
7 -ft " 441 COMPU ITER PRO OSENS FOR THE DETERMINATION OF STRESSES HIS 1/2
DISPLACENENTS IN.. (U) CENTRE DE RECHdERCHES VE L'INST

ii SUPEEZEUR INDUSTRIEL CRTHOLIOU.. F Y CAUHELAERT ET AL.

UCREhEB96hhhmmhhm00 /0132Mhl
IhhhhhhhEhhhhhhhmmIumhmmhhmhhmhmhmhhmmhhumm

mohhhmhmhEEEEI



. ~ ~ ~ ~ g7 ZIP 7 . . ° i L ; -- T ; e >  . - , - .T ]* - -- __ _---& .a a i:.

4

4=5~ 2". 11

611.

99

1111U. 12 .0

liii! P RSII TO 'ES' III

- . . . . ..1
-4- -

S-.-..

. .



w-w. .- '- .)., 'w - u -- r -.- -

° .

(0'fwO CENTRE DE RECHERCHES -2

DE L INSTITUT SUPERIEUR INDUSTRIEL CATHOLIQUE

DU HAINAUT ~

DTIC-
C-LEQ.,TE

COMPUTER PROGRAMS APR 8 ..

FOR THE DETERMINATION OF

STRESSES AND DISPLACEMENTS

IN FOUR LAYERED SYSTEMS WITH FIXED BOTTOM

* By Dr. Ir. F. Van Cauwelaert, Head of the Department of Civil Engineering

* Ir. M. Lequeux, Assistant Professor at the Department of Civil Engineering

Ing. F. Delaunols, Head of the Computers Division.

* 0TIc hILL COPY
Avenue de l'Hopital, 22
8 - 7000 MONS February 1986.
BELGIUM

86 4 7 109

, ,- .I.



S,. JRITY CLASI F(Ar .JN T. I,: PA'~"

REPRT CUENTYIO P%';_-,TZAD INSTRUCTLONr--

REPOT DO~JMNTA ION A~EBEFORE COMPLEt1ING FORM

F. -.TIT L :nd';-1 Sul ( tI)- 3. TYPE OF REPORT & Pip:aJJo COVIREL

ICOMPUTER PROGR1AS FOR THE DETLRM7TNATlCN FINAL REPORTr
2" TPRESES & D T PA Mt ' T ________________

I L,!. RFD SYSTEMS 11K"'llFY O.~C ~OUN ORG. REPORT NUMBER

-:56 HA--T ORGRANTjT39ja

1 rF. Var. Czauwclac'rt A-17 t 45-85-C-0Q'

- - OAGANZAT.:d A 1.4-g A ..S 10 F'ROGRqAM LkFT.RJC iK

; "..rartmeflt of C-:i..1~~~.: .AE

Cncr !e -! rlcnh,-s '7 0~~s:..(102A lT'..Gi1O2BH57-V.

'PLI-' OFICE NAMA. AN.) AZ V ~(.REOTDr

E. 4'UMSER F PAGES

i- ~ ~ *C A~N Y N A..dj t ACDU KSz (ll Olfrp onr.s, f(ce) 15. S-CUPITY CLASS. .of this report)

I" ~N CI hS SI F IED

DE-FCLASSI'C O5N,'DOIONR 7L)I.4
* ~.C EDULE

P-5L'POVLLC 9L:,>. -0'l UIIMITED

7u.* l...N AlEM.N7 '1 the -.." r *. ... itr . ... ~.f'!o ~~

I~~~c f c . ~ .J~.f

Vi 147,

5~~~~~~~ 7.~.. .~. '.

p. * * p'l * - .- '. . .A



CENTRE DE RECHERCHES

DELINSTITUT SUPERIEUR INDUSTRIEL CATHOLIQUE..

DU HAINAUT

COMPUTER PROGRAMS

FOR THE DETERMINATION OF

STRESSES AND DISPLACEMENTS

IN FOUR LAYERED SYSTEMS WITH FIXED BOTTOM

By Dr. Ir. F. Van Cauwelaert, Head of the Department of Civil Engineering

Ir. M. Lequeux. Assistant Professor at the Department of Civil Engineering

Ing. F. Delaunois, Head of the Computers Division.

Avenue de l'Hopital, 22
B - 7000 MONS February 1986.
BELG IUM

Availabiity Codes

Ava. a-dlorDi

T



STRESSES AND DISPLACEVENTS

IN A FOUR LAYEPED SYSTEM

WITH FIXEC BOTTOM

Introduction ".

This report deals with the mathematical aspects required for the

- establishment of a computer program able to calculate all stresses F .7

and displacements in a four layered system.

The materials of the different layers may be isotropic or cross-

anisotropic.
The interface conditions cover all the cases from full friction

to full slip included partial friction.
The bottom of the fourth layer is considered to be fixed (no vertical

deflections).

-The report is based on VP i C -_.,

existino material :isotropic multilayer theo% r BRISTERFI94-3) --

<id-anisotropic mu1tilayer theory; UWELAER%-19e3).

A original research r interface conditions (fixed bottom,

partial friction) and satisfactory convergency, thus complete

accuracy, at the surface and in the first layer of the system.*

This report contains 4mW7V f7 (t , J-.. '

art a theoretcal outline whe n the basic equations are given,

the specific boundary conditions discussed and the partlcu-

- lar numerical problems rel &ed to the accuracy at the sur-

face and in the first layera' solved. (Z)

Part.2: the general mathematical analysis of the chosen numerical

.". • solution and a description of the programs and their

I utilization. ( r-.

Pa t3 : appendlces) the detailed mathematical and algebical analy-S .

-4s.se for the. different considered cases,. isotropic or

anisotropic, full slip or not. _ "
hpor oh

: The programs are written in FORTRAN 77 and run on IBM PC or her

compatible equipment. V* -7v o 4 dC

......................
"- ::. -:.
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4 PART 1. THEORETICAL OUTLINE 4

1.1 THE BASIC EQUATIONS AND FUNDAMENTAL HIYPOTHESISES ~.

The stresses and displacements in a layer of a multilayered system submitted

to a vertical flexible load are obtained for an isotropic body from following

stressfunction (BIJAMISTER, 1943)

Pa J 3(HL) .J (ma) I A, emz Biet + z~ie zPie "I dm

and are given by

2e 2 - 01

z pd Jojm&).JIma) (AOmeE + Sim e"

Cim(l - p mz~e1 ~ + Diuvf I-p + mzl~e dm

04 -pa J J(MO )J, (ra) I Aimlem + Bi4m e7
1

+ Cim(1 + 2v4 + mz)eI - Vim(l + 2p mz)e-mz dm

j I (mk-' .(a

+ Cm(1 + mz)elm - Pm(l mz)eCmzI d.

(J, (mo)J, (maj A.m .m.z + '( z~

pa motH (lm j m~z + i'- +Ci~ ze

IF.

+ Cim (2p + mztm Dim~ (21i mfleHIZ I dm



AM

1 Jo(m).J(ma) [A mzE' pi  m M2 eEi

Ci m (2 - 4
i - mz) em  Di m (2 - 4i + ) -mz dm

"'u -l+ig. _ J m lm. relA~~ mz B-m-mz., - ,

1+14i( Ji(1m. .J i (nia) 2n -mz

ni -in'
+ Cim (I + Rnz.)eM - (I1 nzle (I m .

where

a is the radius of a circular uniformly distributed load

p is the value of the vertical pressure

4 is the horizontal distance from the axis in a cylindrical coordinate

oz  is the vertical stress

04 is the horizontal radial stress, o. is the circumferential stress

T4z is the shearstress

10 is the vertical deflectionI is the radial (horizontal) displacement

Ei  is the Young modulus of the concerned layer

Pi  is the Poisson's ratio of the concerned layer

Ai,Vj are unknown parameters to be determited by the boundary conditions

JO is the Besselfunction of the first kind of order zero

J, is the Besselfunction of the first kind of order one

M is an integrating parameter

In the case of a cross anisotropic body, they are obtained from
(VAN CUWFLAERT, 1983) V . 4W

J("PI).JI (Ma) ma ~in . iz Z v i* pa Am ( 13e + e - i.3z diIi

° , '..

This stress function differs fundamentally from the preceeding one

indeed in putting i = 1 in it, we do not obtain the stress function for

• 'the isotropic case. We conclude that the two cases must be handled in a

separate way.
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The stresses and displacements are given by

pa Jbo(mz) I (mia)i +j1pi) (A4 m':mz:Qne).j .

Vp.

f Jo (m4t) J (ma) tni(I + p3i (AM2 em' 4- 8,1112 e Ffz

~ - ~(Q ~n25 m + VD Sme mz)

+ ( pa (q J I.~ I (ma) +2efflZ +13 m

00 -a Cikm~ePIZ MZ dm m  n~i~~d

m e

ai~ -a f Jo(mf )JI(ma) +q.6M + InZi (-i

ii ,tn3 'ii ( M2 e - .MZ

1- Im 2M + B 2_____2____
19 f JO.. pam e im e~3 + 5i. ( em e

+ - V.~.2 ) dmS MZ
Di~q 6i m et Cj1vj
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+ pa +Aij)m 2 meM + Bjni 2 mz
Ji M

C..2Q5 S l7Z + .f 2(''l dm

where

VC/is the degree of anisotropy, the ratio between the vertical ,

and the horizontal Young moduli of the concerned layer;

is Poisson's ratio expressing a strain in the horizontal
plane induced by a stress in the vertical direction;

Si is the index ofanstoy

The anisotropif. relations are established in the assumption that

-the shear modulus in the vertical plane, Gqz, is related
to the other elastic constants by (BAPDFN~,1963 ;.-*--

VAN CAUWE[AFRT,19P3)

1 + ni 4 2p__

-Poisson's ratio in the horizontal plane, v, is related
to Poisson's ratio in the vertical plane by

(IFTIMIF,1973).

Vi* Ini
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1.2. TilE BOUNDARY CONDITIONS A. L

1.2.1. The partial friction condition -

Let us consider an layered system, consisting in (n- 1) layers of a finite

thickness built on a semi-infinite body.

For each layer exists a stress function "(APi ('1(3 .) with 4 unknown para-

meters : the total of unknown parameters is 4n.

Two parameters depend on the shape of the load at the surface

OZ (p) for z -a

ITZ = 0

At infinite depth stresses and displacements must vanish and thus An and

C2 = O.

We remain with 4 (n- 1) parameters to be determined with 4 conditions

at each interface.

The hypothesis is introduced at this stage that under effect of the load,

the layers remain individually fully in contact, what we express by imponing

that at the bottom of each layer and at the surface of next layer vertical

stresses (oz), shearstresses (Tlz) and vertical displacements (w) are identic.

The fourth interface condition depends on the relative adhesion in the

horizontal plane between the considered layers.

The two extremes are

- full continuity, expressed by setting that the horizontal displace-

ment (u) are identic

- frictionless interface by considering the interface as a principal

plane and thus by setting the shearstresses equal zero.

Partial adhesion has been temptatively introduced by several authors,

utilizing, in the same way as WESTERGAPRD (1926), a relation between

horizontal displacements and shearstress

K (uk - = -j Tqi,

where iti is the horizontal displacement at the bottom of the i-th layer

and ij' that at the surface of the (i.1)-th layer.

We shall prove that such a relation cannot he correct in the case of a -

multilayer. ".
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One has, for an isotropic body, followinq relations between displacements,

shearstrains and shearstresses

aui a + .'-...%

t -z 2 (1 + pi)/Eil -tzi

Uti1 ± + = 1 2 (1 + '+I)/U(/.j1 Tjzi.-

We know from the interface boundary conditions that

5 i = t + " z = tz + - - .--

and thus that

I+1-'1 14I+ Ip__.(u - ui+) = 2 l-- - 7g 1 *tnzz

.7.1.1>
( u ij - U L .1 ) = ? I -i [ i+" . ' '. "

-1..•(.- . 1

On the other hand

K (it. - uP+, -" zi

so that
lo 1+1j'i+

2K I I "r~z • = T/tZ.

which solution is

- z = exp 12K z( I) (

Comparing this solution with the relation above for the shearstress,

we conclude that the obtained expression cannot he deduced from a stress- .

function that is still solution of the compatibility equations. .. ,:

Compatibility is thus nos respected and relation K(uj- ujj) TkZ

cannot be accepted.
• • + ~ ~.5 -
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Our meaning is that the only way to express partial adhesion consists in

writin:
' a Ku. 

'

with K c Ic,. [

When K 1, one has full continuity

K 1, one has partial continuity (normally K> 1)

Full slip is then a completely other case, for which another program has

to he written, what the before mentionned authors tried to avoid by intro-

ducing their particular relation.

1.2.2. The fixed bottom condition

The boundary conditions discussed in previous alinea implicate that the

last layer of the multilayer is considered as a semi-infinite body.

One can also consider the case of a multilayer built on an uiidoformable

body, that thus any vertical displacement vanishes at the contact face

with the undeformable body : we shall call this a fixed bottom condition.

This condition can he introduced in several manners and thus demand a

detailed analysis.

A vertical displacement is obtained by integration of the vertical strain .

It would not be correct to resort to an integration between limits, : I...,

such as

W E d z
f0

where H could, for example, be the depth at which we want the bottom to be

fixed. In doing so we would ignore the contribution (zero or not) to the

vertical deflection (or displacement) due to other parts of the body that
we neglect by integrating between specified limits.

- - The correct way consists in writing (TIMOSHENKO, 1970)

f .c " z •dz + f(4)"

where I (') is a function of 4 only, and thus a constant reqarding z,

so that by differentiating we obtain again

-.. ~~~.-;. :. - - -.. '".

CZ.. . . ... .... . . . . .. . . .. . .... , .



By choosing an appropriate expression for f('r), we obtain the bottom

. fixed at the desired depth by doing this, we introduce in fact a

. geometrical condition fixinq the reference level for the vertical deflec-

tions at the chosen depth.

But with the general solutions of the compatibility equations in multi-

layer theory, we can do it also in another way by expressinq that to = o

at the desired depth and determinatina the correspondinq values of the "-

parameters An, BkI, Cn, Vil -i

Since there are thus several possibilities to express a same boundary

condition, it is necessary to compare the results obtained and retain the

one that seems the most appropriate.

To do this, we shall consider the most simple case, that of the semi-

infinite body the one-layer case.

a) Basic eguations

Let us consider a semi-infinite anisotropic body submitted to a unifnrm

distributed vertical pressure at its surface.

The stressfunction is

=pa JO(n"V .J] (ma) (AePIZ e _f-lz + CemSz - -ns z dm

'. ..,- - .*"-* "

*" The surface boundary conditions (az=p, T,:-o' z O) are induced from the

relations given in § 1.1. for the stresses

ki (1+) (Ani2  B,i2 ) 1 n (1p ) (CSM 2  + P n5 ) - -.

n (1+0 ) (Am2  - -+ YS (n l,) (C61n 2  - 05m 2 ) 0

Solving this system for 8 and P , one obtains

(1-6) (I+i1) bil2  - s + n(l+s) (l+lu) A1,2  + 21s (114p) C~ni2

n (1-5) (PI+u1) V51 2  1 - ?n (I-t,) Am2  - n (l s) (,,+,A) C.',m2

The next step depends on the boundary condition that fixes the deflection

at a depth II.



b) Fixed bottom expressed b_ zero deflection .

Referring to the stress ans displacements equations given in paragraph 1.1 ... 'ti

the condition w = o at a depth H is written .4

I+) (A 2ndIl I 2 -n"d( n6( V+1 )2 M2 -mH -

_+M2 e- + (l+ji) ¢2e6 ml 
- Dsme =

Replacing 8 and V by their values

Am2  f, (I+{je n:I n(l+j} C+p) -11 fl 2n- (nli) -6m1(

n2 is ,(+ ) 2 sol 2n, (114 1) -M11 nS (1+6) (n+p)2 2SndI

s (n+ _) -. rn1l _ -S..
- ("+) - e 1-6 e

During the integration proces, the value of m tends to infinity, so that

the limit expression of the equation becomes

nl-m I Am2(1+W)2 eH + Cm 2 ,5(n+p)2 e H I = o

This relation can only be satisfied by setting.

C =o when . > I

A =o when 6 < -

It is easily shown that, in the case of an isotropic body, one must always

have C = o, because of the factor z multiplyinq C in the stressfunction.

Taking s < 1, C becomes

VS (n+P) C.S? 2 
=e- k+11pk (ve- 1

+Pe-mU e-m (n+p) (1-s) (I+s) (n+jj}e

The expression of the deflection at the surface and in the axis of the

load [Jo(nr) 1 for A = g is

.- J .°-° ,2 ] d(I E Pa M, 1_ 2_ _tj m dm



c) Fixed bottom bya ~r~iaefnto

-The vertical deflection at a depth z is given by

1+Pi j004J(a ~+)( 1eM MW pa .,~VJlnIn1p AfQz-~ie )

+ 1 )

We nwchoose an aprpit function f(dso that toi becomes zero for z I

l~p ( *T. (111,q .Jj (m1a) M11~ (A 2 mt iM2Cf11If)

+ Pa(1+iiA112)

* The final expression for the deflection is then

One verifies that f(4') is indeed only a function of At and that

W = o for z = I.

- For the reasons developed before, one of the parameters A or C must be zero.

- The other parameter is obtained by a supplementary boundary condition

* (a mechanical condition)

- T1  =0 at the depthlIf

- It =0 at the depthlIt

If we still suppose 6 < 1 and thus A =o, one ob~tains in the case

- that o0

Ifni -51(m -?5111n]

e .C 1-Se
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The deflection at the surface is then U

6(i1-n) FJ1Iam)
* W~dM- 5 ) f m di

+_n_____) m 2, 6(n-1) e2is -5~ off -mU

Inth as it o

+ (ns (np) C ~ m 26n-) 212

ith the cae orit vau fo C. LA

OnTe defetioat the 3csurae s gvb the dfeto isacmoe d rlton afs t bo er

6011) j an
w. a Jar)dill

E 'E(1-,s)

This term is the deflection on top of a semi-infinite body.

In the case of an isotropic body, one has (n =1): U -

* The second term iv,, depends on the choosen boundary condition ;but in this

* 3 cases it reduces the value of to. because of the fixed bottom.

*We have ropue the values of w- and tofor different values of I11a.

The results are given below, at a factor (1-ep)/E for 4 0.5 and for

the isotropic case.
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= 0.5 w- 1.025

't e t .(.Z..

1 0.339 0.7?9 0.153

2 0.120 0. ?95 0.043 "

3 0.058 0.147 0.019 0..

4 0.034 0.086 0.011 i, ..
" 

. ..__

5 0.022 0.057 0.007
6 0.015 0.040 0.005 ".

7 0.011 0.029 0.004

8 0.009 0.023 0.003 ,
9 0.007 0.018 0.002

10 0.006 0.015 0.002

n W_ -1.000

1 0.402 0.934 0.276

2 0.143 0.442 0.086

3 0.069 0.231 0.040
4 0.040 0.138 0.023
5 0.026 0.091 0.015
6 0.01P 0.064 0.010
7 0.013 0.048 0.008
8 0.010 0.037 0.006
9 0.008 0.029 0.005

10 0.007 0.024 0.004

We conclude that from a depth of about ll/a 5 , the absolute influence

of the fixed boundary is negligible. This influence will still be much."..."...'""

lesser in the case of a roadstructure where the E-moduli of the layers are ,.:,

sensitively higher than the modulus of the stubqround. . ,

We conclude also that the relative influence on the deflection is much more

important when we fix the horizontal displacements (u = o). This should be

the case in a laboratory testpit with lateral walls, but less in the case

of a real road where lateral movements are not restricted.

The relative influence of the condtition T o is also more important than

that of the condition w = o, altouch less important than the condition u = o.

It seems nevertheless very unlikely that there would be no friction between

the subground and the last layer.

The easiest way to fix the bottom from a mathematical point of view is on - ,

the other hand the condition w - o.

Taking then into account the little influence of the choosen condition on the

deflection at the surface and the fact that conditions (t z o and T = 0

have less physical sense, we retain the condition (, =o as the most indicated

fixed bottom condition.

,..... .. . . . . . .... . .

i --



1.3. SOLUTION OF PARTICULAR NUMERICAL PROBLEMS

1.3.1. The full slip interface condition

The value of any stress or displacement is obtained from one of the above

mentionned relations.

Let us consider, for example, the vertical stress in the i-th layer of an

isotropic layer

o z P a JT (m ). , (m a j I Aj m 2 e M Z  + B jIm? ( m z  -C m(l1 -? ii '- zem z . .

+ V.m(1-21ji+mz)e-mz) dm

The integration can only be performed numerically.

.* One must thus calculate the value of the stress for a set of values of m

growing from o to a value high enough to ensure convergency.

For each value of m, those of the parameters A4, Bi, Ci and P. must be

determined out of the set of boundary conditions, a system of (4n - 1)

equations with (4n - 1) unknowns in the case of a fixed bottom and n layers

above it.

The first programs solved this problem by inverting the matrix of the

(4n - 1) unknowns. Nevertheless the inversion procedure leads in some

cases to unsoluble difficulties because of the presence of the neqative . -.

exponents tending to zero in the determinant of the denominator.

Other programs have tried to avoid the inversion procedure as follows

one chooses appropriate values for Bn and PD , goes through the whole set Of

equations and verifies in how far the surface conditions are met.

One then chooses another pair of values for Bn and Vn and follows the same
procedure. Since the whole process is linear, the correct values for B.

and Vn can finally be obtained by linear interpolation after two runs.

The difficulty lies in the appropriate choice of the values of Bn and .7- '

Pn to ensure a numerically correct interpolation.

However, even those programs are not entirely appropriate for the cases . ,

with frictionless conditions at some interfaces.

We shall show this with the most simple case, that of a two layer.

Writing Ai, Bi, Qi, Di in stead of A~r2  , Cim, Dim the boundary

conditions are, in the case of two isotropic layers, with the origin (z = o)

at the interface, the thickness of the first layer being H and the second

layer semi-infinite

,...-....' . ". .""" "
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*At the surface (Z -H)

-niH n -"H
Aie + Bile CI(1-2111+MH)e + Vi(1-21i-n;H)e = 1

A H H -niH + -

Aie Be, +Ci (2vij-Ine + DV1 (2111 +mIH) C

At the frictionless interface vz= ) .

A, Si -Ci(1-2 11i) + Vi(l-2ii) 82 + V2(1-2i2)

Ai Bi + 21uiCi + 2vi~i o

B 2 + 211202 o

1+j' Ai - i -2C 1 (1-2jii) 2- 1V1- 2vi1 112 (-82 -2D2 (1-2112)1
Ex F2

Solving the system for C, and V1 , one obtains (SPMISTER, 1943)

niH 1m
C1 , (1- F +mH) e -(1 - F) e"l

D1 Fe - (F -Mf) en'

where

V Fe2'' + (2F-1).2mH -(1+2in
2H) + 1Fe2i

2(1-P12)

El2 (1+11) I

A, CI(F-2i111 - VIC1-F)

Bix CiF - Vdl-21i-F)

L_ _ _ _ _ _ _ _ _ _ _ _ _ _
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The vertical deflection at the surface is

F i l m [ n ' e B - 2

-(2-4jj 1 mH) Cirne (2-4111 -PnH) V~me Idm

Replacing A,, 81, C1 and D, by their values, the deflection becomes *~~

p (1 -) W2 JO (n") j (Ma

Fe~-(2 F- 1- 2M) - (1-FHe-2

Fe2 n + (2F-1)2mH - U1+2m 2H) + (1-F)efl

At the origin of the integration (mn o), the term in between brackets
becomes indefinite :0/0.

This has no influence when corputing stresses, because the Pessel functions
products occurino here are also zero at the origin :JO(wA).J1 (ma) o

K-for m -o

But in the case of the deflection nJom.J() a
M+O In

It is therefore absolutely necessary to have the term in between brackets
in a sufficient closed form to be able to determine its value for M z .
The importance of the first term of the series is not negliaible
for mn -a the term in between brackets is equal to El(1 2 ?/[E 2(1ii)'

If h is the interval chosen for the numerical integration, one can then

write

pa 2(1-vi?) 1E 1 I2 h , ML) (a i
E 2___ r E(1-12) +3oi'iJ 1 ia

and, if wie make a semi-infinite body from the two layer (F1  E 2, V1' 1J2)

W p a 2(1-j 2) + 1dmA.,(a[ I(d
E 6 M
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Comparing this expression with that for the deflection at the surface of

a semi-infinite body

One concludes that the contribution of the first term h/6 is indeed not , ur

negligible, especially when we have in mind that the only practical measu-

rement that can be performe, on a real roadstructure is the vertical

deflection at the surface.

TI

• L; - .-] .,

"-I. " i;; .-
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1.3.2. Over and underflow problems

" During the integration procedure m varies from o to a value high enough

to ensure convergency. We mean by this that the integration procedure

* can be stopped from the moment on that the terms of the series become

so small that they have no more influence on the final result and can

* thus be neglected.

Practically, hcwever this means that m can reach quite hich values such as

20 or 30 for example. 'I

To illustrate the influence of this, let us oo back to the two-layer

4 developped in the preceeding paragraph.

The values of C, and P, from which the values of all the other parameters

can be deduced, are

Fe + (2F-I1.2mM- 11+2m 2H) + {I-Fie -

I Fem 'H - (F-miH)e

Fe2mH + (2F-U).2mH - (1+2M 2H 2 ) + (1-F)e 2nH

The aeometrical units are generally expressed in function of a,

the radius of the load.

Let us consider H/a a 5.
One immediately sees that no computer can handle exponents as emu /  and

e / without overflow occurina for values of m above 10.
However this problem can easily be solved by dividing both numerator and

denominator by eZmH
1-F+mH)eIH ( 3H,..

F + [(2F-1J.2mH - (1+2m2H2)]e 2mH + (l-F)e 4mH

-niH -3rH
I Fe - (F-mH)e J

F + [(2F-1).2mH (1+2m 2H2JJC -fl + (1-F)C'I  , l

Underflow will obviously occur now, but most of the computers have a

routine that sets variables subjected to underflow equal to zero.

If such a routine does not exist, it is very easy to build it into the

program. ".."

But more interesting is the fact that, having transformed the relations
for C, and V1 , convergency will occur quite quickly and in a complete

safe way : the numerators tend both to zero, while the denominator tends
to a constant F.

, . . /- '
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This can be obtained automatically in writing the boundary conditions at *,

the surface (z = -H) as follows:

Ai3mH + 1 -'H _ C I( 1-2111+ mH) e-3 ?V + V 1-l11? -H ,e_ mH = 2mH F VW

Aie3mH - -mH -3mH
Ae -Ble + Ci(2Vj-mH)e + V1 (2j+mH)e =o

However this is only true in the case of a two-layer system. --

In a three-layer with Hl, the thickness of the first layer, and H2. the

thickness of the second layer, occur exponents such as

e e2mHl.2YnH2 e- 2mH1 .2't?2

but they eliminate when writinq the denominator in close forme so that

dividing the expressions by the largest out of e ~and emH is enough. ~

If one should divide by e 2nlHl. 2mH2  the denominator would also tend to

zero, which should stop the program because of dividing by zero. -

Here is another reason for writino the equations in closeform for three- ~ :~s--

*and more-layers. S I

pK
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1.3.3. The vertical deflection at the surface

When one computes the deflections at the surface, converqency is obtained
only very slowly.
To illustrate this, let us look at the expression of the deflection at the4

-. surface developped in § 1.3.1.

2 -P 2(1-j Jo(mk).Jj(ma)

Fe 2F"H (2F-1-2mH) - (1-F)e 2 'H

Fe~m + (2F-1)2mH -(1+2m
2H2 ) + (lF)e(2H)

To avoid overflow problems we divide numerator and denominator by m

W pa' El J

-2m -2'H
F + ( (2F-1)2rnH -(1+2m

2H2)]e- w (1-F)e-4 "

For large values of m, numerator and denominator tend both fo F,
so hatfor le ussay ni rL ,the expression above could be written

as follows

M. L

2 1 - jo(n).Jima)(1

ofm bo E0,00 m

F~~~~ ~ ~ ~ -, (2--m~e m 1-J-4?

pa d

L L

Th is nerlcneosfste eodcnegs rprinayt
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This is practically impossible. $V ' 3

One could of course tempted to interrupt the integration procedure when the
first intearal has converged toa satisfactory level, "hoping" that the

second integral can be neglected at that moment. . -<.
To illustrate the danger of such an approach, we return to the semi- -
infinite body.
In the case of an isotropic body, the deflection at the surface and the

vertical stress at a depth z are given in the axis of the load by

p a 2(1-u)f J1 (ma) din (2)E fo M} ,.

-z pa J1 (ma) (1-mz) e " 'z dm (3)

Those integrals can of course be solved analytically."

2(1_V 2)
W pa- -- (4)

3
o •p 2 213/2 (5)

(a2 + z2,/

We can compare (2) with the second integral of (1) and (3) with the first

integral of (1).

We perform then a numerical integration of (2) and (3) and stop the pro-

cedure when (3) has converged +,o a satisfactory level, which is easily
checked by comparing the obtained result with the correct one given by (5).
The difference between the numerical result for w obtained at that moment
by integration of (2) with the analytical result given by (4) will give us

an illustration of the possible error when inteara4ing (1) and stopping the
process when its first integral has converced. .
This difference is illustrated on finure 1.

In abciss, we have the convergency level adopted for the vertical stress and
in ordinate the error, expressed in Z, on the values of the vertical stress

and the vertical deflection.
One sees that, for even such low levels as 10-  the value of the vertical

stress is absolutely correct, while the erroron the deflection varies between Y..
5% and + 8%, depending on the chosen converaencylevel and the relative

depth at which the vertical stress is computed; the worst of all is that
we have no means to predict either the direction either the amplitude of the

error on w.

............- -..-...... ...
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The only way to solve the problem satisfactory is to split the expression

of the deflection in another way than the ore we had done.

We write first the expression of the deflection with necative exponents -

only:

we-paJ

-2mH -4?,
F - W-1-2mfl)e -lF)ej~l

+ [(2F- 1 )2rH -(1+2tr H2) e c.4

We divide then the numerator of the term. in between brackets by the

denominator:

2(1-ip?) j0(rnft).J 1 (ma)w=-paI

I(1-F) (1+rnH) + w ;H1 (1mH -F-4m
1 + 2 4mH~ dm

F (2F-1)2m4 - (1+2m 2 H2f1 e,-?'H + (1-F)5e~

and split the integral into two parts from which the first is integrable

*analytically and the second converges in the usual way.

*For 4 o, one has Tdm =1

For t a, one has JO{Ika ri ?P

For < a, one has 0(FA Jc( I.h(a) drr F (1/2, -1/2; 1; 4
jo Ill a 2

where F is the hyperaeometric function of (CPUSS

- (a) b
F (a, b; e; z) = n"

(a)~ a (a+1) (a+2 ) (a~n- 1)

(a),.
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For 4 > a, one has J of~t.lm)din F (112, 1/2; 2; .j%/

'.- 2C.

The obtained result will now be correct, while converaency is reached as

fast as for the other equations for stresses.

But again, if we will be able to compute as inceicated, we must dispose over

the equations in closeform, altough in such a form that the inteqral can

be split.



26.

1.3.4. Accuracy in the first layer

As for the deflection at the surface, the numerical computation of the

stresses in the first layer, in fact nearby the surface, converges also

very slowly. "

To illustrate this let us look at the relation for the vertical stress in

the first layer (the equation is given in § 1.1) of a two layer

= D Jo( %).Jl (ma) I Ajme m2 + Bm2emZ " C- m l2 mzlemZ

+ + 8(1-2u1+rz)e- mz ] dm "' em

We replace A,, BI, C1, D, by their values obtained in § 1.3.1.

a pa J(mk).JI(ma) F FrI + m(H+z)J e-P+H. ,-

+ [ le ' mt "ez + 3 [ ]eamHemz +1 [ 3mH.e'mz dm

The values of z are negative in the first layer (z = o at the interface).
Theter F[I mR~z] - mH e - mz  1The term F [1 + i(H+z)] e 2. converges very slowly for values of

- z nearly equal to H, the other terms converge normally.

To solve the problem created by the first term we divide again numerator

by denominator :-

F [1+m(H+z)el --n.1 +mz. -: H .mze- e 1 + m(Hf+z)] e e.'H em ..

1 + m(H+z) I e-m~~H.emnz [ [ (2-1)mH - (1+2m2H2) Ve-2mH + 11F)e-
4PH]

F + [ (2F-1)2mH - (1+2mH 2 ) e2mH +( 4 '

The second term of the second member converges normally so that we can

again split the integral in several parts from whichthe one that converges

slowly is

pa Jolmt,).Jilmat) [1 + m(H+zjl e mH. e-mz dm

This integral is known as a LIPSCHITZ-HANKEL integral, but only some parti-

cular cases are integrable analytically. To solve the problem for all

cases we have to make a detour through the analysis of stresses and dis- .-

placements in a semi-infinite body submitted to an isolated local force P. -.

/%

__________________________________-:
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1.3.5. Stresses and displacerrents under an isolated load

The HANKEL transform in the case of a uniform distributed load is

S- Pa .dm

We consider the resultirg load P =T pa2  actin, on a surface whose area

reduces to zero.

The relations for the stresses and the displacements are then gqiven, in

the case of an i sotropic body, by: !{i-!

ar  P m Jo(mre-"zdm, z M2Jolfle -mz dm"'""-
, - . - °

2~ 7r

(e+ ) /  z + z e- d

( /1-2 0 r2 (_t2+Z2 1/ 2  + Z2_+_ 3 / 2 .

OZ = inm JO(V)e -7 z dm + z f "In2 (m4) e " 'z d

- * *.n..-...J ...e...-,

2 7.

P z [ 2z - 3z42

Z2+%-2 ( 2 +42 ) 2 ( +2

42T 3/1+z12 3/ 2 2 ) /2



28.

= Pz 2 -mz dm z ':

&Z 2ir 2ir (,2+z2 ) 3/2

W P e-m  m Jo(mz)e" z dm

P 2(1-u') 1 P (1+) z

r F ( 2 +,k2)1/2 -T E Z+2 /

P (1+0 ( )/ (+i) -. ,-di., -- .t,{ e d, j ('+V) m J (m')e -  dm-
27r E 2T E

P (l+1) (1-2) (A2+z 2) 1/. z P (1+j) z_..-.-'"

27 E k (4a+Z2)V2 2Tr E (z2+ t 2 /2

1.3.6. Stresses and displacements under a uniform distributed load

The stresses and displacements under a uniform distributed load can be " "

obtained by integrating the relations under an isolated load over the

concerned area

V I 0, pdpde
Dp  f d. .

where a is given by one of the relations of § 1.3.5. wherein the distance

must be replaced by ( M+- 2p o co6 e ) / 2 .- ,

, , -N

* . .N

.4.!:! !: i
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a) Relations for the stress 04~

LThe relation for aunder a distributed load is given by

a * pa Jor)J~aem m- ra Jm4Jjamze"z dir
f f'

0 0

-pa (1-2p fJO)t JI(ma)crnz dm + pa JjMl (rn.'t) e-mz dm

so that comparing with the expression for the stress under an isolated

load we can conclude that

r 27r a
pa JJo~n14LJj(na)e'~ dm -2tJ 1 2 2dd

. z++ -2,ip co.6 6 Y ~2

12 pa fJo(1f4).J,(ma)mz e-"'Zdm-Mw-
0

27 r a Zz 3(,j2+,2 0 2 ~ ) l~d
2i 0oJ (z+ 2 ,-2p cos e ' /2 -z2+ 2 p cos /

13 pa J1(l4 I(,a)e-m &M

f " ~a(Z+4 2+I 22o Co6 e 1/2 - Z
1TJ. J (,t2+p2-2tp co's e (Z2+&12+p2-24P C0,6 61' P d pd e

b) Relations for the stress a

These relations can be deduced from~ those established for the stress a.
L~
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C) Relation for the stress7kz

'tz

27 a*)2

pa J, (mt).JI (ma)m zCe dm d p3 dZ42 p-2ee6

d) Relations for the vertical dis 2 lacenint

-p 2( - --------------- d .11..

pa--u i .7~mt).J1 ma~z dr

paJomp. 2 m~e~. J o2m)J7ma z e0dP. d

E

16 pa emz dm22

m ~ 2!J 2 p-4 O 28 (Z +/2 (z + P 2 2't 6 8 )1/

Cz242 p2 271oO)/ a z] d.do

U pa id
pd ~~ J WO . J* (ma) z-'d
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pa J1 2, I.O inJ),ze " z'+0 2-240eo68dma oo z

2 (z2+) 2+p2-2P0 coa e) S/2  . ,

. .. . ...

.A.

1.3.7. Resolution of the double inteqrals i n n ta

The integrals of § 1.3.6 are most easily solved in transforming the variable

o and 0 by setting x - o coa 0 y p 6ifn 0 pdpde A d d-:

One obtains :. -

p a 2z (a-x 2 )'/ "  dx
27F i-a (z2+x2+42-2xl) (z2+)2+a2-2xA) 1/2

that can easily computed numerically.

(a 2z(42+x2-24x)(a2-x2) r 1 + 2_ -Idx 2-2

12 7 -- a - +x2+-2xL) (z2+a2+ 2- , 2/21 ( 2+a2x z4Z2) (z 2 + 2+4-2 2,X)

.% .2z(a- //2 dx

27T La 2+xt2+a 2 x))( 2 + 2 a-4)/

+ a 2 +z (4a2 X) d/

Ij, 14 and Is are particular LIPSCHITZ-HANKEL integrals that we shall solve. --..

in next paragraph.

ra -2____________ 12_+_ (a_______ 2_ 112

16 f tn (,k2 - xd
- '-a 42-2v~a2.z1 2/ - x2) I/2

17 can be deduced from 11

I& and 1, are particular LIPSCHITZ-14ANKEL integrals.[:.P
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1.3.8. Resolution of the LIPSCHITZ-HANKEL integrals

The solution of the Lipschitz-Hankel intearals is Oiven by WATSON (1960).

e " a I ev1bt).J (ct) ;" ' dt

(bc v r Ltj+2v) F "+2v 2v+ !L. 2v

F r (2v+1) a2'

where

- 2 b2 + c 2 -2bc cob 4-

a J(m.( _ .-mz dm

13 e mJ~f1'

2 r"P F 1, 3/2; 2; - W o do.

with (WAYLAND, 1970) ,

- ' ~F 1 1 , 3 / 2 ; 2 ; -+- E ! 1/2- I * } V ; _, .

and W2  2 + &2 -2. C06 "-

The resultingintegral 13 -p f 1 z /ai 0do-

can easily be solved numerically.

K*:- a= -- " :

p .- F (3/2, 2; -) ai 2 -d.
2  2

__ "f p * z=

__ (1.+-:.:

W2 ) /2
F (3/2, 2; 2; -- ) * (1 +-)

2 2z z

..,z% 2:,2:2~- ~ ~z :.-)&.: * *
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7T UX V2

*~T II. 3 _ _ _

l ~2a -p12

F22 )/2 2; - 2

3pa2 'z f tn2 0 d 0

lcan be deduced from 13.

19 can be deduced from 14. *-
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1.3.9. Expressions for computation in the axis of the load

When stresses and displacements are computed in the axis of the load,

one has:

pa a 2+z 2_ p
11 : pa J1 (ma)e-mzdn F=+a

Jo a z

12 pa Ji(a)mze -" dm= az pa
a2 +z ) /2

3 Fla 1  = pa J (rra)e-mz dm

pfJ(m Ja) &PTZd" F J .." m ..."

14 pa Jinl)* 3(ma)zz dm-1 pa 2i(mnlmz . dm 2

Is P J*m%).Jl(ma)mze-mzdm o .

(Ji(ma) - (a +z2)/~
16: pla e m e~Zdm aa

17 pa J (ma) e-mz dm z /.

J:(m't).J 1 (ma) ?Inz
pa foMe dm =o

19 : pa Ji(ma.J1 (maxz . o

To be applicable, all the developpments of parapraph 1.3.4., again require

all the equations to be available in closeform. . .

--|

* . -% . ..
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.4

PART 2 NUMERICAL RESOLUTION

2.1. THE MATHEMATICAL ANALYSIS _ _ _ _ _ _ _ _ _ _._ %

We give here only the main principles of the analysis. The detailed analy-."

sisses are given in appendix.

2.1.1. Full or partial friction at the interfaces

Next system of bounda-ry conditiors has 1c be solved

-At the surface C - p

Tt z  0

- At each interface O a
z(: " ".z, +1!.. ..-- "-

, U.~.- .

-At the bottom w o"

A4 or C4

This is a system of 16 equations with 16 unknowns (A,, B, ...... C4, V.. "

It is very difficult to solve this system in a complete analytical way,

as BURMISTER did, for example for the two and the three layered structures.

Indeed it is nearly impossible in doinn so to avoid mathematical errors in

the analysis because of the extension taken by the different expressions - :

in the elimination procedure of the unknowns.

Thus it is necessary to reduce the analysis to a more comprehensive model

but in such a way that all the numerical problems detailed in part I can

still be solved completely accurately.
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The main objective is to obtain an expression for each unknown parameter

* consisting in a numerator containing negative exponents only and a denomi-

nator containing a constant term and nenative exponents.

During the integration procedure, when the variable tends to infinity, -. .
the numerator will then tend to zero and the denominator to a constant.'.:--..

value.

It is thus absolutely necessary that all the exponents appear in closeform '*

in the analysis. The factors multiplying the exponents may then be expressed

in a more comprehensive form.

The mathematical analysis can then be resumed as follows.

FiFirst step - .

Replace in the boundary equations of the third interface the parameters A,,

and C4 by their values obtained from the fixed bottom condition.

Second step

* Write all the interface conditions in matrixform.

At the surface MI (A, 81 C, VI)T.(. o .T

where MI is a 2 x 4 matrix

TTAt the first interface M1 (AI 1  C, 1 z) M2 (A2 82 C2 D2 )T

where M, and M2 are 4 x 4 matrices

TT
-At the second interface tM3 (A2 8, r2 V2) Af(A 3 B3 C3 03 1 .

where M3 and AM are 4 x 4 matrices

- At the third interface Afs(A 3 133 C3 0)} = M6 (.4 1T

where M s is a 4 x 4 matrix
and M6 is a 4 x 2 matrix. T*.-

Third-step

Invert the matrices M1 , ?'13 and Ms
The system becomes

TT
MI (A, 81 C, DO . (U 01T

(A, 81 C1 0I) MI 2A 82 C2 V2)T

(A2 B C2 V2) M3 3 L(A3 83 C3 3)T



(A3 B3 C3 DO M-5M6(I 84 D4

and finally W
T T

The product MI.Mj1.M2.3M;1.IM 5 '.MS is a 2 x 2 matrix, so that we can write

* and solve the resulting system
a22

B4

all.a22 - a2l.a 1 2

-a2

all.a22 -~~l

*Utilizing the different matrix equations, we express then the other parame-

* ters in function Of 64. and D4.

* To obtain the exponents in closeform, all the matrices are split in such a -

*way that the exponents can be put out of the brackets. 1

* For example, in the isotropic case

M- -r X.1 1  + . . 1

M2 ex.M2, + ~ M22

M3 4(1 -142) e1I.AI3 1 + e1 1.M13 2 I

M4 ey.M4 I + eY -M42

Mi'-XM~ + e(-1- C +c 5 2 I

M6 (e M.14 + e M642 1-
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where x - mh, ... .

y - m(h, + h"2)

z - m(hi + h2 + h13) ,.-

- - m(h, + h2 + h3 +2h4)

h. being the thickness of layer i.

The terms of all the matrices are of course known in closeform, so that .

they can be introduced as input values for the numerical procedure.

The terms of the resulting products are not expressed in closeform it

. is sufficient to know which coloms or rows of each matrix contain

- only zeros. Indeed in the final product intermediate matrices disappear

because they are identic zero. Practically, those matrices vanish, which

are preceeded by positive exponents.

The values of all the unknown parameters can then be expressed in the

desired way, a numerator with only neaative exponents and a denominator

with a constant term and neaative exponents, excepted for the parameters .

B, and D, at the surface..

Indeed at the surface the values of the parameters 81 and D, contain in both

numerator and denominator a constant term, followed by negative exponents,

so that satisfactory convergency cannot be obtained.

The parameters 81 and V, are then expressed, utilizing the surface conditions,

in function of the parameters A, and C1 .

The resulting expression for a given stress or displacement becomes then

a , pa Jo(ml.Jj(ma) [ K + fl(A,) + f 2 (W1 ) I dm

where K is a constant term and f1 (Ad) and fh(C) are functions of the para-

meters A, and C, which converge normally.

The expression of the stress can then he split into two parts

, pa o(m ).1 (ma). Kdm .. -'

which can be solved analytically

o0 2 pa Jo(, k).J(ma) [ 11 (Al) + fh(C,) I dM

which can be solved numerically in an accurate way.
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The same difficulty arises in the first layer near the surface.

Although all the parameters converce, ac'ain the parameters 81 and D1

converge very slowly so that complete accuracy is also here hard to

insure.-

Therefore, again utilizing the surface conditions, we split the expres-

sions for stresses and displacements into two parts.

The first part, known as a LIPSCHITZ-HANKEL integral (paragraph 1.3.4), %___%_

is solved analytically; the second part is solved numerically.
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2.1.2. Full slip at the first two interfaces
,% . '

The procedure described in previous paragraph cannot be applied here.

The boundary conditions are

P4At the surface cx  ..

T 0O

- At the first two interfaces :zZ+1 (1)

T (2) -
•z + 1 0

L. • Lv (4)

At the third interface : • k -- + 1:::::::::

•I' .N oo•. o%

4 +1

U'i: Ui + I - -::'--2

-At the bottom : -

A4 or C4 o

The systems of equations at the first two interfaces cannot be expressed

in matrixform, because two of the four equations are homooeneous.

The mathematical analysis is here -

Fi rst step ,-.,.71-7.7-

Replace in the boundary equations of the third interface the parameters

A4 and C4 by their values obtained from the fixed bottom condition.

Write the boundary equations at the third interface (friction) in matrix

form (A3 T cAfs..{8
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-" ~Third ste 2 . . .."'-" -

- Using the surface conditions, express A, and 81 in function of C1 and D-

(A S . M C... ..

Replace in conditions (1) and (2) at the first interface A, and 81 by their

values and solve the system by expressing C, and D, in function of A2, 82, r%

C2 , )2 .

(C1 v1
r  - A(A 2 82 C2 D2)T -, .

Replace in condition (4) at the first interface A, B1 C1 and D1  by their

values in function of A2 82 C2 and.V 2.*-. - --

Using then conditions (3) and (4) at the first interface, express A2 and B2

in function of C2 and D2T)T.. . -

(A2 B2) M2 (C2 D)

Replace in condition (1) and (Z) at the second interface A2 end 82 by 6-

their values and solve the system by expressing C2 and D2 in function of
* A3, B3, C3, V3.

'T T

(C2 D2)T M3 (A3 B3 C3  3 )T

Replace in condition (4) at the second interface A2 P2 C2 D 2 by their

Values in function of A3 83 C3 V 3

Equations (3) and (4) at the second interface reduce then to followln"

system

O T  T  "".
M4 (A3 B3 C3 VDO (K o)

where M4 is a 2 x 4 matrix and K a function of the intearation variable.
One obtains finally

TT
A{4.Ms 1.Af-(B4 DO (K o)T - "

a system which can be solved in the same way as in previous paragraph. ,

The same procedure is also utilized to express all the unknown parameters

in function of B4 and VN.
• .',, L' ',3W
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I Nevertheless a supplementary difficulty arises in the full slip case,
regarding the expression of the vertical deflection

w IF pa fii: Jo~m't).Jj(ma) f (A. R. C. V-) dmi

4. ,.'.V

When integrating numerically, this expression becomes, for rnt o

.Lin J o(,ni. J (ma) a
mXo M 2

f.iA. B. C.- V. =
Mao It 4. .4 4. 0

SO that at the origin (rn=o), the expression for the vertical deflection ''

is undefined.

But, thanks of the fixed bottom condition, we know that at the bottom

* w-o for all values of the integrating parameter m. thus also for m-o.

Using the boundary conditions we can then write

At the bottom f4(A4 84 C4 D4) 0 ~*

At the third interface f3 (A3 83 C3 D3 ) = h(A4 B4 C4 D4.) *

At the second interface f2 (A2 T32 C2 D2) f3(A3 B3 C3 D3)

and, at the first interface fl(Al B, C1 Vj) =f 2 (A2 92 C2 D2)

Thus, in all layers, we have, for ni =o f BA . C. V.) o

4.4'4
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2.1.3. The detailed mathematical analysis

The completely detailed analysis is civen

in appendix 1 for the isotropic case with full and partial friction

-" in appendix 2 for the isotropic case with full slip at the first -"",

two interfaces

in appendix 3 for the anisotropic case with full and partial friction

in appendix 4 for the anisotropic case with full slip at the first

two interfaces.

• " . -. - .

- . S-.-

. . . . -.. . ...
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2.2. THE NUMERICAL PROCEDURE

The stresses and displacements are obtained by numerical integration

of expressions such as
4-

C j fa Jolrtm).Jilma) f(m )dni

Therefore we use Simpson's method.

I (a,b) - [0o +4i +2 +... +4fn-i + f2n
3-.

where [a,b] is the interval of integration of I (a,b) subdivised in

2n equal segments of length h.

Here the interval of integration goes until infinity.

The numerical computation is interrupted when the value of the function

f(m,z) (in fact the values of all the parameters A. B. C. D.) becomes smaller

than the imponed convergency level

f (m, z)<

The function f .(mz) varies quickly for small values of the integrating

parameter m and much slower for hiah va:lues of m.

Thus it seems appropriate to increase the value of h for higher values
of M. i.. :

The numerical integral can then be written

h,I [[fo + 4f + 2f2 + 4h + A41 for m < L,

3
h2

+ [(4 + 4f5 + 2f6 + 4f7 + (S ] for L, < m < L2

3 ""-
h3I

+ + 4(g + 2fjo+ 4f,,+ f11 for L2 < m

For practical reasons we take

h2 2hj, h3  - 2h 2 ,...
• F;-L'I''
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Unless in the case of the vertical deflection, for which the function is

* computed in a separated way, the first tern' fo =c the last one f21

* (here f12) can be neglected.

The integral becomes then

h ?~i 4 f i + 2f6 + 4f3 +2f4 I + lhf4

+ 2( 4 fs + 2 f6 + 4 f7 + f I+L

+ L ~Lh =f + 2ho +2!.i + .. f1 SOL.

3L

When modinoptten rtofte int ainsgrn, eodr otn

33

*The initial length h of the intepration segment is chosen by the user.

*It is multiplied by a factor 2 when the values of frnz) become smaller

*than 10-2, 10', 1O0 and 10-'.

The final convergency level is 10'.
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2.3. RESUMED FLOW SHEET

The main steps of the program can be resumed as follows.

. 'r

2.3.1. INPUT procedures . -.

Input of the data (by display or file)

reaardina loads and structure

Input of the coordinates (by display or file)

of the points where stresses and displacements are to be computed.

Choice of the length of the integration segment.

2.3.2. Computation

- Computation of the value of the vertical deflection at the surface

and in the first layer, for m-- o.

- Computation of the parameters A. F. C. V. for each value of M.

- Computation of the values of the Pessel functions for each

value of m.

- Computation of the stresses and displacements in cylindrical

coordinates for each value of ,".

- Computation of the stresses and displacements in cartesian coordi-

nates for each value of m. .

- Upbuildinq of the vectors containino the results using -

Simpson's rule. -1F

- Convergency test for each f function.

- When the final convergency is reached, computation of the additional

values at the surface and in the first layer (LIPSCHITZ-HANKEL spew

Integrals).

1 -"

:. ,;,. ',;' "C
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2.3.3. OUTPUT Procedures.

Creating of a file containino the resultsstresses OX Cy az TXy TXZ T/Z,

displacements ux  'Uu toZ

Computation of

principal stresses a, 0 2  C3  -.
principal strains El E 2 E 3lil-...

linear strains EX . E

Printing (if desired) of the results. - -i

2.3.4. Capabilities of the program

The number of circular loads, with different radii and contact pressures,

is limited to 20.

Stresses and displacements can he computed at 30 places in the horizontal
plane and at each place at 30 depths (included 8 values at the surface -

and the interfaces).

2.3.5. Used lanquage

The language in which the program is written is FORTRAN 77.

~- |
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2.4. PARTICULAR FEATURES .% 4

, 2.4.1. Verification of the accuracy of the results i

Stresses and displacements are computed at each interface with the

appropriate stress function. This means that, at each interface,

the computations are performed at the bottom of layer i, usina parameters -"

Ai Bi CP i , and, at the surface of layer i+1, using parameters

• 8i+,, C..LI .+.

Thus stresses and displacements are computed at a same point with two

different functions. This procedure allows to verify the results

(mainly to insure that the chosen length of the integration segment is . " "

small enough) takino into account that the boundary conditions have to be

satisfied:
. In the friction case: ozi Oz.+l

Ui Xi Ui+ I -

In the full slip case : 7z+1 .

"rLz W "a~,>l • L .

This is of particular importance at the first interface where the stresses
at the bottom of the first layer are computed in a complete different

way (part of it analytically).

41 In the full slip case, one must be carefull by choosing the length of

the integration segment.

Indeed by choosing it to small (0,02 for example when a good average value
is 0,1) there is a risk that the values of the function f (mz), undefined

for m - o, result in complete abnormal figures for values of m near to o

for example tensile stresses for oz. 7.
.4!3

Beside the preceeding procedure, the best way of verifying the results

is to compare them with existing tables such as these of.JONES (1962)

established for a three layered system with full friction at the interfaces. .

It is very easy to reduce the four layered system to a three layered one

by setting the Young's moduli and Poisson's ratio of two successive layers

identic. That creates no numerical difficulties.

°- .

"" " '":''" .. . .. . ."-, -- -.. -. .-.,, ._ . ,... .. .- - ...... .-..- . --- ,.,----,-,,..
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On the other hand it is necessary, because of the fixed bottom to give

an important thickness to the last layer in order to assimilate it to - -

a semi-infinite body, as considered by Jones.

Of course the comparison of the results can only be done at the two

interfaces, but there also the values of Jones are completely accurate.

AWL.

-At

M-LI'
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2.4.2. Converciency of the Eessel functions

The Bessel functions are computed by series expansion such as __

JaW = ~ k (x/2) -

For high values of x this expansion leads to overflow problems, because of

the factorials in the denominator.

For values of x hicher than 16, the Bessel functions are approximated by. -

* their asymptotic values giiven by

JO~x W ~ cose (x - 14)
lTX

JIIx) TX in Ix - fl 4 )

The introduced error is less than 10-4
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2.4.3. Underflow problems

FORTRAN 77 does not have a routine that sets variables subjected to under-.

flow equal to zero. Thus, this routine had to be built in the program.

The limit value for underflow on the IBV PC is exp (-88)

Maximum there occur in the computation 4 products of exponentials.

So in limiting the value of each exponent to (-20) normally there should

occur no underflow.

We have that exp (-20)= I0.-

Normally one computation requires about 60 loops, let us thus say a maximum

of 100.

The maximal error resulting in the limitation of the values of negative

exponents is then
100 x 10-8 = 10- -

w hich is the value of the convergency level of the whole procedure.

In doing so, we insure thus accuracy of the results at a level of 10-".

7.

-' -4-i .- "

N

N . .,
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2.4.4. The computation of the principal stresses --

The principal stresses are solution of following relations (TIMOSHENKO

and GOODIEP, 1961)

where the stress invariants are

= F + 0Y + 0Yx y z

i2 0 .0 + 0 .0 + o' 0y 2 T2
x Y X, z z V xq xz qc

iL3  CY0 .0~ .or 2T,~ r1Y* TX 0- T a 1. 0 T2
XZ XZ X* X1 x YZ Z. xy

The equation is transformed into

~t3 +at +b o

with .t S+i

a W312 i2

b=-(-2il 91..2 -27i31)27

Knowing the trigonometric identity

4co'63  - 3co,6 e- co.6(3e) o

we may write, with

.t =rneCOA 6

mCo06 + am co.6e + b E4c.s 3 3coz~ & cos (3 e)

so that co6.s(3e) L and M a) 1/2
air 3

Ile:
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The solution is then given by

a 3b
el arc.. coA(-A- .t1  co 1 Si ti -i/

e2 arc. coa( A) T +
2 

Lf C06 e2  S2  t 2  i/

3 a 3

When a *o, the value of coa(3e) seems to become infinite.
Nevertheless, this is not true.
We have always

X OLIy

(a- )2~

z x

and thus

a 2 + a 2 2a .0

2 a 2 
'2.a

a + a 2 > 2a~ a

By adding a I+ a 2 +oa 2 >m a.a+a.a+ .,
x Y x . +aCY +a.

Expandinoparameter a, vie have

*a [~ 3a Xa +3a .a +3a .0 -3 T2  2T2  ..3 2

-
2  

-
2  

-
2~ ao a a

* !~ a~*~. 2  a a~-T 2  '3 2  32

-2 ~ -a 2  - 2~

Y4
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Since 072 + 01 + 02 > 0.0 +0.0 + .0
Z I xi q'Z z x

we have that always a < o

The parameter a can only be equal to zero when - -

2 + a2+ a2 +3 r2  + 3 ', + z = 0 a .0 + a a + 0 .0 7i.*
x y z xy (1Z zx x U if z z x

This is only possible when ox  o.l az  a ..0-.-

"T =z  = 0 -"

z =rzx

Thus when o , o and o are the principal stresses in a spherical stress
si tuation. --- -

The value of b is then

b- 1  [54 ' -27 o -27o] 0
27

and the value of m is undefined. ,-...

We conclude that, when ox  = or z the principal stresses are immediately

obtained by

- O C02 (30 0 a
y z

p *" q. b

*-NlIF
A. ," ,. J- -



2.5. USE OF THE PROGRAMS

2.5.1. Generalities

The programs are available in two versions

- EXECUTABLE version, in which the executable proaram is made up of only

one block with automatic loadinq, when VOS is ready.

- SOURCE version, in which all controls, data and modules are in separated

files.

Each program is written on a separate floppy disk.

The names of the programs are : .. *. .

FLIP Four layered isotropic systen' with partial friction

at the interfaces.

FLIS Four layered isotropic system with full slip

at the first two interfaces.

FLAP Fcur layered anisotropic system with partial friction -

at the interfaces. -- "

FLAS Four layered anisotropic system with full slip

at the first two interfaces.

Each diskette contains an explanatory notice which can be called by

next instructions
FLIP NO.TXT for FLIP '

FLIS NO.TXT for FLIS

FLAP NO.TXT for FLAP

FLAS NO.TXT for FLAS

The notice FLIP NO.TXT is qiven in appendix 5.
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2.5.2. Source version .

For this detailed analysis of the source version, we refer to the notice

of program FLIP in appendix 5.

Each program is built up in 9 modules.

Module 1 (FLIP 1.FOR)

Main module controlling the whole computation.

Module 2 (FLIP 2.FOR)

Data input module with following subroutines

DOMEC Mechanical data of the structure

DOTRA : Traffic (load) data

POCAL : Stress coordinates in the xy plane ,

POINT : Depth coordinates _

PAS : Length of the integration senment

CHECH : Desired geometric scale

ERROR : Error routines on input procedures.

Module 3 (FLIP 3.FOR)

Initialization module

ECHDE : Scaling of the geometric parameters

VINIT : Initialization of the integration parameters

ZERO : Initialization of the results vectors

FINIT : Computation of the values of the vertical deflections at the

surface and in the first layer for m o

Module 4 (FLIP 4.FOR)
Computation of the parameters Ai E i V i% for each value of m -

P4442 : Product of a matrix (4,4) with a matrix (4,2)

PCT,2 : Product of a constant with a matrix (?,2).

PCT42 : Product of a constant with a matrix (4,2)

SOM42 : Sum of two matrices (4,2) <4%

SOM 22 : Sum of two matrices (2,2) ....

P4444 : Product of two matrices (4,4)

P2442 : Product of a matrix (2,4) with a matrix (4,2)

CONST : Computation of the parameters A. . . V. ,.
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Computation of the stresses for each value of m

BESJ1: Computation of JI(maiJ

BJOJ2 :Computation of Jo~mc) and J, (n'i
SURFA :Computation of the stresses at the surface

COUC 1: Computation of the stresses in the first layer

COUC 2 :Computation of the stresses in the second layer
*COUC 3 :Computation of the stresses in the third layer ~

*COUC 4 :Computation of the stresses in the fourth layer.

Module 6 (FL IP 6.FOR)

* Integration procedure

TITRE :Display control
MODIF :Alteration of the lencith of the intearation segment .- .

SIMPS, Routine for Simpson's rule and up building! of the results vectors.

Module 7 (FL IP 7. FOR)

Definite values of stresses and displacements

COMSU :Computation of the additionnal analytical values at the surface

FONC :Computation of the Gauss function for the vertical deflection

at the surface
*CCOU 1: Computation of the additionnal analytical values in the first layer

*FONC 1 Computation of the LIPSCHITZ-H'NEL integral T, (appendix 1)

FONC 2 :Computation of the LIPSCHITZ-HANKEL integral 12

FONC 3 :Computation of the LIPSCHITZ-H/UNKEL integral 13

FONC4 :Computation of the LIPSCHIT7-IhPNKEL integral T4.

FONC 5 :Computation of the LIPSCHIT-'ANY.EL integral 15

*FONC 6 Computation of the LIPSCHITZ-14ANKEL integral 16

ECHEF Rescaling of the displacements.

*Module 8 (FLIP S.FOR)

Printing of the results

IMDON :File storing and printina of the data

IMRES :File storing and printing of the results.

Module 9 (FLIP 9.FOR) .*'

Display instructions. * w
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2.5.3. Running of the program

We refer again to the notice in appendix 5, on paae 5, from where on

the complete running procedure is explained.

2.5.4. Miscellaneous

"" It is important to notice that the mechanical input data (loadpressures and ".."'

* Young's moduli) must be expressed with the same units and that also the

geometrical data (radii of the loads, thickness of the layers, coordinates

of the different locations) must be expressed with the same units.

Nevertheless it is not necessary that mechanical data and aeometrical data - -i.-

are expressed in coherent units for example, mechanical data may be

expressed in psi and geometrical data in meters.

The stresses will be expressed with the same units as the mechanical data * -

and the displacements with the same units as the aeometrical data.

- Accurac of anisotropic results

* It is not possible to compare the results of the anisotropic pronrams

* with those of the isotropic ones in settino the degree n of anisotropy
. equal to one. Indeed, in doino so, all the relations become undefinite.

Approximate checking is possible by setting for the stresses n 1.05

- and for the displacements n - 1.20

:.: -Scale L

- Routine ECHDE of module 3 scales the aeometric parameters of the structure.
This routine has been introduced to reduce the problems regarding accuracy

in using the same scale one can use the same length for the intearation

A segement.
i Convergency problems arise essentialy at the surface and in the first layer.

The best scale factor is therefore the thickness of the first layer.

Another appropriate scale factor is the radius of the loads, obviously

when all loads have the same radius. The computation of the Besselfunction
Ji(ma) is then the same for all loads. But this scale factor should only

be utilized when its order of magnitude is the same as that of the tickness
of the first layer.
Of course, at the end of the whole procedure, the values of the displacements

have to be rescaled in their original values (routine ECHEF of module 7). W
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Poisson's ratio

The Young's moduli of the materials are known. This is not always the

case with the Poisson's ratio. Therefore the program aks if Poisson's

ratio is known. If not, a value of 0.5 is taken in the isotropic case.

In the anisotropic case the procedure is as follows '.,'-

- First question "o you know the anisotropic Poisson's ratio ? " ", J
IF YES : Input the value

IF NO : Second question.
. . -. .

- Second question "Do you know the Poisson's ratio when considering

the material as isotropic?

IF NO The program utilizes the maximum tolerated

value 0.5 for an isotropic material

+ n for an anisotropic material

(LEKHNITSKII, 1963).

IF YES Input the isotropic value u.

The program computes then an adapted anisotropic

value I .5x 3xnv ue 0 5  2 +-" 2- n

• Princilal strains

The program computes the principal stresses in routine WRES of module P.

It also computes, in the Isotropic case, the principal strains by applying" .:W

HOOKE's law.
It does not compute the principal strains in the anisotropic case. "..

There indeed, the values of the Young moduli varie with the considered

direction. Thus to apply HOOKE's law one must know the principal directions
to be able to compute the values of the Youn.n moduli. This computation'":-'-

requires the resolution of a system of three triconometrlc equations with

three unknowns. Although this could theoretically be done, accuracy of -

th results can practically not be insured.

-Intermedilate rnig-------- rintingj

During the computation, the successive values of the intearatinq parameter

m are displayed. This is only done to show that the program is runnin. .

and to protect the user from despair when utilizina the model with an impor- -

tant number of loads.
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" -

"remain patient" on the display means that the proaram is computing

the parameters Ai Si Ci Di and the stresses (modules 4, 5 and 6).

"remain more patient" means that the proaram is computino the .U . .-4 - . .

LIPSCHITZ-HANKEL integrals (module 7), which can need a certain .:. -J'

amount of time with several lo ds out of the vertical axis where

stresses are computed.

2.5.5. Values for n and 1..

- The degree of anisotro2 n..

Granular materials and soils can be considered as anisotropic due to -

compaction or settlement. In most of the cases the value of n, the degree

of anisotropy, is higher than 1, which leads to the phenomenon of vertical

stress concentration; the value of n can be related to Frohlich's stress .-

concentration factor k, approximatively by

2k - 1 - 4- 3" "-'"'"

2

The value of k varies from 2 to 5 (3 = isotropic), thus the value of n

from 0.4 to 2.4.

For superconsolidated clays, n is lower than 1.

- The p§rtial friction ratio I.

Full friction is introduced by setting 1a = 1.

When 1a tends to infinity, the shearstresses tend to zero.

aaThus partial partial friction is obtained for values of 1a between 1 and-"""'"....-

infinity.

The practical value depends on the value of the maximum shearstress

(located near the edge of the load) tolerated at the interface.

.4.

.- ::::

• l 
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APPENDIX I

Algebraical Analysis of a four-layer isotropic System

with fixed bottom and partial or full friction inter-

face conditions.

191
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*'- Algebraical Analysis of a four-layer isotropic System with fixed '---.-.G

bottom and partial friction interface conditions.

1. Boundary conditions. A

We write

Ai Ai= m' b 
C' l

W Fw = ____ C-+- ,, E, -- -) .-.-- :-;-

U. -,______,_. ,x. - F 3 -. :: -

W- L M+A) A , * : ,:...

Boundy condtin at+ the surfae z..0)

A-= ' [ , i , ( -2+ H ) '::::':::::

* rw

SBoundary conditions at the fst ntrface (z = H1): ".."

; .'" '.' '.:

i, ,%~ .'.'"% ,%

L.)

F-3IIF

• . -J4

: X,-
W1:": +-'-2-:



A1.2 : ..

W. A, b,. C, (-4.,-,). - :D, (2-,4+R ) .-. ,.-

- .' ... ., . ,,
'Fw.V, It- B2Z-_ C2 C:Z-A ,,-x)t -D, (2-Aji~.-Xj 2:'':

+ D.: + x+ C '  C- - .- x

~LA 2L e. -b,7 - ,x)e - x .... -.. ',.

Boundary conditions at the second interface (z = H1+ H2):

T12 : /Ay.- T 2.'+ C2  :-,. 2 " .

* ~~lx: A 30.Y - Z - C , C.4)-O')

LA-~~~~1 A2LYi t22-- 4'

Boundary conditions at the third interface (z = H1 + H2 + H3):

7, ~ Obt-~ Itz 1,I3 1 2t S ~ I _, _".2 , b _ '.' .",

1v A,+1C [A- ] e-

SAj, t bAC.C..' ,2..

A, C .C2-, -+ ( ) - -" = e-

Boundary conditions at the bottom (z= H1 + H2 + H13 + H4): i:i;.."

I-I

A, - bLt C, (2 r.,-2) .,4
C4 = t' v. v.'.C..2'...'.2..,?..

AjL 5 -:-: +:2 f "-

C', (A IDA (A" e72--

Bounday conitionsat th bottm (z= + H: H +
1 2 3- 4):

AA~~ DA CA(2.A ..

,CA:"::- 1:;



2. Resolution of the system of 16 equations. -'

In the equations of the conditions at the third interface, A4 is replaced

by its value taken from the fixed bottom condition:

We write the conditions at the third interface in matrixform

We invertM

CA, o C, D. MC QP34Db

where T

-,x- A3~

-0 0

A (A-L

AA

+ A PA)

+ V<i



*..v -.-.. ---t.-:. . .-X. .- '. V. k . -- . . - . - - -L . - ; T-. .-. - - . . .. -.- .-W.. -. . ",,.W-. ."

A1.4

'--~ ,' .'' K -

Ia j... e.

0S

S 0

e..

~( wAy-a

% . a' .-

-4- . °-

I =  =w 4-- =""

4.- 4- p. , ,.

['. !

L-. L
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we write the conditions at the second interface in matrixforj

M)b(Az 52 CZ D)l M 4 (A 3 C ,D73)T

-(A2 Wi C72 1,) M4 (A 3  36P3

a '

00

0

(2y) Ai0

yl

M~AI*& Ar CA 3 C OD )T r -



Al.6 .;--.-

T A 2r

IAb~ Dt +A.i IA...M,4 +i

4-

0 0 10

a. Oa

0~ -5

'0

A~ 0o- oIl

A

iov - k%



* Al. 7

4 0

4--

0 0

A l5 fi A6 41 (-4- -. Am -

We P/rite the condit ions at the first interface in ratrixform

IA A, ),C ,) T M. 2( -)IC-1D )Tw

6:-~
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(it x) -(-h.v) -2 .4) I'

B.r

04

-11 I

it 2 2

t 0-

i~PA

e- .2 V2W
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)Ill' . Mi t"11

I FI

10 F1+2 0 -3

I Ic

T- 2CF A rIZ .

0

14~1~fl 21 y~1 0 1
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A

4Lc - A2' -~TZjy +
4 ). tq ''-TU T;.Q.- 4 ~

+ A- 
.

4. ~2. ~ -0

(A 2:

i -e4h 9-e,+ 4

U '1A

wwhere the matrices U are all (2 x 2) square matrices.
V.j
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Wewrite the tem ofmi xU

I-, LI

* and the sum of tflC terms of all otner matrices

We notice that the terms a1  contain constants and linear functions of the*,-

*variables x, y, z and their products.

The terms c 1 contain all negative exponential functions of the variables

x, y, z and t. For high values of the negative exponent they all tend to zero.

The matricial equation of B4 and D4 can be written in the following way:

+ cog) bA i- +c2  t.CL) 'D,4 CA 64- (- Y (-I -j.)

The solution of this system is:

- 64 ( 4c4-z

V

7 X11.OLIL MI I - X1 c -C, i) C Z

-O 2 + C 2. 1) .C 12 + CI,.OLL2 - 21c'1
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One verifies that
' I . -, ... .-. .

All the linear functions of the variables x, y and z have disappeared

in this relation, so that for high values of the variables, the value

of the denominator V tends to a constant

F k 3 ,, k 31v4) L+ -)FkL

r . \

- , V
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3. Values of the parametrs A. , D .

3.1. Values of the parameters Al. C 1.-------------------------------------

At the bottom of the first layer, parameters A1 and C1 are factors of the

positive exponent ex. Thus when computing stresses in the first layer we

have to input at least two positive exponents which necessarly will lead

to overflowproblems. Therefore we shall express next modified values

of the parameters A1 and C1: A1 .eX and C1 "eX"

Regarding the parametrs B1 and D1, we shall replace them in the equations

for the first layer in function of AI and CI, using the boundary conditions

at the surface:

A,- l, + C1. , , - -. .

The resolution of this system leads to

A, A )Ak C .4.

_ - A , ,,:

The values of A1 , BI, C1 and D are given by

(AilbiD%)T~-A~ T 2 2~)T~L
6 ..--4- - - -

V-

depend onl on the mare T- a,4- T42 C-, T , 2T 4 2at .......
r"~~~~T 4 e-...'-.;..

Wentc-ta.h mtie T (and)-), T, contin othng-ut.zro-.-.hei

firs and n t hirdrsen that the matrices T and T contain nothing but zrsi hi

zeros in their second and fourth rows, so that the values of AI and CI

depend only on the matrices Ti and T~i .. .-2i 3i
- Mir
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We obtain then ~

r,4(.+).. -4-

+ +z?-y AA) TDA

We notice that all the terms contain a negative exponential function. For

high values of the variables, the numerators tend thus to zero and the

denominator to the constant FKL.

*3.2. Values of the parameters A 2, B 2, C 2, D2

-For the reasons explained in previous paragraph we express next modified
values of the parameters: A By x, C e

A2e 2e 2 D2e

The values of the paramaters are given by

Q b-, C2 2 t Y

* We split this relation in

Y4~y T +
A(i eP.C'X

~~AL



,." ~~~.1. 15".,- ,...

3.3. Values of the parameters A3, B3 , C3 , D3:

The values of A, B C and Dare given by
31 3' 3 .3

I _" +- "_.2

Att

+ +

We split this relation to obtain

.--A ..- -T

3.4. Values of the parameters B4, D4:

Following the same procedure, we obtain

tk2 C22: ei 22

G__4- (A _ 4 CA +]).e = , c zV

--
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* 4. Determination of the stresses and the displacements.

* - 4.1. MathematicalRrocedure.

The program calculates the stresses and the displacements using following

relations:

sor

7P (Wr) JA; ')

r)r
~W~e- i-

.4jW (A



Stresses and displacements are calculated in a systenm of cylindrical

Pcoordinates. The stresses due to several loads are to be added together. '

Therefore we must express them in cartesian coordinates using following____

relations:

GO 4- 4 Ia l"O

rlr F1.~d L

cLr. 01. 0

wherein the signification of the angle v( is illustrated below.

Load

O-

T7-



4.2. Stresses and displacets lat the surface_(JQ

p (r~cx)

- 1~/~ (r-tAL

with

.4+2 T r)It thrI) )

[IWtr) -ML W

C, (A cfI3 r
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v wi th

(m r

4 C'.

(Ir

-M wr.3)ii TA~.ipZ 4 2I.jd

AA

LA, -fb- l 1]c
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A1.20

CC

4..Stese n dsj ottn. i th fiwrstLi"~ la .).
---- --- --- --- --- -- -- - -- -- -

c" 4Pb-

CC

with j~)~~~ecL-(-

V-L4

V _____

(qt,'r -2x)(%n* I",,-..
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0

-06

+i~ -Wl 
J1.

-7bA

rUr

f, +-c, Q-) +

- -I-- -'
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0'0

CC

wi th

CA. r

I -%-

with



A1.23

L .j. _C. ,2.

with

h,% ck + r4:"

47- ot4,

0.- , , I 

---------. A ir-.'

. .,-... . .

wi th """-

\5:L ")D":""":'-"~

1 " a . [ "- ] ) -------
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.T, w-,

-( 
.,A- VIA I-'

-E I

4.4. Stresses and dis2acements in the other layers.

The relations for the stresses and displacements are given in paragraph 4.1.

The terms Aimez BmzWZ
ime m , Bime Cimemz and DimemZ are to be replaced

In the second layer (H14h(H1 + H2) by

' In the third layer (H1 + H2 /h4 H1 + H2 + H3 ) by

i ~~1, :.::-':.::.:e

In the fourth layer (H1 + H2 + H3 < h < H1 + H2 + H3 + H4) by

A!:vo-% (A--,,) :L,--

4 -

•* .°% -,-
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APPENDIX 2

Algebraical Analysis of a four-layer isotropic System

with fixed bottom, full slip condition at the first

and second interface, full friction at the third

interface.

II

V



APPENDIX 2

Algebraical Analysis of a four-layer isotropic System with fixed

* bottom and full slip condition at the first and second interfaces.

1. Boundary conditions.

We write

F:: ______ &14Y4

where 111, H, H3 and H4 are the thicknesses of the four layers.

The index 1 applies to the first layer.

Boundary conditions at the surface (z =0):

A,+ ba Q712 (A-2j2t-,)

Boundary conditions at the first interface (z =HI):

'A'

'iv:= bitb~ - 4 C , 4', C)2+h4"K~

A-i'- be7' - C2(AC* -2- A) ~ ~ .. tK t



- ~ ~ ~ ~ ~ ~ ~ 7 7. 7-. 7.-: r - - - . . . . . .

A2. 2

Boundary conditions at the second interface (z =H 1 + H2)

~:A2aY i- 1 2 YC(A2, 2 y>a,)eQI 4P~tiT

tLQ:A L- '/ ~+ C2h, .Y z 4-

Boundary conditions at the third interface (z Itl1 + H2 + 113

"Lf?2, Ae - +Z C., C+z~! T3

AAe -7ZA + + z J)A (*A

W:~~~~ r- 
.-

e -" N-.A t

L~~ *A C



2. Resolution of the system of 16 equations. .--

In the equations of the conditions at the third interface, A4 is
replaced by its value taken from the fixed bottom condition:

We write the conditions at the third interface in rnatrixfori

We invert 11

where M

A -A 0

.4--

L L(-s Ad L

(A -1l- b2 (~ThcD) ~ 4L..

TI 1~ r.2 -



A2. 4

-

01

M.4



N!

We consider now the boundary conditions at the surface.

Adding and substracting the surface conditions, we obtain

-2 A, - , (A-A

Adding and substracting then the first two conditions at the first

interface, we obtain

2A1t"A -,4 )Q) + IA2-)

where

We replace A1 and BI by their values in function of C1 and P1 and

solve the system

C1e.

+x Y oe -

We combine the T -conditions with the w-condition so that
rz

and with T, A

£ We replace CI and D1 by their values in function of A2, B2, C2 and n2,

., 2 'rg h 7j--&--.X)L• . • .

- 22 A A ( ,1 + X )

LA2 AAx9 i
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L .L A2.6

Together with the T r - condition, we obtain then the system

where

IbIV
We notice that for m 00

Vie solve the system for A2 and B2

C2 (A -' b) ( - -

Adding and substracting now the first two conditions at the second

interface, we obtain

2A~at- C'I L-y~e J ~ I 'jb3

where

tie replace A2 and B2 by their values in function of C2 and D)
and solve the system.
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A 2.7

y A~J(x 2 tR~)2(1)4 (A-93)] 4 -+2 -lx ) -

-2-) 2 -Rj.

rzr
W ne ne t a rz - conditions with the w-condition so that -an

and with

~.- .'-(..'.'O ]

We replace C2 and D2 by their values in function of A3, B3, C3 and 3

(I-Xy-L )

S1R, , -.-. -.-....-.

Together with the T -condition, we etain then the systemrz ---

Ave:' CbcA2.4,!-y. .A .

where

~-~:- \~,~'~°Po -J - (. "-y1"r.e

(j° - °. - .
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7,>~~~ ,( P,,,Ce. -~A~)e __4

N,,

Vie write the system in matrix form

or T
'Y L L (A,~- ~'

3y 3 3 3)( 4 D4

M2e CI 2

We notice that M 1 M5 6  0

M 41' M5262 =0

M42.M5162 0



~ - Y7. 1~ - - - - - -' - 1 W W'~ 
77WY W. _7 a~~"~ 1F*~ r ~

We call N

m 1 N

41 5162 N2

arid write

Le. 1\Jd' PAe-Le-I

that we transform into

t-4 Wil fAK- D

We write

e IV I.

where all the terms a. converge when rnio

Wie develop the matrix equiation

We solve thie system,
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i :i _L~L

173* " z~ 4- bi, ,; 'e:'

V3

where -.

(C x'.

K-at I ' OtZi. bZ I.. t-OL~iebll -Q112
-- .. I"- .I

The term bII.b 22 - b12.b21 contains linear functions of the variables

and has to be develloped in close form-

L.~-- L% 7- (L-L

K...1. ,

\-::o 2.-:.-I>:I l:.- .-.-L

L, 2

= LL -i ) 2#r

The linear functions of the variables have disappeared so that for m =-

the numerators of B4eyadD -
the umeatos ofB 4*e~ nd 4.,e tend both to zero, because of the

factor Q2 , and the denominator tends to a constant:

hm L, .',.",..'-,) k .,"

and finally

- tA ;,T e- 14



3. Values of the parameters Ai, Di. '

We express the values of the parameters Ai . D i in the same way as

explained in appendix I._

3.1. Values of the parameters A3, R3,3 C3, D3

The values of the parameters AP B31 C 3 and 0 3 are obtained from the,

relation

(Ab b C), D)T - A

The matrices M5 6  and ri521 contain nothing but zeros in their
first and third rows, so that we can write

)T__ _ _.. ...... ..

(A c. C- t, M

(At i 0 5 L

The matrices M5161 and 15262 contain nothing but zeros in their

second and fourth rows, so that we can write-y - .,TI .-+ .o. -..6

A-

-Y-

. - o.

Sad C6 c i n ui

L AW
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3.2. Values of the parameters A, B, C2  D.

- We have ~

2x t R3LIL5j

172

so that

I

where ---

* We have also that

2A1~Y C2. (-4 'D~t J- 'c

so that

and finally we have that

2'~ -__ *C. 1 (-A 2x.t (~~ -~

so that

4 t-*) (.4 A-A 2x- 9)

j4 ult
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3.3. Values of the parameters Al and C 1.

We have that ~

.4~~ (AZ(4 ) -e

where

*--

We have also that

so that

The values of B1 and D1are obtained from the surface conditions

A 2 A, C i-Ah

-1-. A
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4. Relations for the stresses and the displacements.

The relations for the stresses and displacements are completely the same
as those developped in appendix 1, by replacing the parameters Ai., Di

by their adequate values.

Nevertheless, there is a problem in the computation of the vertical

displacement: its value at the origin (m = 0) is undeterminated.

The relation for the vertical deflection at the surface is given by
T ,A,)-( b-r C -4C).. 2-4, """"

which, to avoid conv.6rgency problems, is transformed into

Vv=- _4 A ,- (A• .2 ,C ."cLk •

The numerators and denominator of A1 and CI are both zero for m = 0.

To eliminate the indetermination we should develop A1 and C1 in a

Taylor series. Altough this is theoretically possible, the required

computation is very long and the risks of introducing errors, in doing.

so, are enormous. Fortunately, we dispose over the fixed bottom con-

dition, which, for m 0 0, transforms into

AA - C , -4 "D,
The w-conditions at the other interfaces transform into

Aa- C (2-A?,i) )4z-h.) L. U _1 _c- -_ - (i-4 ...

U - - C'. (-~4yi~ -Di 2-4pi~i) 4 - bi 3 -C-4 (-4) t 2-fJ

A-% - b.,, ( - D~)-b (2-A2w.) W A -C (2L-4-3) -D3(-A, j
A. C. F'-

so that, for m =,

and thus

so that the problem is solved without any difficulty.
-

.. ..-.
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APPENDIX 3

Algebraical analysis of an anisotropic four layered structure with

fixed bottom and partial friction interface conditions.

1. Boundary conditions.

Because of the presence of 4 different exponential functions in the

expressions for stresses and displacements, the algebraical analysis

is more laborious than in the isotropic case (appendices 1 and 2) and

has to be developped in a more detailed way.

To reduce the number of exponentials we write

-iritr(,i.,) .. =i, A'--

Mh,(At~A ') -~•-(4.*.. -4.o *.-"-

Further we also write

- - ,

TL -

', -. "' - .- %

I -- 3 " "

E.. , --
r y, :

whereHI , 12, H3 and are he thckneses ofthe fur laers•-.---::Y

wherinex 1 a ndie to ae frthelayer.esses-o-the fou-layers

Boundary conditions at the surface (z =0): .... ..

-7 B::: +: Q,::
jig •".
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Boundary conditions at the first interface (z H1) 4..

z A.- C, + A, .-iy P + C2

"r;: A, - eTe7 +sC,-SD- = SC' SC -  - s, D2

. ~-v : (il,) A -(A +Ip,3 b%4, ? + [C,,+ ,) ,,C, , , ".Dl'.'"'-"'.
- '.. -'-,>.

"" "-* I " " " " " " " "

Boundary conditions at the second interface (z = Hi + H2):

,z: A 2+v- 2 J' C-1 v ). A3 ~ -Y+ P + C3 i +(-y D 3  4

TrI. A2- ) - 4 A.;.; :' -

*w: ( i+,),A - (,F zL gc- ssihz,..)c, 2 lk)I,- C - )  .: .:.-L
pit--(.-...

*ib J hA ',- + l fl. 3) t A 41+- 3)~~L 4A~ D3]

. Boundary conditions at the third interface (z= HI + H2 + H3):

, ~-(Y) q-' *
,..~ A~ * , .4- Cb + D3 . ,(z-...T. .. ~ ~ A- .l'} )C- - ' ( = A4et-)4 4 X.C4e5- -rA D4 :"-"-;-

W' 1 (~j'A- (4A ) + Cb,{,Ik)1h4;
, -. D3

%I A)AR- )b~ (4,4,,)5 (A I' ) ~(+)

Boundary condition at the bottom (z = H1 + H2 + 113 + H4):

4 '4If s4">  C,4 -:- " " -"

If s4< 1 ( - -4

.. ~~. ._ .... .-..
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. W. 9; V.b-

2. Expression of the boundary conditions in matrixform.

2.1. At the third interface.

In the equations at the third interface, A4, or C4, is replaced by its

value obtained from the fixed bottom condition.

We write the conditions at the third interface in matrixform

- le invert M

- ..33--.-

3-)

If S4> 1

n;- ,,1 --,(v,,-'), 3A'- -ii 5±-Li -,e-...,.,i! i!. .

_(+12

±--s) ....

4 4-1--01 V- 2

I4 4

(-A +" 5 A)

4 .4 ' & J

* ", "-.' -. .)

'14'. £
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We write A' B' C and D in function of B4 and D4. .

A3

-I M-300. lmj ) -b. + 1' (2). II (!I) D'(2-i'M c i 2-) D 4

• .(A-"_- )

where M5(i,j) are the constants in M-1.

We write

so that

(2-y)(2-Y)

2.2. At the second interface.

We write the conditions at the second interface in matrixform.

lie invert M3 ..

(Ai.- %2 )T M (A

.4. " -"

, 4,...

.' " -" - . 'I
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' .e - -

-h.1@'.e ' '

4,(' V)-s * ' ,- - .'.- s ,".

* Alfl - aJ -(4i}. F+F) -' I ~.. ,..

,-. e..L-.¢,t-.

-" W 31( -

kt, t - ) - 5F'sdtk >-vF) -,{y)

We write A2, B2, C' and D in function of A3, B3, C3 and D3.

O--L- ' +'i-)

[.4 VI. 'L).

(2-,Y)
C--2 ".- 

-0

~ (*-v a~'t I'~d.)i 1b. -LJ

u. ( 2 D 3, PROW.J
+) ":"

J~mj C-1 'A% 2 I o
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where M 30,j) and M4(i,j) are the constants in M3 and M4

We write

so that

2At tefrtitrae

* We write the conditions at the first interface in matrixform.

"-I (A, 1b, CD )T2 (A ib2 z zD-2

We invert T

Vi r)-

SSa



- -. - - -, - Fox--S

A3./

, . I.

2 yi A  .....,...,.2-,

A,/

t(A~s

+ 3~M(iA2i)e~ C2 + 5'1(42i .tCi 4)t D2

2s -,.Ir....--.-

2s,(A -%

_0, A2 +d4 "4 C~-fi(z 612) 5Z I

(2 , Aj-h.)-

+I, (- ,

Ml(i,j) M2(i,j) are the constants in Z6 and M2 .

W~e wri te 
I;

so that 
- ..--

C2 -33e. R-f A D..

S, x .

s ha 
.

21. A 2 .

A--" ..'-



A 3.8 s
* 3. Resolution of the system of boundary conditions.
*We write the conditions at the surface in matrixform

-rxY

We have then following system of matrix equations

(A. PC, )T= IR A D2
2s, (A -h 5 )

4 jj3 (A,, 3 i~)

(A,, 3 CZ01) -

* so that

A (T= O)T

OL 1 O 2.

h~ ?toil

L2,t

I , CI.L



I. -. .. .

sC ) C 21- C 2 .  2

3.1. Determination of c c c 2 . C1 2

The expression of the denominator C1i.C 22 - c2 1 .c 1 2 must be established

in complete closeform altough regarding the exponentials.

- 4- Ck . 1 1 + i
1  

z.4 C.... . -

24bt, 

-° °- .-

(a aZ C2 2- -) (1 I- C2,

OLC .2 . 2%= bit
i kj - * CIL ). (b I b-,7 - 'bl a. bi#)

4 (ol _ ~. - ,22)- (b,,b1- b

( "- .- V.24
• ,, , , , , . I) ,,.b - , . ,,.-. -......

4- " " "-e->"
- .'

II

"'°" ]1". -,, , 9. ,.i '  fix i.:::
.:: , = .('l ' 1  ,, ,,-" °..'..RAI

" " I, (#) $ '  'I"'1  """R"21'ZX e' ""
". _,, ' .'.'-'..','",... , .,.

II L, + R4 I- r ' .
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('x -. FOX-.

S.X

D* - S.~c

14~e Z. L ,Q1

4.- CXZ'~ 2- M% 2- OL21 V,

+J ~s-' R22. R31 z t z

1,v (AY +C 3

-3l- 3r '-lj rL

.~14 1%)r, 1.4

%J4~~ C2 ''.
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,@~ 
' 

4

%,O .t~ - i tJ . .2 1.
= 

e ,.e, . ---. 
1

A - -it.j"~g,~ (I~b ]2 3 iIi
Oki-)

2 N 2

2_R , e .. -•,'

'UM 'U'24 ~ % . ~.- AJ)1ae

-,y -j', ( i,-,) A3Y, e. • - ...3-.. •".-z , 2- - -
- 2 .- 

--"-.

.. 
-.f. Aq1

32 ? 4, A-

,= e..biO , j7_ y ,.t."

fi

-Y~" -S. i",, Xj 
", -4-" 

(--',
-R!-' -A, RI ""'"--

1" . ~l 24 lil .~ll - t. . . .e , r,. ,-.-.-

-- ~~%, e,-", 
"i".

e. A



A3.. 
I?

~~ ik m--

4 0 22 ,.V2  4 )2 ,4 24Pt] (y )

4 13,. 
p*32-

4 -?A' N-

Pit A2bi P2 rl~ eY ' I'~

3 I** (I-Y

No -2 
-

Q -.2 -1 1 2 - L.- z- ) . i i )

WePiwrite

025)z-) 2) (z-)

4. 41 .O.-'42

1 9 1 1 .~~N I t tN 

-I- 

- J 1

)121~N P)2 - 2% Y



* . - .~ vl (Dail~ -. ,Pa ~ ~ v V .1h V S* rM

111 4 1 
-be

4- q l, O -

* 

6X

IIA-k A- 57. .e. I.e- [41.42-A3..

- k03- OA 4-0 ) ~ )
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iP(Y) I sid'z-v )

Q.)
(-) Lz-Y) sdz)

11-* .#*12 III. Sbl P

The value of the denominator is then finally

C2 2. -%2 - C2

~-A. %121 t

4A'. A~t

The term 24 4contains the constant 7q

We write I2t~. Ah.P~I~

c,-.C2. 2 -r-q 1 C 2 ,= Q (- c. .e

Mr-
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3.2. Detrmination of the parameters B4 and C4 .4-,.% 

- . m% _4~

We write

e ..D I - .M, - , 7

x six -"-. -2sbt t O1

4 R,

~2

W e 
.

4  j%- , -4.. .

M 22 92, oA-%-i

CII. C 1 -

2( ) 4- ___ ____P__,72_

21. +. _- P7, oil 1.. -

%21, 2 +

14 .. p it" 1-- 42 P
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'( oC ~../) beEy) .- (i-,e)--..>

11 t2. 10i -042 2 4 a3 ~

4,d-.-) +, 

..".

(ZCY 4~ (4y'r) C

e, 4t

.~~ 
211 

.

C 2

The numerators contain only nedgative exponents.
The denominator contains a constant and negative exponents.

Orn

[ 2 r ¢ "c -' ' V , ' - '! : i : :! : :!-7 1 :
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'14. Vausof the parameters Ai. D.

4.1. Values of the parameters P3, B3 1 C 3, D 3.

The values of the parameters are obtained from the matrix equation in 2.1. .-- Z.9

One obtains immediately the values of the paramreters A 3 and C 3

C 4- D4

The determination of the values of the parameters B3 and Dneed

some more computation to insurt convergency.

______ 4 'P.42. D

Those relations contain positive exponents which much disappear to

avoid uverflcw problems.

r* LAA ) ( - V -) ( - 1 )p ,
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P2.1. ~ P21 2. 1')A I

-t7 P t + N - 3.. 4, 4 4

The positive exponent e(Z
-Y) can now be eliminated

2)-

and the numerator contains again only negative exponents.

],1 V 4,

,(y- )~ ~ ~ ~L -,Y) iI ---...-.
1:fI -I + _ e,

+ 13,11- 2b L ?41 bl-i -.--. V-iO- At.1
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Ito (-A V - ) ( -Y) l-Y) ] .- ' --

--. 1 ..1] ,.1

?Ai. 

" 1 

-

-

9o4 ++ 2. -?

(A? ,. -) 0b). .::":+:1

-. -Y)- 4- 5? -..2.--

and the positive exponent eS3(Z-y) can be eliminated

.A-. 

C, 

-t .
-.
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4.2. Values of the parameters A2, B2, C2, D2.

The values of the parameters A2 and C2 are immediately obtained from

the matrix equation in § 2.2

A%= +*- Oil -
(A-?

...#,-...?

-._)_. + A +., C.-. D

The values of the parameters B2 and D are obtained from next

matrix equation (§3): -

"'

The necessity of convergency needs aqain some more computation.

'4...

A . - .- ,-.B2.__ __ ------- T~

2L- 'ib

.:i ~~ ~~ 2- -z.-......

C12

'.* ~. . .
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• -al.. ...... ,.J

qAM

-~~~C c"~.~u~~'~ 22 b12 2

4Lt v '1dyi '0'3~ 2 . CK 01 b4A 21 % W

4 - +yLY)- . -A + - x A '.2.-

4.,

e. ' C 7 ' 24 h .64 b 22]" 
". .

e., 2 , _ c,, ]-: -:".

2JA-' f2tk-) t- 0- -r CC-COL

The positive exponent, e(y-x) included in b- .and b a ispe

A% L. -A -

R- 21 V 1 'b

• + .: .- .:.o

c A 2 
-V4 

1 b -11 1 
; ./ ' .

-.. ~MI JV:- : "r"";;
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-31.

5,k 2 b3A5

-C. -X)

5,;~( - 2'

The positive exponent, e52(y-x) included in b4  and b has disappeared.

The numerators of B 2 and D2contain only negiative exponents because of

thle presence of the factors a~j, a~2  a 3 and a~4

4.3. Values of the parameters Al. Bit~ Cis D

The values of thle parameters A1 and C1 are immediately obtained from

the matrix equation in § 2.3.

At=J~ ---

C2 'R344.

A A , (Y -J1 
Y

(AA



- . L .I,2 -o . . . .- -. . .. ..--.-.-. . ..
- -

. . . . ..
-

. .
y -

-
\  ° '  

.- '. ' ; . .° .
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5. Determination of the stresses and the displacements.

5.1. Mathematical procedure.

The stresses and the displacements are deduced from following relations

wherein the notations of § 1. are utilized:

.4JA +.

CIA;. -A) 4- -tI.

S 0 r)./ ,: .-

- I~ 4P 'ArTwo )

A_ + e-

t r~x. wwY)~(i&) -. ,H i@,.i-I

(AiA

appendi 1.V (

-; ~ ~ ~ 1 VA yi. Iz - ) Pi Sa -- ":.

',WtA

iA
w=,LL 1,. t - )  ;. ' t < - '  """

A"(.- tt

'F-.~ ~ ~ ~ Y) i V- Jii;:";{'

. oy'-::."

The stresses in cartesian coordinates are calculated as explained in",.,."..

appendix 1. "



5.2. Stresses and displacements at the surface (z 0).L.V 9q
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5.3. Stresses and displacements in the first layer (O h <H11

-AY 'mc Wr) 7 1 (W% D) I A ~ ++

t e

~- 6virYiuA,3')

+tt.

-N EVV ±}:)! (A+vC -ONj~ C

II
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* wi th

5.4. Stresses and displacements in the other layers.

The stresses and displacements are immediately deduced from the

relations in § 5.1.
The exponents associated to the parameters are:

-in the second layer (Hl<hZH1+ 2)

e- m 04H-1)e

-in the third layer (H +H /(h<111 +H +H)

-in the fourth layer (H+11 2 I3 hH+H +I+H)

1~ 2~ 3<-lb- 2+13a4
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APPENDIX 4

Algebraical Analysis of a four-layer anisotropic System

with fixed bottom, full slip condition at the first and

second interface, full friction at the third interface.

N-. i--
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APPENDIX 4 'Y..

Algebraical analysis of an anisotropic four layered structure with ~.
fixed bottom and full slip condition at the first and second interfaces.

1Boundary conditions.

To reduce the numiber of exponentials we write

krv ~ n I(A

-AO

L..4. 14;.* _

Furher Hwe Hlso wradit aetethcnseeo h ou aes

'F=5

S~5.

F_ '



Boundary conditions at the surface (z 0): ~..

41,. .t.

Boundary conditions at the first interface (z 111i):

r:A, b~/ + ~ D2 7-1" '%""'f

A + +i t J

Boundary conditions at the second interface (z =Hi + H 2): 5

A5 E Y- b3, 7 3

Boundary conditions at the third interface (z H H1 + H2 + H 3):

~.A, -b I Cb +' D~3 AA -I,_,V

tj~: ~ ~ L'4" )z A4  ' .TC4t -'4 P4

L, #I]AIAA"A4 s I.Aj.)C ...(A44-) D

Boundary condition at the bottom (z - H, + H2 + H3 *H)

)V-. (4+-)~i)AA -(AAA)bA A, 4 M.4 A CJ.5 L , , SP(~JA ~ i

If s4> 1 A

If s4 AAO "+ .(t)U) -1 4 i')

44

N. ,.
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2. Expression of the boundary conditions in matrixform.

2.1. At the third interface.

In the equations at the third interface, A, or C4,I elcdb t
42 4 is eplaed b it

value obtained from the fixed bottom condition.

We write the conditions at the third interface in matrixform

Lb~ bT 11f VG (bA DA)

We invert M5

(A fC D,) M C' ~i

3)(AA3 1-33

If S4 > 1

*~~~~S L,(%4~l L2(4+) I4A(b

If 5Aj-

+

It

(A

If, s4
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We write A 3  3  C3 and Din function of B4 andD.

''~~d '~''J~A 4. -t)1(1i) 1 2) D,4 (2-Y)

3a, (A -~ h

~MO-;). 1MCti-)- B, 4-~ i1(z)4 /)2

where M5(i,j) are the constants in 5.

We write

so that

A3o 'P12

A(21 Z-) P 2 Y) b_ _ _

13. (A-

))31
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N 2.2. At the surface I

Adding and substracting the surface conditions we obtain

A, ( C,.e-r-)C"e- (.A- r,) b

2SOX

2..At the first interface.

We add and substract the first two conditions

2Ax A(.yi- ,c, L-) ' -B 2  -s'~(jx) D2  j

( C * '*e -SIX LA

We replace A1 and B1 by their values obtained from the surface conditions

(At~,+ 4-r,)PDe7"V e'j A A2)e..

We solve the system

7.7

IA21 V -- L (A*77' I-S)

T*~2,e (A+ Jm + ~~-4)e

3~,a~YA2 .12 .ee2~ (A,)Si" 4 (A-SY)'E-

For W)2d (aS)
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We transform the w-co~dition utilizing the -L rz-conditions .

rj.,_, c- s-, (v,-,) Do7' = F, [..t..-,) CS'.T -. rh(k..-' D1] "-..:.

t , 4 - , "s'ix'

We replace C, and D by their values ..T

JA _ 2 ,] ,L CA-+',,) 2,+ z(Z4 ' + '! e , -.--:-T-

47

For M= 00 - R, = ,-.
,.I-...,.;.,,

A2,] - Lc., 4 , - __

r, - -)

Writing R,= I=_! , we obtain the system

- bk.. - ~ e1 -:. -...-..- = ..

and by adding and substracting

R2

;..- zb- (. C1--  Y ~  _-+ .'-P ) P - _,_-::..:::

2. , . .
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A4. 7

2.4. At the second interface.

* We add and substract the first two conditions

=[A 3]

We replace A2 and 82 by their values obtained from the first interface

* conditions

4 D~j~-i:X)t LA

* Wie solve the system

2= 1LA-13Lrl-(A W)(1) (4 ...

f- e -'

t- .4 *

4..~~~ A4t-ht

R3)4)v -(,-"..s~~-~ LAh) ~A~i4 R)e. (.4 I

ly-)UrI1 X
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We transform the w-condition utilizing thet rzconditions
d.A.

92 th - C 3. -, V -

We replace C2 and D2 by their values

C -2 D2C-3a-

ILA 1,] C-14-1

(A+ S z.
712* t-

Writing tx.~ we obtain the system

and by adding and substracting

4 - ,

"A -



3. Resolution of the system of boundary conditions.

We have from the boundary conditions at the third interface C§ 2.1)

A
~Pi - SA +b

+AA

We replace A3  B3  C3 and D in the last equations of §2.4

-- 12. -V(+$ 
-1

We solve the system in B4 and D4

4 1  itv , 4$ t ~~.

BA~~. 2 3 2

Ur

2-r3 2. I



positive2 exponent 13Y)eZY have

-b- --Y 1P -ii) ] -

I ~ ~ ~ ~~ZY ') s~)2Z-~~if

*The numtertorsofn nd e te bothy tod zeroandthe deoiator

Dj.4~~~ (- A ie

P2



4. Values of the parameters Ai, D.

*4.1. Values of the parameters A3  B3  C, D3

*The v~Iues of the parameters A3, B, C3.and D3 are obtained from the
3' 3-' 3'

boundary conditions at the third interface in which B4 andD

are replaced by their values from § 3.

'21s (A-% 1)

r) (-ALv~ -V)
+. (Pi 3o12~4 pAX~ 13.') - '%Y

tA-v)

62 4e.

*~P2 4. ~?~ - T)

The positive exponent e(z-y) has disappeared. Although the presence

* of the constant s3 PP 4  -P2 4 ) the numerator converges to zero

because of the factor Q2.

A

- ~ ~ ~2(2-Y) -15 3 2 p 212, 1-YJ)2Y

F L
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?A 'Pa P11.A, P

I Pi,: P1 P ael e

4.2. Values of the parameters A2  B2  C,0.

The values of C2 and 02 are obtained from the relations established in §2.4.

+I + Z43

Q r-2

SThe numerator in 0 2 converges because of the presence of the factor R 2.

The value of A2 is obtained from the relation established in §2.4.

A- ~ A3 C'v (~i.~C

The value of B2 is obtained from the last relation of §2.3.

. pA- 3)c C, e, + (,1 4-z St P3) -D)2 -1 2.



.T I V V T ~ Y .7. .. ..4~ .
.

.

4.3. Values of the parameters Al, B1. C1, D.

The values of the parameters A1 and C1 are obtained from the relations

* established in § 2.3.

-y~ ~ CW: ( Yttt.

-S 'a

*For the determination of A1, we need the value of Dle 1X

4P'-

VII

- ~ ~ ~ ~ ~ ~ 2 A. -2Ae.z4 1  C~

~-

The Relations for the stresses and the displacements.aecmltl

the same as those developped in appendix 3, by replacing the parameters
Ail D) by their adequate values.

CThe relation for the verticale displacement is again undeterminated
*at the origin ( m = 0). The problem is solved in exactly the same
*way as developped in appendix 2 (§ 4.).
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__X W~ y -. : T~ P4 _ wwi. r:, . W V, W... 14. W,- ~

Am.

IS IC F OIJF( .L(AYER~I) (FLi y) Li5(AE Fa qCi I .

FOur-i ayered Sy :tem Program:

* Fbi s rc~ji'dii avail ableC in two v~s rs
EXECJ[(~~Lver si on * i ri witcii thu iCx Lic.-LI bl1e pr ogr zio

i s madc~u u~dp of ol y one 1)1 0(21: W, th ii~t I L)fi c I uadi i n. 1
-SOLJi'CLL_ ver si an , i n whi ch all. con-t IruE. , d at a, arnd
allI t- nd .A I CS1 a re i n s ep ar a t ed f i I C ,.

Fl1op py dis i~c nVn

In followin-g te-x-t, mean~s A~ = NISOTROPIC
I= I SOTR~OPIC

y means P P(ARIIL
S =SLI P

Eiach flpydisk. contains following mvain files:

AUJT(:EXEC. DA]"T aut ofat i C program loading
LOGO. EiT dlisplay of inrtrodlucti on logo
F Lx YLO. T X7 introduction) text on screen

*FLx,. yPNO(. LO..G i ntroduction tE-Xt for printter
FL..xy NO. T XT this notice

*E7XECLU('IiL I floppy di sk
T hi sdci o n: uit -A n s the followin g f ile s in addi ti on to. -

th11E-( mai I")f i I E?
FL,..y. E X E executable program
F L y . WDYI" dat~a f ile + for demonstr ation
F[,xy. LA,': T --- resi t..t tf ie ( f or deimnostrati on

T h-i i -f . op r.) d i s I.; c o nt a i n s thI-ie f um I Io wi n -f i I us i n tadditui L ii (
I he rui..ii f il1es-.
Fi y.. VR..... F:, r e vi s i on
F1: . y 1 - :'Of mi: ---- iia iin o CALICu1

F~x y. I. (~s~ **~*~ subo't i Iles )1C
DO rRA

PO INT

* .FLx . !. F~OR sLubrOLtinLez; EMIDE
VINITC
Z EROJ
FIN IT -

F Lx y 14 FOR SL.brOL~tilnE.s P4A1 12

PC T 42

.4 (MI 421

F'4444 C

P24,12
CO(N ST



FL.,-1yj. FOR -- >SUbroutinus EiESJ I

SURF5A
C0JC I
COUC2
COUC4

FL_ yb.FOR -- >subrout ines T iTRE
MOT.)IF

FL.y 7. FOR SUbrout ines COMSU
FONC
CCOLJ1

FONC5I
FONC2
FONC 2
F ONC
FONC5
FONC6
ECHEF

Fx y8. FOR subroutines I MDON
I MRES

F L.xy 9. FOR --- >sub rout in es MENU
ECDON
LEL)ON
AFDMC
%AFD1 R
A~FFOC

(Cor-Ji gUrati on:

IE'M--F-C (GXT.AT) with at least 256K<13, 1 ou 2 diskette drives,
80' col . screen (mionochrome or col or-), math. copr-ocessor,
ma~tr i- printer.

* h~fIRunin of the program:

In the next presentation <NE::means action o+ key -
Insert the EXECUTABLE disk into drive B.
Load DOS, if necessary, then type DIR B: and PA~TH A:\( -

FL-D.: FLx,.y <ENTER.*:

Fri ritinrg of the results:

on screen :FLB:: type FLxy. L6T <ENTER.:;
on printer : FLEO." type FL.xy.LST ::.:.prn <ENTER.:

Consaul Lation of this notice:

on screen : FLEGi> type FLx,.yNO.TXT <N TE R:
on printer : FLEI:::. type FL-yNO.TXT p EIR
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ISIC FOLJR-LAYERf: D (FLx,.y) USAE Page3

Disk preparation for normal running:

Format a system disk with COMMAND.COM, and files needed ior
running AUJT'C)EXEC. BAT.
Preparation of CONFIG.SYS with files=1l, device=ansi, buff.rslne'

"l s'. a. n in Ur ies:

By text editor EDLIN or any other text editor, program
state-teints, may be altered.

Commands for EDLIN are:
F-LD.> edlin x:n.for <ENTER> x-xnf"

where --- > file name to be modified (.x.fi. for)

nD -- > erase line number n
n -- > displays line n for alteration, type the

correct statement.
nl,n2L -- > displays lines between number ni and number n2 ,
FE -- > ends session and returns to DOS

Comp i I at i on :

%- ..-%"%

After alteration, the new version of the module has to be - '
compi I ed.

Insert Professional fortran compiler into drive A. _ o__
FL.A : b: <ENTER.-
FLB:.'. path a: -ENTER:.
FL :> pr oF or tx x.x /1 i <ENIER

L i nage:

After correct compilation has taken place, a new eXecUtahbl.
program has to be created.
Insert disl.ette with FORTRAN libraries into drive A.

FLB> lii'l: FL.yl-+FLxy2+... ,FL.:y,C]ON: ; <ENTER>

Note

To obLial r l iit.roduiction logo or- printer"
FL..D> type FLx yNO.LOG >F'RN <ENiER> ER.'-

-- 5. %.i i
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151C FOUR-LAYERED (FLxy) USAE Page 4

Presentation of different possible screens:

* FD-USAE-vers. 2.00 1986

MAIN MENU scren

Strains and stresses
in USAE-2

a four-layered system.

1. Data retrieval in a filea
2Data saving in a file

3. Screen displaying and/or alteration of system data
4. Screen displaying and/or alteration of traffic data
5. Screen displaying and/or alteration of computation coordinates
6. Input of intermediate depths
7. Program start

Your choice------0 for stop -

Screen of CHOICE 1:

Strains and stresses
in USAE-2

a four-layered system.

Data retrieval in a file.

A FLx:y.DAT file contains base data.
* The user can define another file whose name has to be written in

B characters (format XXXX.DAT).

* Name of chosen file or FLxy.DAT
- - - - - - - - - - - - - - -- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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" ISIC FOUR-LAYERED (FL>:y) LJSAE Page 5

Screen of CHOICE .2:

... .........-

A F iL.:y. DAT filu- contains base data.2 I

a fou.r-i ayeredsytm

- TDae savin ian da fie.aohrfl hs ,'m astob rte nT. ..

-- -- -- -.-..-.- . ... s k

Syte Fx.datafl. onan as aa

L characters (f-tormat XXXX.DAT)."-s..c'.-.-'.-

2.~. A. 0° .° 2 ,11

C) .0

Name of c f. 50 e o

ForScrenr of CHOICE ale:=

Strai ns and stresses.....-"..-"
i rn t.Jt ; E--':iI , ,

a four--ilayered system. --

* 1 * cyjuUU. U U.16•.

1. ()ULJ(J - ..

Sy .e 1a a ().(:c .C.2--. (j -7 7
- 1O(OO U 5( *.( .U -,, . •,

-- C .. -.-

4 1 UUU. U U. *A)-9UU•..

Fo1eun= o )-r~cO alter. .'z20"' - "."'. "
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Screen of CHOICE 4: h- LF

* Strains and stresses
in USAE-2

a four-layered system.

Number of circular loads -2

*Radius Pressure Dist. x Dist. y

-- .4-- -- .---- 0----- -------

11.450 7.900 30.000 0.000

For continuation =I or alter. =2 ----

Screen of CHOICE 5:

Strains and stresses
in USAE-2

* a four-layered system.

*Number of computation coordinates 2

0. 000 0.000
* 17. 175 0.000

2. For continuation= 1 or alter. =2 ----

* Screen of CHOICE 6:

* Strains and stresses
i n USAE-2

a four-layered system.

Positions of stress computations in depth out of interfaces.
(max 22)

number of positions a
- - - - - - - - - - - - - -- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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ISIC FOUR-LAYERED (FLc€y ) USAE Page 7 " -".,

> ~~~stra.i,-s and stresses '"'''
i n USAE-2 "• ,..-

four-layered system,.'''.' '"'

initial computation interval (0.1 is generaly small enough) .

Next screen:

Strains and stresses
in USAE-2 ' .'

a four-layered system.

choice of scale

allowed choices : ''-

I ---- thickness of lrst layer
2 thickness of 2 first layers

thickness of 3 first layers
4 ---- thickness of 4 layers

5 load radius

suggested solution : 5 I-
your choice

Screen for execution:

Strains and stresses
in USAE-2

a four-layered system. .....

computation start ..... be patient!!

m = 0.10
be even more patient. .

---i t-- --

.. ~,...
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Scrtwer for reSLltbj:

Strains and ~r.-
i n USAE-2

IA file FLx:y.LST contains base results.
1The user can define another file whose name has to be wjritten in

* ~ 1 characters~ (fora.t XXXX.DAT).

!Name of chosen file or FL:xy.LST

- - - - - - - - - - - - - - - - - -- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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,ample o4 results (FLxy.LST) *

our-layereo system program isotropic -partial iriction%

USAE-Z dpart&erwt de coin.tructi~s
isic '

av.de I'hopiail. 27 h
7000 sonis beIgiQue

echana cal data '

YULIaij'L. IRULIuLUb. F.'6. rm.Liu ticI.IIwls 4rltat cnm r... iu

400O00.0 0. 16 20.000
1 . 00

100000.0 0.520.000

10000.0 0. 50 30. 000

1000. 0 0. 50 9000.000 1 I

raffic data .-

load radius pressure xy

11. 450 7.900 0. (00 0. 000--
2 11.45u 7. 900 34. 35C) 0. 000
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position I 0.000 y 0.000

depth layer ix sy sz tyz tiz txY

0.000 1 $1 10.1660 .11.6793 7.9000 0.0000 0.0000 0.0000
20.000 1 It -3.4792 -4.5019 1.4989 0.0000 -0.4167 0.0000
20.000 2 81 -0.5790 -0.8163 1.4999 0.0000 -0.4166 0.0000 - ..

40.000 2 It -2.2733 -2.5873 0. 1873 0.0000 -0.0611 0.0000
40.000 3 $1 -0.1736 -0.1997 0.1973 0.0000 -0.0611 0.0000p70.000 3 It -0.3907 -0.4035 0.0540 0.0000 -0.0046 0.0000
70.000 4 It 0.0095 0.0082 0.0540 0.0000 -0.0046 0.0000

9070.000 4 It 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

depth layer 51 s2 s3 epsl eps2 eps3

0.000 1 I8 11.6793 10.1660 7.9000 0.2197E-04 0.175SE-04 0.11OIE-04
20.000 18It 1.5335 -3.5138 -4.5010 0.7040E-05 -.7597E-05 -. 1046E-04
20.000 2212 1.5793 -0.6595 -0.8163 0.1949E-04 -.8502E-05 -.1046E-04
40.000 2 It 0.1899 -2.2749 -2.5873 0.1404E-04 -.1675E-04 -.2066E-04
40.000 3 It 0. 1973 -0. 1936 -0. 1997 0.3890E-04 -. 1824E-04 -.2066E-04
70.000 38It 0.0540 -0.390B -0.4035 0.4512E-04 -.2160E-04 -.2352E-04
70.000 4281 0.0545 0.0091 0.0082 0.4582E-04 -.2230E-04 -.2352E-04

9070.000 4 11 0.0000 0.0000 0.0000 0.OOOOE*00 0.OOOOE+00 0.OOOOE+00

depth layer u(x) V(y) NIZ) ex ey oz

0.000 1 It -.2184E-03 -.1909E-10 -.9046E-02 0.1758E-04 0.2197E-04 0.1IOIE-04
20.000 1281 0.9995E-04 0.8642E-11 -.8835E-02 -.7497E-05 -. 1046E-04 0.6939E-05
20.000 2881 0.9885E-04 0.9642E-11 -.8835E-02 -.7497E-05 -.1046E-04 0.184BE-04
40.000 28It 0.3017E-03 0.2637E-10 -.8561E-02 -.1673E-04 -.2066E-04 0.1402E-04
40.000 388 0.3017E-03 0.2637E-10 -.8561E-02 -. 1673E-04 -.2066E-04 0.3739E-04
70.000 381t 0.3844E-03 0.3360E-10 -.7432E-02 -.2159E-04 -.2352E-04 0.4511E-04
70.000 4881 0.3644E-03 0.3360E-10 -.7432E-02 -.2159E-04 -.2352E-04 0.4511E-04

9070.000 4221 0.0000E+00 0.0000E+00 0.OOOOEtOO 0.OOOOE+00 0.OOOOE400 0.OOOOE.00

-4
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position 2 X 17.175 0.000

depth layer sx sy 5z tyz txz txy

0.000 1 is 3.0499 8.8259 0.0000 0.0000 0.0000 0.0000
20.000 1 It -2.0093 -4.3575 1.1255 0.0000 0.0000 0.0000
20.000 2 $S -0.3243 -0.8505 1.1257 0.0000 0.0000 0.0000
40.000 2 It -2.4172 -2.7155 0.1997 0.0000 0.0000 0.0000
40.000 3 1$ -0.1828 -0.2077 0.1997 0.0000 0.0000 0.0000
70.000 3 11 -0.4084 -0.4166 0.0554 0.0000 0.0000 0.0000
70.000 4 It 0.0090 0.0082 0.0554 0.0000 0.0000 0.0000

9070.000 4 It 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

depth layer sl s2 53 epst eps2 eps3

0.000 1 It 8.8259 3.0499 0.0000 0.2084E-04 0.4094E-05 -.4750E-05
20.000 I 1t 1.1255 -2.0893 -4.3575 0.5392E-05 -.3930E-05 -.1051E-04
20.000 2 it 1.1257 -0.3243 -0.8505 0.1419E-04 -.3931E-05 -.1OSIE-04 Aw.
40.000 2 It 0.1997 -2.4172 -2.7155 0.1483E-04 -.1788E-04 -.2161E-04
40.000 3 It 0.1997 -0.1828 -0.2077 0.3949E-04 -.1798E-04 -.2161E-04 , -
70.000 3 It 0.05,54 -0.4014 -0.4166 0.4679E-04 -.2278E-04 -.2401E-04 - •
70.000 4 I8 0.0554 0.0090 0.0082 0.4679E-04 -.2278E-04 -.2401E-04

9070.000 4 It 0.0000 0.0000 0.0000 O. 0000E,00 O.O000EtO0 0.0000 .

depth layer ulx) V(y) w(z) ex ey ez

0.000 1 It 0.2272E-18 -.1565E-10 -.0979E-02 0.4094E-05 0.2084E-04 -.4750E-05
20.000 1 It -.4354E-19 0.7889E-11 -.8961E-02 -.3930E-05 -.1051E-04 0.5392E-05
20.000 2 It -.3448E-10 0.7899E-11 -.8961E-02 -.3931E-05 -.1051E-04 0.1419E-04
40.000 2 1 -.7092E-18 0.1622E-10 -.8698E-02 -.1788E-04 -.2161E-04 0.1463E-04
40.000 3 Is -.7092E-18 0.1622E-10 -.8699E-02 -. 178E-04 -.2161E-04 0.3949E-04
70.000 3 It -.7879E-18 0.1803E-I0 -.7520E-02 -.2279E-04 -.2401E-04 0.4679E-04
70.000 4 11 -.7879E-18 0.1803E-10 -.7520E-02 -.2278E-04 -.2401E-04 0.4679E-04

9070.000 4 It 0.0000E+0 0 0.0000E400 O0.OOOOE+00 0.0000E+00 0.0000Et00

AM - a'.
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Utilized symbols:
,''

sx : normal stress in the x-direction

sy :normal stress in the y-direction

sz normal stress in the z-direction

tyz :shear stress in the yz plane, parallel to y or z

txz :shear stress in the xz plane, parallel to x or z

txy : shear stress in the xy plane, parallel to x or y

sl : maximum principal stress

s2 : medium principal stress

s3 :minimum principal stress

epsl : principal strain ,.

eps2 : principal strain

eps3 : principal strain

u(x) : displacement in the x-direction

v(y) : displacement in the y-direction

w(z) : displacement in the z-direction

ex : strain in the x-direction -

ey : strain in the y-direction

ez : strain in the z-direction

The normal stresses are taken positive when they produce compression

- and negative when they produce tension.
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