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ABSTRACT R
One of the more'&mportant phenomena assoclated with the upward

motlon of a gas bubble from an underwater explosion 1is the significant

departure from sphericity near the times of the minimum bubble radius.

Neglecting this change in shape results in the prediction of a much

faster upward velocity than actually occurs. ~-The inclusion of this

effect in the equations of motion has been exceedingly difficult be-

cause of the large magnitude of the departure from sphericity. . - .

Cohas un au

In this work, the shape of the bubble-is described by an ellipsoid
whose axes are allowed to vary independently, thus modelling, to first
order, the changes of bubble shape. The Lagranglan equations of
motion, 1incorporating the effects of the change of shape and of energy
loss by the radiation of sound, are derived and solved for the case of
a spheroldal bubble. -The results of these calculations for various
initi{al conditions are compared with analgous cases for a spherical
bubble.

g i

e 7

It {s found that the spheroidal bubble model predicts a reductlon
in the upward translational motion of the bubblepof -a factor of approx-

L gl e SR aln

E;} imately 2. -A°comparison of the predicted upward motlon of a spheroidal
bubble produced by 227.27 kg. of TNT detonated 46 metres below the
o
<o surface shows pgood agreement with that which has actually observed.
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I. INTRODUCTION

The formation of a bubble of gaseous detonation products always
accompanies an underwater explosion. This bubble rises toward the
surface of the water, responding as it does so to the change in the
external pressure distribution with oscillatory motion, during the
course of which it loses some of its energy through the emission of
sonic pulses. Although the bubble is initially spherical, the effect
of its upward motion is to distort it into a non-spherical shape, which
becomes most pronounced in the neighbourhood of the minimum radius.

The alteration in the bubble's shape further affects both the pulsa-
tions and the upward translational motion of the bubble. By means of
finite element techniques, the equations of motion of the bubble can be
solved, taking Into account the effects of the changing shape of the
bubble, although the amount of computing time required by this method
limits its utility. Finite element methods have a further disadvantage
in that physical Insights into the systems considered are rather more
difficult to come by than might otherwise have been the case.

Herring (1942) and others (eg. Taylor (1942) and Shiffman and
Friedman (1944)) have treated the problem of the motion of the bubble
by considering it to be a perfect sphere throughout its entire motion.
This treatment yields values for the periods of radial pulsations of
the bubble which are in good agreement with experimental data, but
predicts a much more rapid movement toward the surface than Is actually
observed. This arises because the largest upward velocitles of the
bubble occur at those times when the bubble is near its minimum radius;
it is precisely then that the largest departures from sphericity occur.
Penney and Price (1942) and Ward (1943) included the ecffects of the
non-sphericity of the bubble on its motion. However, it was always
explicitly assumed in their derivations of the velocity potential of
the flow about the bubble that the departures from sphericity are
always small. Accordingly, thelr equations are not applicable near the
times at which the bubble is at 1its smallest volumes.

Hicks (1972) was able to bring the value for the upward transla-
tional velocity of a spherical bubble at a minimum radius into agree-
ment with experimental data by adding a drag term to the equations of
motion.’ In his formulation, the drag coefficient is an empirical
correction whose value 1s chosen to make the predicted rate of rise at
the first winimum radius consistent with observation. However, a
different drag coefficient must be selected for each charge mass and
depth, requiring a comprehensive data base from which the appropriate
value can be chosen for each case. For these reasons, a model for the
bubble in which large deviations from sphericity and their effects o~
fts translational motion are treated would be of considerable practicul
and theoretlcal intcrest.
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In this work, a Lagrangian is derived for a bubble whose shape is
not constrained to be always spherical but may become ellipsoidal as it
moves upwards. The equations of motion for a general ellipsoidal
bubble, incorporating the effects of loss of energy by radiation, are
presented. The algoritim by which these equations of motion were
solved numerically is briefly discussed. Cumputational results for
some charge masses and depths are presented and compared with
experimental data.

IT. REVIEW OF PREVIOUS WORK o~

AR
st

B

-
o
S
~
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Taylor (1942) derived equations describing the motion of a
spherical bubble of gas undergoing both radial pulsations and
translational nmotion toward the water surface. These are:

U

’
)
2Pl e

2 .
2npaa(%%) + %‘pa’;U2 + é-:3I*a3pgz [2.1]
=Y, = E(2)
o _dz_ 2 3 ¢
u=- 4% :é} Zadt r2.2]

where a is the radius of the bubble as a function of the time t, U its
upward velocity, z the position of the bubble below the pressure datum
(i.e. below the zero pressure level), E(a) the internal energy nf the
gas comprising the bubble, g the gravitational acceleration, YO the
total energy of the bubble and p the density of the water. In Taylor's
formulation, there was no mechanism included for energy loss, and hence
Y  was taken to be a constant. For TNT explosions, it has been found
(Hlerring 1942) that approximately 50% of the total explosion energy is
retained by the bubble; in that case,

¥, = (1.85 x 1027y [2.3]

where YO is measured in ergs, and M, the origzinal mass of the explosivc
charge, is given in gm. If one assumes that the gaseous explosion
products obey the ideal gas law, then the internal pressure, P, is
glven by

P = k(op)Y [2.4]

where p_ is the density of the explosion products and y the ratio of
specifi@ heats. Assuming that the entire mass, M, of the explosive has
been converted to gas,

- —1 f2.5]

s g 2
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and hence,
E(a) = [ Pdv [2.6]
a

okt 230D
207
(v-1) "

¥
where dV = 4ma“da. Taylor, using the work of Jones, set

ko= 7.83 x 10°

—=
o
.
~

—

v = 1.25
for TNT where, in eq. [2.6], E(a) is measured in ergs and m {in gm.

Hicks (1972) incorporated a drag force, Fy, into the equations of

motion, where Fp Is given by
1 2,:2

Fp = 7 Cpnpa“y [2.8]
and the value of the drag cocfficient, £, was chosen to he Cp = 2.25
in order to bring the distance travelled upward by Lhe bubble at its
first maximum into agrecawent with that actually observed for 500 Ibs.
of TNT detonated 150 ft. bhelow the surface. By differentiating eqg.
[2.2], he obtained the rate of change of momentum witih respect to time.
The incorporation of Fy into the equation of motion yielded:

d 2.9
3?(a3U) = 2A3g - %-CDa“U“ f2.9]
L, the Lagrangian of the bubble, is given by

2
o * % oa

oW

3( 5 3U2 - - a3pgz [2.10]

L = 2npa
- E(a)

Hence, a more yeneral form for the equations of motion of a
spherical bubble is given by

d_ (QLy. 2L _
dc (65) R Qs

- [2.11]

where 3 = %%, z = %% = ~-U, and the Qi are the generalised dissipative
forces.
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The dissipative drag force, Q,, is glven by F, 1n eq. [2.8]. It
has previously been shown (Heaton 1984) that Q,, the generalised force
for dissipation by radlation of sound, {s given by

where the coefficients A, B and B, are functions only of time. They
further assumed that the radius vector, R(t), from the centre of the
bubble to a point on its surface could be written as

Q=-161'a2-é-}-——]—-( [2.12]
a »D C C lqza .
S S
where
Xy VDea D ;0
AQa = Annaz[baaa + (a°d '/a)] [2.13] .
a = QE% and C. is the speed of sound Ln the water. !IE'
dt ’ S _";'fi
.r-'-_‘ﬁ
The terms contained iIn AQ, are analogous to the radfation reaction q?zl
terms in electromagnetic theory, and hence can be ignored in a first NS
approximation, although this approach will underestimate the energy e
loss near the minimum radius, and overestimate {t elsewhere. ‘j“
w3
Ward (1943) and Penney and Price (1942) derived equations of v
motion for a nearly spherical bubble by expanding the velocity poten- )
tial, ®, of the flow about the bubble in terms of the Legendre poly- ﬁ{&
nomials, P, thmsly: »'"::
o =443 Pl(cosG) + B PZ(cos‘B) ¥ [., 141 @
& r 1 ?“ )2 'r“;' e & 1 ._.:“.

R(t) = a + bsz(cosO) + b3P3(c039) + .. {2.15]
where a, by, and b, are functions of time only. At the surface of the
bubble,

%% = - (-g—rd;’-)R - U cosf [2-16]

A B By
= ET + 2 Ej Pl(cosO) + 3 Ef Pz(cose)

Substituting eq. 12.131 into egq. [2.16] and equating the coefficients
of the legendre polynomials on both sides of the equation yields:

2 .
A= a" %%,
b
B, (1 -8 - L ady, [2.17]
db 3
24+, A - 3 -2
dt 2 sz 4
a a
db B B
Ht_3+2i_3'b3=l';%_l%:%b2
357
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At the surface of the bubble, the pressure must be uniform and c¢qnal to
the i{nternal 3as pressure. Using Beraoulli's equation, this condition
can be written as

A 2
B2 - gReos9 + (D) - 79, = Kog) [2.18]

If one substitutes for $ and R in eq. [2.18], using eqgs. [2.1&] -
[2.15], multiplies the resulting equation in turn by each of the
Legendre polynomials, and then integrates over cos®, the orthogonality
relations among the Legendre polynomials produce 4 differential equa-
tions:

2 2 2
gz + oD + 3 (@D -+ owh) = Kop).

) ]
% %F (a3U) - % Z ;% dt + O(U3) = gaj, [2.19]
dB 38 2 3B

1 2 2 da 3 .2 1 d°a 2 N

= - = + 7+ U - =y =5 - dt
a3 dt A de T a“ dt- Z al
+ 0@y = 9,
1 By 8By gq 1 4% § 4%y 3

- a4 dt + 0(u”’) =0

;I de 2 de ;7 dtf o a

Uard (19%43) has estimated the value of b,, which measures the depar-
tures {rom sphericity, in eq. [2.15], and found that it remains small
until the bubble hegins to contract. Near the bubble's minimun radius,
b, becoses greater than 1, making the whole calculation invalid.

IIT. EQUATIONS OF MOTION FOR AN ELLIPSOIDAL BUBBLE

Now, let a, b, ¢ be the semi-axes of an ellipsoid along the x, vy,
t axes, respectively, for a co-ordinate system whose origin is at the
centre of the ellipsoid. Uet the ellipsoid be immersed in a fluid of
fnafinite extent, and let one »f the axes, say a, vary with respect Lo
time. At any instant In time, the equation of the ellipsoid will be
given by

2 2 2
S N S S| 3.1
Zhrt o [3.1]

The velocity protential, ©, for the flow about the ellipsoid is
aiven by the solution to Laplace's equation,

v = 0 [3.2]

with appropriate boundary conditions. Since the problea obviously
possesses ellipsoidal symmetry, it is most convenient to transform to
ellipsoidal co-ordinates, thusly:
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2 '2+k -2+ az+v)

X = > > -

(a2-b)(al~c?)

2 _ (N (bn) (b2
y L—t?m'(};ﬁ%(—q‘fl. [3.3]

(b“-c -a“

2 L 20t Py
2 - Gy,

c“=a“)(c"-b

where A, u, v, are rthe ellipsoidal co~ordinates. The surfaces defined
by A = constant, p = constant, v = constant, are confocal quadrics.

Because of the symmetry which exists in the transformation equations,
eq. [3.3], one is allowed to specify which co-ordinate's constancy will
yield confocal ellipsaids. Throughout this paper, then, the relation A e
= constant will be taken to describe the family of confocal ellipsoids. Y
? In ellipsoidal co-urdinates, Laplace's equation, eq. [3.2], is given S
Py e
y ii
2 2 ¢
b - 9 - 2 -
' (=) (ky 87 2+ (v=M(k, 39) @ [3.4] T
y a2 S
p - : = Ce
+ ()\ u)(kv 6\1) % 0 ‘-"t.:.
where kx is given by

1

1

ky = (a2 (620 (cP40)) [3.5]
and the expressions for ku and ky can be obtained from eq. (3.5] by
symmetry.

Now, let a be a solution to eq. |3.4], and let another solution
be given by

2= (M) [3.6]

where ¥y is a function of X\ only. By substituting eq. [3.6] into eq.
[3.4], nne finds that a must have the form

1=, f(u,v) [3.7]

where a, is a function of A\, only (Milne-Thompson 1949). Using eq.
[3.6] to aid in the solution of eq. [3.&), one finds that

x(\) = a [ A+ [3.8]

where A and B are arbitrary constants. fHence, if o is a solution to
1
eq. [3.21,

.
iR
~.

r
: »=a [ '3.9]
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is also a solution. The solutions to eq. [3.4] having the form of eq.
[3.9] are the ellipsoidal harmonics.

In the case of the spherical bubble, Taylor and Herring assumed
that i{te pulsations would be described by simple radial oscillations.
Since a sphere is a degenerate ellipsoid, it would be reasonable to
choose as a solution to eq. [3.4] the ellipsoidal harmonic which pro-
duces analogous oscillations. Such a velocity potential is:

a-AIﬂ—i\— [3.10]

_I‘l’.-' b -" l" ‘7“

™

ot S Y S TR Y s T R .
Vil

B
.
le'

: since a, = 1 Is a solution to eq. [3.4]. The upper limit of the inte- o
: gral has been chosen in order that the potential become 0 at an !
I infinite distance from its source. The constant of integration A is e

determined by the boundary conditions. Now, the boundary conditfons
for a pulsating ellipsoid are not as obvious as those for a sphere.
Nonetheless, 1t seems apparent that at that polnt oan an axis which is
on the surface of the elliipsoid, the normal velocity of the fluld must
be equal to the rate of change with respect to time of that axis.

o
".
\',
.
\,

Hence, for an elllpsoild in whiclhonly one axis is allowed to vary,
say a,

£y - [3.11]
Xx=a
y=o
=0

where a = 4%, %% = V@-ﬁ Is the normal derivative of the potential, and
A 1s the unft outward normal to the ellipsoid. 1In ellipsoidal
coordinates, eq. [3.11] can be written as:

-%;%?? %{) = 3 [3.12]
x=a
y=o
z=0

where the potential @ is given by eq. [3.10].

Now, at x=a, y=o0, z=0

A=0
u=-b§ [3.13]

ys=C o,
and

k) = abc [3.14] 8
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Hence,

A =% dbe (1.15]

and

an

w0

o= % abe {%%— [3.16]

_E

The kinetic energy of the fluid around the ellipsoid is given by

p § 3L 2as [3.17]

where the integral is carried out over a bounding ellipsoid described
by eq. [3.1], and over 2 second outer boundary which is obtained by
allowing A\ in eq. [3.3] to approach infinity, essentially describing an
iifinitely extended ellipsoid. The contribution to eq. [3.17] from the
larze ellipsoid vanishes, leaving only that at the ianer surface i.e
the bubble {tself. Tne surface integral can he transformed into one
over the x-y plane, thusly:

Golas =[P ,r,l. ) dx dy [3.18]

. . . . , A
where 2 is the uait normal along the z axis. The unit normal, n, to
the surface of the ellipsoid is given by

3= - 21———:2“2; (fi-ﬁ+§7’§+f2—’z‘) r3.19]
G
in the ellipsoidal co-ordinices,
where
2 i x2 v: 2" HESE R
hy = 7 ( 5+ o+ ) {3.21]

(a240)° (b A% (e

So, at the surface of the ellipsoid, A=o,

1
on 2 2 L . ;
(f‘+§"‘+:—5‘ 13.22 ]

sing eqs. l3.16], [3.18}, f3.l9], and [3.22] and taking account of the
contributions from the half surfaces above and below the x-vy plane, eq.
[3.17 ] becomes
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.’ =Lcba ¢ o

T = 5 S S oy % ~ dx dy [3.23]

' 2. L2

v ® TEhG - A <
- a .
:': here .‘C-
; where Py
- \ kY
- 2 202 s
A 2 = o(1- Xy - X r3.24] '
' a~ b* )

q Evaluating egq. [3.23] finally yields the expression for the kinetic

7: energy, T, of the flow about an ellipsoid, described “y eq. {3.1], when

~ the semi-axis a is allowed to vary with respect t» time:

i T = mpa’b2c? | dA 11.25]

‘ O N ‘

Since the equations ire symmetrical with respect to all three semni-axes,
it is possible to obtaln expressions for the kinetic energy of the flow
about an ellipsoid when each of the other semi-axes are varying b means
of cvelic perautations of a, b, and ¢, thusly:

. T = mpablc? g_\ f3.26]
[ )\ ’

f.‘ T = T{pd‘?bzé‘2 }' da [3'27]

II 0 X

. e = -@ * = -('L"

] where B . and . ac -

Hence, by adding eqc-. [3.25j - (3.27], and renormalizing, one can
. obtain the kinetic energy, T, for the ilow arnund an ellipsoid when all
three axes are allowed to vary i1 time:

T = ﬁ%(52b2c2 + a252c2 - azbéez) f %% [3.28]
o ‘

The normalisation factor 3 has heen chosen so that eq. [3.28] is in

St sl St BURAARER S I

v agreement with the term for the kinetic energy due to radial spherical
T L] L]
. pulsations in eq. [2.1] when a=b=c and 3=H=¢.

As ment {oned above, it is not entively cleiar what sort of boundary
conditions are applicable at the surface of a pulsating ellipsoid. In
fact, the specification of boundiary conditions when all three semi-axes
are varylag is equivalent to putting constraints on the interactions
among ﬁ, 5, and &, which, in turn, is equivalent to specifying which
shapes the bubble will be allowed to assume. Eguation {3.28] corre=
sponds to a velocity potential which has been 59 constructed that the
velocity cross—=terms ia eq. [3.17: cancel out. Since a, b, and &, are
all matually perpeadicular, this seems physically reasonable. This has
the effect of insisting that the nmovement of a point na an axis of the

ellipsnid is due only to the change in length of that axis, with the S
changes in the lengths of the other two axes contributiay nothing. :¢2:
._‘:.'1
: \~‘..~‘
RS,

(‘ . e
.
i
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The velocity potential associated with the purely translational
motion of the ellipsoid along the 2 axis is well known (e.g. Milne-
Thompson 1949). The boundary condition is

Q.EE) = U
- = cosd 3.29
n Koo z [ ]
where, as before, -U = %% =z, Qz is the angle between the z axis and
the normal to the surface of the ellipsoid, and z is the position of the
bubble centre below the pressure datum. Since .

< 1 9z [ 1
cos®_ = 3+ ) 3.30
z hl a}\ A=0 L 2 s
eq. [3.29] becones o
Jos3) - Dz ) r pE
£ = -y 22 ) 3.31 K
O =0 N =0 . ] ’

The solution to eq. [3.4] which satisfies the boundary conditions
in eq. [3.31] is the first order cllipsoidal harmonic given by

2 __d\ :
®=C R [3.32
z { (c +K)kk - ]

where C is a constant of integration. Direct substitution of eq. [3.32]
back into eq. [3.31] yields

c=- T——f‘_’gou [3.33]

where
= abe | i 3.34 )
%~ £ (c +x)kx [ .

The kinetic energy of the flow around a translating ellipsoid is then
given by:

T=-%0[fa2Ras

(IO

2
= m_—a-;) pU ff z cosf,dS [3.35}

a 2
2% abcp (Y%E;)u

As before, the integration is carried out over a bounding ellipsoid
whose semi-axes are a, b, and ¢, and over one whose semi~-axes arec
allowed to extend tn infinity, where the contribution from the outer

‘i ellipsoid vanishes. Mence, the kinetic energy for the flow generated by
. a translating ellipsoid whose semf-axes are varying in tine is pgiven

-~ by:
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. . N el
T o= eitnded ¢ a25% 7 v Wit T 13.36]
o A
3

+ 2—} ;]l)c;\(z_}r)‘] E
0 *a
Equation [3.36] has no provision rfor tue interaction of i, B, or ¢ with :}
- U. Again, this is not unvapeated since eq. f3.35] should yield the j{
- kinetic energv terms in eq. '2.1!, as it does in fact do, when a=b=c and A
o a=0=. Physically, as long as the bubhble is symnetrical with respect to .f
o the x=-y plane, the coatribations frow the top and bottom halves to a !_

. coupling of the oscillatory motion with tiie translational exactly cancel N

oy B8

each other.

) The energy, Vv’
- the bubble is: '

associated with the hydrostatic pressure around

/ r

. Vo= XL seahes “3.37
) V p — »ga heo \ ]
The internal ecnergy of the bubble, u{a,bd,¢), is given by

i Yo (v=1) o =(y=1) = (-1
: E(a,b,c) = wtla (/ & (Yy—l ( ) [3.38)

Hence, the Lagrangian, L, for the flow around an ellipsoida:
hnhhle whose seni-axes ore o, b, ¢, at a depth z below the pressure
Jatum, where the o axis is piraliel to the eliipsoid axis ¢, and which
iv moving with a translational velocity U = - G2 i given by

dt
o . 3 e N I e '1)r
L = % f(..lb‘z-:‘?' + dzb"“‘.“ + n'b‘cz) f —‘1—)\-
4 Dl N
1 o2 , .
+ ‘f siabe (7%;;)' —<1§ pabcpz {3.39J

AR (Y 1)\\ \.;-l) ~(y-1)

. DD

The total caerygy of the bubble, Y(t), at any time t is therefore
given by:

L Dol U . B4
Y(t) = % D(dzbzcz R a)hzcz) f %ﬁ
o A o

. + 27 'ha("‘)-__)l,"‘Z + P Ahene 3.0 | ... ‘:
’. —T Od ! Z-(!.) —T D' ' (‘\1'{‘ N . v M ..T"!
—_—
SRR, Sl =
(Y-l)(1§) f:i
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Hence, the cquations of motion for the bubhle uare:

d_ (dly _ Al _

dt (%g) T da T Qo

1 1 -

4 (%E) - k-, [3.41] ‘
d_ 2Ly - 2L . e
dt (55) 3¢ = Qo E‘_‘::
d_ ,dly _ DL _ 2
G R PR 2

where the Q; are the generalised dissipative forces.

The substitution of eq. [3.39] into eq. [3.&1] results in:

2m 2 2 es 2 2 2 81y &
:gpb"cloa=——3-p[hc rrul

2 ot . y A X
+ (21, + b2e? p2)a6 + (2bler + bPe? 52)3al]
. . 3t
+ 4 0(521)2(:2 + a282:% + azbzcz) -a-a—o- r3.42]
L] .2
+ L% p(aczf')2 + abzcz){0 + -2—731 pbcf(ao)z

M(a ), N
+2—}pabc aaoz -i‘jpghcz

+ (y-1) Ka Vp (v D ~(y=1) 4 Qy

. ol 2
o2 2 2.2
43 eatefigh = - 4 platc® 552 b

. o1 o ol -
+ (ZaCZIO + ale? G—”—)ab + (2azc10 + alc? aco)ﬁcj
[Ny v : . o)t
+ ’T;t' O(a‘bzcz + Azblc2 + a‘)‘bzcz) 'PT_O' [3.-’.3]

E ‘2
+ 28 o(bc23? + ba? )1, + 28 pact(a,)E

of(a) 2
+ ;g- pabc ~—-3-b—9- - % pgacz

+ (Y-I)Ka—(Y-l)h(-Y)C—((—L) + Qb’

(X ] 5I‘ .2
28 pa?h?1)¢ = - 2 p [a%p? 52 ¢
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o aZp? DL .
+ (2ab%1, + a bzr) 3+ (alpr, + TP 8 [3.44]

o [
+ %— 0(a2b2c2 4+ 2282:2 & 42,2 2y ——"—
‘ ° y - 2
+ £§ o(a2blc + azﬁzc)lo + ;% pabt(a )z

af(ay) 2

-

;3 pabc —5—'— z = i{f pgabz
+ (y-l)Ka—(Y_l)b-(Y_l)c-Y + Qc’

° . d(l
AT U SO N 2 o
2= - (§+pt+ ez TEy T ¢ ) [3.45]
= fz 5 + Q Y
C!o z
whore
2 2 2
e _d°a % _ d°b ot _ d°c
q = = b = ¢ = s
de-’ 1’ e’
42
e diz [3.46
des’ ) ]
2
1. = [ &=
O (J) \'
a()
£(1,) = T8y
d a1 A1 1
—o_" 0o -9 .
ac = ®a a4 7% 3w £+ ¢ ¢
df(a ) df(a.) Af(a) M(a,),
ol _ Qs ol
rammntieliey el B el I B ol
g = kdY

(y-1) (—%)

In order to complete the deriviation of the equations of motion of
the bubble, it is necessary to deternine Qa’ Qb, QC and QZ, the general-
ised dissipative forces associated with the radiation of sound by the
bubble. Now, at distances large compared with the scale of the bhubble,
the form of the velocity potential, ?, in the fluid will be identical

with that of a spherical bubble. Hence,

3 = -%+ .3/ [3.471
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where C and X are constants which depend only on the time t. r is the o
distance to the field point from an origin located somewhere within the o
bubble. g:__
2

>

Following thc development given by Landau and Lifshitz (1966), in :ﬁﬁ

the wave zone, ;\4
]

{5

' @ = S8+ deace) SR D) [3.48]

I '-"H

oy

» 'l
ad A AL

where O is the angle between the direction of the translational motion
and r, and the retarded time t' {s given by

t = -~ X _ ) 791 .

»

where CS is, as before, the velocity of sound in water. The velocity, g;j
V, of the water in the wav: zone must therefore be given by: ;{4
,’_'_".

> > :':-‘
vV=-1 Ry

1 Ac(t) cosd azA i\ A 1 ﬁ

s = K - g )T [3.50] S

S C-r 73[‘, "‘L"1

S (HE*

A

‘-: =

+eeo .::::

-

where terms of higher negative order in r have been neglected. The

total enerpgy emitted as sonic radiation per unit time, %% is then:
[

o

di - _ pcg JJ (¥+as

dt
2
_ 4 2 2
q

where the integral has bheen taken over a sphere of radius r (Landau and
Lifshitz 1966).

-3 To a good approximation, the term in eq. [3.51] proportional to
Cq can be neglected for low translational velncitie§, since it will be

2 orders of magnitnde smaller than that proportional to Cg‘l.

How, the volume 4nC of fluid which flows through the surface over which
the integral in eq. [3.51] iz taken must be equal to the rate of change
with respect to time of the volume, 9, of the bubble. Thus,

3

N e . Ca®s" g

C = 1 V ::::.1

’ 133 s

-:.\\‘

= 4 (dbc + abe + and) r1.52] %

ol
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" N
? dr 4 nR fes o . J,:-
) It = ~ 9¢. Labc + abe + abc .
' S -E
o
+ .x( e + ) o
",

+ b(ac + ad) [3.53]

)
&(ab + ab)]” .

h 3 N P
+

3 Now, evidently,

| dE

Te = aq, + by, + &u, + i [3.54]

z
Since all of the dependence on the translational velocity in eq. [3.51]
was contained in the term proportional to CQ- , it follows that, tn the
same approximation, Q. =0 in eq. f3.54}. “Since, in the absence of any
translational motion, ther: exists nothing to distinguish one axis of
the ellipsoid from another, it follows that one should be able to obtain
the other two Q; trom one by cyclic permutatinn of the axes a, b, and c.
The only grouping of the teras in eq. f3.53] which is invariaat under
cyclic permutation of the axes is given by

JEM

)

: 4 (1]
- o (D) )
e

+ F(b) i F(E,) + v(%) % F(3) ] [3.55] -
=1 ' i=1
where
[ F(a%) = Aa.a:a, + a,7.a f3 56]
i fi93h% T A 75% L2
1 aiakaj, i#j#k

and a, = a, a, = b, a, = c.
1 y 92 3

———rTw

Hence, by comparison of eq. FB.SS] with eq. {3.54}

’..’.
’

(..) T
. Flap 3 L
P Q = -3 o——127 k@ (3.57] o
S i 3 a, j=1 - Co
9 L

¢ where, as before, i, j, k, are successively equal to 1, 2, 3. VNow, as

was the case for the spherical bubhle, the terms in eq. [3.57] which
depend upon the products ol the pulsational accelerations with them=
selves or with the pulsational velocities are amalongous to the radiationm
reaction teruws in clectronagnetic theorve This suggests that such terms
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may be igaorable, at least in a first approximation. At this stage, in
the absence of any perturbing force in the x~y plane, it is possible to
allow b = 4. This allows one to drop eq. [3.42 as an equation of
motion, and replace B and b by & and a in oqs. [3.43] - [3.45] and eq.
[3.57]. This, of course, specialises the equations of motion to those
of a spheroldal bubble. Hencetorth, thrcughout this paper, the case of
the spheroidal bubble will bhe treated exclusively.

To sum up: cqs. [3.52] - [3.45] are equations of motion de-
scribing a pulsating ellipsoidal bubble undergoing translational motion.
When Q, = Qy = Q, = 0, the ecquations neglect any sort of energy loss.

It has been shown that the energy loss from the translational motion of
the bubble can be expected to be negligible with respect to that from
the pulsational motion and sc Q, was set to O in eq. [3.45]. It was
further shown that

F(&%) 3
4 i os
Q = -§& o F(4%) 3.58 ]
i R T [3.58]
where

F(&]) = aiajak + aiakaj i3.591

+ AF(&}), i#j#k
When one wishes to ignore the ecffects of radiation reaction,

AP(aj) = 0 [3.60]
and
AF(a]) = QZajak, i#j#k {3.61}

when one wishes to include them.

IV. NUMERICAL METHODS OF SOLUTION

Before one atienpts numerical solutions of the equations of
motion, eqs. [3.43] - [3.45], it is useful to make them
non-dimensional. Thus, the substitution of

*

a=al,

c = C*L, [4.1]
*

z=121L,

t=¢t T

ad
LA ST
Setafatetela
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" fnto the equations of motion used, where
}
Y @ .
= (=2
L= (g f4.2]
‘/L
T = .
g

yields a dimensionless form of the equations of motion. As before, Y,

is given by eq. [2.3] and g and p are, respectively, the gravitational

acceleration and the density of water. These particular scaling factors .
in eq. [4.2} were originally used by Taylor (1942).

Since all of the equations of motion have the unfortunate property
of singularity at the origin, it is necessary to begin the integration
with a series solution. Taylor (1942) suggested that the initial solu-
tions to the dimensionless forms of eqs. f2.1] - [2.2] ve

. K208
a = (Twmozs)
*
= -(iht, [4.3]
%2
Z* = 20 ’(‘Sr[')t s

where z: is the_ initial dimensionless depth below the pressure datum,
for values of t near zeru. Since the bugble can_ _be expected to be
splierical initially, the values for a ,*2 , and z from eq. [4.3] were
used to begin the integration at time t,» with the additional require-
ment that _a = ¢, . One also needs initial values for the rates of
change, a  and 6', of the semi-axes. These were estimated by assuming
that the bubble would be initially splierigal and substituting into the
dimeniionleS' form of eq. f2.1? to find i1 . ilence, the initial values
for a and ¢ are given by

» £ (a’)y AR
A I s Bt T e B i [4.4]
o Zn;l*
ok P
a =c¢ ,
where
*=3(y-1) '

¥ (a*) = —kitla 4,51

(=D 2y G

Y, is the initial total energy, as given by eq. [2.3], and all other
variables are as previously defined.

Another numerical difficulty concerns the evaluation of the ternms
0 To Doy o) .
3 A Ba o 8C Now, evidently,
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Yo. ] dA
da 2, 2 37T, 3 2 3
(a“+)\) (be+N)  (c“+N)
I @
o . _ d)
5 ¢ i 2,082 2.8, 2, 3T [4-6]
(a“+A)  (b°+N)  (c“+N)
aao 6[1
e " bcIl + abc a0 [4.7]
aao aI
5 - abIl + abc r
where
= 7 d) )
L, =] 377 [4.8]

A
o (a2+x;} (b2+0)° (e2+0)

and I1 were evaluated with the TIMSL double precision subroutines
MMLINF and MMLIND, which compute incomplete clliptic integrals of the
first and seconnd kind, respectively. The partial derivatives of I, €q-
[6.6], are, in fact, incomplete elliptic integrals of the second kind,
and can be evaluated with MMLIND. The evaluation of the second terms in
eqg. [4.7] presented considerable difficulty. In point of fact, no
commercial routine capable of evaluating egs. [4.7] seems to exist, and
the difficulties involved in the composition of one ab nihilo are
formidable. Accordingly, as a stopzap, the terms in eqs. [4.7} which
involve the derivative of an incomplete elliptic integral of the second
kiad were evaluated by holding one of a or ¢ coanstant, and varying the
other at each step in the integration, thusly:

o1, _
3a = 7i (I)(atsa,0) = (I)(a=ha,0)), "4.9]

a1
A= = 7o (I(a, ctAc) - Ty(a, c-Ac))

where MMLIND was used to evaluate I Since Aa and Ac can be made as
small as desired, theoretically eq. [4.9i can be made to approximate the
true value of the derivative as closely as desired; however, the prac-
tical constraints of conputational time, machine accuracy, and the
accuracy of the IMSL subroutines do place limits oa the size of Aa and
Ac.

The actual integrations were carried out using a 4 point Runge-

Kutta algorithm incorporating automatic error cuntrols. Some numerical
difficulties with this method were encountered when the radiation re-
action was incorporated using eq. [3.61]. Near the minima of a and «, a
and ¢ become_small, and change sign as well. Because of their iepend-
ence upon a2 ' and ¢~ -, the values of Q and Q. can oscillate rapidly,
adversely affecting the convergence of thp xntegration. This difficulty
wai circumvented by the use of a series approximation in which a~' and

were replaced by averaged pulsational velocities. By usiag eq.
[3.40], it is possible to write
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.7 *, %
a (:3*2)["'0 MG ER MW T
[$] L
Q 2 .
-Za*h*C*(Iga‘)i* - Qa*h*c*z*
N)
where
a = %T (a+b+c)’4
. = 1 ok k) *2 XD ak) *2
377 = o G AT (411]
a
2 %2 %2
* %
a b* c

?nd Y%t) is the energy of the bubble at any time t, given by eq.
'3.40 1.

If one defines:

* . %
o= MUELL) 3 S [4.12]

[e] O
- - Za*b*c* (fu )2*2 " Aa*bfc*z*
@t T (a*H1*,
then,
(F)’%=%(1+%ﬁ+§(ﬁ)2 tees) (4.13]
3 a a

where the posit%ve value is taken while a particular axis is expanding
and the negative while it is contracting. By expanding the dimension-
less form of eq. [3.58] when LT(a;) 1s gilven by eq. [3.61], and sub-

[ 3%

7 * = *, - . ,
stituting (5 ) for (a7) L and (&) 1, values for the dissipative
function incorpurating averaged radiation reaction terms were obtained.

Estimates for a and ¢ were arrived at by the substitution of the
current values of a, ¢, a, &, z, and z into eqs. [3.43] and [3.&4] with
Q, and Qc set to zero. Those values for a and c were substituted back
ianto eq. f3.58], to obtain new values for Qaand Q, which were {n turn

used in eqs. r3.43] and [3.4%] to obtaln new estimates for a and c.

V. NUMERICAL RESULTS AND ANALYSIS

Figures 2-l1 show th~ raesults of computations for a bubble
produced by the detonation of 2.1136 kg. of TNT 6.1 metres below the
surface, using eqs. [3.43] - {3.46] for a spheroidal bubble. Those
curves associated with a spheroidal bubble and labelled 'AY = 0O' were
calculated under the assumption of no energy loss; that is, Q=% = Q,
=0 in eqs. [3.42] - [3.46]. The curves labelled 'AY # 0, AF = 0', were

372

oty
.
s

. “"“ﬁv:-'

A




caleulated iacorporating radiative energy loss, but not radiation
ceaction terms; that is, eqs. [3.58] - [3.60] were used to define Q, and
Qe+ In Figs. 2-5, a and ¢ are the semi-axes of the sphernidal bubbie,
where 4 is the semi-axis in the plane noraal to the bubble's upward
motion, and c the semni-axis in the plane parallel to the bubble's upward
motion.

Taylor (1942) considered the same case, using eqs. {2.1] - [2.2}
for a spherical bubble in the absence of any energy loss from any
source. In Figs. 2-11, the curves labelled with 'AY = 0' were obtained
by solving eqs. [2.10] - [2.11], with Q, = Q, = 0, which are equivalent
to Taylor's equations for a spherical bubble. The curves labelled 'AY #
0, AQ, = 0' result from the incorporation of radiative energy loss,
neglecting radiation reaction, into eqs. [2.10] - [2.11]; that is; Q
was given by eq. {2.12}, with AQ, = 0. The curves labelled 'AY # O,
AQ;1 # 0' incurporate energy loss including radiation reaction; that is;
Q, and AQ, wer: given by eqs. [2.12] - [2.13]. In Figs. 2-5, 'raQius'
{cferj tc the spherical bubble radius as calculated in egs. [2.10] -
12.11 |,

The curves labelled 'spherical' in Figs. 6-11 are the upward
velocities and heights above the original detonation point, obtained by
solving eqs. [2.10] = [2.11] for a spherical bubble, under different
assumptions about the nature of the energy loss. The curves labelled
'spheroidal’ are the same quantities obtained from the solution of eqs.
[3.43] - [3.46] for a spheroidal bubble.

Taylor (1943) presented photographs showing the behaviour of
bubbles generated by electrical discharges in oil, which are here
reproduced in Figs. 12-13. These show that a bubble in the early stages
of its motion is very necarly spherical, but that near its minimum
volume, it becomes approximately disc shaped, with {ts longest dimension
lying in the plane normal to the direction of its upward motinn. Near
the second maxinum, the bubble is highly non-spherical, and, in fact,
secms to be attempting to fission, exhibiting an extremely large bulze
on its upper surfuace and a flat lower surface. After the bubble has
passed through its second maximun, it becomes mushroom-shaped and
actually does bifurcate 2t its second minimum. The two halves rejoin
later to form a distorted disc.

As one can see from Fig. 2, a spheroidal bubble reproduces the
salient features of the observed behaviour, at least gqualitatively. a
and ¢ were very nearly equal to each other, as well as to the spherical
radius, at the first maxinum. Near the first minimum, the bubble becane
more obviously spheroidal, with the ratio a/c assuming a value of 2.34.
After the first minimun, the qualitative agrcement between the sphe-
roidal bubble model and Taylor's photographs was less pronounced. This
was nardly surprisiag, given that the cquations of motion constrala the
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possible shapes of the bubble to spheroids. tHowever, the model dses at
least predict that the bubble would not retura to a spherical shape.  1In
addition, the spheroidal model also retains one of tLhe successful
features of the spherical model, that of the prediction of the period of
the bubble's oscillation. The period of the first oscillation in Fig. 2
(which was defined for both the spherical and spheroidal bubble to be
the time after a maximum at which the first derivative of the volume
changed sign) was .26 seconds for both models. It should also be noted
that the time at which the volume was a minimum did not coincide with
the minima of either a or ¢. 1In Fig. 2, a reached its first minimum a
full .01 seconds before c did.

Flgures 3-4 show the effects of incorporating radiative enerygy
loss into the spheroidal bubble model, and compare the results with the
analogous case for a spherical bubble. When radiative energy lass was
i1cluded in the calculations, the second minima of a and ¢ occu-red
slightly earlier, and was more nearly coincident. Figure 5 compares thnc
semi=axes for a spheroidal bubble under various assumptions about the
form of the energy loss. 1t is interesting rhat the nost noticeable
difference among the calculations was in the value of c.

The outstanding failure of the spherical model for the bubble is
its prediction of a too rapid rate of rise when the bubble's volame {5 a
Ainimum. As Figs. 6-10 show, the mazimum upward velocity predicted by
the spheroidal model was less than tnat predicted by the spherical andel
by a factor of 2, aand coasequently the distance travelled fron the site
of the explosion was decreased by about the same amount. This diminua-
tion of the upward translational velocity of the bubble near its mininmun
volume accounted for the differences between the periods of the
spherical and spheroidal models atter the first minimun in Figs. Z-4.
Becausoe the spheroidal bubble was deeper than the spherical one, the
hydrostatic pressure was greater, making the period shorter. This is
also the reason that the curves {n tigs. 2-11 associated with the
spherical bubble model terminated ! seconds before those of the sphe-
roidal wmodel. Because of the <pherical huhble's greater upward veloce-
ities, it reachad the surface hefore the sphersidal one.

Figure 11 shows the cnergy posscssed by the hubble as a function
of time for both the spherical and spheroidal models. Since the initial
solutions to the squations of motion for the sphernidal bubble were
calculated by assuming it to have been initially spherical, it is not
surprising that, in the abhsence of dissipation, the energies predicteld
by the two models were found Lo be constant and equal.  The enerygy
losses predicted by the sphernidal model without radiation reactinn were
found to be in close apgreement with those of the spherical madel withuuat
radiation reaction. After the first mininum volume was passed, the
spheroidal model predicted a slightly greater cnerpyy loss than the
spherical, until the spheraidal bubble passed through a second minisim
volume.
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The most dramatic ditference between the spheroidal and spherical
models 1s in the role of radiation rcaction. As can be seen in Fig. 11,
the inclusion of radiation reaction in the spherical bubble model
decreased the amount of energy radiated. For the sphervidal bubble,
this was the case only until the first minimum volume was passed. After
that time, the effect of including radiation reactton in the calculation
was to lancrease the radiative energy loss, compared both to that of the
spheroidal model without radiation reaction and to that of either
spherical model. Moreover, since even without the inclusion of radia-
tion reaction, the spheroidal model yielded a greater encrgy loss than
the analogous spherical case, it scems that this was not an artefact of
the approximations used in the computation of the radiation reaction
terms. Whether the magnitude of the increase in the energy loss which
occurred when radiation reaction terms were added to the equations would
l be as large as that indicated by Fig. 11 is rather more uncertain. The

close correspondence between the predicted energy losses for the
spherical and spheroidal models prior tn the first minimum suggests that
the calculation was valid, at least in the regime in which the bubble
was nearly spherical. towever, as mentioned above, after the first
minimum, the actual shape of the bubble is not really spheroidal.
I Consequently, the actual radiation luss may he quite different to that
. caleulated for a spheroidal bubble. However, since the hubble is even
less spherical than it is spheroidal, on balance, it scems probable that
the predictions of the spheroidal model were wmore accurate than those of
the spherical.

s YN 4 X Y 4§ X s .

Hicks (1972) solved the equations of motion for a spherical

I bubble, with the addition of a hydrodynamic dray term, for 227.27 kg. of
TNT at a depth of 45.73 metres below the surface. (That is, Hicks tock
eqs. [2.11] as his equations of wotion, with Q, as defined by eq. [2.8}
and Q, = 0). It has becn observed that a bubble from an explosion with
these characteristics rises approximately 3.35 metres from the location
of the explosion in the tim2 taken to reach its first minimum. iicks
found that where drag is the only source of dissipatinn, a drig coef-
ficient of Ch = 2.25 had to be jntroducei into the equations of notion
for a spherical bubble in order to reproduce this behaviour. 1a this

s e Ta e a2 4 4 e 3
oL

i work, for the initial solutions chosen, it was found that a drag co=f-
= ticient of Cp = 1.85 brought the predicted rise of a spherical bubble

i into better agreement with observation. When radiative dissipation was
v also included, a JIrag coefficient of C;; = 1.6 yielded better agrececement
- with observation.

:: In Figs. 14-23, the curves labelled 'spherical' were obtained by
~; taking oqs. [2.10] - [2.11] as the cquations of motion for a spherical
i bubble produced by 227.27 kuz. of TNT detonated 45.73 metres below the

T surface. All of the symbols in the legend for these figures have the

S: same meaning as in Figs. 2-11. 1t should also be understood that, f{or
= the spherical bubble, the effects of drag were ignored unless a valae of
}: the drag coefficlent Cp is given in the legend.  When drag was con-

,ﬁ sidered, Fp was given by enq. i2.8]. Tt should be emphasized that a dray
i term was incorporated only into the equatinons of motion for a spherical
— bubble and never into eqs. f?.43] - {3.46], the equations of motion for

a spheroidal bubble.
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The behaviour of the spheroidal bubble in Figs. 14-17 was very
similar to that {n Flgs. 2-5. One difference was the close agreement
among all four curves for the period of the first bubble oscillation.
As well, for the second oscillation, the period predicted by the sphe-
roidal model was closer to that of the spherical model wiilh drag than
that which was predicted by the spherical model without drag. This
applied In the cases for which radlative cnergy loss was considered as
well as those cases for which it was not. 1In Figs. 18-21, it can be
scen that the peak velocities predicted by the spheroidal models, both
with and without radiative energy loss, were in agreement with those
predicted by the spherical model with drag, most anotably at the first
minimun.

It is Fig. 22, however, which demonstrates the accuracy of the
spheroidal model. As can be seen, the height above the site of the
original explosion predicted by the spheroidal model was 1In good agree-
ment with that predicted by the spherical model with dray, while that
predicted by the spheri{cal model In the absence of drag disagreed with
that predicted by the spherical model with drag. Because the drag
coefficlent used with the spherical model was chosen specifically to
force the calculated height to agree with observation, the agreement of
the spheroidal model with the spherical model in this case consitutes a
verification of the spheroidal model. The agreement was not as good at
the second minlmum, especlally for the spheroidal bubble without energy
loss. However, once radiative energy loss was added to the spheroidal

model, the curves exhibited close agreement with those for the spherical

model with drag.

Figure 23 compares the predicted energy losses of the spherical

and spheroidal models. Once again, it can be seen that the inclusion of

radlation reaction terms increased the predicted encrgy loss for a
spheroldal bubble, in contrast to the spherical model, for which the
addition of reaction terms decreased the energy loss. It 1is Inter-
esting, however, the energy remaining to the spheroidal bubble was
greater than that remainling to the spherical bubble when losses from
both drag and radiation were included.

VI. CONCLUDING REMARKS

In thils work, a Lagranglan for an oscillating ellipsoidal bubble
which is also undergoling translational motion has been derived, and
equations of motion obtained from i{t. An expresslon for the generalised
dissipative forces caused by the radiatlon of sound by the bubble was
also found, and incorporated into the equations of motion. This
equation was speclalised to the case of a spheroidal bubble, and the
equations of motlon solved for some different charge masses and depths,
hoth with and without the effects of radiation of sound having been
included.
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By compar{son with the results obtained from Taylor's spherical
bubble model, it was shown that the spheroidal model retalned the
successful features of the spherical model, notably the prediction of
the bubble's oscillatory period, and reproduced, at least qualitatively,
notable features of a real bubble's behaviour, such its flattening near
lts flrst minlmun, and a slower rise time than that predicted by the
spherical model. After the first minimum, the bubble's shape was not as
well modelled by a spheroid; however, the results obtained at those
times were still superior to those from the spherical model, particu-
larly with respect to the rise time. For the case clted by Hicks
(1972), the spheroidal bubble model produced results which were In very
close agreement with experimental data. The spherical model was capable
of similar agreement only for a limited time and only with the addition
of a drag term. The spheroldal wodel's advantage arlses from its
reproduction of the height above the explosion site naturally, without
the addition of a drag term which must be determined from experimental
data for each case. Incidentally, because the spheroidal model ignored
hydrodynamic dray completely, and still reproduced the observed be-
haviour of the bubble, it scems likely that drag [s relatively uniapor-
tant in determining the bubble's motlon; 1t appears, rather, that the
shape of the bubble Is the single most important factor.

It appears that the spheroidal model predicted a greater loss of
eneryy in the bubble through the radiation of sound than the spherical
model. Thls was found *fo be most signiflcant when radiation reaction
terms were {ncluded in the radiative dissipation function. 1In contrast
to the spherical model, the effect of including radiation reaction teras
was to lacrease the energy loss.
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