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have boen illustrated. An example 18 worked out to demonstrate the application of the
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CHAPTER 1

INTRODUCTION

From the fracture mechanics standpoint, fatigue failure
of a metallic component results from the propagation of a
dominant crack to its critical size. Hence, the crack propa-
gation analysis is one of the major tasks in the design and
life prediction of fatigue-critical structures, such as air-
frames, gas turbine engine components, and helicopter struc-
tures, just to mention a few. Durability and damage tolerance
are two major design requirements for aircraft structures,
in which the prediction of fatigue crack growth damage accumu-
lation is one of the most important tasks [Refs. 1-6].

Experimental test results indicate that the fatigue
crack propagation involves considerable statistical varia-
bility. Such a variability should be taken into account
appropriately in the analysis and design of fatigue-critical
components. As a result, probabilistic approaches to deal
with the fatigue crack propagation have received considerable
attention recently, and some statistical models have been
proposed in the literature [e.g., Refs. 7-28].

Unfortunately, the statistical variability of the crack
growth rate seems to vary with respect to many parameters,

such as materials, amounts of load transfer in fastener holes,

types of specimens, magnitude of constant amplitude loads,
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types of spectrum loadings, ranges of crack size, environ-
mental conditions, etc. For instance, the crack growth rate
dispersion for specimens under constant amplitude loadings
differs from that under spectrum loadings. The variability
in crack growth damage accumulation for fastener hole speci-
mens with natural cracks (starting from time to crack ini-
tiation) differs also from that of preflawed specimens. For
practical analysis and design purposes, test results as close
to the service loading environments as possible are highly
desirable, and the statistical model should be established
based on the correlation with test data thus obtained.

From the standpoint of practical applications, any sto-
chastic model for the fatigue crack propagation should be as
simple as possible while maintaining a reasonable accuracy for
the prediction of the fatigue crack growth damage accumulation.
The purposes of this report are as follows: (i) to investigate
and examine simple stochastic models proposed in the literature
for practical applications, (ii) to propose several new
stochastic crack propagation models and to demonstrate
their wvalidity by correlating with extensive experimental
test results, (iii) to recommend a most appropriate stochastic
model for practical applications in aircraft structures, (iv)
to investigate factors affecting the accuracy of stochastic
crack propagation analysis, including the data processing
procedures for obtaining the crack growth rate data and the
number of fractographic data points for each specimen, (v) to

apply the recommended stochastic crack growth model to
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possible durability analysis of aircraft structures, and
(vi) to investigate possible applications to probabilistic
damage tolerance analysis as well as the fatigue reliability
analysis of non-redundant structural components under
scheduled inspection and repair maintenance.

On the basis of fracture mechanics, the stochastic crack
propagation model should be built upon the crack growth rate
descriptions. Hence the fracture mechanics parameters and

the model statistics should be estimated from available crack

growth rate data. Base-line crack growth rate data are ob-

tained from the measurements of crack size versus cycle (or §
flight hour) using various data reduction methods, such as i
the direct secant, modified secant, and 5, 7 and 9 point in- é
cremental polynomial methods. Unfortunately, different data g
processing procedures result in different statistical disper- i
sion for the crack growth rate data [e.g., 29-36). Further- %
more, bias in determining the crack growth rate parameters )

; STV

using the derived crack growth rate data may be induced by

A ey

unequal number of data points associated with each test

specimen. As a result, the effects of the data processing

procedure and the number of data points (measurements) for

o

each specimen on the overall probabilistic prediction of w
X

crack growth damage accumulation are investigated. 2
Metallic airframes contain thousands of fastener holes E

>

o

which are susceptible to fatigue cracking in service. The

o ST

.
-

accumulation of relatively small fatiqgue cracks in fastener

holes (e.g., 6.03" - 0.05") must be accounted for in the
’ .
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design of aircraft structures to assure that the structure
will be durable and can be economically maintained [2,4 and
5]. In this report an initial fatigue quality (IFQ) model,
based on stochastic crack growth and the equivalent initial
flaw size (EIFS) concept, is described and evaluated for the
durability analysis of relatively small fatigue cracks in
fastener holes (e.g. g 0.10"). Procedures and concepts are -
also described and evaluated for optimizing the equivalent
initial flaw size (EIFS) distribution parameters based on
pooled EIFS results. Fatigue crack growth results for 7475~
T7351 aluminum fastener holes under fighter and bomber load
spectra are used to evaluate the proposed IFQ model and model
calibration procedures. The cumulative distribution of crack
size at any given time and the cumulative distribution of the
time~-to-crack initiation (TTCI) at any given crack size are
predicted using the derived EIFS distribution and a stochas-
tic crack growth approach. Predictions compared well with
actual test results in the small crack size region. The
methods described are promising for durability analysis appli-
cation.

Based on a stochastic crack propagation model and the
distribution of the equivalent initial flaw size (EIFS), a
fatigue reliability anaivsis methodology is presented for
non-redundant structural components under scheduled inspec- g
tion and repair maintenance in service. Emphasis is placed
on the airframe components in which fastener holes are cri-

tical locations. The significant effect of the nondestruc-
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tive evalusition (NDE) system as well as the scheduled inspec-
tion maintenance on the fatigue reliability of structural
components is illustrated. A numerical example for the crack
praopagation in fastener holes of a F-16 lower wing skin is
presented to demonstrate the application of the developed
analysis methodology.

In Chapter 2 the validity and practicality of simple
stochastic crack growth models proposed in the literature
are investigated using extensive fatigue crack growth data
of fastener hole specimens. While the general lognormal
random process model has been proposed in the literature
[Refs. 16-21,25-26], the method of analysis has not been
established, and its advantage has not been demonstrated by
experimental test results. These tasks are accomplished in
Chapter 2. 1In Chapter 3, several new stochastic models
using the second moment approximation approach are proposed,
investigated, and verified by experimental test results

using fastener hole specimens. In Chapter 4 stochastic

™

crack growth behavior in center-cracked specimens are in-

Y

R

vestigated using various models studied in Chapters 2 and 3.

et
7

In Chapter 5 the effect of data processing procedures and

o
the required numbexr of fractographic readings for each ;g
specimen on the stochastic crack growth analysis results i
are investigated. Chapter 6 presents the applications of a kﬁ
recommended stochastic crack growth model to durability éﬁ
'.:4

analysis. Iu Chapter 7, possible applications of a recom=-

mended stochastic crack growth model to the fatigue




reliability analysis of structural components under scheduled
inspection and repair maintenance are presented. Conclusions

and recommendations are made in Chapter 8,

.....
A

fi

I N

e T et ataTaT AT WL A A ALY Wl T LR Sy Y AT



CHAPTER 2

STOCHASTIC MODELS FOR FATIGUE CRACK PROPAGATION

2.1 stochastic Crack Propagation Model

Various fatigue crack growth rate functions have been pro-
posed in the literature [e.g., Refs. 37-42]. These functions
can be represented by a general form

da(t)
dt

= L(AK,Km x,R,S,a) (1)

a

in which L (AX,K R,S,a) = a non-negative function, t = time

max
or cycle, a(t) = crack size at t, AK = stress intensity factor
range, Kmax = maximum stress intensity factor, R = stress
ratio, and S = maximum stress level in the loading spectrum.
Some commonly used crack growth rate functions, such as
Paris-Erdogan model [41], Forman model [42], and hyperbolic

sine model [16,25-26), are given in the following

da(t) _ _ n

- L = C(AK) (2)
da(t) _ c(Ak)™

g =L -= (1-R)K, - AK )
diﬁf) =1 = 10**{Clsinh[C2(logAK + C3)] + C4} (4)

in which #** represents the exponent and the arguments of L

have been omitted for brevity. In the above equation, C, n,
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Cl' Cas C3 and C4 are constants to be determined from base-
line crack propagation data.

For crack propagation in fastener holes under spectrum
loading, the following crack growth rate equation proposed

recently appears to be reasonable [Refs. 6,43-47],

da (t) _ b
T L = Qa (t) (5)

in which Q = CSSY: Cq b and Yy are constants depending
on the characteristics of the spectrum loading and the mate-
rials of fastener specimens.

The crack growth rate models described above are deter-
ministic in nature. 1In order to take into account the sta-
tistical variability of the crack growth rate, Eg. (1)
is randomized as follows [Refs. 16-211,

da(t)
dt

= X(t)L(AK,Km

ax,R,S,a) | (6)

in which the additional factor X(t) is a non-negative sta-
tionary stochastic process with a median value equal to unity.
Thus, the deterministic crack growth rate function given by
Eq. (1) represents the median crack growth rate behavior,

and the random process X(t) [Refs. 16-21] accounts for the
statistical variability of the crack growth rate.

To take into account the statistical variability of
fatigue crack growth damage accumulation, Bogdanoff and Kozin
[e.g., Refs. 10-13] have proposed that the crack size a(t)
is a discrete Markov chain. Such a stochastic process, how-
ever, is based on the crack size a(t) rather than the crack

growth rate da(t)/dt. Based on the stochastic crack growth
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rate model given by Eq. (6), Lin and Yang proposed that X(t)
followed a continuous Markov process [e.g., Refs. 18-20]. Fur-
ther, Yang et al. considered a special case in which X(t)=X is
a random variable for fastener hole specimens under spectrum
loadings [Refs. 21-26].

2.2 Fatigue Crack Growth Data in Fastener Holes

To show the statistical variability of the crack growth
damage accumulation, crack propagation time histories for five
data sets are shown in Figs, 1—5*. These test results were
obtained from fractographic data of 7475-T7351 aluminum fas-
tener hole specimens subjected to spectrum lcadings. The first
two data sets shown in Figs. 1-2 are referred to as WPB and
XWPB, respectively, in which the letters W, P and B indicate
that the specimens are drilled with a Winslow Spacematic drill
(W), using a proper drilling technique (P), and subjected to a
given B~1 bomber load spectrum (B). The additional symbol X
associated with the XWPB data set denotes the fasteners having
a 15% load transfer, whereas the WPB fasteners transfer no
load. Specimens for both data sets from Ref. 48 had a width

2.50 inches. BAll fastener holes were not intentionally
lawecd so that natural fatigue cracks were obtained and the
time-to-crack initiation varied from one specimen to another
[see Refs. 44-48].

The fractographic data have been censored to include
only those corner cracks propagating from 0.004 inch to 0.04
inche for the WPB data set and from 0.004 inch to 0.07 inch

for the XWPB data set. This censoring procedure is necessary

*
Fiqures and tables are located in the back of the report.

Y

R

. I!
o ¥
.

:

A W R
#Ve "o
S Y

-
-
L Iy

E.

- -

N A

»

SO0 [ RRRRREA



to normalize the data to zero life at 0,004 inch, and to ob-

+ain homogeneous data sets as shown in Figs. 1=-2. The resul-
ting WPB and XWPB data sets include 16 and 22 specimens, |
respectively. 1

Fastener hole specimens used in Ref. 48 were toO narrow
to acquire fatigue crack growth data, without significant edge }
effects included, for large fatigue cracks. "o generate frac-
tographic data for crack growth damage accumulation in the
large crack size region, General Dynamics/Fort Worth Division
recently fatigue tested eight dog-bone specimens of 7475-T7351
aluminum with a 3.0 inch width and a 0.375 inch thickness in
the test section. These tests were conducted to acquire natural
fatigue cracks in fastener holes greater than 0.60 inch. Each
specimen contained a €.25 inch nominal diameter straight-
bore center hole with a NAS6204 (0.25 inch diameter) steel
protruding head bolt installed with a "finger-tight" nut. All
fastener holes were drilled with a modified spaéematic drill
without deburring holes [see Ref. 28].

Four specimens were tested under a fighter spectrum,
referred to as the WWPF data set and four other specimens were
tested under a B-1 bomber spectrum, referred to as the WWPB
data set; the first letter W refers to a wide (i.e., 3.0
inch) specimen. Fastener holes were not intentionally pre-
flawed so that natural fatigue cracks could be obtained. The
fractographic data for each specimen in the WWPB and WWPF

data sets were normalized to a zero life at crack sizes of

0.008 inch and 0.017 inch , respectively, to obtain




homogeneous crack growth data bases, in which each specimen
starts with the same initial crack size. The normalized
crack growth results for the two data sets are presented

in Figs. 3 and 4.

Recently, 10 dog-bone specimens (7075-T7651 aluminum)
were fatigue tested in a 3.5% NaCl solution using a fighter
spectrum (hi-lo 400 hour block). Tests and fractographic
results were documented in Ref. 49. Test specimens were
2 inches wide and 0.3 inch thick in the test section and
included a center hole (open with a nominal diameter of
7/16 inch). All fastener holes were polished to obtain
at least 8 microinches finish in the bore of the hole to
minimize the effects of initial hole quality variation.

An environmental chamber containing 3.5% NaCl solution was
mounted on the test specimen. All spectrum fatigue tests

were run continuously until specimen failure or to a specified
time. Servo-controlled hydraulically actuated load frames
were used. Two different loading frequencies were used;

fast = 8,000 flight hours per 2 days and s}aw = 8,.00

flight hours per 16 days. A fractographic evaluatio. of the
largest fatigue crack for each specimen was performed to
determine the crack growth behavior in terms of crack size
versus flight hours.

Fastener holes were not intentionally preflawed in any
of the 10 specimens so that natural fatigue cracks could
be obtained, and the time~-to-crack-initiation varied from

one specimen to another. The fractographic data for each




specimen were normalized to.-a zero life at a crack length of
0.01 inch to obtain a homogeneous crack growth data base in
which each specimen starts with the same initial crack size.
The normalized crack growth results, presented in Fig. 5,
are referred to as the CWPF data set. It is observed
that the statistical dispersion of the crack growth damage
accumulation is very large; a typical phenomenon of
corrosion—-fatigue cracking in fastener holes.

For detailed descriptions of the geometries of test
specimens, loading spectra, fractographic readings of
crack sizes, crack geometries, etc., refer to References
6, 44-47 for the WPB and XWPB data sets, to Reference
28 for the WWPF and WWPB data sets, and to Reference 49

for the CWPF data set.

2.3 Lognormal Crack Growth Rate Model and Analysis Procedures

Since X(t) should be non-negative, it was proposed
to be a stationary lognormal random process by Yang,
et al. [Refs. 16-21]. The validity of the proposed log-
normal random process will be verified later. The lognormal
random process, X(t), is defined by the fact that it's
logarithm is a normal (or Gaussian) random process, i.e.,

Z(t) is a normal random proccess, where

Z(t) = log X(t) (7)

12




The stationary normal random process Z(t) is defined by :he
mean value M, and the autocorrelation function Rzz(T). The

autocorrelation function between Z(t) and Z(t+t) is given by
Rzz(T) = B[2(t)Z(t+T1)] (8)

in which E[ ] is the ensemble average of the bracketed

quantity. Because the process Z(t) is stationary, the auto-

correlation function Rzz(r) depends only on the time difference Tt.
The Fourier transform of the autocorrelation function,

denoted by ¢zz(w), is referred to as the power spectral

denSity, [eogo ? 50"51] ’

= Ty

_a [
'bzz(w) = 35 j Rzz('r)e (9)

- 00

in which i = /=1 and v = frequency in radians per second.

The mean value, s of Z2(t) is equal to the logarithm
of the median value, X, of X(t). Since the median value X
of X(t) is equal to unity, the mean value u, of Z(t) is

equal to zero, i.e., v, = log X = 0.0. Hence 2(t) is a

' stationary normal random process with zero mean, and it is

completely defined by the autocorrelation function Rzz(r).

,
“n

The standard deviation o, is a special case of RZZ(T), in

o

. t£

13

which ©t = 0, i.e.,
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o_ = V/R__1{0) (10)

Consider the fatigue crack propagation in fastener holes
subjected to spectrum loading, such that Eq. (5) applies,
i.e.,

da(t)

b
3¢ - = X(t)Qa~(t) (11)

Taking the logarithm of both sides of Eq. (l11), one obtains

Y =bU +q + Z(t) (12)
in which
Y = log diﬁf) r U= log a(t) ¢+ g = 1log Q (13)

The relationship between the log crack growth rate, Y =
log[da(t)/dt], and the log crack size, U = logla(t)], for
the test results shown in Figs. 1 to 5, are obtained herein
using the 5 point incremental polynomial method [e.g., 36,69]).
The results are presented in Figs. 6 to 10 by dots. 1In
Figs. 6 to 10 note that the test results scatter around a
straight line, indicating the validity of Egs. (5) and (11).
Crack growth rate data have also been derived from
Figs. 1 to 5 using the modified secant method (7,8]. How-
ever, the modified secant method is not recommended, because
it introduces larger statistical dispersion of the crack
growth rate than the five point incremental polynomial
method. This will be discussed later. It is important to
emphasize that the statistical dispersion of the crack growth

rate data depends not only on the inherent material crack

14
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resistant variability but is also influenced significantly by
the following factors; (i) the data reduction procedure used,
such as the secant method, the method of incremental polyno-
mial, etc., and (ii) the statistical error in crack size
measurements as well as the crack size measurement interval.
The results of such investigations along with other relevant
factors will be presented later.

Since 2 (t) at time (or cycle) t is a normal random
variable, it follows from Eq. (12) that the log crack growth
rate Y = loglda(t)/dt] is also a normal random variable,

conditional on a given crack size a(t). The mean value, y_,

y
and standard deviation, oy, of Y are given by
= bU + 14
My q (14)
oy =0, (15)

The crack growth rate parameters b and Q, as well as the
standard deviation, O, of Z(t), conditional on the crack
size a(t), can be obtained from the test results of the crack
growth rate versus the crack size using Eq. (12) and the
linear regression analysis [Refs. 17,21]. With the crack
growth rate data shown as dots in Figs. 6 to 10, the method
of linear regression is employed to estimate b, Q and o,-

The results are presented in Table 1. Also displayed in

Figs. 6-10 as straight lines are the mean values of the crack

growth rate Uy given by Eq. (14). Since Y and Z are normal

random variables, and Eq. (l2) is linear, the linear regres-




sion analysis is identical to the method of least-squares or

the method of maximum likelihood. : -
To show the validity of the lognormal crack growth rate ?
model, i.e., X(t) is a stationary lognormal random process

with a median of unity, it is necessary to demonstrate that Z (%) -

follows the normal distribution with zero mean, i.e., (;7’ L
%

Fz(t)(z) = pla(t) < z] = ¢(z/oz) (16) 7

in which ¢( ) is the standardized normal distribution func- is,
tion and o, has been estimated in Table 1. g

Sample values of Z(t), denoted by zj,‘are computed from

the sample values of Y and U, denoted by (yj,uj), using L

Eq. (12)
2y = ¥y - buj - q for j=1,2,...,n (17) i;;:
where b and q have been estimated by the linear regression §:
analysis in Table 1 and n is the total number of test data. o
Sample data, zj (jfl,Z,...,n), associated with Figs. ;%

6-10 are computed from Eq. (17) and plotted on the normal :;
probability paper in Figs. 11-15, where the sample values, ff
zj, are arranged in an ascending order, viz, z2; Sz, 2 . » é_
< 2z,. The distribution function corresponding to 25 is ) é:
j/(n+l). Hence, on the normal probability paper zj is :E
plottedagainst¢"l[j/(n+l)] with ¢-1( ) being the inverse ,f
standardized normal distribution function. A straight line g.
shown in Figs. 11-15 denotes the normal distribution for 2 .:
with ¢, being given in Table 1. It is observed that the E‘
ik

16 .




sample values of 2 scatter around the straight line, indicating

that the normal distribution is very reasonable.
Kolmogorov-Smirnov tests for goodness-of-fit [52,53] were

performed to determine the observed K-S statistics. The

results show that the normal distribution is acceptable at

least at a 20% level of significance for all data sets, in-

dicating an excellent fit for the normal distribution.

The crack growth rate da(t)/dt follows the lognormal

;
'y

E
i

distribution, and the coefficient of variation, denoted by V,

oy

¥

)
el

N

is related to o, through the following relation

vV =

(5,2n10) 2 1/2 )
[e - ] (18)

The coefficient of variation, V, of the crack growth rate

for WPB, XWPB, WWPF, WWPB and CWPF data sets are also shown

Experimental study of the measurement of crack propaga-

in Table 1. E
!

tion at microscopic level indicates that the fatigue crack o

propagates successively creating striations randomly spaced. L

A

It is suggested that the spacing of such striations is

somehow related to the rate of crack propagation. Consider-

v o o YT

able statistical dispersion of the spacing of striations has
been observed [Ref. 27]. Moreover, the striation spacings

are correlated and its correlation decays as the distance in
space increases [Ref. 27]. Thus, it is reasonable to assume

that the autocorrelation function RZZ(T) of the normal random

el " el ol Sh PN

process Z(t) is an exponentially decaying function of the time

difference, 1, i.e.,
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R, (1) = oi e~Eltl (19)

in which £-1 is the measure of the correlation distance for
2(t). |
The power spectral density ¢zz(m) corresponding to Eq.
(19) is obtained as
w

-1 2 _-g|t| _-iwt _ 2 2
¢zz(w) = 37 J OZ e e dt = m Gz (20)

-0

Both the autocorrelation function and the power spectral
density of Z(t) given by Egs. (19) and (20) are shown in
Fig. 16 for two values of £ I,

Within the class of random process Z(t) or X(t), two
extreme cases should be considered, because of mathematical
simplicity. At one extreme when £-+x, the autocorrelation

function becomes a Dirac delta function,

2
Rzz(T) = ozﬁ(r) (21)

indicating that the random process Z(t) or X(t) is totally
uncorrelated at any two time instants. Such a random process

is referred to as the white noise process.

At another extreme as £+0, the autocorrelation function

Rzz(r) becomes a constant, i.e.,

2
Rzz(t) = 0, (22)

indicating that the random process Z(t) or X(t) is totally
correlated at any two time instants. Hence Z(t) or X(t)

becomes a random variable, and the crack propagation model

is referred to as the lognormal random variable model.




In reality, the_stochastic behavior of crack propagation lies
between the two extreme cases described above.

Although the general lognormal random process model for
X(t) was proposed by Yang, et al. [Refs. 16-21], the analysis
and verification of the model using available data sets were
not carried out, because they found that the random variable
model is adequate for the fastener hole specimens subjgcted to
bomber or fighter loading spectra. In this réport, the

analysis of the general lognormal random process model is

performed using the method of Monte Carlo simulation. Further,

the correlation studies between such a model and the test

results are also conducted.

2.4 Lognormal Random Process Model

In the prediction of fatigue crack growth damage accumu-
lation in fastener holes, two statistical distributions are
most important: The distribution of the crack size a(t) at
any service time t, and the distribution of service life to
reach anygivehcrack size, including the critical crack size.

Integrating Eq. (11) from zero to t, one obtains

a
a(t) = 0 (23)

(1 - cQagA(t)Jl/C

in which a, = a(0) is the initial crack size and

c=b-1 (24)
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t
At) = [ X (1)dt (25)

0

When X(t) is either a lognormal random process or a log-
normal white noise, the distribution function of the crack
size, a(t), at any service time t is not amenable to analytical
solution. As a result, the method of Monte Carlo simulation
is used herein. The stationary Gaussian random process
Z(t) = log X(t), Eq. (7), can be simulated using the following

expression [e.g., Refs. 54-55]
M i(wkt+¢k)
Z(t) = /28w Re{ ] /4%, _Tw, ) w) e (26)
k=1

in which Re{ } represents the real part of the complex quantity
in the bracket, and ¢k (k=1,2,...,M) are statistically in-
dependent and identically distributed random variables with

the uniform distribution in 19,271}, i.e.,

£, (x) = %# for 0 < x < 27
(27)
= 0 elsewhere

where f¢ (x) is the probability density function of the ran-
k
dom variable ¢k (k=1,2,...,M). 1In Eg. (26), the power spectral

density ¢Zz(w) forw> 0 is evaluated at an equally spaced

interval Aw with w kaw > 0,

k=
The well-known Fast Fourier Transform (FFT) techniqgue

can be applied by letting
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Wy = kAw ' t = jAt and AwAt = 27 /M (28)

such that Eq. (26) becomes [54,55]

i¢ ijk 2n/M
k] o= } (29)

M
z2(jAt) = V28w Re{ ) [/IE;;TEKGT e
k=1

Thus, when applying the FFT technique, the stationary Gaussian
randoa process Z(t) is evaluated at equally spaced discrete
time points tj = jAt for j=1,2,...,M. The total number of
sample points, M, must be an integer power of 2 based on the
FFT algorithm.

Sanple functions of the crack size a(t) versus the
service time t can be simulated conveniently using the effi-
cient FFT technique. The Monte Carlo simulation procedures

are summarized in the following:

(i) simulate a sample function, say the jth sample

function, of stationary Gaussian random process

i

e

Zj(t) using Fq. (29) and the FFT techrique.

v

-

- e

(ii) Compute the corresponding sample function of the

stationary lognormal random process xj(t)

<Y g
N "‘j‘ Y )

Xi(t) = (10)**Zj(t) (30)

N

(iii) Compute the sample function Aj(t) as a function

P e E P B LRt

of time t using Eq. (25), i.e.,

t
Aj(t) = L) xj(r)dt (31)
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{iv)

(v)

(vi)

(vii)

Compute the sample function of the crack size
aj(t) as a function of time t using Eq. (23),
i.e.,

a

0
a,(t) = — : (32)
j [1- coagAj (£)11/¢

Repeat procedures (i) to (iv) for N times, i.e.,
j=1,2,...,N, to obtain N sample functions of the
crack size a(t) as a function of the service time
t.

Sample values of the random time, T(al), to reach
any specific crack size a is obtained from sample
functions a(t) versus t by drawin. “orizontal
line through the crack size a(t) = a, The gimu-
lated distribution function of T(al) is established
from the sample values thus obtained.

Ssample values of the crack size a(t) at any ser-
vice time 1 is obtained from sample functions of
a(t) versus t by drawing a vertical line through

t = 1, and the distribution function of a{1) i=

established from the corresponding sample values.

Lognormal White Noise Model

As described previously, the stationary Gaussian random

process Z(t) is a Gaussian white noise when its autocorre-

lation function is a Dirac delta function given by Egq. (21).

The corresponding power spectral density ¢zz(w) is constant,

i.e.,

22




R, (1) = 026(1) ; o, () = 0§/2w (33)

With the constant power spectral density as well as the

values of b, Q, and o_ given in Table 1, sample functions of

z
the crack growth damage accumulation a(t) for WPB and XWPB
fastener holes are simulated and presented in Figs. 17-18,

The folliowing conclusions are derived from a comparison
between the simulation results, Figs. 17-18, and the experimen-
tal test data given in Figs. 1-2, (i) The Gaussian white
noise model correlates very well with the experimental data
only for the mean (average) crack growth behavior, and (ii)
the model introduces very little statistically dispersion for
the crack growth damage accumulation. As a result, the Gaussian
white noise model is unconservative and unrealistic for en-
gineering applications. No further study will be made of this
model.

It is interesting to note that Virkler, Hillberry and
Goel [Refs. 7 - 8] have undertaken simulation studies of
fatigue crack propagation , which amount to the white noise
assumption, although the method of Monte Carlo simulation
they used is different from what is described above. They
also arrived at the same conclusions [Refs. 7 -8]. The fact
that the white noise model results in a small statistical
dispersion for the crack growth damage accumulation can be

shown in the following.

Equation (25) can be written as follows:

23




A(nat) = rf X(jAt) At (34)
j=1

Being a Gaussian white noise, %2(jAt) and Z(kAt) are statis-
tically independent for j # k. Hence, X(jAt) = (10)**Z(jAt)
and X(kAt) = (10)»*2(kAt) are also statistically indepen- :
dent. It follows from Eq. (34) that A(nAt) is the sum of
independent random variables X(jat) (j3=1,2,...,n),in which
each random variable has an identical median value (unity)
and standard deviation. By virtue of the central limit
theorem, the statistical dispersion of A(t) diminishes as n
increases, and hence A(t) approaches to the mean value. Then,
it follows from Eq. (23) that the statistical dispersion of

the crack growth damage accumulation a(t) is extremely

small.

2.6 Lognormal Random Variable Model

For the other extreme case in which £+0, the lognormal
random process X(t), or the normal random process 2(t),
is completely correlated at any two time instantgs. Under
this circumstance, the lognormal random process X(t) becomes
a lognormal random variable X,and the normal random process

Z(t) becomes a normal random variable Z, i.e., ‘
X(t) = X ' Z(t) = 2 (35)
where

z2 = log X (36)
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Such a model is referred to as the lognormal random variable model

and it has been investigated in Refs. 16, 17, 21, 25 and 26.
For the lognormal random variable model, the statisti-
cal distribution of the crack growth damage accumulation can

be derived analytically as follows.

Equation (11) is now simplified as

da(t) _ b

and the integration of Eg. (37) yields

)

[1-XcQta

a(t) = o) l/C (38)

0]
in which ag = a(0) is the initial crack size and ¢ = b - 1 is
given by Eq. (24).

Let zY be the y percentile of the normal random variable

Z. Then, it follows from Eg. (16) that
Y$ = P2 >ZY] =1 - ¢[zy/oz] (39)
or, conversely,

_ -1
z, = 0, 070 (1 - Y8) (40)

in which d)-l( ) is the inverse standardized normal distribu-

tion function.

The y percentile of the random variable X, denoted by xY,

follows from Eg. (36) as

x = (100 Y (41)
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and the vy percentile of the crack size, aY(t), at t flight

hours follows from Egs. (38) and (41) as

29
(42) '
[1--chQt:ag]1/c -

ay (t) =

Various y percentiles of the crack size aY(t) versus
flight hours t have been computed from Egs. (39)-(42), using

the parameter values given in Table 1 for the WPB, XWPB,

WWPF, WWPB and CWPF data sets. The results are presented in .
Figs. 19-23 in which the initial crack sizes, ag = a(0), for
each data set are, respectively,0.004, 0,004, 0.017, 0.008 %

and 0.01 inch. For example, the curve associated with y

e -

Ao
~

-

= 10 in these figures indicates that the probability is 10%

o e

..

that a specimen randomly chosen will have a crack growing

) T

faster than that shown by the curve. Another inter-

pretation is that on the average 10% of the total specimens

X

will have a crack growing faster than that indicated by the

10% curve, when the total number of specimens is large.

TN

Thus, the distribution function of the crack size, a(t),

as a function of sexrvice life t (flight hours) has been

TRy

established by Eqs. (39)-(42) and shown in Figs. 19-23. On

S

the basis of the lognormal random variable model, the dis-

‘ "

tribution of the crack size at any service time t, and the 2;
distribution of service life to reach any specific crack ’ 'ﬁ.
size, including the critical crack size, can be derived ﬁ.
analytically as follows: :
The distribution function of the lognormal random %
variable X is given by g
3
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Fx(x) = P{X < x] = ¢[log x/cz] (43)

in which o, has been obtained from the linear regression
analysis of the crack growth rate data shown in Table 1 for
various data sets.

The distribution function of the crack size, a(t), at
any service life, t, can be obtained from that of X given by
Eg. (43) through the transformation of Eq. (38). The results

are given as follows:

-C ~C
0 X

a
log| 4—--—
Pla(t) <x] = @ cQt (44)

(¢}
2

Fa(t)(x) =
Let T(al) be a random variable denoting the time to reach

any given crack size aj. Then T(al) can be obtained from

Eq. (38) by setting a(t) = a, and t = T(al), respectively,

i.e.,

_ 1 -c _ _.-C
T(al) = So%X [a0 a ] (45)

Thus, the distribution of T(al) can be obtained from that of
X given by Egqg. (43) through the transformation of Eq. (45).

The results can be expressed as follows:

_ =1 -aflo9 n
FT(al) (1) = P[T(a;) <1] = 1 ¢<——%;—) (46)
where
_ 1 -c _ _-C
n = gor lag a;"] (47)
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In the.durability analysis, the extent of cracking in a
structural component can be measured by the probability that
a crack size may exceed any specific value 31 at any point in
time T, referred to as the probability of crack exceedance.
The probability of crack exceedance, denoted by p(x;,1), is
the complement of the distribution function of the crack size .
a(t), i.e.,

p(xl,T) = P[a(r)>xll =1-F )(xl)

-c -c
ag ~ X )

log(
1-9 QT

g
2z

al(r

(48)

in which Eq. (44) has been used.

It is observed from Eqs. (44) and (48) that the distri-
bution functions of the crack size at any given number of
flight hours and the time to reach any specific crack size,
as well as the probability of crack exceedance derived above,
require only the crack growth rate parameters b and Q as well
as the model statistics o, They are determined from the
linear regression analysis of the crack growth rate data

presented in Table 1.

2,7 Correlation With Experimental Results

2.7.1 Lognormal Random Variable Model

Based on the lognormal random variable model, the

distribution of the crack size, a(t), as a function of flight
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hours, t, can be expressed in terms of various Yy percentiles.
The results for WPB, XWPB, WWPF, WWPB, and CWPF fastener
holes are shown in Figs. 19-23, respectively. A visual com-
parison between Figs. 1-5 and 19-23 indicates agood corre-
lation between experimental results and the lognormal random
variable model.

Using Egs. (46)-~(47) the distribution functions for the
random number of flight hours to reach various crack sizes
al are shown in Figs. 24-28 as solid curves for different
fastener holes (a1 = 0.01, 0.02 and 0.04 inch for WPB fas-
tener holes; a; = 0.008, 0.025, and 0.07 inch for XWPB
fastener holes; a; = 0.05, 0.15 and 0.51 inch for WWPF fas-
tener holes; a, = 0.025, 0.1 and 0.57 inch for WWPB fastener
holes; a; = 0.04, 0.08 and 0.35 inch for CWPF fastener
holes). The corresponding experimental results obtained
from Figs. 1-5 are plotted in Figs. 24-28 as circles. Fig-
ures 24-28 demonstrate a good correlation between the log-
normal random variable model (solid curves) and experimental
results.

The plot for the probability of crack exceedance is
referred to as the crack exceedance curve. The crack ex-
ceedance curves based on the statistical model, Eq. (48),
for various fastener holes at different service times
(flight hours) are shwon in Figs. 29-33 as solid curves.
Also shown in these figures as circles are the corresponding
test results obtained from Figs. 1-5. Again, the correlation
between the lognormal random variable model and the test
results is very good.
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In computing the crack growth rate data, da/dt, from

e TS

-
>3

the fractographic results, various data processing procedures

e

can be used. These include the secant method, the modified

x‘-
<
‘]-
5-5 i

secant method, and the 3, 5, 7 and 9 peoint incremental poly-

nomial methods [Refs. 7,8,29,34-36]. For the statistical

analysis of crack propagation, the incremental polynomial

method is considered superior to the secant or modified ‘
secant 'aethod, because the latter introduces additional dis-

persion into the crack growth rate data. Both the direct

segant and modified secant methods have been employed in the

théoretical model; however, the correlation with the ex-

perimental results is not as good as that presented above.

Further investigation will be made in later chapters.

‘The number of crack growth data measuraments during ex-
permental tests, i.e., the crack size a(t) versus the flight
hour t, usually is not equal for each specimen. Frequently,
more data points are measured for specimens with slower crack
growth rates than those with faster crack growth rates. Conse-
quently, more crack growth rate data associated with the slow
crack growth specimens would have been used in the regression
analysis to determine the crack crowth rate parameters b and
Q. As a result, the estimated parameter values of b and
Q tend to be biased to the slow crack growth damage
accumulation. This clearly violates the statistical implica-
tion that each specimen is statistically independent with the
same weight. To compensate for such an error, interpolations

have been conducted for fast crack growth specimens and
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additional crack growth rate data points have been added
artificially so that the number of crack growth rate data
points for each specimen is roughly the same. This approach
eliminates the estimation bias for the crack growth rate
parameters. This aspect will be discussed further in the

. following chapters.

2.7.2 General Lognormal Random Process Model

When X(t) is a stationary lognormal random pro-
cess with a median value. of unity, the process zZ(t) =
log X(t) is a stationary normal (Gaussian) random process
with zero mean and an autocorrelation function Rzz(T) given
by Eq. (19) or a power spectral density ¢zz(m) given by Eq.
(20). With such a stochastic model, the statistical distri-
bution of the crack growth damage accumulation is not amenable
to analytical solution. Hence, the method of Monte Carlo
simulation has been employed, and the simulation procedures

have been described previously.

s

For any general random process model, an additional para-

L

meter appearing in the autocorrelation function should be
estimated from the experimental test results. For instance,
the parameter E-l in Egs. (19) and (20), which is a measure
> of the correlation distance, referred to as the correlation
parameter, should be estimated. Estimating such a

correlation parameter is quite involved and may require many

[ARANY. - PAAAE

sample functions of the test results. Since the objective

herein is to investigate the ability of the proposed stochastic
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model in describing the statistical fatigue crack propagation
behavior, no effort is made to establish analysis procedures

for the determination of such a parameter.
-1

Different values of the correlation parameter, § —,

were used and the corresponding simulation results were ex-

amined. As expected, the statistical scatter of the crack .
growth damage accumulation increases as the correlation para-
meter, E—l, increases and vice versa. A value for the cor-
relation parameter, S-l, that results in a good correlation
with the experimental test results is chosen to demonstrate

the validity of the lognormal random process model.

The best parameter value, 5—1, associated with each data
set is shown in Table 2. Using the Monte Carlo simulation
procedures developed and described previously, and using
the power spectral density given by Eq. (20), sample functions
of the crack size a(t) versus the flight hour t have been
simulated, and some of these results are presented in Figs.
34-38. Although over 150 sample functions of a(t) have been
simulated for each case, only the first 50 sample functions are
depicted in these figures so that each figure will not be too
crowded. The total number of simulated sample functions for
each data set is given in Table 2. In the simulation process
using a FPT technique that is very efficient, the total number
of discrete points, M, for each sample function of a(t) is
2,048 with At = 60 flight hours except the CWPF data set in

which At = 20 flight hours (see Table 2.)
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It is observed that the simulated sample functions of
the crack growth damage accumulation a(t) presented in Figs.
34-38 closely resemble those of the experimental test results
given in Figs. 1-5. The simulation results for the distribu-
tion function, FT(al)(t)' of the random time, T(al), to reach
some specific crack sizes are presented in Figs., 39-43 as
solid curves (empirical distribution) for various data sets.
Also shown in these figures as stars are the experimental
test results obtained from Figs. 1-5. The prcbabilities of
crack exceedance at some specific service times are displayed
in Figs. 44-48 as solid curves, whereas the corresponding
test results for différent fastener holes obtained from Figs.
1-5 are shown as stars. Figures 39 to 48 show that the cor-

relation between the lognormal random process model and the

experimental results is excellent.
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CHAPTER 3

SETZOND MOMENT APPROXIMATION “

The most important statistics for a random variable such
as the crack size a(t), are a few lowest cumulants. Frequently,
the distribution function of a random variable is not amen-
able to analytical solution, but a few lowest cumulants
of such a random variable can be obtained easily. In
this case, the distribution may be approximated by
a particular function with an acceptable level of
accuracy when the few lowest cumulants are incorporated in
the particular distribution. Since the first two cumulants,

i.e., the mean value and standard deviation, of the crack

size a(t) at any service life t can be determined analytically,

]

‘¢
»

»

>

the distribution function of aft) will be .itted by different

T v

functions. Several possible distribution functions will be

AL

studied from which a most suitable one may be chosen for a(t).

v,
1a.

This approach is referred to as the second moment approximation.

*
P L

Again, the crack propagation in fastener holes is con-

LS

sidered such that the following crack growth rate equation

o e

holds, ;
:

datt) - x(t)n(a) = X(t)QaP(t) (49) 3

dt :

in which X(t) is a stationary lognormal random process and é
34 '
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L(a) = Qa°(t) . (50)

3.1 Cumulant - Neglect Closure

A random process, say W(t), can be described by its log-
characteristic functional which has a series expansion as

follows [Ref. 20]:

tn E{explilo(t)W(t)dt]} = ife(t)nllw(t)]dt

2
pY

A
b
1 JIJB(tl)e(tz)e(t3)K3[W(tl)'w(tz)'W(t3)]
. dtldtzdt3 F oveeve (51)

where E{ } = an ensemble average, i = v=1, «_[ ] = nth
cumulant of n random variables, each integratior extends
over the entire domain on which W(t) is defined, and 6 (t)
belongs to a set of functions for which all the integrals

on the right-hand side exist and the series converges. It
can be shown that the first cumulant is equal to the mean
and the second and third cumulants are equal to the second
and third central moments, respectively. In the special
case 06 (t) = zejG(t-tj) where ej are constants, a log-
characteristic functional becomes a log-characteristic func-
tion. 1In general, the number of terms in Eg. (51) is infinite,
in which case an approximation is obtained when the series

is truncated, or when cumulants higher than a given order are
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set to zero. This general scheme is called the curwulant-

neglect closure. However, retaining only the first cuinulant

is trivial since it reduces to the deterministic description

W(t) = E[W(t)]). The special case of Gaussian closure is

equivalent to'neélecting the third and higher cumulants and .
allowing the random process to assume any value in (~«,»),

Now, Eq. (49) can be simplified by a change of variable
[Ref. 20]:

w(t) = (52)

a(t) dv
I L(v)

i)

in which a; = a(0) is the initial crack size. Then Egq. (49)

becomes

P Qd i B

= X(t) (53)

>

aw(t)
dat

%7

N

1f Fa(t)(x) and Fw(t)(x) denote the distribution func-

tionc of a(t) and W(t), respectively, then it follows from

Eq. (52) that they are related through

ST v s
e L o

.

Fa(t)(x) = Fw[y(x)]

(54) i
¥ dv «“Q -
y(x) = J Iy (ao - x )/cQ T
a -
0 . t?
Hence, the distribution of a(t) can be derived once the dis- %2
tribution function of W(t) is obtained. ’ f;
iy
Integration of Eq. (53) from 0 to t yields i3
t
Wity = I X(t)dr (55)
O ,'o:..
i
g
3¢
E.
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It is obvious from Eq. (55) that W(t) is a stationary random
process, representing the integration of a stationary log-
normal rapdom process.

While the distribution function of W(t) is difficult to
obtain,'the cumulants of W(t) can be derived from that of
X{t) through the following relation

t t2

1
a0 (E)) Wity) oo we)] = [ ey [ Tar, L.
0 0

t

n
J Kn[X(Tl) 'X(Tz);s-¢,X(Tn)]dTn (56)
1]

The first cumulant Kl[W(t)] is the mean value given by

t
ny = EW(t)] = L E[(X(1)]dt = Uyt (57)

in which Uy is the mean value of the stationary lognormal
random process X(t).
The second cumulant K2[W(tl),w(t2)] at the same time

instant t1=t2=t is the variance E[{W(t)-uw}zl = o% given by

2 t[t
on = | LBt () -ug i ey

it
JO JO cov[X(Tl),X(rz)]d'rldr2 (58)

From the physical standpoint, the covariance function,

cov[x(rl),X(Tz)], of the crack growth rate should decrease

.....................................
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as the diffetence between two time instants Ty and T,
iucreases. Thus, an exponentially decaying function
is propoéed herein

-Cit,~1,]|
coviX(1,),X(1,)] = cf( e 1 2 (59)

1

in which Iy is the standard deviation of X(t), and ¢ — is

a constant, that is a measure of the correlation distance.
As c-1+0, the correlation distance approaches zero signifying
a white noise process for X(t). The solution for the white
white noise process, presented in the previous chapter,
is shown to be unreasonable. On the other hand, as c-l
+o X(t) is completely correlated and hence it is a random
variable. The solution for the random variable model has
been presented previously.

Substituting Eg. (59) into Eq. (58) and carrying out

the integration, one obtains

Oy = V2 (ox/c)[e-ct + It - 1]1/2 (60)

Thus, the mean value Hy and standard deviation Ow of the

stétionary random process W(t) are expressed in terms of the *
mean value, Uy the standard deviation, Oy and the correla-
tion parameter ¢ of the lognormal random process X(t), see
Egqs. (57) and (60). Botn My and Oy €an be determined from

experimental test results as follows.

Taking the logarithm of both sides of Eq. (49), one

obtains




Y = bU + g + Z2(t) (61)

in which
) Y = log 9%%§l ’ U = log a(t) , q= log Q (62)
. 2(t) = log X{(t) ' (63)

where 2(t) is a stationary Gaussian (or normal) random pro-
cess with zero mean, i.e., U, = 0, and standard deviation
0,. The crack growth rate parameters b and Q as well as the
standard deviation 0,4 Of Z(t) can be determined from the base-
line crack growth rate data using Eq. (61) and the linear
regression analysis as described previously.

From the properties of lognormal random variable, the
mean value, Myr and standard deviation, Oyr of X(t) are

related to g and 0, in the following [e.g., Refs. 52,53)

hy = exp[%— (ozﬂ,nlo)z] (64)

o (65)

[ (0,4n10) 2 ]1/2

x = ux e -

in which the property that By = 0 has been used.
Substituting Egs. (64) and (65) into Eqs. (57) and (60),

one obtains the mean value, s and standard deviation, e

of the stationary random process W(t) as follows

My = t exp[% (ozznlO)z] (66)




2
ot ., 121/2 (0,2n10)2 7172
o, = Y2le > trt=1) exp[%—(ozﬂ,nlmz] [e z -1]

W Z
(67)
The coefficient of variation of W(t), denoted by \/ is
given by .
' 2
- - ﬁ(e-ct.{.;t -1) 172 (Uzﬁ.nlO) ]1/2 .
Vi = w/v = 33 e -1 (68)

3.2 Gaussian Closure Approximation

As mentioned before, the log-characteristic ‘unction of
the random process W(t) can be expressed by an infinite
series involving all the cumulants as shown in Eq. (51).

An approximation can be made by a truncation of the series
or by setting all cumulants higher than a given order to
zero. This general scheme is referred to as the cumulant-
neglect closure [Ref. 20].

A special case of the cumulant-neglect closure is called
Gaussian closure, assuming that W(t) is a Gaussian (normal)
random variable, which is equivalent to neglecting the third
and higher order cumulants, and allowing W(t) to take values

in (-»,») [Ref. 20].

kY

With the Gaussian closure approximation, the distribu- . 2;

tion function, Fw(t)(x) = P[W(t) < x], of W(t) is given by E
I

X=Hy ?

FW(t) (x) = ¢ -—O_;J- ; -0 < X < ® (69) ’

in which Ui and 0y are given by Egs. (66) and (67), respec-

O

.

tively. The relation between the crack size a(t) and W(t)

‘l_

=
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is obtained by substituting'Eq.'(SO) into Eq. (52) and carry-

ing out the integration; with the results

W(t) = (Qc) tagS.- a™ (1)} (70)

: in which ¢ = b = 1./
Hence, the distribution function of the crack size a(t)
at any service life t can be obtained from that of W(t)

given by Eq. (54) as follows:

1

-1, -c -c
Fa(t)(x) = FW(t)[(Qc) (ao - X _)1

1 C

(Qc) “(az® - xC) - .
= & 0 LJ : =w<xX<® (71)

‘w

in which Eq. (69) has been used.

Equation (71) admits ali values for the crack size a(t),
including those values smaller than a,. To compensate the
error thus introduced, the crack size should be restricted
only to those values larger than ag, denoted by a*(t). The
distributimn function of the crack size a*(t) can be obtained

‘ through the normalization process as follows;

Fau(g) (¥) = Pla*(t)<x] = 1-Pla*(t)>x] = 1-Pla{t)>x|a(t)>a,]

_Plaw)oxd oy o tFae

=1 Pla(E)>a,] I=F, (¢) (@)




_fam® Fag @

(72)

Substitution of Eq. (71) into Eq. (72) yields

-1, -c -c -
. x) = lo (Qc) (ao -x ) My s _l:ﬂ
a*(t) Ow ow
-u
W
1l - o — (73)
-G e

Such a normalized distribution, Fa*(t)(X)’ is nearly equal

b
v
o

to the unnormalized one, )(x), except for very small t.

Fa(t

From an application point of view, the probability dis-
tribution Qf fatique life (or crack propagation life) is also
of great interest. Let T(al) be the random'time at which a
given crack size a; is reached. Since the event {T(a;} < t}
is the same as the event {a(t)>al}, the distribution func-

tion of T(a,), denoted by F (t), can be computed as
1 T(al)

follows

() =1 - NEW (74)

Fy (a) Far(t

in which the normalization procedure is used. Without

normalization, one obtains

FT(al)(t) =1 - Fa(t)(al) (75)

The probability that a crack size will exceed Xy at

any service time 1, referred to as the probability of crack
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exceedance, is given by

p(xl,1)==P[a*(1)>x1] =1 - Fa*(T)(xl) (76)

in which Fa*(r)(xl) is given by Eq. (73) with t and x being

replaced by T and Xq s respectively.

3.3 Weibull Appro.imation

The distribution function of the crack size a(t) has
been derived from that of W(t) in Eq. {54). While the
distribution of W(t) is unknown, the mean value Y and stan-
dard deviation Ow have been obtained in Egs. (66) and (67).
Moreover it is obvious from Eq. (52) that W(t) is a non-
negative random variable, since L(a) in Eq. (50) is a non-
negative function of the crack size a. Thus, various
distribution functions which are defined in the positive
domain, such as Weibull, lognormal, gamma, etc., will be
investigated for approximating that of W(t).

Instead of truncating the third and higher order cumu-
lants, the distribution of W(t) is approximated herein by the
Weibull distribution. Note that the higher order cumulants
of the Weibull random variable are not zero. Consequently,

the Weibull approximation implies that the higher order

cumulants of W(t) are approximated by those of the Weibull.

X
A

o g
A

Then, the distribution function of W(t) is given by

e

——
%

(x) =1 ~ exp{—(x/e)a} ; x >0 (77)

-
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—ra

in which a and B are the shape parameter and scale parameter,
respectively. Both a and B are related to the mean value,

My’ and coefficient of variation, V.

W’ of W(t) through the

following [Ref. 53]

_ 2, _ .2 1.]1/2 1 .
Vg = [T(l + 0‘) (1 + a)] //F(l + =) (78)
oy = BI(L + 3 (79)
W o
in which I'( ) is the gamma function. Thus, the shape para-
meter o is determined from Eq. (78) and then the scale
parameter 8 is computed from Eq. (79).

The distribution function of the crack size a(t) is
obtained from that of W(t) given by Eq. (77) through the
transformation of Eq. (70); with the results

-1 _ ~c __~C o .
Foqp) (¥) = 1-exp{-l(ay” -x ")/cQBl™} ;3 x2a, (80)
The distribution function of the propagacion life,
T(al), to reach any given crack size a; is equal to
l - Fa(t) (al)l lne.]
- - -c _ _~C o

FT(al)(t) exp{~1(a, x )/cQBl} (81)
and the probability of crack exceedance is given by

p(xy,1) =1 - Fa(T)(xl) (82)

It is important to note that both the distribution

functions of a(t) and T(al), given by Egs. (80)-(81), as well
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as the probability of crack exceedance, Eq. (82), are implicit
functions of the service life t. This is because o and B are
funciions of Vi and Uy See Egs. (78)~-(79), that in turn are

functions of t as given by Egs. (66)~-(68).

3.4 Lognormal Approximation

With the lognormal approximation, the distribution func-

tion of W(t) is expressed as

log x -~ p
Py ey (X) =9 W), xzo0 (83)
9109w -
in which ulogw and ologw are the mean valu=z and standard

deviation of logW, which are related to Uy and Vg in the

following [e.g., Refs., 52-53]

_ 2,.1/2
Orogw = 1n (L + V2112 /n10 (84)
il 85
ulogw = 4n ?I:;g;i77 4nlo (85)

where My and Vi are given by Eqs. (66) and (68), respectively.
Thus, the distribution functions of the crack size a(t)

at any service time t and the propagation life, T(al), to

reach any given crack size a; can be derived through Egs.

(54) and (B83) as follows

-C -c
10g(aO X 7) - logQc ulogw

Fa(t)(x) =9¢ : X>ag (86)

0logW
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and
The crack exceedance probability p(xl,T) is obtained from
Eg. (82) where Fa(t)(xl) is given by Eq. (86) with t and x

being replaced by T and X4 respectively.

3.5 Gamma Approximation

With the gamma approximation, the distribution func-

tion of W(t) is expressed as

Fw(t)(x) = y{(n,Ax)/T(n) (88)

in which y(n,Ax) is the incomplete gamma function, and T (n)

is the complete garma function given by

AX
Y(n,Ax) = f y"l 7Y gy (89)
0
T (- S e = I LR dy (90)
' 0
The -~ 7, 7 and A are related to the mean value,
Mg’ and coe ~f variation, VW' as follows [Ref. 53]:
n = l/V2 (91)
W
A = 1/(Viu) (92)
Wr'w
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where My and Vy are expressed in terms of O, and ¢ and t in
Egqs. (66) and (68), respectively.
The distribution function of the crack size a(t) at any

service time is obtained as

1l

Fu(e) (0 = YIn,A(e@) ™ (ag®

- -Cc
(ag” = x 7)I/T(m) ; x> a, (93)

and the distribution function of the propagation 1ife,T(a1),

to reach any given crack size ay is given by

FT(al)(t) =1 - Fa(t)(al) (94)
The probability of crack exceedance can be obtained from Eq.
(82) in which Fa(r)(xl) is given by Eq. (93) with t and x

being replaced by 1 and X respectively.

3.6 Correlation Between Second Moment Approximations and

Experimental Results

Unlike the general lognormal random process model in
which the correlation parameter E-l is a measure of the
correlation distance for the Gaussian random process Z(t),

1

the correlation parameter f - in the present case is a

measure of the correlation distance for the lognormal random

process X(t). Again, no effort is made to establish pro-

cedures for determining c-l from experimental results.

1

Hence, an appropriate value of ¢ — that results in the best

correlation with the experimental results is chosen by

scanning different values of c-l. It is found that within

et
.
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the same data set, the parameter value c-l providing the
best correlation varies slightly among various approximations.

1 for rach approximation

As a result, a suitable value of ¢
in each data set is shown in Table 3.
With the parameter values, b, Q, and Oy given in Table 1

! given in Table 3, the distribution

as well as the value of [
function, FT(al)(t), for the random time T(al) to reach any
specific crack size a., has been derived in Egqs. (74), (81),
(87) and (94) for various approximations. The results for
different fastener holes are presented in Figs. 49(a) to
53(a) as dotted and solid curves for Weibull and gamma
approximations, respectively. With Gaussian closure and
lognormal approximations, the results are presented in Figs.
4% (b)-53(b), respectively, by dotted and solid curves. Also
shown in these figures as circles are the experimental results
obtained from Figs. 1-5., Furthermore, based on various
approximations the corresponding probabilities of crack
exceedance, p(xl,T), at any specific service life, 1, are
depicted in Figs. 54-58 as dotted and solid curves. The
corresponding experimental results obtained from Figures
1-5 are shown in these figures as circles,

Figures 49 to 58 demonstrate that the correlations
between all the second moment approximations and the experi-

mental data are very satisfactory.
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CHAPTER 4

FATIGUE CRACK PROPAGATION IN CENTER-CRACKED SPECIMENS

So far, emphasis has been placed on the crack growth
damage accumulation in fastener holes subjected to spectrﬁm
loadings, which is the main subject of this report. It
should be emphésized that the statistical model for the
fatigve crack propagation given in Egqg. (6) is quite gen-
eral and it ¢an be applied to other materials, crack
geometries, fatigue loading, and environments. The log-
normal random variable model has been recently applied to
supar-alloys used in jet engine components, such as IN100,
Titanium, Waspaloy, etc., in high temperature environments
[Refs. 26-27]). All the test data studied in Refs. 16, 26~

27 were obtained using compact tension. specimens under

either constant-amplitude or spectrum loadings. The log-

normal random variable model was shown to be quite reasonable

for constant amplitude cyclic loadings. Likewise, it was

demonstrated that the statistical model can be used to P

ﬁ

X FS

predict the fatigue crack propagation under spectrum loading
. using the base~line constant-amplitude test results

[Refs. 26~-27].

pATes
".lj

¥

A literature survey has been made to investigate avail-

'-V{.

able fatigue crack propagation data. Unfortunately, most of

Ralle

the test results do not have enough replicates for a meaning-

-
A

ful statistical analysis as well as model varification, except
49
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one data set generated in Refs. 7 and 8. This data set,
consisting of crack grﬁwth damage accumulation in the large
crack size region, will be studied in this chapter.

Crack propagation experimental results of sixty-four
(64) center-cracked specimens, made of 2024-T3 aluminum and
subjected to a constant amplitude cyclic loading, wefe re-
ported in Refs. 7 and 8. The