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ROLE OF TU BCUNDA.RY CCNDITICNS IN TfH FROBLE4 OF

_TE LINEAR STABILITY OF TIM SEDOV POINT BLAST SOLUTION

1. Introduction

A highly localized release of energy in an unbounded pressureless ideal gas

medium gives rise to an expanding spherical blast wave. Because of the absence

of a characteristic length scale in the problem, the resulting flow is self'-

similar. :t consists of a shock followed by a rarefaction 'wave. If the density

cf the background medium satisfies a power-law distribution ( - R~ , where R

is the distance from the blast center), then the solution of the problem can be

reduced to cuadratures. This analysis was carried out by Sedov (i946, 1959) and

independently by Taylor (1950) and Von 'Teumann (!947). The analogous implosion

:rcblem -was treated by CGderley (1942).

Numerous workers have investigated the stability of the Sedov point blast

s _7n its fulil enerality the problem can be stated as follows: Given

a ;articular Sedcv solution, specified by the vaues of 2 and the adiabatic

index Y, for what wave numbers Z, = does the deviation in the shock aplitude

*asscciated a n infinitesimal pe-urbation about this solution grow faster

than -he shock radius S as S : ? -f no such wave numbers exist, the ;nper-

turbed toint blast solution is stable. At present, a solution of this general

proble= :s _acking. As we shall note, rery few results of any sort have been

establioshned zce:nd 4isrute.

Manuscript approved M[arcn '0, ,986.
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It is not trivial to demonstrate the stability even of planar shocks, a

problem treated originally by D'yakov (1954) and later by Erpenbeck (1962). They

found that for a wide class of differing fluids (characterized by different

equations of state), planar shock wares propagating in a uniform medium are

stable. The physical mechanism is easy to describe. A small ripple in the shock

front gives rise to divergence (respectively, convergence) in the cured portions

ahead of (behind) the main front. These regions become weaker (stronger) than

the unper-urbed shock, hence propagate slower (faster) than average, thus

reducing the amplitude of the ripple. Evidently the longer the perturbation

wavelength, the weaker the stabilizing effect of this mechanism, so by analog we

would expect 1 0 perturbations around the Sedov solutions to be the most

unstable.

When variation of the density of the background medium is taken into

account, however, this mechanism becomes obscure. For 2 > 3, the unperturbed

Sedov shocks accelerate with increasing radius. it is conceivable that the

ripples ahead of the shock can run away, while those behind fall further behind, W

leading to instability. Lerche and Vasyliunas (1976) and :senberg (1977), who

treated the case y :t 1, 'have claimed that for some values of y, Sedov shocks are

unstable for a:l values of 1. Their conclusions are remarkable in predicting

instailty at sacrt avelengh (Z >> 1). Newman (1979) has disputed the

results, on the ground trnat erzhe and Vasyliunas (1976) and 7sen erg (177) .J
improperly treated the bcundaz-r conditions at the shock front.

Bernstein and 3ook "1380) studied the stability of a restricted zlass of the

Sedcv solutions, those in which the velocity behind the shock is propo--ional to

tne distance R from the origin (homologous or uniform expansion). This ty-e of

blast -wave vas a:;arentiy first considered by Primakoff (see Ccurant and

Friedrizrs Z>&. 'e found that for o = const., the point blast similarity

solution can be w-itten expli citly in closed form when y = 7. eller (1156)

general-zed the reslts to ncnun:'- densities and found for each va";lue of y > 1



the value of P. for which explicit solutions with hcmologous velocity

distributions exist.

Bernstein and Book (1980) linearized the fluid equations about the

Primakoff blast solution and applied the first-order Rankine-Eugcriot equations

at the shock location. The resulting eigenvalue problem reduces to a quartic ;-

equation for the stability index r, all of whose roots have negative real part.

They therefore concluded that this class of Sedov solutions is stable,

contradicting the conclusion of Isenberg (1977).

Subsequent!l- Gaffet (!98h) presented a refutation cf the work of Bernstein

and Book (1980). His criticism of the latter focused on the neglect of the -i

entropy perturbations arising at the shock front. This, he claimed, resulted

from an incorrect statement of the perturbed boundary conditions.

To clarify the matter, we rederive the results of Bernstein and Book (1980),

taking into account both the corrected boundar conditions and the entropic

perturbations. We find that the solution of the eigenvalue problem is the same

as that found nreviously, and the conclusion that the modes are stable remains

unchanged.

The plan of the paper is as follows. We begin by summarizing the

followed by :'yakov ',95h) in treating the planar shock problem,

because his characterization of the acoustic and entropic modes is instructive

he present case. We then go through the revised treatment of the Primakoff

blast wave stabilit-y problem, using essentially the notatior of Bernstein and

3ook f1980). The paper concludes with a su.ma-y of the results and briefly

explores their irplizations.

3
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2. Stability of Planar Shock Waves

Z'yakov (1954) analyzed the stability of a planar shock propagating in the

positive x direction. He chose as his basic equations the adiabatic law

expressed in terms of the entropy s, Euler's equation, and an equation for the

pressure p. The latter, taken together with the adiabatic law, is equivalent to

the continuity equation. The location of the shock front is pertarbed by an

amount

= o ex'[i(kx - wt)]. (2

All other perturbed quantities then are taken to va'ry as exp[i(kx +

Zy)!. -n the f±rame of rhe unperturbed shock, the linearized equations

assume the form

(Zv - ) s = C ; (2)

(Zv - ') Sv + = C; (3)
x

(Zv - a) v L'ASD = 0; (h)

(Zy - , ) Sp + Oc 2 (kSv x  ZYv ..C (

'where V = - is the specifi: vo'u,me, = (yp/ ),1 2 is the speed of scund, and

first--r-er.__ :uantities -re distinguished .w.th a S. FrCm 7a. ... it lcws

-- at t.wc t:es of scluiins are ossible [indicated respectivegr by $2 a.nd 1 ,2)1.

F:r ty-e (2 Zv - , = C, while Ss 0. . it fcllows from :as. ,3) and (L) that

Sp = , and frzm Eq. '5) that

k : ' + y.,' : = : 6
4.

4""
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('he condition for incompressibility), and the perturbed specific volume

SV(l) = (aV/as) p s(  is nonzero. This is the "entropic" mode, which advects

entropy and vorticity perturbations away from the perturbed shock.

(2)The second type of solution of Eq. (2) satisfies Z2 -w 0 , while 6s

0. Multiplying Err. (3) by k, Eq. (4) by Z2 adding and using Eq. (5) to

elmiat (2 )  v (2 )

eliminate 6v and v , we obtain the acoustic dispersion relation:x y -

- 2 = + 2

tv(2) ZV(2) +(2)

he quantities x ( (2, and ) are then related by ar -two of Ecs. (

(5), for example

- ) 6v (2) (2) C

(Z2v -W) 6v(2) + 2V 2 = . (!
2y -

(2(

3y virtue of the vanishing of the perturbed entropy Ss , we have

Sp(2) 2/V 2 ) 6 V ( 2 ) .

The general solution of the perturbed equation consists of a superpcsition of

the entropic and acoustic modes.

By expanding the Rankine-Hugonict relations through terms in first order,

four bounda.- conditions can be obtained. These are the condition that the

tangential component be continuous across the shock,

v + 5v = ikCv - v), -,)x x

5
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n~. two conditions obtained frcm the jump in the momentum normal to the shock and

from the continuity equation, which D'yakov (1954) rewrites in the form

-(1) (2)
(1)+ (2) 6v-v (n(2) + I + (12)=v + 6 (12)

YY2 - v-I

and

2in sp(2) sv(1) + v(2) (13) -

p- -v

and an equation derived from the energy jump condition. Since for given v, 7,

and p, p is a known function of V, D'yakov (1956) takes this last condition :n

the form

s(2) = . 1(l ) + 6V ),()

rhere the subscript stands for "Hugoniot." We have ccr.sistenty used an

overbar to indicate ;uantities ahead of the shock.

Equations (6) and (8)-(14) constitute a set of eight algebraic relations in
(1) v(2), (I, s (I), 6v (2), S (2) '2),

the eight zcefficients s , ( (v S2 ( , 5p and

Equation (7) is tc be understood as a definiticn of Z2 in te.s of and 2.

'yrakov !954 gces on to analyze the dispersion relation

2 . 2 + 2 -_ Z),J. + _' --:.v (15)
7 -2  +,,-2 v2  ;4p

wh c h- f -s ernhasizing the role of the -ugon'ot curve in determining the

stabilityr of -he -oerturbations. The interested reader is referred to that tacer

f7r -.he detall.

6
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3. Stability of the Primakoff Point Blast

For the sake of brevity we will not go through the whole derivation and

solution cf fluid equations linearized around the .ri . "off-Sedov solutions. in

this section we ;i. refer to Bernstein and Book (198C) and to equations

contained in it by using the abbreviation "BB." Except as noted, The notation

here is that same as in BB.

The correct forms for the Lagrangian perturbed density p. and pressure rI

expressed in terms of the infinitesinal displacement (R,t) of an element of

fluid whose unperturbed trajectory is R (r,t), are

and

= -Y . x). (,)

where < and X are time-independent quantities which were taken equal to zero in

3B. Substituting (16) and (17) in the perturbed equation of motion then yields

-2 ' 1( - i) + 2 + - --¥ r2- rV7  r- r- • - -(• ( - '£
2,-v7

= f[ r - r 2-v7 kr)].
-V

where v = 2 for the cylindrical case and v = 3 for the soherical case. The

sclution of Eq. (1) may be written as the sum of a particular and a homogeneous

solution:

X(-) -h)19)

(X - (r)f + x (r) = (x'-f + x19) ,, ),

7 . .1
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where the harmcnic dependence of the sclution is contained in H(t) = exp(ir t)
%

(v=2) or H(9, ) Y (00) (v=3). Note that the definition of 3 here difffersLm

slightly from that in 3B.

Since

( = S. F + a (8-:) F

we have by virtue of 3B(2.2') and (2.24)

-2 ,v(y-l) + 2 ( =

.;-ere
,. S 2(8-I) - v(¥-i2 2

x(In. ) =ar (22)

r 7 • ( = Xr (h (2 4 )

;e get Ec. 2B(2.1 L)

a, " , a a . ) - -, - - -=25)

from -he r-cccnent of '., and an equatior identZical " _h BB(3.15i by taking

the livergence c . _3). tipl-ing the first :f these cy a 4- v - _ amd

subtracting the second, -we obtain the eq:iva ent out si. =er relation

A (', a - ; , ) - .l - "(2-"

"- ,here A = I 'c 3nd A = fcrZ fo =

°5.



The "particular" soluticns of Eq. (18), which evidently correspond to

D'yakov's entropic mode, depend on time as f(t). Assuming

6-iS

= K H, (27)

+ L r H, (28)

-'p

we can write

r A rH, (29)

r Br° -Br.fH, (30)

where K, I, A and B are constants. Then substitution in the r-comnonent and

divergence of '-) yields two relations satisfied by the particular sclution,

22

(6 *i i) A - 3 + K = - (6 + v _ !) (L - yEB) (3:) -.

, ,-2 )( 5 1)A- 3 +!)A [( - Al ( aB) + AA. (32)

-_- ---n 132, by 5 + v - and substracting, we are left with

L A = A + yB (23)

A ,' sustiutin 3,,-) then yields

K v -2)A-B. (k)

9



Taking into account the additional terms arising from < and A in Eqs. (16)

". and (17), we can rewrite the first-order Rankine-Hugoniot relations [BB(3,3h-

*. (3.36)] as

2 .-

-ra + (v-2) (+ - ) 2 q; (35)

2tV.
+ 2(-. ;1 (36)

:LZ~ + 4 S S V.r

-'r (y-l).- ~ 2 = y + 1) , I(3.

2 ir-Ya+V+X, L (37)--

r -+ 1)"

y-
2

'here a : 7 • , with all exnressicns evaluated at r =s f i.e., on the

shcck frcnt, if we write

.- (38)
'.. z a ,a 2 + ,.)

yV s~' -1! (""

+ (39)

- v 2a a 2 ~
') (h/ -and substiru-te + = _ - n -_as. (35) (37- , we find

+

-K 2) A -31 s3 (0)

a- a + ,z -2 ' 4!" -)
y +

10
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{va + yb + (q - V)z - 2[v(y-l)+21 } 2 ,
y+1

6 2
Y"I 1...

(L - VA - yB) s 2 (42)

But Eqs. (33) and (34) imply that the right hand sides of (40) and (42) vanish.

Thus all the coefficients associated with the particular solution (i.e., the

entropic mode) cancel out. We are left with three equations which, are identical

with those found in BB. These yield the boundary condition

28a + (y -1) b 0. (43)

Equations (25), (26), and (43) constitute three simultaneous expressions for -

a/b. Equating these, we car. solve for a, 8, and u as before, obtaining the same

quartic and hence the same values for the stability index

r [(y  - ) a y - ]+ .(44) ..

The arguments presented here must be modified slightly to treat the case A = 0,

but the result is the same as that found by taking the limit A * 0 in BB(4.8) and

(4.13), which are analytic in A.

11N



. Discussion

We have seen that there are indeed terms in the corrected analysis which

correspond to D'yakov's (1954) entropic mode, but they drop out of the problem

and do not alter our earlier result. Gaffet (1984) was correct in pointing cut

the term corresponding to X * 0 in Eq. (17) for the pressure, but he failed to

note the analcgous term in Eq. (16) for the density. The parallel with D'yakov's

(1954) analysis of the planar-shock (section 2) is not complete; D'yakov found a

nonvanishing SV (whence SP * 0), but p = 0. We note that in our

analysis the entropic mode has the same time dependence -f(t) as the unperturbed

shock. Hence the density contrast K satisfies dK/dt = 0, whereas in the planar

case [by virtue of the incompressibility condition, Eq. (6)] it is the perturbed
d (1) (')

density of the entropic mode which satisfies - = i( - Z2 v) = 0.

Bernstein and Book (1980) made no use of the tangential velocity condition

analogous to Eq. (11). Ln our notation this can be shown to take the form

n x + v x = 0, (45)

-where n is the normal to the unperturbed shock. Gaffet (1384) also noted that
the perturbation found by Bernstein and Book (1980) does not vanish at the

shock front, as it should. We readily see that Ec. (45), together vith

0 (46)

at the shock front, Just suffice to establish the connection between

a, b and A, B, i.e., to determine the coefficients of the entropic part of the

solution and the exponent 5, which turns out to satisf-

S= + 2S/(y-I.

12
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The analysis presented by Bernstein and Book (1980) and here is restricted to

the discrete modes, another point which Gaffet (198h) criticized. Although it is

conceivable that the continuum modes (which are associated with the initial

conditions) could give rise to instability, we believe this is unlikely.

Certainly most conventional problems of the stability of ideal fluids in finite

geome-try can be treated in terms of the normal modes only.

13
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