0.0000 0.0000 0.0000 0.0000
i depth layer 5] 52 53 eps! eps2 epsd
E:j: 0.000 188 11,6793 10. 1840 1.9000  0.2197e-04  0.1758E-04  0.1101E-04
7 20.000 1t 1.5335 -3.5138 -4.5018  0.7040E-05  ~,7597E-05  -.1046E-04
jj 20.000 2 3 1.5793 -0.5599 -0.8163  0.1948E-04  -,B502E-05  -.1044E-04
£0.000 2 84 0.1888 -2.2749 =2.5873  0.1404E-04 -, 1675E-04  -,206bE-04
. - 40.000 3 1 0.1973 -0.1834 -0.1997  0,3890E-04  -.1824E-04  -.2064E-04
- 70,000 3 4 0.0540 -0.3908 -0.4033  0.45126-04 - 2140E-04  -,2352E-04
\ 70.000 4 88 0.0545 0.0091 0.0082  0.4582£-04  -.2230E-04  -,2352E-04
= 9070.000 4 14 0.0000 0.0090 0.0000  0,0000E400  0.0000E4¢00  0.0000E+00

. depth layer ulx} viy) wiz} ex ey ez
0.000 1 88 -.2184E-03  -.1909E-10  -.9044€-02  0.1758E-04  0.2197E-04  0.1101E-04
20.000 1 4% 0.98B3E-04  0.86426-11  -.BBISE-02  -.7A97E-05  -.1046E-04  0.69396-05
20,000 2 48 0.9885E-04  0.8642E-11  -.B83SE-02  -,7497E-05  -.10446E-04 0. 1B4GE-04
40.000 2 83 0.3017E-03  0.26376-10  -.BSAYE-02  -.1A73E-04  -,2066E-04  0.1402E-04
40,000 3 ¥4 0.3017e-03  0.2637E-10  -,B561€-02 - 1673E-04 - 2046E-04  0.3739E-04
70.000 3 8% 0.38ME-03  0.3360E-10 -, 74326-02  -.2159E-04 -, 2352E-04  0.4S11E-04
. 70.000 & 8 0.3844E-03  0.3360E-10  -.74326-02  -.2159E-04  -.2352E-04  O.4511E-04
9070.000 4 8% 0.0000E+00  0.0000E+00  0.0000E¢00  0.0000E+00  0.0000E+00  0.0000E+00
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PEERREIRIBTRART RO RO E It BasRuBtaas Attt ratasssesstassstosssssien

position

depth

0.000
20.000
20.000
40,000
40.000
70,000
70.000

9070.000

depth

0.000
20.000
20,000
40.000
40.000
70,000
70.000

9070.000

depth

0.000
20,000
20,000
40.000
40.000
70,000
70,000

9070. 000

2 X 17175

layer 5%

3 3.0499
" -2.0893
o -0.3243
" -2.4n
i -0.1828
 -0.4084
" 0.0090
11} 0.0000

-l A AN RO e e

layer sl

8.8259
1.1255
1.1257
0.1997
0.1997
0,0554
0.035

0.0000

- N A N D e e
l we S as SV ow S oo
a as e G G ar 6 e

layer ulx)

! 3% 0.2272E-18
14y - 4354E-19
2 80 -.344BE-18
2 43 -.7092€-18
3 11 -.7092E-19
3 41 -.7879E-18
4 44 -,7879E-18
4 13 0,0000€400

Y:

sy

8.8259
-4.3575
~-0.8505
-2.7155
-0.2077
-0.4166

0.0082

0.0000

52

3.0499
-2.0893
-0.3243
-2.0172
-0.1828
-0.4084

0.0090

0.0000

viy)

- 1565E-10
0.7889€E-11
0.7889€-11
0.1622E-10
0.1622E-10
0.1803E-10
0.1803E-10
0.0000€+00

0.000

1Y

0.0000
1.1253
1.1257
0.1997
0.19%7
0.0554
0.0554
0.0000

53

0.0000
-4.3575
-0.8505
-2, 7153
~0.2077
~0. 4164

0.0082

0.0000

wiz)

-.8979€-02
=, 8961E-02
-.8961€-02
~,8698E-02
-.8698E-02
- TS20E-02
- 71520E-02
0.0000E400

tyz

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

epsl

0.20BAE-04
0.5392€-05
0. 1419E-04
0. 14B3E-04
0.3949E-04
0.4679€E-04
0.4679E-04
0.0000E +00

0.4094E-05
-. 3930E-05
- 393LE-05
-.1786E-04
-. 1788E-04
=.2278E-04
-, 2278E-04
0.0000€+00

tx2

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

eps2

0. 4094E-05
-.3930E-05
~. 3931E-05
~.1788E-04
~. 1788E-04
~. 2278E-04
~.2276E-04
0.0000E+00

ey

0.2084€-04
~. 1051E-04
= 1051E-04
~.2161E-04
~ 2161E-04
~. 2401E-04
~.2001E-04
0.0000E +00

txy

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

eps3

-.4750E-05
- 1031E-04
= 10G1E-04
=, 2161E-04
= 2161E-04
=, 2801E-04
= 2401E-04
0.0000E+00

ez

= 4750E-05
0.5392€-05
0. 1419€-04
0. 1483E-04
0.3949€-04
0.4679E-04
0.4679E-04
0.0000E+00
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Utilized symbols:

SX : normal stress in the x-direction
. sy : normal stress in the y-direction
sz : normal stress in the z-direction
tyz : shear stress in the yz plane, parallel to y or z
txz : shear stress in the xz plane, parallel to x or z
txy : shear stress in the xy plane, parallel to x or y
sl : maximum principal stress
s2 : medium principal stress
s3 : minimum principal stress
epsl : principal strain
eps?2 : principal strain
eps3 : principal strain
u(x) : displacement in the x-direction
v(y) : displacement in the y-direction
1 w(z) : displacement in the z-direction
ex : strain in the x-direction
) ey : strain in the y-direction
> ez : strain in the z-direction
b
iﬁ The normal stresses are taken positive when they produce compression

and negative when they produce tension.
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