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ABSTRACT .J

One of the more 'important phenomena associated with the upward
motion of a gas bubble from an underwater explosion is the significant
departure from sphericity near the times of the minimum bubble radius.
Neglecting this change in shape results in the prediction of a much

faster upward velocity than actually occurs. --The inclusion of this
effect in the equations of motion has been exceedingly difficult be-
cause of the large magnitude of the departure from sphericity. - ,

In this work, the shape of the bubble-is described;, by an ellipsoid
whose axes are allowed to vary independently, thus modelling, to first
order, the changes of bubble shape. The Lagrangian equations of
motion, incorporating the effects of the change of shape and of energy
loss by the radiation of sound, are derived and solved for the case of
a spheroidal bubble. -The results of these calculations for various
initial conditions are compared with analgous cases for a spherical
bubble.

,. / ,

It is found that the spheroidal bubble model predicts a reduction
In the upward translational motion of the bubbleAof-a factor of approx-
imately 2. -A-comparison of the predicted upward motion of a spheroidal
bubble produced by 227.27 kg. of TNT detonated 46 metres below the
surface shows good agreement with that which has actually observed.
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I. INTRODUCTION

The formation of a bubble of gaseous detonation products always
% accompanies an underwater explosion. This bubble rises toward the

surface of the water, responding as it does so to the change in the
external pressure distribution wizh oscillatory motion, during the
course of which it loses some of its energy through the emission of
sonic pulses. Although the bubble is initially spherical, the effect
of its upward motion is to distort it into a non-spherical shape, which
becomes most pronounced in the neighbourhood of the minimum radius.

The alteration in the bubble's shape further affects both the pulsa-
tions and the upward translational motion of the bubble. By means of
finite element techniques, the equations of motion of the bubble can be
solved, taking Into account the effects of the changing shape of the
bubble, although the amount of computing time required by this method
limits its utility. Finite element methods have a further disadvantage

in that physical insights into the systems considered are rather more

difficult to come by than might otherwise have been the case.

Herring (1942) and others (eg. Taylor (1942) and Shiffman and
Friedman (1944)) have treated the problem of the motion of the bubble
by considering It to be a perfect sphere throughout its entire motion.

.* This treatment yields values for the periods of radial pulsations of
the bubble which are in good agreement with experimental data, but

- predicts a much more rapid movement toward the surface than is actually

observed. This arises because the largest upward velocities of the
bubble occur at those times when the bubble is near its minimum radius;

* it is precisely then that the largest departures from sphericity occur.
' Penney and Price (1942) and Ward (1943) included the effects of the
- non-sphericity of the bubble on its motion. However, it was always

explicitly assumed in their derivations of the velocity potential of
the flow about the bubble that the departures from sphericity are
always small. Accordingly, their equations are not applicable near the

" times at which the bubble is at its smallest volumes.

Hicks (1972) was able to bring the value for the upward transla-
*" tional velocity of a spherical bubble at a minimum radius into agree-

ment with experimental data by adding a drag term to the equations of
. motion., In his formulation, the drag coefficient is an empirical
. correction whose value is chosen to make the predicted rate of rise :it.
" the first minimum radius consistent with observation. However, a

different drag coefficient must be selected for each charge mass arnd
depth, requiring a comprehensive data base from which the appropriate
value can be chosen for each case. For these reasons, a model for th.c

bubble in which large deviations from sphericity and their effect, or.
its translational motion are treated would be of considerable practic, .
and theoretical interest.

354

7%',



r7 '1 -1 -Ji - V IV-

r. ,. *.

In, this work, a Lagranglan is derived for a bubble whose shape is ,

not constrained to be always spherical but may become ellipsoidal as it

moves upwards. The equations of motion for a general ellipsoidal

bubble, incorporating the effects of loss of energy by radiation, are
presented. The algoritm'n by which these equations of motion were
solved numerically is briefly discussed. Computational results for

some charge masses and depths are presented and compared with
experimental data.

II. REVIEW OF PREVIOUS WORK

Taylor (1942) derived equations describing the motion of a
spherical bubble of gas undergoing both radial pulsations and
translational motion toward the water surface. These are:

2no a3 ( d) + jPa3 U2 + apg [2.1]

= Y - E(a)
0

dz dt adt2]-d a o

where a is the radius of the bubble as a function of the time t, U its
upward velocity, z the position of the bubble below the pressure datum
(i.e. below Cie zero pressure level), E(a) the internal energy of the
gas comprising the bubble, g the gravitational acceleration, Y0 the

total energy of the hubble and p the density of the water. In Taylor's
formulation, there was no mechanism included for energy loss, and hence

Y was taken to be a constant. For TNT explosions, it has been found
(Herring 1942) that approximately 50% of the total explosion energy is
retained by the bubble; in that case,

Yo = (1.85 x 1010):1 [2.3]

* where Y is measured in ergs, and M, the oriinal mass of the explosivc
0

charge, is given in gin. If one assumes that the gaseous explosion
* products obey the ideal gas law, then the internal pressure, P, is

given by

P = k(O )Y [2.41

where pg is the density of the explosion products and y the ratio of
specific heats. Assuming that the entire mass, M, of the explosive has
been converted to gas,

Pg =7 T25
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and hence,

E(a) f PdV [2.61I; W.dYa3 ' 1k a-3( -I) i

(Y-1 ) 0 %

where dV = 4ita'd3. Taylor, using the work of Jones, set

k = 7.83 x 0 f2.7]

y 1.25

for TNT where, in eq. [2.61, E(a) is measured in ergs and m in gm.

Hicks (1972) LIILO.porated a drag force, F into the equations of

motion, where F D is given by

FD  Cnpa2 U2  [2.81

and the value of the drag coufficient, C., was chosen to he CD 2.25

in order to bring the distance travelled upward by Ihe bubble at its

first maximum into agreeaiet with that actually observed for 300 lbs.
of TNT detonated 150 ft. below the surface. By differentiating eq.

[2.2], he obtained tbe rate of change of momentum with respect to time.

The incorporation of FD into the equation of motion yielded:

d 3 3 2 2
U) = -2a C a U f2.9]

L, the Lagrangian of the bubble, is given by

-da oa 2f - -4a3pgz[20] €L = 2"tpa 3 (t'' + oa3U -a g

- E(a)

Ifence, a more ;eneril form for the equations of motion of a
spherical bubble is gi1ven by

O-( .- Q,

..T- -'

where =a , t = dz = -U, and the are the generalised dissipative

forces.
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The dissipative drag force, Qz, is given by FD in eq. [2.81. It

has previously been shown (Heaton 1984) that Qa' the generalised force

for dissipation by radiation of sound, is given by

3= -lfa 2  M 1 [2.12]

whe re

a 4npaI [4a+ (a.a /a

"a =d and CS is the speed of sound in the water.

The terms contained in AQ1 are analogous to the radiation reaction

terms in electromagnetic theory, and hence can be ignored in a first

approximation, although this approach will underestimate the energy

loss near the ,inimam radius, and overestimate it elsewhere.

Ward (1943) and Peaney and Price (1942) derived equations of

motion for a nearly spherical bubble by expanding the velocity poten-

tial, 1, of the flow about the bubble in terms of the Legendre poly-

nomials, Pn' thusly:

P
+ A "cs) 4- r2 2(cos) + [2.14]

r 1V T V

where the coefficients A, B, and B2 are functions only of time. They

further assumed that the radius vector, R(t), from the centre of the

bubble to a point on its surface coull be written as

R(t) = a + b 2 P 2 (cosQ) + b 3 P3 (cose) + ... [2.15.

where a, b2 , and bj are functions of time only. kt the surface of the

bubble,

dR _ (cos [2. 16]
R

B B9
- + 2 -7 Pt(cosO) + 3 -P2(eos)

Substituting eq. 12.151 into eq. [2.16] and equating the coefficients

of the Legendre polynomial:i on both sides of the equation yields:

2 da
A = a T- '

Bb1 - 6 2 2-17 1I

db 2  , 3d2 + 2 A - 3 2

'F 3' 4

db3  A B3 _ B

T-_ + 2 -7 b 3  -5 - - - b- 
.

a a
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At the surface of the bubble, the pres:;tire must be uniform and Qliaral to
the internal 3as pressure. Using Bkrnoulli' s equation, this condition
can be written as

z - 2
gz - gRcos9 + i t , = 1_(pg)Y [2.18]

R

If one substitutes for D and R in eq. [2.18], using eqs. [2.14] -

[2.15], multiplies the resulting equation in turn by each of the
Legendre polynomiials, and then integrates over cosO, the orthogonality
relations among the Legendre polynomials produce 4 differential equa-
tions:

a(d(a 3 ((U 4) (p )Y

gz+ dt2  2 pg 4 -

I d 3U) 6 B2  t 3) = 
3 [

S- 7 dt + 0(U ga [2.19]
0 a

! dB2  3B2 da 3 2 1 d'a 3-7 T- 4 a--4-t] + 7 U -"--W - d t.'':.

a dt oa

+ I( 3 ) ' , ?..3 7

a a dt oa

Ward (19 3) ha estimated the value of b2, which measures the depar-
tures from sphericity, in eq. [2.151, and found that it remains small
until the bubble begins to contract. Near the bubble's miniman radius,
b2 becoaes greater than a, maing the whole calculation invalid.

Ill. EQUATIONS OF MOTION FOR AN ELLIPSOIDAL BUBBLE

Now, let a, b, c be the se;ni-axes of an ellipsoid along the x, y,
axes, respect ively, for a co-ordinate system whose origin is at the

centre of the ellipsoid. Let the ellipsoid be immersed in a fl'iid of
infinite extent, -nd let one :f the axes, say a, vary with respect to
time. At any in-tant in time, the equation of the ellipsoid will b-,
given by

2 2 2
- + + [3.1]
a b

The velocity potentlal, T, for the flow about the ellipsoid is
given by the solutilon to Laplace's equation,

V = 0 [3.211

with appropriate boundary conditions. Since the ;)robleia obviouily
possesses elltpsoidal symmnetry, it is most convenient to transform to,
ellipsoidal co-ordinates, thusly:

358



x 2 3 +ta) (a 2+V )
(a2_b )(a _c) %-,'

y2 =(b2+%)ib2+|u)(b2+v) [ ]"'
(b -c2)(b -a 2 ) [3.]

z2 = c2.+X) 2+L1)(c2+V)

(c2-a(c2-b 21

where X, p, v, are the ellipsoidal co-ordinates. The surfaces defined
by X constant, i = constant, v = constant, are confocal quadrics.
Because of the symmetry which exists in the transformation equations,
eq. [3.3], one is allowed to specify which co-ordinate's constancy will
yield confocal ellipsoids. Throughout this paper, then, the relation X
= constant will be taken to describe the family of confocal ellipsoids.
In ellipsoidal co-ordinates, Laplace's equation,.eq. [3.2], is given
by:

2 (v-)(k 2 [3.4]

2
+ (X-g)(kv i..) 0

where k, is given by

k= ((a2+X)(b 2+\)(c2+X))2 [3.5]

and the expressions for k and k, can be obtained from eq. [3.5] by
symmetry.

Now, Let a he a solution to eq. r3.41, and let another solution
be given by

= x(X) [3.6]

where X is a function of X only. By substituting eq. [3.6] into eq.
r3.4], one finds that a must have the form

;I= r f( ,v) [3.7]

where ax is aj function of \, only (Milne-Thompson 1949). Using eq.
[3.6] to aid in the solution of eq. [3.4], one finds that

x() ~f dx g138

where A and B are arbhitrary constants. Hence, if a is a solution to

eq. [3.2], "-

~[3.9]
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Is also a solution. The solutions to eq. [3.4] having the form of eq.
[3.9] are the ellipsoidal harmonics.

In the case of the spherical bubble, Taylor and Herring assumed
that its pulsations would be described by simple radial oscillations.
Since a sphere is a degenerate ellipsoid, it would be reasonable to
choose as a solution to eq. [3.4] the ellipsoidal harmonic which pro-
duces analogous oscillations. Such a velocity potential is:

since:7 -is a soution to eq 34.The upper limit of [3.1int]
gra ha ben cose inorder that the potential become 0 at an

infnit ditane foinitssouce.Theconstant of integration A is
determined by the boundary conditions. Now, the boundary conditions
for a pulsating ellipsoid are not as obvious as those for a sphere.
Nonetheless, it seems apparent that at that point on an axis which is
on the surface of the elllipsoid, the normal velocity of the fluid must
bequal to the rate of change with respect to time of that axis.

Ihence, for an ellipsoid in whichonly one axis is allowed to vary,
* say a,

x~a

z-o

C ("

where ao - 'au.= The Is the normal derivative of the potential, and
Sis the unit osltoward normal to the ellipsoid. In ellipsoidal

coordinates, eq. [3.11] can be written as:

2 abc A sa [3.12]
110

xma

y-o

where the potential D is given by eq. [3.10].

Now, at xma yo, zoo

Xo b2 [3.13]

and

kX abc [3.14]
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bk.

A - abc [3. t5

and W

d X [3.16]

The kinetic energy of the fluid around the ellipsoid is given by

T = - 1 p _ 'dS [3.17]

where the integral is carried out over a bounding ellipsoid described

by eq. [3.1], and over i second outer boundary which is obtained by

allowing X in eq. [3.3] to approach infinity, essentially describing an

lifinitely extended ellipsoid. The contribution to eq. [3.17] from the
large ellipsoid vanishes, leaving only that 8t the inner surface i.e.
the bubble itself. Tne F-irtice integral c'n he transformed Lato one

over the x-y plane, thusly:

i a d dx dy [3.18]Hn z
where z is the unit normal along the z axis. The unit normal, n, to

the surface of the ellipsoi is given by

2 2 2 b "

+ 2Y- +

"in the ellips;)idal co-ordiin i-es,

1 = F * [3.20]-)X:o nq g ,= o

whe re

( a + ) " X 2  0c--" k ") 1 .21 ..... .

So, at the surface of the ellipsoid, X=o,

3 2  2 r 3""'(-xn + [3 tai,.on o th"

4 + 3 -2 2
a b c

Using eqs. 13.16], f 3. 1 ], 1 3.19i1, and F3.221 and taking account of the

contributions from the hialf ;iirfqces above and below the x-Y plane, eq.
[3.L7 ]becomes ..
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b( I

2.
T Qb-i dx dy [3.231-2~95 ia z

)
a

whe re

z c~l I - 132 4b
Evaluating eq. f 3 .23]1 finally yields 'A-e expression for the kinetic
energy, T, of the flaw about an ellipsoid, des;cribed V-, eq. [3.1", when
the semi-ai a is allowed to vary withi respect to time:

T n02 2 JX325

Since the equit ins ire symioetric-il witOi respect to 111 three semi-axes,
i t is possible to obtain expressions for the kinetic energy of the flow
about an ellipsoid whien each of the other semi-axes are varying !).' meansNOf cyvclic per~nut-Ations of a, b, and c, tliu1.y:

k;C \ToF3.20 1

T Tzp~b_' ! dX[3.27]

b dc
where dt- and .

Hence, by add ing eq,-. [3.25 - 3.27] and renor-malizing, one can%
L% obtain the kinetic energy, T, for the ;:ow arotund an ellipsoid when all

three axes are a I.lowei to viry 1-1 tie:

T = ~ah~ + a-h c" 4- a-V 1.8

The normalisation factor 3 has, heeco chosen so that eq. [3.28] is inr
agreement with the term for the ki-iet ic energy due to radial spheric-al I.

pulsations in eq. 2 F.1] when a=b)c aind ;it4

Ns lient Loned above, it i.- not cot irely cleair what sort of bmundary
conditionis are appi icable at the suirface of a pulsating ellipsoid. In
fact, the specific-ition of boundary conditions when all three semni-axes
-ire varying is equivailent to putt ing constraints on the interact ions
among a, S, and c, which, ini turn, is equivalet to specifying whichl

*shapes the btuhhle will bo illowed to ;assume. Equation [3.28] corre2-
sponds to) a velocity potential which has been so cost ruc ted that the
velocity cro.-s-teri !In eq. [3. 17 ,cancel out. Since i, , and c, -ire?
all mitual ly PC rpend iculair, th is seems phys [cally reasonable. This, has
the effect of insistinog that- the nuvement of a point 00 an axis of tile
ellipso3id is duef only to the chang* in len-t h of thait axis, wi th the

* changes in the longths of the other two axe cont r ibt iig nothing.
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The velocity poteltial associated with the purely translational
motion of the ellipsoid along the a axis is well known (e.g. Mi Lne-

Thompson 1949). The boundary condition is

-) Ucos0z [3.29]

where, as before, -U = = is the angle between the z axis and
dt

the normal to the surface of the ellipsoid, and z is the position of the
bubble centre below the pressure datum. Since

cos -~ 6z [3.301

eq. [3.29] becomes

-- U '  ' 3 .3 1 ]

-X=o =-k )
The solution to eq. f3.4] which satisfies the boundary conditions

in eq. [3.31] is the first order cIlipsoidal harmonic given by

CO

(D fz 3.321_(c +,)kx

where C is a constant of integration. Direct substitution of eq. F3.3 2]
hack into eq. [3.31] yields

whe re I-
c abc fU k [3.34]

The kinetic energy of the flow around a translating ellipsoid is then
given by:

: ~T =-4p ff -ndS

WTIL" -/ o ) oU 2ff zcosOds[3.341

-O abcp , 2

As before, the integration is; carried ot over a bounding ellipsoid'.whose semi-axes are a, b, and c, and over one whose semi-axes ant . -

allowed to extend to infinity, where the contr ibut ion fromn the ote rellipsoid anishes. Hen-e, the kietic energy for the flow generated by

a trans;lating ellipsoid whose seatf-axes ;lre varying in tine is given
by:

a ,
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kinti ;7 b hc 2+ a-62b + ab2) .43. 36a1o~ fa7 o wt

enegy rm ion e1. 2.1 i01 , asi it doe nact: o , whe ac andh

14.Phy:ni) cal IV , ;i', long as., the bhbble is s~ntia ihrespect to
thle x-y Plane, the cot r ihuttons froi, the to n otmhalves to a
COuIP'Ling of the onec ii latory izion)T Wi Lli tlee translat tonal exa.-ct lv cancel

* each other.

The enorgy, V., as s-c inted! with the livdrns tat Ic pressure aroond
the bubble is: a

p 4rj Pga hc r3 .3 7 1
The~~ inenl vn g of the boibbleEo h ), is given by

E(a,b,c) a r~ 3.-3

Hence, the Li_, rand ian, i-, for the flow around ani ellipsoidl
* i~iewos e iae :r ~ ,c, at a dlepth z he low the pressire

I littlif, where tli ! ;i<i-s is piral1iel1 to tile ell ipsoil axis c, anld which
i* ie oving with a tr--insloc ioiui v eineit': L! i 4 given by

L ~ ~ ~ ~ ~ 2 -'- d.I§+ b'CA b
LI -

+_ p;h abc'z [339]

Y

The totail _.nergy oF the- bhubble, Y( t) , at any time t is therefore

given by:

-2 2 2 2l ',, hl,

Y~t)= '~p~ab c 4 ~~ -ahS)7d

+ 2n ab- t.)C 3. '4

*11
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0~ -1,.o
JHence, the t'('t,1 i.OIi or" motionl for the huhhble ,ie. .A:

4d ,L'-0

(1 (0L) - L = Q, r3.41
d ,

d L - Q

rE )' _* )

where the Q are the generalised dissipative forces.

The substitution of eq. [3.39] into eq. [3.41] results in:

2i n '2. 2 - E 2 2 blo*2
- pb coa - p [h c..

2 2 2  2io-.o b2 2  .+ (2c b1 -- bac + (2b2C0 + b - )ac "."..

+ j p(A2b 2c2  2 A2 ' + a2b2 2) 3 [3.42]

+ 2 22c(ac) + + ' bcf(a -

+2.pb f( ) .2 4,

+ 2nabc 0a z 4.-- gbcz

+ (y-l) Ka-Yb-(Y-4)-(Y-l) + Q'

p'.

2-3 2 2 2 7 r 2 2 b o  ) 2
0:I F. (2a2..

2 2 2 (* 2 2 2

(2ac iO + a c 7-. )ab + (2, + a c h I°

"- O(h 2c ,j
2 1,. + 2 b2c2 ) --10 [3.43]

2•A 2c 2 222::.
+ Zj p(bc2A + ba ~)1 0 + -4 pacf(aO Z

2 it f(ao) .2 4
+ - pabc ---- z - -- pgacz

+ ( )Ka- )(-Y),(-) + Qb

2it " 222 2b2  2
-s5 pa h o -" a b c
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+ 2ah2  + a 2 b2c2  + [3.4 4-- 2

P( 2 b 2  + ,2r2c)I + r pa+[( o) 2

o f(ao ) 2

3 pabc-------z -6-C pgabz

+ (Y-I)Ka(Y-)b-(Y-1)Y + QC"

.• 2 d o

C + +c a(2-a0  dt 7-3.

- 17, +

wi re

S d2 d&b c d -,C . 1

*' d'.= : . - .===p "'-.'

b. C

K= k d

In order to complete the derivatrioni of the equations of motion ofj.,
the bubble, it is necessary to deter.ninie Qal Qb' Qc and Qz' the general-
ised dissipative Forces asso.-Lated with the r'adiation of sound by the ]]'

bubble. Now, at distances large compared with the scale of the bubble,"]'

the form of the velocity potential, 1, i, the fluid will be identical -"with that of a spherical bubble. 7;7"F

I) + a 3 ( +.47

r .a + 1  b+
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4lhere C and ace constants which depend only on the time t. r is the
distance to tile ficld point from an origin located somewhere within the
bubble.

Following the development given by Landau and Lifshitz (1966), in

the wave zone,

' = C- ) + 1.(A(t') coQ r)  [3.48]
;:r r Li

where 0 is the angle between the direction of the translational motion

* and r, and the retarded tim..! t' is given by "

t = t - r [3.49]Cs

where C5 is, as before, the velocity of Sound in water. The velocity,
, of the water in the wav- zone must therefore be given by:

V = -7

~ ~ ~~t -2O ~2 ~)r [3. 5u]'
CSr 6E (r P5t

S

where terms of higher negative order in r have been neglected. Th

total energy emitted as sonic radiation per unit time, is then:
cI t

d = -PCff (<-)dS
dt S 2 4 ,2i .2

= - Q (.t) - k - 2 2 [3.51]
C5S 3C )t-

where the integral has been taken over a sphere of radius r (Landau and
Lifshitz 1966).

3  To a good approximation, the term in eq. [3.51] proportional toC-can be neglected f:or low translational velocities , since it will be

2 orders of nagnit'ide smaller than that proportional to CS -I

Now, the volume 4nC of fluid which flows through the surface over which

the integral in eq. r3.51] is taken must be equal to the rate of change
with respect to time of the vlume, , of the bubble. Thus,

Kr
4 R-

- T (abc + alw, + ab,!) [3.52]

3.6.7

' "- ~367..1
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;1!1( S.)

~TF T+ "ahc + ab 4 ') 4

+ W .(bc + ) a[3 5

+ ' + aP)] [3.53

SS

++ +

+ *(Ib + ati)

Now, evidently,

-t : a +  
SQb3 +  q c 7 [3.5z

at a

Since all of the dependence on the translational velocity in eq. [3.511
was contained i the term proportional to Cthe

same approximation, Q = 0r eq. r3.54 1. Since, in the absence of any
translational otion, there exists nothing to distinguish one axis of
the ellipsoid from another, it follows that one should be able to obtain
the other two Qi from one by cyclic permutation of the axes a, b, and c.
The only grouping of the terls in eq. r3. 5 3 ] which is invariant muder
cyclic permitation of the ;xe3 i,- given by

dE 41t r-t - Cv-' p =Qi)IA
+ F(19) F(a'i ) + (' F(at) ] [3.551i= 1

where

F(a ) a.a k  + 'ija [3.56]
L k j

4+ aiaj, i~j*k

and a, =a, a2 b, 3  c'

lhtnce, by comparison of eq. F3.55] with eq. 3. .541,

Q i = F(a.) [3.57] -

where, as before, i, j, k, are sIrcessively equal to 1, 2, 3. Now, as
was the case for the sph:' ical bubble, the terms in eq. [3.57 ] which
depend upon the produtI; o1 the p,,lsational accelerations with them-
selves or with the pul satimal velocLtieq ire :inalogous to the radiation
reaction termn in Kcl:tr, ia,.net c theory. 7Tb1. suggests that such terms -
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may b,. Ignorahle, at I ea't in -i first approximation. At Lhis stage, J•-
the absence of any perturbing force In the -Y plank., it is possible to
allow t . Thi.; allows one to drop eq. [3.42 as an equtation of
mjotion, arnd repLace 9 and h by A and .I Ln vqs. [3.43] - [3.451 and eq.
[3.57]. This, of course, spec ialises the equation, of mnotion to those

of a spheroidal bubble. Henceforth, throughout this paper, the case of

the spheroidal bubble will b treated exclusively..-e.'W

To sum up: eqs. [3.42] - [3.45] are equations of motion de-

scribing a pulsating ellipsoidal bubble undergoing translational motion.

When Qa = Qb = Qz = 0, the equations neglect any sort of energy loss.
It has been shown that the energy loss from the translational motion of

the bubble can be expected to be negligible with respect to that from

the pulsational motion and so Qz was set to 0 in eq. [3.45]. It was

further shown that

Qa. = - F P [3.581 

a, ilk a1  I -i

where -"1-

F(11) = i ak + ai'kaj 3.591

+ AF(A}), iUjtk i2

When one wishes to ignore the effects of radiation reaction,

AF(A) 0 [3.60]

and

AF(A) a~ aa. i*j-k r3 .611

when one wishes to include them.

IV. NUMERICAL METHODS OF SOLUTION

Before one arLempts ninerical solutions of the equations of

motion, eqs. [3.431 - r3.45], it is useful to make them

non-dimensional. Thus, the substitution of

a= a L,

c c L, [4.1]

z = z L,

L t T
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i nto the equations of mot Lon used, where ,.

L = (Yo) 14.2]
8P

B

yields a dimensionless form of the equations of motion. As before, Y
is given by eq. [2.3] and g and p are, respectively, the gravitational

acceleration and the density of water. These particular scaling factors
in eq. [4.2] were originally used by Taylor (1942).

Since all of the equations of motion have the unfortunate property
of singularity at the origin, it is necessary to begin the integration

with a series solution. Taylor (1942) suggested that tile initial solu-
tions to the dimensionless forms of eqs. [2.1] [2.2] be

* 2/5

t [4].3]

0 -c (+r-) 2

where o is the, initial dimensionless depth below the pressure datum,
for values of t nea r zero. Since the bubble can be expected to be
spherical initially, the values [or a z , and z* from eq. L4.3] were
used to begin thq integration at tim-e to, with the additional require-
ment that a c,. One also needs initial valies for the rates of
change, a and c , of the semi-axes. These were estimated by assuming.
that the bubble would be initially spherikal and substituting into the
dimensionless form of eq. [2.1i to find i . hence, the initial values
for and c are given by

: 1- )) 2 [4.4]
a 0 (1*,3 -(7--) -7

.* .* : t.
a =c ,

where

*(a*) = k4Ya*- 3 (-l) r4. 51
( y-1 ) (.4 L 3(y-1 ) ..

YO is the Lnitial total energy, as given by eq. [2.3], and all other
variables are as previously def;ned.

Another nunerical di ff ictilty concerns the eval Lilt ion of the teruns
0 at 0 0

a --'! Now, evidently,

,.,,4.,..
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-= 3/2
S CO (a2+X) (b 2 +X) (c +X)

o -f 2 d [4.6]

(a2 +X) (b2+X) (c 2+ X)

oa= bcll + abc -, 
4.7

bo 611
c= abIl + abc c

where

(a 2 +1) ( ) (c2+x) 3 1 2  ,

0a+X (b +X) ( X

I and I1 were evaluated with the IMSL double precision subroutines
MML[NF and lMLIND, which compute incomplete elliptic integrals of the
first and second kind, respectively. The partial derivatives of Io, eq.
[4.6], are, in fact, incomplete elliptic integrals of the second kind,
and can be evaluated with M1LIND. The evaluation of the second terms in
eq. [4.7] presented considerable difficulty. In point of fact, no
commercial routine capable of evaluating eqs. [4.7] seems to exiit, and
the difficulties Involved in the composition of one ab nihilo are
formidable. Accordingly, as a stopgap, the terms in eqs. [4.7] which
involve the derivative of an incomplete elliptic integral of the second
kind were evaluated by holding one of a or c constant, and varying the
other at each step in the integration, thusly:

I = L ( 1 (a+-Aac) - (11(a-Aac)), 4.-9

= Ac (l1 (a, c+Ac) - 11(a, c-Ac))

where MLIND was used to evaluate Ill Since AM and Ac can he made as
small as desired, theoretically eq. [4.9] can be made to approximate the
true value of the derivative as closely as desired; however, the prac-
tical constraints of computational time, inachine accuracy, and the
accuracy of the IMSL subroutines do place limits on the size of a and
Ac.

The actual integrations were carried out using a 4 point Runge-
Kutta algorithm incorporating automatic error controls. Some numerical

difficulties with this method were etncountered when the radiation re-
action was incorporated using eq. [3.611. Near the minima of a ani , a
and c become small, and change sign as well. Because of their -le,)mod-
ence upon a 1 and c the values of Qa and Qc can oscillate rapidly,
adversely affecting the convergence of the integration. This difficilty
wa circumvented by the use of a series approximation in which a-i and

wer,., replaced by averaged pulsationial velocities. By using oq.

"[3.40], it is possible to write
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va (a )i Yt-E y } [.l
0 YOi

* 0 ~i-2abc h _c o - a I')**

", where
I4

a =*4 (a+b+c)
4

TFt

a (C*Ib** + a2 * [4.11]

-* 2 *2 *2"" + a b -

and Y(t) is the energy of the bubble at any time t, given by eq.
3.40].

If one defines:

a Y(t) ) 3 ) [4.12 '
0

-*- 4a b c z
3 = 2a b c z - *

(a ) (

then, .

... ) [4.13]

where the positive value is taken while a particular axis is expanding
and the negative while it is contracting. By expanding the dimension-
less form of eq. [3.58] when AF(ai) is given by eq. [3.61], and sub-

stituting (-a) for (*)- and (c*) values for the dissipative
function incorporating averaged radiation| reaction terms were obtained.

Estimates for a and c were arrived at by the substitution of the
current values of a, c, a, c, z, and ; into eqs. [3.43] and [3.44] with

a nd Qc set to zero. Those values for a and c were substituted back
into eq. [3.581, to obtain new values for Q and Q which were in turn .'.-int eq [3 5 1 to't a c

used in eqs. '3.43] and 1 3.44] to obtain new estimates for a and c.

V. NUMERICAL RESULTS AND ANALYSIS

Figures 2-ti show th.- results ,)f computat ions for a bubble
produced by the detonation nf 2.1136 kg. of TNT 6.1 Metres below the

" surface, using eqs. !3.43]- f3.46] for a sph..roidal bubble. Those
curves associated with a spheroidal biibble and labelled 'AY = 0' were
calculated uinder the assumptton of no energy loss; that is, Qa = c = Qz
- 0 in eqs. [3.42] - 3.46]. The curves labelled 'AY 0 O, AF = 0', were
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calculated incorporating radiative ener y loss, bhxt not radiation 'r V1ter-ns; that 6, eqs 01 were used to define Q anJ
Qc" In Figs. 2-5, a and c .ire the semi-axes of the spheroidal bubble,

where n is the somi-axis in te plane nornal to the bubble's upward
motion, and c the semi-axlq in the plane parallel to the bubble's upwlard 
motion.

Taylor (1942) considered the same case, using eqs. [2.1]- [2.2] '.%

for a spherical bubble in the absence of any energy loss from any
sokrce. In Figs. 2-11, the curves labelled with 'AY = 0' were obtained
by solving eqs. [2.101 - [2.11], with Qa = Qz = 0, which are equivalent
to Taylor's equations for a spherical bubble. The curves labelled 'AY .
0, AQa = 0' result from the incorporation of radiative energy loss,

neglecting radiation reaction, into eqs. [2.10] - [2.11]; that is; Qa .-.

was given by eq. [2.12] th AQ = 0. The curves labelled 'A'Y * 0,
AQa * 0' incorporate energy loss including radiation reaction; that is;
Qa and AQa wer" given by eqs. [2.12] - [2.13]. In Figs. 2-5, 'radius'

refers to the -pherical bubble radius as calculated in eqs. [2.10] -

The curves labelled 'spherical' in Figs. 6-11 are the upward
velocities and heights above the original detonation point, obtained by
solving eqs. [2.10] - [2.11] for a spherical bubble, under different
assumptions about the nature of the energy loss. The curves labelled
'spheroidal' are the same quantities obtained from the solution of eqs.
13.43]- [3.46] for a spheroidal bubble.

Taylor (1943) presented photographs showing the behaviour of
bubbles generated by electrical discharges in oil, which are here
reproduced in Figs. 12-13. These show that a bubble in the early stae -is
of its motion is very nearly spherical, but that near its minimum
volume, It becomes appro:imnntely disc shaped, with its longest dimension
lying in the plane normal to the direction of its upward motion. Near
the second maximnum, the bubble is highly non-spherical, and, in fact,
seems to be atternpting t. fission, exhibiting an extremely large bulge
on its Lpper s,,rface and a flat lower surface. After the bubble has
passed througi it, second maximumI, it. becomes mushroom-shaped and
actually does bifurcate ;it its second minimum. The two halves rejoin
later to form a distorted ,i;c.

As one can see from Fig. 2, a spheroidal bubble reproduces the %
salient features of the observed behaviour, at least qualitatively. a
and c were very nearly equal to each other, as well as to the spherical

" radius, at the first na:i',unM. Near the first minimum, the bubble becane
more obviously spheroidal, aith the ratio a/c assuming a value of 2.34.
After the first nirimu(1, the qalitative agreement between the sphe-
roidal bubble model id Taylor's photographs was less pronounced. This
was hardly stirprlisiag, give:n that ihe equations of motion constrai the
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possible shIpes of th, bubble to spheroids. lHowever, the model d es at
lea;st predict that the bubble ould not retura to a spherical sik-. In
addition, the spheroidal model also retains one of tLhe successful
features of the spherical model, that of the prediction of the period of
tle bubble's oscillation. The period of the first oscillation in Fig. 2
(which was defined for both the spherical and spheroidal bubble to be
the time after a maximum at which the first derivative of the volume ,-e
changed sign) was .26 seconds for both models. It should also be noted
that the time at which the volume was a minimum did not coincide with
the minima of either a or c. In Fig. 2, a reached its first minimum a
full .01 seconds before c did.

Figures 3-4 show the effects of incorporating; rAdiative energy . -

loss into the spheroidal bubble model, and compare the result,; with the
aualogous case for a spherical bubble. When radiative energy loss was
included in the calculations, the second minima of a and c occar-red

slightly earlier, and was more nearly coincident. Figare 5 compares tie
;e-ni-axes for a spheroidal bubble tinder variouc assumption- about iie -

form of the energy loss. It is interest ing that the riost noticeable"
difference among the calculations was in the valie of c.

The outstanding failure of the spherical model for the bubble is
its prediction of a too rapid rile of rise wheon the bubble's vollri -; a
•i inilium. As Figs 6-10 show, the n..:i'ntn upard velocity predicted by
the spheroidal model was less than Litiit predicted by the spherical -nodel
by a factor of 2, and consequently the distance travelled fro i the te-
of the explosion was decreased by about the same amount. This diminua-
t ion of the upward translational veloci-ty o)f the bubble near its minimum
vol tnle :Icci)untedl for the differences between the periods of the
* p,,c:rical and spheroidal miodels after the first minimum in Figs. 2-4.
Becaiuse. the spiheroidal hu)bble was deo,)er than the spherical one, the
hydrostatic pressure was greater, making the period shorter. ThiL; is Q.Z
also the rcasoan that the curves [i I. 2-11 associated with the
spherical bubble model termiLnatcd .! seconds before, those of the sphe-
roidal model. Because oIf the cpher ic:l bubble's creatrr upward vein:-
itles, it reached the ;urfa'c be-for- , the spheriA jl one. .

Figure 11 shows the aergy posse:;sed by the bubble as *t flitictio-
of time for both the spherical and spheroidal models. Since hli, trift ial
solutions to the qruations of motion for the spheroidal bubble were
calculated by iss,,inng it to have been in!itially spher[cal, it is lot
surprising that, nthel. absence of d iss ipait on, titi energies prodictf I
by the two models were found to be cons ;ant :a(,l eql. The enerrg
losses predicted by the spher, idal mo)del witliout radtiatton react i''n w: re-
f-,ind to be in close .greement with those of the spherical m,,iel without
radiation react ion. After the first rinil-aum voluric was passed, the
spheroidal model predicted a slightly greater energy loss than the
spherical, tint II the sphero idol hobble pj,;,ed through a second inil:ml %
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The most dramatic (tference between the spheroidal and spherical

models Is in the role of radiation rc'action. As can be seen i Fi3. 11,
the inclusion of radiation reaction in the spherical bubble model

decreased the amount of energy radiated. For the spheroidal bubble,
this was the case only until the first minimum volume was passed. After

that time, the effect of including radiation reaction in the calculation
was to increase the radiative energy loss, compared both to that of the

spheroidal model without radiation reaction and to that of either

spherical model. Moreover, since even without the inclusion of radia-

tion reaction, the spheroidal model yielded a greater energy loss than

the analogous spherical case, it seems that this was not an artefact of

the approximations used in the computation of the radiation reaction
terms. Whether the magnitude of the increase in the energy loss which
occurred when radiation reaction terms were added to the equations would

be as large as that indicated by Fig. II is rather more uncertain. The

close correspondence between the predicted energy losses for the

spherical and spheroidal models prior to the first minimum suggests that
the calculation was valid, at least in the regime in which the bubble

was nearly spherical. However, as mentioned above, after the first

minimum, the actual shape of the bubble is not really spheroidal.

Consequently, the actual radiation loss may be quite different to that

cilculated for a spheroidal bubble. However, since the bubble is even
less spherical than it is spheroidal, on balance, it seemis probable that

the predictions of the spheroidal model were more accurate than those of
the spherical.

Hicks (1972) solved the equations of motion for a spherical

bubble, with the addition of a hydrodynamic drag term, for 227.27 kg. of
TNT at a depth of 45.73 metres below the surface. (That is, Hicks took
eqs. [2.111 as his equations of notion, with Q as defined by eq. (2.8'

and Qa = 0). It has been observed thit a bubble from an explosion with

these characteristics rises approximately 3.35 metres from the location

of the explosion in the tinr taken to reach its first minimum. licks
found that where drag is the only source of dissipation, a drig coef-

ficient of CD = 2.25 had to be introducel into the equations of ri-jtion
for a spherical bubble in order to reproduce this behaviour. In this
work, for the initial solutiois chosen, it was found that a drag coef-

ficient of CD = 1.85 brought the predicted rise of a spherical bubble

into better agreement with observation. When radiative dissipation was
also included, a drag coefficient of C = 1.6 yielded better agreeement
with observation.

In Figs. 14-23, the curves labelled 'spherical' were obtained by
taking eqs. [2.10] - [2.l1] as the equations of notion for a spherical

bubble produced by 227.27 kg. of TNT detonated 45.73 metres below tile

surface. All of the symbols in the legend for these figures have the

same meaning as in Figs. 2-11. It should also be understood that, for

the spherical bubble, the effects of drag were! ignored unless a value of

the drag coefficient C0 is ,,iven in the legend. When irag was con-
sidered, F0 was given by eq. 2.8 1 . Tt should be eqphasized thait a drag
term was incorporated only into the eqiiatIons of inotion for a spherical
bubble and never into ,is. r3.431 - 3.461, the equations of motiou for

a spheroidal bubble.

375

° . . . .



The behaviour of the spheroidal bubble in Figs. 14-17 was very
similar to that in Figs. 2-5. One difference was the close agreenent
among all four curves for the period of the first bubble oscillation. r
As well, for the second oscillation, the period predicted by the sphe-
roidal model was closer to that of the spherical model wiLh drag than
that which was predicted by the spherical model without drag. This
applied in the cases for which radiative energy loss was considered as
well as those cases for which it was not. In Figs. 18-21, it can be
seen that the peak velocities predicted by the spheroidal models, both
with and without radiative energy loss, were in agreement with those
predicted by the spherical model with drag, most notably at the first
minimum.

It is Fig. 22, however, which demonstrates the accuracy of the
spheroidal model. As can be seen, the height above the site of the
original explosion predicted by the spheroidal model was in good agree-
ment with that predicted by the spherical model with drag, while that
predicted by the spherical model in the absence of drag disagreed with

that predicted by the spherical model with drag. Because the drag
coefficient used with the spherical model was chosen specifically to
force the calculated height to agree with observation, the agreement of
the spheroidal model with the spherical model in this case consitutes a
verification of the spheroidal model. The agreement was not as good at
the second minimum, especially for the spheroidal bubble without energy
loss. However, once radiative energy loss was added to the spheroidal
model, the curves exhibited close agreement with those for the spherical
model with drag.

Figure 23 compares the predicted energy losses of the spherical
and spheroidal models. Once again, it can be seen that the inclusion of
radiation reaction terms increased the predicted energy loss for a
spheroidal bubble, in contrast to the spherical model, for which the
addition of reaction terms decreased the energy loss. It is inter-
esting, however, the energy remaining to the spheroidal bubble was
greater than that remaining to the spherical bubble when losses from
both drag and radiation were included.

VI. CONCLUDING REMARKS

In this work, a Lagrangian for an oscillating ellipsoidal bubble
which is also undergoing translational motion has been derived, and
equations of motion obtained from it. An expression for the generalised
dissipative forces caused by the radiation of sound by the bubble was
also found, and incorporated into the equations of motion. This
equation was specialtsed to the case of a spheroidal bubble, and the
equations of motion solved for some different charge masses and depths,
both with and without the effects of radiation of sound having been

included.
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By comparison with the results obtained from Taylor's spherical
bubble model, it was shown that the spheroidal modeL retained tle

successful features oF the spherical model, notably the prediction of
the bubble's oscillatory period, and reproduced, at least qualitatively,
notable features of a real bubble's behaviour, such its flattening near
its first minimum, and a slower rise time than that predicted by the
spherical model. After the first minimum, the bubble's shape was not an
well modelled by a spheroid; however, the results obtained at those
times were still superior to those from the spherical model, particu-
larly with respect to the rise time. For the case cited by Hicks
(1972), the spheroidal bubble model produced results which were in very
close agreement with experimental data. The spherical model was capable
of ntmilar agreement only for a limited time and only with the addition
of a drag term. The spheroidal model's advantage arises from its
reproduction of the height above the explosion site naturally, without
tle addition of a drag term which must be determined from e' perimental
data for each case. Incidentally, because tile spheroidal model ignored
hydrodynamic drag completely, and still reproduced the observed be-
havLour of the bubble, it seems likely that drag is relatively unimpor-
tant in determining the bubble's motion; It appears, rather, that the
hape of the bubble is the single most important factor.

It appears thtif the spheroidal model predicted a greater loss of
energy in the bubble through thle radiation of sound Ulan the spherical
mode I. This was found 'o be most signi f icant when radlat ion react ion
Lerms were included in the ridiatlve dissipation function. In conLirast
to the spherical model, the effect of including radiat lou reaction trl
was to increase the energy loss.
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