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FOREWORD

The dispersion characteristics of. helix loaded waveguides have been
experimentally investigated. Helix loaded waveguides are of interest as a
slow wave structure that can be employed to increase the bandwidth of gyroton
amplifiers. The structure consists of helical wires contained concentrially
in a cylindrical conductor. The helical wires are close erough together to
form a helical sheath justifying the assumption of azimuthal symmetry. The
relevant physical parameters are the helix pitch angle (¢) and the ratio of
the helix radius (R,) to the conductor radius (Re). The dispersion relations

for the general azimuthal mode number are obtained for both the fast hybrid

and the helix modes.
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] SECTION 1

Qé

, INTRODUCTION

]

s

%ﬁ The gyrotron is a vacuum tube capable of producing high (10 kW avg) power
5

ég output in the millimeter and sub-millimeter wavelength region. Its recent

application to millimeter wave radu: and nuclear fusion could be greatly

iﬁ* enhanced if wide instantaneous bandwidths were available. The theoretical
e
ﬁ: papers of Choe and Uhml'2 indicate that wide instantaneous bandwidths are
E& possible with various slow wave structures. The purpose of this project is to
ht
%f investigate various slow wave structures to experimentally verify the new
X
f&, theory so that it can be used in the development of the gyrotron.
. In a microwave tube such as a gyrotron the energy in an electron beam is
O
)
;$ converted to RF energy., Figure 1 shows a dispersion curve for an electron
U
(]
%: beam mode wg(k}, and a dispersion curve for the vacuum waveguide mode,
e | wg(k). The dispersion curve for the electron beam is given by
~::
)
"y
) .
X up = kv, tow
:ﬁ eB0
3 © = —
0 c mc
Wl
o
% where v, is the velocity of the electron in the axial direction, we is the
A..
&’ . cyclotron frequency, e the charge on an electron, B, the D.C. magnetic field
E’Q
2 strength, m the electron mass, ¢ the speed of light in a vacuum, and k is the

Ky . ’
Py .
gttt Gty
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axial wavenumber. The dispersion curve for the vacuum waveguide is dependent

;l:,“
@
L]

on the internal slow wave structure. Gain occurs only where the two
dispersion curves.wB and wg intersect. For the tube to be broadband the
shape of the wg Ccurve can be altered so that Wy = up Over a broad range of
frequencies. The reason wgs NOL wp, is changed is that it is much easier to
change a slow wave structure in a waveguide than the electron gun
characteristcs or the magnetic field structures that control the electron
trajectory.

One purpose of these experiments is to investigate how the parameters of
a slow wave structure affect the shape of the dispersion curve, wg e
Specifically, in this experiment the dispersion characteristics of a sheath
helix loaded waveguide are investigated. A sheath helix is a structure
composed of many parallel wire helices. As the wire thickness and the spacing
between the wires approach zero, the resulting structure is an electrically
smooth sheath., The conductivity of the sheath is infinite in the direction of
the helices and zero perpendicular to this direction. Figure 2 is a
photograph of an experimental helix. The thin closely spaced wires make it a
good approximation to a sheath helix., A diagram of this structure is shown in
Figure 3. The parameters that can be varied to alter the dispersion curve are
the helix pitch angle, ¢, and the ratio, Rh/Rc- of the helix radius to the
radius of the conducting cylinder.

The resonant frequencies of a sheath helix loaded cavity were measured
experimentally., From a large number of possible resonances a particular
family of resonances, belonging to a family of transverse electric modes
commonly used in gyrotrons, were identified., Positive identification of the

modes was based on determining the azimuthal and axial mode numbers. By

A R NN AN R TR S LA RN A TR L AR Lt PR R AT v Lt
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counting the number of nulls in the output energy of the cavity as a metal
probe was pulled along or rotated about the axis of the cavity, the axial and
azimuthal mode numbers were determined respectively; the number of nulls being
the mode number. Once the family of resonances had been identified, the

dispersion characteristic was obtained by plotting the resonant frequency of

each family member against its corresponding axial cavity wavelength.




LA - -y I TR e R T T W TNy g H W Ty

NSWC TR 85-402

% . T SECTION 2

% THEORY

K

: As illustrated in Figure 3, the system configuration consists of a helix
E of radius R, located inside and concentric with a cylindrical conducting

waveguide of radius Re. Cylindrical polar coordinates (r,6,z) are introduced
in the present analysis. In computing the properties of a helix, we assume

that conducting wires in the helix are very thin and close together thereby

{ replacing the helix by a helically conducting cylindrical sheet of radius
g Ry This sheet is perfectly conducting in the helix direction making an
4

angle ¢, the pitch angle, with a plane normal to the axis of the system. The

27

unit vector é¢ of the helical wires is given by

s

e, = COs d ey +singe, (1)
»:' -~ -~
i where eq and e, are the unit vecters along the aximuthal and axial
? directions, respectively.
: In the subsequent analysis, we adopt a normal mode approach in which all
?; components of the electromagnetic field are assumed to vary according to
;
4
; v(x,t) = w(r)exp(i(ee + kz - ut)}, (2)
;
f; where w is the eigenfrequency, k is the axial wave number, and & is the
- azimuthal harmonic number, The Maxwell equations for the electric and
'
3
L
t
]

5

W
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i

n

)

ik; magnetic field amplitudes can be expressed as

) VXE(x) = i(w/c)B(x), (3)
4

3}

o vXB(x) = (4x/c)d(x) - i(w/c)E(x)

R

‘ where E(x) and B(x) are the electric and magnetic fields, and J(x) is the
L2 - - -

ﬁ: electric current density, which vanishes except at r=Ry.

)

$.

%Q Three boundary conditions must be satisfied at the helix of radius Ry.
. The tangential component of the electric field at surface of the helix must be
h‘ ‘

:y‘ perpendicular to the helix direction, i.e.,

R Al

cﬂ

0y . .

‘a £ sin o+ E' cos =0 (4)
Y. z 8

's.:

‘-

- 0 0

= E, sin ¢ + Ej cos ¢ = 0. (5)
&

j} The tangential component of electric field must be continuous across the
o

x helix, i.e.,

J

o

) . .

A8 i _ 0 i _ 0

2 Ez Ez, Ee Ee . (6)
Q"'

"

o't The tangential component of magnetic field parallel to the helix direction
;% must be continuous across the helix, i.e.,

.9
5* 0 0

‘ i i - .

g B, sin ¢ + Be cos ¢ = Bz sin ¢ + Be coSs ¢, (7)
"

ty,

oy

)

0

A

o)

;y 6

%

9.3
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1,

’ -

H . . . .
B\ since there can be no current in the surface perpendicular to this
D

direction. In Equations (4)-(7), the superscripts i and 0 represent

fﬁ . ¢i = Eiﬂ+ ¢’Rh - §) and wo

= Eiﬂ+ w(Rh + 8), respectively, at the helix
s boundary r = Ry.

v Making use of Equation (3), it is straightforward to show that the
differential equation for the axial components of the electric and magnetic

o, fields is given by

]

"‘
&
Sk
A
= |-
cv‘o;
-
(%]
b
[}
5 ]
™~
+ N
ol
NE
1N
=~
N
N
o —
o m
~N
P S
-3 =
T R
N
-
——
0]
St

P
”~

except at r = Rp.

The solution to Equation (8) is

-

b ‘}‘v‘.l’?:”.:’? -'-- q

s

1)

Jl(pr), 0 <r <Ry
E(r) = a{ N (€)9,(pr) - J, (&N (pr) (9)

z R<r« Rc,

240 TR T R

I I §
. T

v
v

Al
s
'l 'l

) for the electric field and

N (83, (pr) - JL(E)N (pr) (10)

R<r<R,,
c

4 Jz(PP) 0<rs Rh
B_(r) {
AU (n)N‘ G J,L(a)Nz(n) > "h

for the magnetic field. In Equations (9) and (10), a and b are constants,

Jz(x) and Nz(x) are the Bessel functions of order 2 of the first and second

el W T 3 {u '\."n-_*._'.\.m._.\_\ \-.,‘.\ '\.\ ATRNS. S AN

5 R A A S A AL UL S WY PR N S T T, e RS .-. RPN
! y 3 g o ' ™,
.,) .“ .;A, . <, (N'(.J;I .' .~ ‘~ 11’.'! ..\‘ > 'l \P-gn N \'ﬁr, Sathat
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§f‘ kinds, respectively., The prime (') denotes (d/dx)Jl(x) and (d/dx)Nz(x), and
the parameters n and ¢ are defined by

i}
i n? = g?2/R% = pPR% = (JP/c? - KO)RE (11)

From the Equation (3) and the skew boundary conditions in Equations (4)-

l*: (6), we can show the relationship of the coefficients is

J (n)
b.jep 2 ke
L a2~ m(;e;: tan ¢)- (12)

.% The azimuthal component of the magnetic field Be(r) is expressed as

o Bo(r) = 25 & E(r) - % B,(r) (13)

5 cp” or

g from Equation (3)., The dispersion relation of the electromagnetic wave in a
Y helix-loaded waveguide is obtained by substitution of Equations (10) and (13)
" into Equation (7), and by making use of Equation (12). After tedious but

straightforward algebra, we obtain the resultant dispersion relation

2 f(g,n)

3 D(w,k,¢) = L - tan ¢ - 2 _ o, (18)
~ g e )

(A 4L T AL N e SRR ¥ 'y (< 0 ! N W) IR A AR ALY ANY IR
49, ‘!“.?‘\.: '!‘I ( )‘.. L8R ‘ &\h AR p.-b't‘.\’g. A A X .’:‘ua" ?“A‘ l’\‘., .!..“p‘i » I'q. ‘Q W L LN \ l‘:~‘o DK W% M T A I"» 'J'»“‘ ‘el ALK ’.
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2 where the function f(g,n) is defined by

‘y

i; 2V (n)J (E) J (E)N (n) J (n)N (E) 5
o¢ . -

i Flewn) = - J eIy TRy = TL(mNTE (15)

Depending on the sign of the parameter 52 in Equation (11), we can

3 identify two branches of electromagnetic waves: The fast wave
1
é (52 > 0), characterized by the phase velocity Vph = w/k greater than speed of

‘ Tight (Vph >c), and the slow wave (52 < 0).

g In the helix-loaded waveguide there are two kinds of modes. There are

‘b the helix modes, and the hybrid fast wave modes composed of transverse

{ electric (TE) and transverse magnetic (TM) modes. For a particular £ and
azimuthal mode number, ¢, the helix mode is the lowest frequency mode. The

helix mode is entirely supported by the helix and in general covers both the

M
) fast and slow-wave regions. In the limit where RC+ o it is the only mode
% that exists., Figure 4 shows the dispersion curves of the fast hybrid and
' helix modes.

If the dispersion curve is symmetric about the w axis for a given
{: frequency, the positive and negative wave numbers are the same., Equal
i amplitude waves traveling in the positive and negative axial direction can
; combine to form a pure sinusoidal standing wave. Standing waves can be

produced by turning the waveguide into a cavity by covering the open ends with

conducting plates. For a cavity Equation (2) becomes

sin kz
cos kz

= ¢ {r)expi (26 - ut)

KR Vi L R O,

' " Y BN A
‘.'p‘,l“thn (,‘ LA QJG“ X "0 e ’ ,;0 ‘.l‘o'.).t.‘ w3 - A. 'lﬂ'l DU A



NSWC TR 85-402

The axial wave-number k is given by na/L, where L is the length of the cavity
and n is the axial mode number. The azimuthal and radial cavity mode patterns
are the same as those of a waveguide; thus the cavity can be used to determine
the waveguide dispersion characteristics.,

Referring to Figure 4, the dispersion curves of the ¢ = 0 modes are
symmetric about the w axis for both the helix and fast hybrid modes.

When 2 # 0 , the lower order fast hybrid modes are nearly symmetric about
the w axis. For these modes the cavity can be used to determine waveguide
dispersion characteristics.

The dispersion curves of the helix modes for £ # 0 are not symmetric
about the w axis. In this case the standing waves are not purely sinusoidal
but an infinite sum of modes. This is because the boundry condition of zero
tangential electric field at the end plate and the helix boundry condition of
Equation (4) are not consistant. The azimuthal and radial cavity mode
patterns are not the same in this case, thus for unsymmetrical modes the

cavity cannot be used to measure waveguide dispersion characteristics,

10
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SECTION 3
EXPERIMENTS

The purpose of the experiment is to verify the theoretical dispersion
relation derived in Section 2 for the helix loaded cavity. The dispersion
relation is an expression relating the frequency, w , and the wave number,

k. From this relation the phase velocity (vp) and the group velocity (vg) can
be determined. The phase velocity equals w/k and the group velocity equals
dw/dk.

To experimentally determine the relation between w and k those resonances
belonging to the £ = 0 helix mode, and the ¢ = 0, £ =1, and & = 2 fast hybrid
modes have to be identified, and the wavelength from which k can be determined
has to be measured. Here £ is the azimuthal mode number.

To determine the wavelength of a given mode the distance between
successive peaks of the field in the axial direction of propagation has to be
measured.

To identify the modes, in addition to axial characteristics of the field
mentioned above, the azimuthal and radial characteristics of the field have to
be measured. It was shown in Section 2 that if the dispersion relation is
symmetric in k, [w(k) = w(-k)] for a given w, then the azimuthal and radial
field configuration will be unchanged by converting from waveguide to a
cavity. The advantage of using a cavity over waveguide in measuring field
configuration is that standing wave in a cavity is spatially static and

therefore much easier to measure than the traveling wave in the waveguide,
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Each cavity resonance will yield a standing wave mode that corresponds to one
of the continuous waveguide modes. For a given waveguide mode the

cavity has a resonant frequency at each value of the wave number,

k, where k equals n n/L. Each resonance is a discrete point on the continuous
waveguide dispersion curve.

A. EXPERIMENTAL APPARATUS

The experiment is centered around the helix loaded cavity. A photograph
of the cavity with one of the end plates removed is shown in Figure 5.

Figure 2 is a photograph of the helix, Figure 6 is a diagram of the cavity
cross section. The cavity is a hollow aluminum cylinder with an inside
radius, R. = 3". Inside the aluminum cylinder is a concentric sheath helix
made from Blue Macs flat cable #175-50, The helix construction is similar to
that of a cardboard tube in a roll of paper towels. The two cavity parameters
that affect the dispersion curves are the helix pitch angle, ¢, and the ratio,
Rh/Rc» Of helix radius to cavity radius. Dispersion curves were measured for
a pitch angle of 10° and R,/R. = .82 and .92.

The probe is a copper foil disk attached to a styrofoam wand. The wand
is attached perpendicularly to a thin, 1/10" diameter, lucite rod. The rod
lies along the axis of the cavity and exits both ends of the cavity through
holes drilled in the end plates. With the rod the probe can be translated
along or rotated about the axis of the cavity (see Figures 5 and 6).

Figure 7 is a photograph of the experimental apparatus and Figure 8 is a
schematic of the apparatus. Microwave power is fed into the cavity by a sweep
oscillator through an input coupler composed of a 1/8" diameter loop of wire
that penetrates the cavity through one of the end plates. The output coupler
is identical to the input coupler and enters the cavity through the opposite

end plate. The couplers penetrate the end plates at a radial distance of 1.5

12
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inches from the axis of the cylinder. The loops of the couplers lie in the

same plane and are connected together so that they rotate simultaneously.

‘iswv The output coupler is fed into a spectrum analyzer. The output power at
E%éi ' a given input frequency to the cavity is proportional to the height of the
§§:§ . peak on the spectrum analyzer. The vertical output of the spectrum analyzer
wa‘; ijs fed into the vertical input of a chart recorder. The lucite rod that

ég: carries the probe is connected to the carriage of the chart recorder with

’ﬂﬁ; nylon thread. The other end of the lucite rod is attached to a counter weight
&%ﬁ with nylon thread. Starting the internal linear horizontal drive of the chart
%?% recorder pulls the probe through the cavity, and records the changes in the
33% field due to the perturbation of the probe.

%ﬁﬁq B. MODE IDENTIFICATION METHOD

From a large number of possible resonances a particular family of

ﬁg& resonances belonging to the 2 = 0 helix and the 2 =0, 2=1, and ¢ = 2 fast
Fif hybrid modes around which the theory was developed were identified. For

%i?f positive identification of these modes, it was sufficient to determine the
352@ azimuthal and axial mode numbers. The radial mode numbers were not necessary
TJQ because the modes with the same axial and azimuthal mode number but different
;siz radial mode number were sufficiently far apart in frequency not to be

éﬁi; confused.

o The field configuration was identified by perturbing the cavity field

i

?‘k ki ,.
S

e with a small metal probe and observing the change in output power caused by
the shift of the resonant frequency. Positions where the electric field is
ﬁﬁz maximum are perturbed the most and can therefore be located with respect to

A
[}
\ ‘ zero electric field where perturbations are minimal, Variations in the
[)
)
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) oy - : \ e N % N NN R RN R L L G L e
: ' N RS A A e SR A AL AR I

BN YOGS RuR IR

L] 15% ), o
N ’515‘,5.,.,‘.‘;'.‘!’|.0, ¥, .h'?'- b ,‘ Ay

.......

SRR
't"..., nL XYL %



2 R S W W W —""

NSWC TR 85-402

electric field in both the axial and azimuthal direction were measured. To
measure the axial variation of the field a resonance is first located. This
is accomplished by removing the effect of the probe by shorting it against an
end plate. The sweep oscillator is tuned until a resonance peak is observed
on the screen of the sprectrum analyzer; the probe is then pulled along the
cavity axis by the chart recorder carriage. As the probe is moved it disturbs
the field by causing a slight change in the resonant frequency of the

cavity. Since the oscillator is initially tuned to the maximum of the
resonance, a shift in cavity resonant frequency results in the osciliator
being tuned to other than a maximum. This is seen on the spectrum analyzer as
a change in the output power. Thus, the chart recorder records a negative of
the field configuration; areas of maximum chart recorder amplitude are regions
of minimum field strength and vise versa.

To measure the azimuthal variation of the field the lucite rod that
carries the probe is detached from the chart recorder carriage. Keeping the
axial position fixed, the probe is turned about the axis of the cylinder while
the chart recorder carriage is moving, recording the azimuthal variation in
the field.

Counting the number of nulls on the recorder image as the probe is pulled
along or rotated about the cavity axis, determines the axial and radial mode
number respectively. Figures 9, 10 and 11 are some examples of chart recorder
outputs for fast hybrid modes.

Figure 12 shows how a too large probe could distort the field profile.
Although the effect of a large probe was to distort the field profile, the
azimuthal and axial symmetries on which mode identification was based were
preserved, In fact some distortion enhanced the final picture by exaggerating

the differences between regions of high and low field energy. To avoid too
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much distortion it was found that the probe size should decrease with
increasing frequency to keep the probe size small compared to a wavelength,

To get a probe to have a measurable effect on the field was no problem
for the fast hybrid modes. A copper foil disk 1/4" to 1/2" in diameter was
sufficient. Ffor the ¢ = 0 helix mode to get a probe to have a noticeable
perturbation on the field required a large probe. It can be seen from Figure
13, a diagram showing the radial electric field for the & = 0 helix mode,
that the maximum field power is at the helix and decreases rapidly as one
moves away from the helix. For a probe to have a measurable perturbation on
the field the probe should be close to the helix and large enough to disturb a
significant portion of the field. To achieve this a 90° pie shaped wedge of
copper foil was used. The wedge was concentric with the cavity and its
circumference was nearly touching the helix.

At lower frequencies the resonant peaks of the helix modes were very low
amplitude even at maximum input power from the sweep oscillator. Some of the
peaks could barely be seen over the noise, To increase the amplitudes of
these modes, maximum coupling of the imput and output couplers with the field
was achieved by placing the couplers close to the helix where the field is a
maximum.

C. RESULTS

Mode density was the limiting factqr in identifying modes at high
frequencies. It is well known that the number of cavity modes in a unit
frequency interval increases with the square of the frequency. Thus, at high
frequencies the modes overlap and their fields sum making mode identification

impossible,
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The experiment produced 14 dispersion curves of fast hybrid modes plotted
in Figure 14 thru 17. The curves are theoretical and the x's are the
experimental results. The agreement between theory and experiment was good;
within one percent for all data. From the data plots there are two fast
hybrid modes for each value of &, This is due to different radial mode
numbers. There are an infinite number for each 2, but only the lowest 2 are
accessable to the experiment due to mode crowding at higher frequencies.

The helix modes above 2 = 0 could not be measured in the resonant cavity
experiment., Because of lack of symmetry about the k = 0 line, the helix modes
with azimuthal symmetry greater than zero cannot form pure sinusoidal standing
waves in the resonant cavity. Thus, the azimuthal and transverse wave number
cannot be determined using the mode identification method mentioned above.

The helix mode approaches a straight line when R_ » RC and the dispersion

h
equation is

w = f [kesin ¢ + 2 (c/Rh) cos ¢J.

The slope can be varied by changing ¢ and the w intercept by changing

L, Rh’ and ¢. The dispersion curve for the electron beam mode is a straight
line in the (w, k) parameter space. Thus, a wide band amplifier can be made
by adjusting tﬁe slope and the w intercept of the helix dispersion curve to
overlap that of the electron beam mode.

As mentioned in Section 2 on theory, the dispersion curves of the helix
for ¢ # 0 are not symmetrical about the k = 0 line. In this case the standing
waves are not pure sinsisoids, but the sums of modes needed to match both the
end plate and helix boundary conditions. In this case the waveguide can not
be described by cavity theory. Figure 18 shows an example of the axial

variation of the field due to mode summing for a 2 # O helix mode.
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CONCLUSION

This experiment investigated the properties of electromagnetic wave
propagation in a helix loaded waveguide. The dispersion relations for the
waveguide were obtained by examining the resonances of a cavity with the same
radial cross section as the waveguide. From a large number of resonances
those belonging to the £ = 0 helix mode and the 2 =0, £ =1, ¢ =2 fast
hybrid modes were identified., The dispersion relation was ohtained by
plotting the resonant frequency against the axial cavity wavelength. (The
helix modes with 2 # 0 could not be identified by the cavity experiment
because of lack of symmetry about the k = 0 line.)

The agreement between theory and experiment for the identifiable modes
was good. The largest deviation between theory and experiment was less than

one percent.

- ! s

,». ‘r, e p
X LA N

..........................




- L WO W PV IO T U W T TR T DT u‘mmincvwmmmvﬂmmmw

NSWC TR 85-402

o

b a2 A
R ool

I
»

A

y""-i-‘_—o -
o G XY

ot

oA

1y
A
(2]

GAIN ONLY NEAR
OJG =wB

.
‘.H. s A

-
R0
""Y

Sad Y
Yo &

S e (A

x

- -

Py FIGURE 1. DISPERSION CURVES OF AN ELECTRON BEAM MODE AND A SLOW WAVE STRUCTURE MODE

é:: |
18

hi

LA D300 MR W O P R e P AT T T R E RSP A LT A AT AT
EORIR A A ARSI pﬁ:‘l'.n, S J.. A0 .».hhlo ap gty A $ ? ‘lﬁﬁ.‘ m&;fgt;}xmﬂ?k '\zd




ARSE
o 5w

.

'5'\"\*

SHEATH HELIX

o~
§
&
- 4
-
Q
&
Z

FIGURE 2




NSWC TR 85-402

-

CAVITY LENGTH = 6" R, = 3"

v
R JNLE WP ST A

-

RyR, = 92 OR 82 = 10°

FrTYYYTYY

FIGURE 3. SHEATH HELIX LOADED WAVEGUIDE

e

- -

o
Y e SN By oy b Y |

A WY

€ v,

= §

P

o s

20

",

¥

S

4 e LA AL 4 ot 3

T e T e et
'.'.i.l‘h‘!':?‘Y’o‘fh"}«‘t"‘th‘.. WA n'i» » n' “ .'.‘ U N D s L 0L T 1'{.1 A A RS ERTT000R0TIAT R NAALAY, l‘n‘l'm '@‘l\‘l::.:‘!‘: ‘I‘!'\l"



e Rl NN R T PR A TN T N Tt I R N oUW TN INe T P Ul e vow T RS TEeTowNueaTs
K
’!‘ci

NSWC TR 85-402

FREQUENCY

HYBRID MODES

N 77 <

- HELIX MODES

: FIGURE 4. DISPERSION CURVES FOR HELIX LOADED WAVEGUIDE (NOTE ASYMMETRY
- OF HELIX MODES FOR { # 0)

) 21

15 RN,
AL S S L,

150,55,




NSWC TR 85-402

S FIGURE 5. HELIX LOADED CAVITY
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