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ROLE OF THE BCUNDARY CCNDITICNS IN THE FRCBLEM CF

THE LINEAR STABILITY OF THE SEDCV POINT BLAST SOLUTION

l. Introduction

A highly localized release of energy in an unbounded pressureless ideasl gas
pmediurm gives rise to an expanding spherical blast wave. 3Because of the absence
of a characteristic length scale in the problem, the resulting flow is self-
similar. It consists of a sheck followed by a rarefaction wave., If the density

-Q, where R

oy

cf the tacXground medium satisfies a power-law distribution (b ~R
is %he distance frcm “he hlast center), then the solution of the problem can bde
reduced %o quadratures. This analysis was carried out by Sedov (1946, 1959) and
independently %ty Taylor (1950) and Von Yeumann (154T7). The analogous implosion

sroblem was treatad Tty Guderley {(1942).

Jumerous wcrkers have investigated the stability of the Sedov point blast
scluticns. In its full generality the problem can be stated as follows: Given

a particular Zedcv solution, specified Ty the wralues cf 0 and the adiabatic

L2

index v, fer what wave numbers L, 2 does the deviation In the shock amplitude
asscciated with an iInfinitesimal per<urbaticn atout this sclution greow Jaster
<han <he sheck radius 3 as £ + =»? If no such wave numbers exist, the unper-
turbed point blast soluticn is stable. At present, a solution of this general

zreelerm i3 lacking. As we shall note, very faw results of any sort have been
& = ’

estaczlished terzwnd iistute.
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It is not trivial to demcnstrate the stability even of plarar shnocks, a

problem treated originally by D'yaxov (1954) and later bty Zrpernbeck (1962)., They

0 F S .EERV. v )

found that for a wide class of differing fluids (characterized bty different

equations of state), planar shcck waves proragating in a uniform medium are
stable. The thysical mechanism is easy to describe. A small ripple in the shock
front gives rise to divergence (respectively, convergence) in the curved porticns

ahead cf (behind) the main front. These regions teccme weaker (stronger) than

VN At s R

the unperturbed shock, hence propagate slower (faster) than average, thus

reducing the amplitude of the ripple. Evidently the lcnger the perturbation
. wavelength, the weaker the stabilizing effect of this mechanism, so by analogy
i w“ould expect 2 = O perturbations around the Sedov sclutions to be the most

i uns+table.

Wwhen variaticn of the density of the backgrcund zmedium is taken into
account, hcwever, this mechanism becomes obscure, For 2 > 3, the unperturbed
Sedov shocks accelerate with increasing radius. It is conceivable that the
rirples ahead of the shock can run away, while those benind fall further behind,
ileacding %o instability. Lerche and Vasyliunas (197€) and Isenverg (1577), who
“reated the case v * 1, have claimed that Sor some values ¢f y, 3edcv shocks are
unstable for 221 values of 2. Their conclusions are remarkable in predicting
instatility at sicrt wavelength {2 >> 1). YJewman (1979) nas disputed the

.

results, °n <he gZround that Lerche and Vasyliunas (1976) and Isen’erg {(1977)

impreoperly treated <he Zcundary conditions at the snheck front.
lernstain and 2ook (1580) studied %he stabilisy cf 2 resiricted class of the o

Sedcv sclutions, those in wnicha the velocity tehind the sheex is proporticrnal ¢

I3

ne iistance 3 Irom the origin (homwolcgous or uniform expansicn). This %yge of

clast wave was apparently first considered ty Primaxors {(see Ccurant and

- Triedricas L3k2), Ze found that for o = const., the point blast similarity

solution can te written explicitly in clcsed form when vy = T. Xeller (1358)

~

. - - . . o . » o o o . e -~ - ._'
denera’lized the resulls <o ncnunifcrz densities and fecund for each value of v > o B

(3]
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the value of @ for whick explicit soluticns with hcmologous velocity

distributions exist.

Bernstein and Book (1980) lineerized the fluid equations abou: the
Primakoff tlast sclution and applied the first-order Rankine-Hugcrniot equations
at the shock loceticn. The resulting eigenvalue problem reduces tc a guartic
equation for the stability index I', &1l of whose roots have negative real part.
They therefore concluded that this class of Sedov sclutions is stable,
contradicting the conclusion of Isenberg (1$977).

Subsequently Gaffet (198L) presented a refutation cf the work of Bernstein
and Bock (1980). His criticism of the latter focused or the neglect of the
entropy perturbetions arising at the shock front. This, he claimed, resulted
Irom an incorrect statement of the perturbed boundary conditions.

To clarify the matter, we rederive the resulis cf Bernstein and 3ocok (1980)
taxing into account both the corrected boundary conditions and the entropic
perturbetions. we find tha+t the solution of the eigenvalue protlem is the same
as that fcund previously, and the cenclusion that the modes ere statle remains

unchanged.

The plan of the paper Is as follows. We begin by summarizing the
followed by C'yakov (139SL) in treeting the planar shock rroblem,
vecause 2is characterization of the acoustic and entropic modes is instructive
The present case. Wwe then go through the revised treatment of the Primakof?f
tlast wave stability problem, using essentially the nctaticn of Bernstein and

Sock (198C). The rpaper concludes with a surmary of the results and briefly

explores thelr imppiications.

?
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2. Stability of Planar Shock Waves

O'yakov {1354) analyzed the stability of a planar shock prorpagating in the
Dcsitive x direction. He chose as his basic equations the adiatatic law
expressed in terms of the entropy s, Euler's equation, and an equation for th
pressure r. The latter, taken together with the adiatatic law, is equivalent to
toe continuity equation. The location of the shock front is perturbed by an

amcunt

=
~—

z =z, expli(x = wt)]. (1
All other perturted gquantities then are taken to vary as expli{ix +

zy)l. In the frame of the unperturbed shock, the linearized equations

(2v - w) 35 =

(3)

(v = ) §v + xVép

L]
O
e

1]
(@]
-
—
&=
~

(2v = ) 3v_ + L78p
J

where 7 = 0= i3 “he specifiz volume, o = (vp/o) is the steed of scund, and
Sirst-order fluiid juantities are distinguished with a 3. Trem IZg. {2) it follcews

=hat swe tyTes 3r sclutisns are zossitle .indicated respectively Sy (1) and 12)].

/=~
. N O - .
Tor syze (1, v - » = C, while 3s # 0, It fcllows frem Zas. (3) and (&) that
\
5p 7 =2, ard from Z3. 05) shas
AR TAY (1\
PO s L -
x3v + 18w =0 (6)
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(the condition for incompressibility), and the perturbed specific volume

(1) (1)

sV

= (BV/as)p §s is nonzero. Tkis is the "entroric" mode, which advects

entropy and vorticity perturbations away frem the perturbed shock.

The second type of solution of Eq. (2) satisfies £.v = w # C, while &s =
2

0. Multiplying Eg. (3) by k, Eg. (&) by %5, adding and using Eq. (5) o
(2) (2)

eliminate évx and §v , we obtain the acoustic dispersion relation:

Y

l
i (0 - 2v)% = (52 + 22)c% (7
} w 21) (x 22)c 7
i
X Te quantities Gvig), 6v§2), and 5p(2) are then related by any twe cf Zgs. (3)-
; {3), for example
14
{ (z2v - w) av(E) + kVép\2> = C, ()
E
/
(L.v - w) Gv(e) + 2 Vén‘2) = C. 8!
2 2 °F
r
(2}
2y virtue cf the vanishing of the perturbed enircpy 8§s ', we have
522 o _(c2/v2)v(?), (10)

he general solution of the perturbed equation consists of a superpcsition of

whe entroric and acoustic modes.

By expanding the Rankine-rugonict relations through terms in first order,

four boundary conditicns can be obtained. These are the condition that the

tangential component be continuous across the shock,




two conditions obtained frem the jump in the momentum normal tc the sheck and

frem the continuity equaticn, which D'yakov (1654) rewrites in the form

. - .= (1) L(2)
ov(l) . év(‘> T =v (Gp(2) ki + 8V ) (12)
2 -7 V-7
and
. (2) (1) (2)
v
219: . Gp . 8 + 8§V , (13)
v p- D v -v )

and an equation derived Irom the energy Jjump condition. Since for given ;, 7,
and T, P is a known function of V, D'yakov (1956€) takes this last conditicn in
the form

(2)

(A
= (3p/3V)} <5v(*) + av‘z‘), (14)

Sp 'y

i

where the subscript X stands fcr "Hugoniot." We have ccnsistently used zn

cverbar to indicate juantities ahead of the shock.

—

Iguations (€) and (3)-(

L) constitute a set of eight algebraic relations in

(1 2) 1) 1 2) 2 (2
the 21ight ccefficients 3V° ), SV( , Sv(‘ s Sv( ), Gv( Ty Gv( ) . Sp"), and 3.
X 7 < Vg
Tquazion (7)) is to te understced as a definiticn of 2, in terms of x and 2.
Z'saxov (1554; gces cn to analyze the dispersicn relation
A
-y
2, 2 2 w2 - -}
2uv ., 0 ) ' avy
-:f-(sz + =) = (= 2w -2 v) L +'-—-(——>3A (15) E;
T r2 rr vZ 3p - '

which fzllows, 2mrhasizing “he role of the Hugoniot curve ia determining =he

r 2f the perturtaticns. The interested reader is referred to that ager

-~ < 3 -
cr -he detalls.

d
:

[»>}
1Z

, B
.
.

.
¥
L

&
=
X
-
L
L




A dtn Ate S0 Bis ot Alachiacain e aaeta Rata i atinAbi Sl i Al el Suib Aa Sl Ao A AR 0 ¢ 4o ARSI W AR A0 Sl At tod A 0" Rl a4 ARRAAPL N B G el el g o oi St ol Ayl gt ol

3. Stability of the Primakoff Point Blast

For the saxe of brevity we will not go through the vwhole derivation and
sclution cf fluid equations linearized arcund the Primakoff-Sedov solutions. In
this section we will refer tc Bernstein andé Book (198C) and o equations
contained in it by using the abbreviaticn "BR." Excert as noted, the notation
here is that same as in BB.

The corrsct forms for the lagrangian perturbed density o and pressure 7K

exzressed in terms of the infinitesinal displacement £(R,%) of an element of
en g

fluid whose unperturbed trajectory is R (r,t), are

o, = o{=Vy + & +x) (1€)
anc
L. = pl=y 7, ¢ 5 + 1), (17)

1

wnere « and A are time-independent guantities which were <aken equal %o zero in

33. Substituting (1€) and (17, in the perturbed equation of moticn then yields

L]
-2 iy = 1) + 2 2-v v
w,\f‘\Y iy S‘I'V'i-lr V(rV'E)-(V)':‘ {18)
\Y] ——— — v A% ——— —— -
1l 2ev )
= clk r == "7V (A,
-— Vv

where v = 2 for the cylindrical case and v = 3 for the spherical case. The

sclution of 3g. (1&) may be written as the sum of a particular and a hcmogenescus

v

solution:

~
tY
1]
—

7
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)
% = S

where the harmonic dependence of the sclution is contained in H($) = exp(im 4)

-4
< (v=2) cr H(9,8) = ¥  (9,s) (v=3). Ncte that the definition of 3 here 4

IS ay .
- Yo iffers _
. slightly from *hat in 3B. "
: .
1..

Since

- L) _l LR - :‘
- (£2) = g Foeg (g-1) P2 £ (20) -
- =
4 ~

we have *y virtue of 3B(2.22) and (2.24) .

.4 .,
e

-

R NCS

"
]
) =
ty
w
-
—_—
n
!J
X
‘ -

. where

g [2(8-1) -

_ | »
viy=1) < é

~
—~
<

{
'-I

o ol Sl

. .
. - - .l b
~ va zew ITg. 3B(2.14) y
-, l;
’ 1 I
fieadla+r Ligeu o) atln=2 2s) ]
-~ - RS- 5 < < eps - = -
Srcm =he r-ccmponent of (13!, and an equaticn identical with 3B(3.15) by takin
b

subtracting the seccnd, we cbtain the eguivalent Tut sixzpler relation 91

v, } “ . ! 4 \
\ Cg S +a) + 0y o= 1) la+u=1)a=~12 =2, 125 :
2 .
wnere \ = 7 forou o= 2 oand N =l 1+l Ior v o= Z.
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The "particular" soluticns of Eq. (18), which evidently correspond %o

D'yakov's entropic mode, depend on time as f(+). Assuming

we can write

'ea ]
n
-
"
H
m
o
0
-

r

(P) . \

rv .g = Br fH, (30)

~—

where K, L, A and 3 are constants. Then substitution In the r-component and s
1'.'\:
divergence of (18) yields two relations satisfied by he particular sclution, 'Ea
X
; 1. .
8 +1)a-3+K==(8+v=-1)(L-v3) (31) w0
;'Q
and lﬁ‘
]
-.9
.
0
’ . -y rr 4\ ) l [( .,\2 r -~ —‘.‘
(3 e oy - 1) x\5+-/A-..,+K]=;.\<S+\J—-,-A](..-aB)*-AA. (32)
n

Multipiying (210 bty § + v - 1 and substraciing, we are l2ft with

L = vA + y3 (33)
120 = I, substitution in (32) then ryields
¥ = (v-2)a-+ 2. (2L)

4

-

l}}

9 E:::
L3




(3.36)] as

Taxing into account the additional terms arising from « and A in Zgs.
and (17), we can rewrite the first-order Rankine-Hugoniot relations [BB(3.34 -

(16)

.: +l
2
E*) + xsf

(36)

~yra +v (g = Er) + Asf

L]
Lo ss V.
- =L+ q g, (37)
Gy + 1) p
y = 1
‘o . . 2 .
where g =7 « 5, with all expressicns evaluated at r = s £ s 1.2., on the
—
sheccx frent. I we write
-1
N 1 >— +38 (38)
Z =128 f‘:x H,
Y =1
s ot 8 (39)
tV,‘ =c¢cs ¢ =,
’ \
. . - hol h
and substitute I = 5‘*) + 5( /
— Ay

WY

7)., we find
Y ; =+ 03
4 o a - <
(v ~2)a +b+ (g =y +2)zls* & =
Y - ]
e
" 5 .3 L
(K = (v =2) 4 -3]5s ¢ ; (L0)
-\ )
- vy = 1) + 2 = A, £y
(8‘l)a+u+ Y + 1 c = vy N Py
10
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{va + yb + (g - v)z =

(L - vA -yB) s £ . (k2)

But Egs. (33) and (34) imply that the right hand sides of (L40) and (42) vanish.
™us all the coefficients associated with the particular solution (i.e., the
entropic mode) cancel out. We are left with three equations which, are identical

with those found in BB. These yield the boundary conditicn

28a + {y - 1) b = 0. (43)

b Equations (25), (2€), and (43) constitute three simultaneous expressions for -

a/b. ZEquating these, we can solve for a, 8, and p as before, obtaining the same

[ guartic and hence the same values for the stability index

r=2lly -1 a-y-1l+8. (1b)

The arguments presented here must be modified slightly to treat the case A =0,

but the result is the same as that found by taking the limit A + O in BB(L4.8) and

LB e 4

(4,23), which are analytic in A.

o
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k. Discussion

AN OGS

We have seen that there are indeed terms in the corrected analysis which

LI )
S
P

/

¢

correspond to D'yakov's (1954) entropic mode, tut they drop out of the problem

and do not alter our earlier result. Gaffet (1984) was correct in pointing cut

w
-l

ii the term corresponding to A # O in Eq. (17) for the pressure, but he failed to

ii note the analcgous term in Eq. (16) for the density. The parallel with D'yakov's .
E? (1954) analysis of the planar-shock (section 2) is not complete; D'yakov found a

E: nonvanishing SV(I) (whence Sp(l) # 0), but ép(l) = 0. We note that in our

analysis the entropic mode has the same time dependence ~f(t) as the unperturbed
shock., Hence the density contrast ¢ satisfies dcx/dt = O, whereas in the planar

case [by virtue of the incompressibility condition, Eq. (6)] it is the perturted

3
density of the entropic mode which satisfies i, iR - 2.v) p(*)

dt 2 = 0.

.« ..
N
LT

DR

¢

Bernstein and Book (1580) made no use of the tangential velocity conditicn

Lo

aralogous to Eq. (11). In our notation this can te shown to take the form

e % e
LM T}

«

x—é-d-vx7;=0, ()45) .

n
- - .

~

where 1 is the normal to the unperturted shock. Gaffet (1384) also noted that
<he perturbaticn £ Sfcund by 2ernstein and Bcok {1580) dces not vanish at the
shock front, as it should. We readily see that Zq. (45), together with

£ =29 (46)

at the shock front, Jjust suffice te establish the connection between

a, b and A, B, i.e., to determine <the coefficients or the entrocpic part 2f the
scluticn and %the exponent §, which turns cut %o satis?y
5 =3 +23/(y=-1). LT

PSS
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The analysis presented by Bernstein and Book (1980) and here is restricted to
the discrete modes, another point which Gaffet (198L) criticized. Although it is

conceivable that the continuum modes (which are associated with the initiel

conditions) could give rise to instability, we believe this is unlikely.

Certainly most conventional problems of the stability of ideal fluids in finite

geometlry can be treated in terms of the normal modes only.
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