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SUMMARY

We compare a number of advanced antenna array and time series signal
processing techniques which either utilise singular value decomposition,

or may be profitably interpreted in terms of it. Computer simulations
f of these techniques acting on spatic-temporal data from linear, conformal
circular and focal plane arrays are presented and discussed. Means of
introducing prior knowledge are described, and lead to the suggestion of
a computationally efficient processing approach. We have made extensive
use of a sequential processing strategy for multiple domain data and show
by example that this potentially allows both detection and classification
of additional emitters.
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1. INTRODUCTION

The numarical technique known as singuiar value decomgositior (SVD) is
presented here as a valuable tool for many signal processing applications A
description is given of a number of spectral analysis techniques whict either
utilise this fundamental tool. or may be usefully interpreted in terms of it By
comparison of these methods acting on simuiated data we demonstrate the
usefulness of SVD for performing data conditioning and, as a resuit, for
obtaining improved signal estimation.

Section 2 provides a brief outline of SVD as a numerical tooi for deriving
least mean squares solutions to ill-conditioned or error-sensitive problems,
and shows how the decomposition gives a measure of the coatriiution of
orthonormal components to the matrix rank

in Section 3, following an explanation of the means by which prior
information may be introduced into the problem, a number of methods ate
discussed in some detaii. The methods described are :
the Beam Scan algorithm. a simple matched filter methoa.
the Pseudo-inverse method.
the Principal Components Bartiett algorithm,
the Capon Maximum Likeithood method.
the Thermal Noise aigorithm.
the Maximum Entropy method.

Multiple Signal Classification.
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the Pisarenko Minimum Eigenvector method.
9. the Kumaresan and Tufts Signal Cancellation aigorithms,

and 10. the Sub-Aperture technique.

After a discussion of the computational load p.esented by the algonthms,
‘ve suggest possible means by which a number of them may be accelerated
This is followed by the description of a pre-processing step which makes use
o1 knowledge concerning the redundancy in an array of sensors in order to
compact the data before analysis Constderation is also given to the possibiiity
of utilising the output of a number of the aigorithms as prior «nowledge n
some form of iterative processing. or to enabie more detaiied investigation of
other data domains. This leads us to propose a computationally efficient
sequential processing strategy for dealing with multinle domain data., which we
have used extet ively in our experiments However, we show by exar:ples
presented in Section 4 thet adoption of this approach implies that the order in

which domains of tne data are investigated can have an impact on the limis of

discrimination.
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A wide varniety of typical results ot ~omputer simylations are presented and
discussed in Section 4. Tnese demonstrate the algorithms acting upon
spatic-temporal data generated by simplified models of hnsar. conformal
circular. and focal plane arrays of spatial signal detentors., and are used to

illustrate many of the points developed eariier.




2. SINGULAR VALUE DECOMPOSITION (SVD)

Determination of the singular value decomposition of a matrix 15 a well
established numerical techrique for evaluating least-squares solutions to
error-sensitive or ill-condiioned problems (Lawson and Hanson (1974), Golub
and Reinsch (1970)).

The general matrix. A. of dimensions (m x n), with m < n, may be

decomposed &s follows .

A=usH 2
where H denotes the Herinttian (complex ccnjugate) transpose. and
{y = yH = H oo
viv=uly=uuH=1 . 2.2

S is a giagonal matrix containing the non-negative square-roots of the
st jenvalues of (A AH) . conventionally arranged in non-i'creasing order The
columns of the matrix V are the m orthonormalised eigenv_ctors corresponding
to thc m largest eigenvalues of (AH A). -1d the coiumns of U are the
orthonormahised eigenvectors of (A AH) The columns of U and of V are
respectively known as the left and right hand singular vectors of A, and the
elements o . .. “Om of the matrix 8 are called the singular values of A Iy s
the (m x m) identity matrix
li the matrix, A 1s square (m = n) it is said to be full rank if the singular
values all have value; greater than zero ‘luwever, if the vectors comprising
the rcws or columns of A are not iully independent, then a number of the
singular values will tend towsrgs, or become. zero and the matrix may no
longer be full rank The rank of a matrix is defined as being equal to the
number of non-zero singular values, and so for a rectangular matrix (m < n)
will always be limited by the smaller dimension, m By setting any very smali
singutar vaiues to z2ero in equation 2.1, we can easily form a reduced rank
approximation to A Simidarly, by invering all nan-zero singuiar values. we
can nreate a full rank or reduced rank pseudo-inverse (Penrose (1955)) ot
the oniginal matrix as follows:
A-=Vysayt | 2.3
It can be shown that ihis procedure enables us to find a least squares
solution to a general linear problem (Lawson and Hanson (1974)), and may
therefore be considered as a potentially useful signal processing toc! with
which to average noisy data or generaily to solve numerically sensitive
problems (spe, for example. Varah (1973). Cullum f1980)). The thecry may

also be extended to deal with inverse probiems invoiving both continuous and

discrete functions, and thus in the solution of certain types of integ-al
equations (Hanson (1971), Pike et al (1984)).
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8. SPECTRAL ESTIMATION ALGORITHMS

3.1. SIGNAL PROCESSING AND PRIOR INFORMATION

All signai processing relies on prior assumptions or information about the
origin of the data. Presented simply with data in the absence of any other
contextual information, we can say littie, if anything. about its causation. In
order to recover a transformed signal from received data, we need to know at
least some of the characteristics of the transformation invoived. such as the
fiter bandwidth, and the transform kernel (spatial Founier transtorm. for
e ample). We may aiso make use of information about the general nature of
the solution required - the temporal or spatial extent of a signal, or us
bandwidth for exampie - and the statictical iorm of the noise in general,
signal processing shouid be ragarded as a multi-dimensional problem. and it
may be possible to utilise information from one domain or source of data to
assist with the comprehension of other domains Such diverse information,
which is often collectively referred to as prior knowledge. not only anables an
attempt to be wmade at source reconstruction if used sensibly. but can aiso
give an indication of the umiting factors invoived it it is introduced in an
explicit manner

The algorithms to be presented make use of varying levels of detail in the
possibie range of prior knowledge, from postulation only of the general nature
{ the transform, to the inclusion of knowledge about the statisticali behaviour

of the noise, and details of the tyoe of soiution required

3.2. MATCHED, INVERSE AND ORTHOGONAL FILTERING

Any general linear system may be represented as in Fig 3 1. Tne nput
vector. f{. representing the source characteristics, is transformed by the
system impulse response., A. to give a data ‘snapshot” vector, d

At=d 3.0

A conventiona! method 0! signal processing atiempts to transform the data
into an image of the source by performir g the following operation .

At g =1t . (3 2
This is loosey known as 'matched” or ‘correlation’ fitering © f imay be seen
as representing the degree of correlation or match botween those vectors
which define the systam transform and the data Generally detining the

columns of A as representing the response cf the system to all possible

impulses., eacl. row of AH is a matched filter for at least one possible inputl

i




If we take as a specihic example a muiti-element linear a.ray of spatial
signal detecting elements, then our prior knowledge may be that A represerits
a spatal Fourier transform, and AH Is the inverse Fourier transformation This
type of processing is only strictly valid if the data vecte: is infinitely long, and
in the case of a Fourier transform, the eftlect of truncating the data s to
create tre familiar sin(x)/x response to a single frequency input signai. In
general; ‘herefore. we might believe thar an exact inverse of A would enable
us to recover f more accurately. thus:

At d=t 3.3
This is known as inverse filtering. and incorporates more precise prior
knowledge of the filtering characteristics of the mapping A. This is achieved
through the implied constraint on the extent of f which is required for the
formation of the inverse For a samgle of data from an infinitely long line
array, this becomes enquivalent once agair to the inverse Fourier transform,
since A A = I In this case.

Orthogonal filtering involves comparing the system response matrix with a
vector which is orthogonal to the data. In the case of the spatial sensor array.
the result is a vector with nulis In the directions of decorrelated sources. This
vector is conventionally plotted inverted on a logarithmic scale., to give peaks
at the appropriate angles. An example of such a fiiter wouid be an adaptive
beamformer network (Applebaum (1976)) which is designed to filter out the
spatial frequencies in the data which correspond to sources of interference

A number of the aligorithms to be described make use of all the ihree
principles outlined above, utilising the results from the orthogonal filter to
provide support for the design of an Iinverse filter which is accurately
constructed from vectors matched to the signals detectad. However, before
describing specific examples of algorithms, the system response matrix, A, wili
be discussed in greater detail. For a spatial array of sensors., this s
commonlv known as the array manifold as a resuilt of its multi-dimensional

vector space interpretation (Schmidt (1981)).

3.3. _THE ARRAY MANIFOLD .

38.3.1. CALIBRATIOM _ .
The array manifold is a multi-dimensional characterisation of the impulse

response of the particular contiguration of sensors under consideration. We
show first how this characterisation may be carried out for the axample oi a
linear phased array antenna. The method is easily applied to alternative

conformations.
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As depicted by Fig 3.2, a signal source In the far field will result in a
plane wcve being recelved at a particular angle, (n/2 % o), to the faca of the
array. For example. a source along a direction normal to the plane of the
array (e = 0) will result In a wavefront paraile! to the array. The simplifying
assumptian of uniform ampitude and equal phase weighting applied to the
sonsing elements of the array will then produce a data vector sampied at an
instant in time whose terms are all equal. Similarly, a so'rce ucated at a
positive (negative) angle to the normal will result in positive ‘negative)
frequency spatial pattern i. the daia vector. In the simplified case this pattern
is a discrete complex exporientiai sampled at the element spacings and
truncated by tho gpatial limits of the array.

Assuming that sources are in the far field and approximate to pont
emitters, complex data vectors may be recorded for all such possible source
locations within the field of view of the antenna. These vectors can then be
collected together as the columns, a(e). of & matrix. A. which forms a
‘raference library’ of signals expected for each incident direction. This iibrary
is a discrete space equivalent of the array manifold described by Schmdt
(1981). Since each of tha vectors which define the manifold may also be used
to control the phases of sach antenna element in a beamforming mode., they
are often referred to as ‘steering vectors’.

3.3.2. AMBIGUITIES

Clearly, ambiguities may ex'st in the interpretation of the steering vectors

(Schmidt (1979)). Even assuming that spatial sampling rate criteria have hegen
met. in the invtance of a linear array of receiving elements as described, the
array manifold will still contain one ambiguity . evary column in the fibrary may
be interpreted either as the response to a source ahead of the array, or to
one behind the array This ambiguity may be resolvable by the addition of
further information about the array. such as that signals are only to be
expected from sources ahead of the array. or that the fiewa of view is stl
further restricted by the directional properties of each eiement for example.
The field of view may be specified in & general way by stating its extent in
terms of a number of Rayleigh beamwidths (Cox (1973)) defined primarily by
the overall aperture of the antenna. This is analogous to the information
transmission capacity of the system (Shannon (1948)), and is describad by its
Shannon number.

Having demonstrated the way In which we may cosstruct the array
manifold, an example of the real (cosine} component of such a manfold is

given in Fig 3 3. The array is a co-linear phased array of twenty eiements

13
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Fig 33 The reasl (cosine) component of a typical array manitotd Esch
column represants the array responss to 8 source st one of 60 angles n
space This particuiar 20 element array has a Shannon number of 3 so that

the itmits to the angle of view are repr d by ms of 1 5 cycles
Tne ambiguity between 18ft and right is r d by the imaginary P
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with uniform antenna weights and spacing, and having a Shannon number of
six. The field of view, or object domain, is quantised into sixty positions
across the six beamwidths. A measure of the angle of arrival of signals is the
number of spatial cycles created across the face of the array by the source
For this case the angular limits of the field of view thus correspond to + 3
cycles.

3.3.3. THE MANIFOLD AS PRIOF. KNOWLEDGE

Conventionally, interpretation of received data from a line array

corresponds directly to performing a discrete Fourier transform. For a situation
in which the array response does not approximate closely to the idealised
linear example given above. Fourier techniques are not directly applicable The
methods of analysis to be described are designed to take account of any such
perturbations if they can be modelied or measured.

it can clearly be seen that the array manifoid contains much prior
knowiedge useful for interpreting the received data. Firstly. it holds the system
response characteristics for a large number of directions of arrwval, and
secondly it may also implicitly contain knowledge about the parameters
associated with particular signals. or the angular bounds between which signals
are to be expected.

3.4. THE SAMPLE COVARIANCE MATRIX

3.4.1. UNCORRELATED SOURCES

If we have a sequence of data snapshots of a source scenario consisting

of uncorrelated point emitters it should be possible to make use of the
additional information that the temporal modulation in the data provides It can
be shown that this extra infcrmation may be optimally recovered by examining
the eigenvalue spectrum of the data covariance matrix (van Trees (1968))

Assuming that signals and noise are uncorrelated. and that the noise 1S
zero mean Gaussian at each antenna element. we represent the process of
detection as :

D=AF+N (3 &
whare D is the matrix of snapshots, the columns of F contain the unknown
target parameters as they vary with time, and N is the record of noise
samples.

For uncorrelated signais with Gaussian properties, knowledge of the
corretation function of the process Is suffictent to define the required
spectrum. However, in general we do nnt havu sunicient samples to iorm an

15
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unbiased estimate of this function. and so we compute the data covariance
matrix, which, in the large sample limit tends towards the form of a Toeplitz
correlation matrix (Makhoul (1975)).

The (m x m) spatial covariance matrix of the data may be estimated in
practice by a variety of techniques. such as simple biock averaging. shiding
window averaging (see section 3.7). time decay averaging. forward-backward
averaging. etc (Gabriel (1984)). Since these methods may all be interpreted
as ditferences in the construction of the data matrix, they can be generally

defined by the sample covariance estimate, R, given by the equation,

| R=ppoH-=AHA"+q = w+a (3 5
where H 1s £ FH. the ‘signal-in-space’ covariance matrix. W is the signal

ﬂ covariance matrix. and Q is the noise covariance matrix. Over a long period of
observation the uncorrelated nature of the noise will result in Q becoming a
diagonal matrix. which will simply add to the eigenvaiues of the matrix W. If
the noise is white, equation 3.5 may be written,

+ R=W=+o2l . (3.6
whare | is the Identity matrix. and coz is the noise power which will equal the

\ minimum Qigenvalu@. Amin, of the generalised eigen equation.

Be=xQe . 1<i€m . 3.n

3.4.2. THE SIGNAL AND NOISE SUBSPACES

The signal covariance matrix may be considered as a sum of outer

s e

(dyadic) products of the columns of the A matrix, weighted according to the
power of the corresponding signal associated with each diraction. Thus, since
{ the rank of each outer product is one. the rank of the total signal correlation
matrix is. in the absence of noise. and given a sufficient number of
‘ independent data snapshots. equal to the number of spatially and temporally
uncorrelatea sources. Ng. for Ng € m. In the presence of noise. an
? evaluation of the pseudo rank of B must be made in order to form an estimate
of the mimmum number of sources which are needed for the model.

in general, if we have a good measurement of the second order noise
statistics in the form of the matrix Q. we may solve for the eigenvalues of R in
the metric of the noise (equation 3.7). Cox (1973 shows that this is
equivalent to ensuring that emphasis is given to those components containing
least noise so that the choice of pseudo rank for P becomes less subjective.
The eigenvectors of R associated with the largest eigenvalues are known as the
“signal subspace® basis vectors. and those associated with the smaller
eigenvalues are referred to as the "noise subspace® basis vectors. Because of

' ; the mutual orthogonality of singular veclors (the eigenvectors of the covariance

16
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matrix are the singular vectors of the data) the two subspaces are aiso
mutualiy orthogonal. We therefore appear to have a means by which the
signals and noise may be largely separated it required. It is important to
remember, however. that the signal and noise as such are not necessarily
completely orthogonalised, as the subspace terminology might be taken to
imply. Given a limited sample of data, it may be the case that the signal
subspace eigenvectors still contain a significant component of notse. and vice
versa

3.4.3. CORRELATED SOURCES

tmplicit in the above discussion is the assumption that the autocorreiation
function is stationary, which is the same as requiring that the covariance
matrix tends to the Toeplitz form in the large sample limit. This is only the
case if it is true both that the sources are stationary in space for the duration
of the observation and that they appear to be decorrelated within that intervat.

Correlated sources produce fields in space which are non-stationary (White
(1979)) and the data matrix which is formed does not have a p.oportional
relationship between rank and number of emitters. Thus in general. processing
intended for the estimation of stationary signals does not produce useful
rosuits, unless the data may be pre-processed in such a way as to derive an
approximation to a stavonary correlation function. A posstble means ot
achieving this is described in section 3.7.

3.4.4. THE MINIMUM DESCRIPTION LENGTH

Numerous methods have been devised for automatically evaluating the

dimension of the signal subspace by examination of the eigenvalues of R
These variously make use of curve fitting techniques (Gabriet (1984)),
maximum likelthood estimates of the model order (Akaitke (1974)). and
information theoretic criteria (Rissanen (1978)). We have chosen to implement
the minimum descripton iength (MDL) criterion based on the work of Rissanen
(1978) and described by Wax and Kailath (1983). This criterion forms the
estimate by calculating the function

m
MDL(K) = - Np log{ T o2/[1/(m-k) [ ¢i21M~K) + uk(2m-k)log(Np) (3 8
Lekel

ket
where Np is the numccr of observations or snapshots, for k = 0 to m-1, and
finding the value of k for which it is minimised. The first term of this equation
is the log of the maximum iikelihood estimates of the model parameters (van
Trees (1968)) and the second is a blas correction term. This criterion has
been used in our simulations and has consistently given estimates of subspace

17




ot a sum of two sinc

4 Fig 3 4a A typicat np .: tating

1 s ating

Fig 3.4b A 1p 9 of two sinc functions of unequal
smpiltude In a classicsi sense, resoiution has not besn achieved.
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dimension which agree with those which wouid havo been selected by a manuat
operator.

3.5. RESOLUTION AND_ DISCRIMINATION

Cox (1873) defines ‘resolution’ in the classical sense simpiy as recognition
that an observed effect is due to two separate sources Iinstead of one. '~
practice. perhaps the best we can say is that the observation is the result of
a minimum of two sources, since the eoffect of additional sources may be lost
in the noise. However. the definiticn elaborated by Cox is based on the
assumption that resolution may be measured by the ability of a processor to
produce distinct peaks in its response corresponding to each independent
source of signal (Fig 3 4a). This immediately implies a direct ‘operator’
interpretation of the spectrum in terms of point targets corresponding to such
peaks.

in the example of an ideal regular linear array, we know that this is an
incorrect interpretation of the end product of Fourier processing. Prior
knowiedge of the transform kernei in this case tells us that the correct
interpretation is as a sum of sinc functions of unknown amplitudes and
positions. in this sense we are able to say that the Fourier beamformer has
resolved when it is apparent that the response differs from the single sinc
function in some way such as illustrated in Fig 3.4b. Clearly this does not
lead to a very useful definition of resolution in practice since it gives us no
direct measure of relative target position, other than that the sources are
placed within the conventional Rayleigh limit. We therefore prefer to use the
term ‘discrimination” to describe the ability of an algorithm to produce distinct
peaks or nulls for each source in its output.

3.8. ALGORITHMS

3.6.1. THE BEAM SCAN ALGORITHM (BSA)

The beam scan algorithm is otherwise loosely known as the correlation or
matched filter., since it is composed of a number of paraliel fiiters (the rows
of AH) . each matched to a specific possible input. We refer to it as a beam
scan algorithm because the signal processing is analogous to scanning the
beam of a radar array through the data. The data is compared with each of
the beam steering vectors contained in the array manifold in turn, and the

resuiting product forms the spatial power estimate. It we have more than one

19
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data vector (mulitiple snapshots), the sample covariance estimate, R. may be

calculated,
R=DDpDH |, (3.9
and the power estimate may be written as.
= aH
PBSA(S) a(e) R ate) . (3.10)

whore © Is the angle of arrival of the signal. and a(e) is the corresponding
steering vector.

The ability of the BSA to discriminate muitiple spatially distributed point
emittere by producing independent peaks in Pgga(e) Is limited for short data
records because of the resuiting broad "bgam' shape and high sidelobes. but
nevertheless provides the best possible (;aximum hkeithood) linear estimator
of the direction of a single emitting source from data containing additive white
Gaussian noise (van Trees (1968)).

3.6.2. THE PSEUDO~INVERSE METHOD (PIM)

As stated in section 3.2, an improved processor for a given system should
be an exact inversa of the impulse response matrix, A in order to recover f
thus:
Aid =t (3.1
In the case of the linear detector array. because the vectors contained in
the library matrix described in section 3.3 consist of truncated complex
exponentials, they are not necessarily fully independent. This resuits in the
inversion of A being an ili-conditioned problem since a number of the singuiar
values become very smail. The operation described by equation 3.11 imples
the multiplication of components within the data by the inverted singular
values. For the transform kernels of interest to us here this would possibly
lead to the amplification of any noise contained in the data and of
uncertainties in the characterisation of the array (Cullum (1980)). The array
manifold must therefore be approximated In some suitable way The
computational problem !s further exacerbated by the generalisation to a
rectangular A matrix, which represents a limited number nf sample points in
relation to an inlinite number of possible source locations, and may be thought
of as resulting in an underdetermined system of equations
Ore means of overcoming both of these problems is to recombine only a
smail number of singular vaiues and vectors from the cdecomposition of A in
order to provide a least-squares solution to the problem (rawson and Hanson
(1874)). A suitable upper limit on the number of singular vectors used could
occur when the caiculated singuia: values fall to the level of errors introduced
by their computation. In the examgle of the wwenty element array used earlier,

20
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with its Shannon number of six. truncating the singular value senes when o,/0,
fails below say 107% leaves us with only eleven ‘significant’ singular vectors
from the initial set of twenty. The array; may be said to have only eleven
significant degrees of freedom (Toraldo di Francia (1969)). Truncation of the
singular value series now allows us to find a pseudo-inverse in the general
case of a rectangular A matrix

Using the singular value decomposition of A,

A=usvt (3 12)
we may re-write equation

At-d (3 13
in the form

svit=ytd=y , (3 14)

by aecomposing the data onto the orthonormal basis provided by the columns
of U Finally the result 1s obtained from

f=VF (ylope = ¥V Sty (3 15
vl

whare the y, are components of y, and (e) are the columns of an identity
matrix Thus,

t=vsryid (3.16)
Clearly. if we are finding a rank-~reduced pseudo-inverse of A by setting some
of the o; to 2zero, we must assume that the y, decrease faster than do the o,
with increasing i. if this is the case we may then truncate the o, when they
fall to the ievel of the noise In the system. since this imphies that eigenvector
components of the data have been attenuated by the transformation to such a
degree that they may no ionger be recovered.

For multiple snapshots of data. the power estimate as a function of angie
of arnival may be wrnitten 1n the same form as for the BSA,

Ppm(® = a"i(e) Ra'te) . (31D
where a~(e) is a row of the matrix A"*, and a (e 1s a column of the
rank-reduced system transform

The ‘beamwidth” of this processur varies according to the number of
singuiar  values included in the pseudo-inverse caliculation, and under
condiians of low signal to noise ratio, with appropriate truncation of the o,.
broadens unul it approaches that of the BSA. Very high S/N ratios have to be
sustained In order to achieve beamwidth reductions of up to a tactor of 3 or
4, and the aigorithm 15 much mora sensitive to the valdity of the assumed
spatial extent of the object domain than the BSA, as will be shown by

examples presenteu in Section 4
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3.6.3. THE PRINCIPAL COMPONENTS BARTLETT METHOD (PCH)
This signal maiching method estimales the spatal powsr spacwrum by a

similar approach to the BSA it diffors from BSA 1n using a rank-rediuced cata
matrix as the object to be scanned by the bsam
In section 3 4 it was shown that the sample covarnance matrix could be
diagonalised in otder to define a signat subspace. witn basis wvectors
corresponding to those eigenvectors witn large eigenvalues, and an orthogonal
ncise  subspace defined by those eigenvecters associeied with  smafl
eigenvalues The PCB aigorithm involves the formatisn of an estimate of B
which inciudes only the signal space. or principa: eigenvectors. and =ets the
- cerresponding eigenvaluss o umity,
By ='Eo o/ ‘ (318
inherent n this description Is a strong interpretation of the eigenvaiue
spectrum We are asserting that the iarge eigenvalues do corraspond to
signal, ang that the rest do corraspond 10 noise as far as subsequent
processing 1s concerned Particulariy in the case of under-estimation of the
1 signal subspace <imension incorract parhtiontng of the spaces can have
significant nfluence on the form of the spectrum obtained
i the tormation of R, the PCB aigorithm has thrown away the estimate 1t

haga about the relative signa2! powers in the form of the discarded eigenvalues

This mav even be cconsiderad a valid siep. particularly in the case of short
data records, when e sstimate may have bsen a poor one, and s in fact
the means by which tne algonthm ensures discrimination of low amphitude
emitters in proxamilv to sources of higher power B8y fitting functions of equal
magnitude to the diata. the algonthm circumvents the 4ditficuity 1n the defimhion

of resoiution described by Cox (1973) which arises under such circumstances

L We may now simply form an evaluation of the directions of arrival of
) signals .,

‘ Ppca(® = alte) Ry ate) (3.19)
i . it we now wish to interpret the resuiting spectrum in terms of point targets, 1t

is ne .essary to locate the Npk oeaks of the generaily very broad estimate.
Having achieved this, the steering vectors corresponding to such peaks are
taken as indicating the directions of the point emitters, and may be storad in
a ful rank matrix. B Forming a pseudo-inverse of B and muitiplying by the
data matrix,

I=xi®gip=8+p (3 20
produces a matrix containing Npk rows, each of which is a time series of data
associated with a particular direction in space. information from the other

directions being canceiled by the :lternative steering vectors in B As
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described In saction 3.7, further processing of T can provide more detailed
information about the target scenaric. such as the number of emiuars at each
direction. Target c¢fos3 and auto-powers can be Jderived by examining the
elerments of the reduced target data covariance matrix, (T _'[H) The powers
datermined in this fashion are the total powers corresponding to each direction
of arrival and may be of use in discriminating against sourious peaks in the
response which are the result of noise.

3.6.4. THE CAPON MAXIMUM LIKELIHOOD METHOD (MLM)

The maximum likelthood methoc (Capon et al (1967)) may be interpreted

as an orthogonal filtering technique. since it utihses the inverse of the sample
covariance matrnix to produce & vecior with nulls in the diection of sources.
and with null depths corresjonding to estimates of signal strengths. The
spatial spectral estimate is then derived from the inversa of the component
magniwudes of the vecter containing the nulls.

The approach to this algorithm is common to ail the orthogonai methods to
be discussed. An attempt is made to mirimise the mean square array output
power under certain constraints It is the constraints which differentiate the
various algorithms in the case of MLM the constraint is that the array should
have unit gain in a particular direction, whilst simultaneousiy pesforming the
powaer mimmisation. This has the effect of optimally rejectirg power from
directions other than that which defines the constrairt (Cox (1973)).

For the case of Gaussian noise. the average power output from the array
for a plane wave arriving from an aagle € is given by

Pam(® = weH B we . (3 2H
whare w(e) is the vector ol array welghts. The unity gain constraint requires
that w(e) should satisfy

weorH ate) =1 . (3.22)
The optimum w vector is the Wiener weight v¢ tor, which maximises the output
signal to interference ratio.

w(e) = A R™* a(o) . (3 23
whare A is a8 complex number. Solving for A in equation 3 23, we find that A
and Ppmim are the same. Substituting for A and solving for w(e) produces the
MLM power estimate.

PaLm(® = ¢ atoyH B atey )7 | (3 24)

interpreting this result In tarms of an sigenvector decomposition of R. the
matrix inverse is calculated using all of the eigenvector and eigenvaiue
information. There is no attempt to Impose a signal subspace interpretation
onto the decomposition The resuit may be understood ac an attempt to create
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a fiter which is maximally orthogonal to the signal. since noise eigenvectors
will receive greater weight in the calculation of R™*, without « ctually having to
decide where to partiton the signal and noise spaces.

it should be ncted that the estimate in equation 3.24 is the true maximum
likelihood estimate only for the assumption of a single plane wave. The
solution fcr multipte plane waves becomes progressively more complicated, as
discussed by Evans et al (1982). Statistical estimation theory shows that the
true maximum hkelihood estimate 1. the optimal estimate for the Gaussiar

1 signal detection problem. and enables discriminatton which approache.: he
theoretical Limit for suco unbiased estimators +afined by limits < .., as the
r Cramear~'iao bound on tha variance of the estimate (van Trees (16°8))
}

The MLM estimate has very low ‘sidelobe’ characteristics foi the case of

incoherent signals, since (%) places nulls at all directions, unless o

corresponds to the direction of a-rivai of a plane wave, when the unity gain

+ constraint prevents a null be'ng produced. The magnitude of the response then
gives an estimale of tha power of the smitter.

3.6.5. THE THERMAL NOISE ALGORITHM (TNA)
in attempt to devise an algorithm which had the desirable characteristics of

low 'sidelobe’ response coupled with sharp ‘resolution’ peaks. Gabriel (1380)

P

derived his thermal noise aigcrithm.
Taking the dot product of the optimum weight veclor derived above with
itself, and defining this as the adapiad trermal noise power Ng.
Ng = A wo)H w(e) (3.25)

: whare A is a qu'escent noise power level constant, we derive the new spectral
1' estimator

Prna = ( at@H B2 ace) )72, (3.26)
* from the reciprocal of Ng. The peaks produced by this algorithm are

proportional to the saguare of the source power leveis.

if wo examine this method as we did for MLM, by locking at its use of the
eigenfunctions of R, wa see that the spatial estimate may be written

Pinate)= ( a@H 2 a72 H acer ) . (3.2n

where @ is the matrix of eigenvactors of R. and A is the dlagonal matrix of its
eigenvaiues. The TNA may thereiore be interpreted as placing a stronger
weighting on the eigenfunctions which are most likely to belong to a noise
subspace. As with MLM. the decision as to the opartitioning of the subspaces
has heen avoidert. but in this case the implication that the small eigenvalues
correspond 10 the noise Is reinforced by the squaring of the inverted
eigenvalues.
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Ciearly the idea of manipu'ating the effective eigenvalue spectrum in this
way may be extended to enable the processor to impose even stronger
assumptions about the nature of the data on the result. The MUSIC and PCB
algorithrns are examples of a step function weighting being applied to the
eigenvalues.

3.8.6. THE MAXIMUM ENTROPY METHOD (MEM)
The maximum entropy method was deveioped as a mears of extrapolating a

limited estimate of an autocorrelation function in such a way that the
appropriate probability density function has its entropy maximised at each
stage. lts intention is to form a ‘maximally noncommittal’ estimate (Jaynes
(1957)). In common with MLM, TNA, MUSIC. KTSC. and many other similar
algorithms., however. MEM is equivalent to a constrained least squares fiting
of an all-pole m¢de! to the available data (van den Bos (1971)) and may be
outlined without recourse to information theoretic concepts for the simple case
of the regular linear array.

For brief data records. the usual unbiased estimator is tne data
covariance matrix, and we obtain the required filter cosefficients by solving the
equation

Rw=(e00... 01T =@ (3 28
where e is the so-called prediction error (Makhou! (1975)), with the weight
vector,

w=1{w, w, wy ..wm]T . (3 29)
We obtain the solution for w of the form

w=Hhte |, (3 30
and scaling w and e appropriately we may choose e to be the first column of
the Identity mutrix. Thus the filter w 1s equal to the first column of the inverted
covariance matrix (Nuttall (1976)) .

Interpreting this filter in terms of eigenfunctions. as we did with MLM. it
can be seen that we again have derived a function which gives greatest weight
to the noise components of the data without the requirement for any additional
information or assumptions about the subspace dimensions |f we compare this
filter against the hbrarv of 'expected’ waveforms in the A matrix, nulls should
be produced in the result at directions corresponding to the signal directions.
Thus our spectral estimate may be written,

PMem(® = C ae)H wwH ate) )2 | (3.30)
it is worth noting the simllarity In form between this estimator and PTNA. in
which R™%e is replaced by R™1. In fact the TNA result may be intarpreted as
an average of MEM estimates derived from alternative columns of the inverse
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covanance estimate. Burg (1972) has also demonstrated a link betveen MLM
and an average of MEM estimates resuiting from different filter lengths. under
certain circumstances. Note also that the form of equation 3.31 is only strictly
the maximum entropy soiution for a regularly sampled process and that the

B magnitude of PMEM(©) does not necessarlly relate to the received powers

3.68.7. THE MULTIPLE SIGNAL CLASSIFICATION ALGORITHM (MUSIC)
Schmidt (1979) has described a signal subspace algorithm which he calis

MUSIC (Muitiple Signal Classification). This is fully described by him for the
generalised case whare the data covariance matrix is analysed in the metric of
the previously estimated noise (equation 3.7). Cilearly the noise covararcs
matrix must be measured in the absence of other signals and then assumec 1o
be stationary for a further period whilst the generalised eigenvalue problem 1s
being soived for each biock of data. Alternatively, in order tc reduce the
required computation, the noise may be assumed Gaussian. and an estimate
of rank made from the decomposition of R in an ldentity metric.

Having obtained the singular vectors of the data., and formed an estimate
of the number of identifiablie independent sources present from the matrix rank
estimate, the mutually orthogonal signal and noise subspaces can be defined.
Defining &y to be the matrix of noise subspace basis vectors. the directions of
arrival are estimated by computing the Euclidean distance. d. between the
vectors of the array manifold and the noise subspace and then piotting 1/7d2
agamnst angle of arrival, e :

Puy(® = (aterH o o H ate) =+ . (3.32)

This algorithm clearly has similarity to MLM it (_QNH 2\ is considered as
an approximation to B™* which simply uses the normalised noise sigenvectors
(Gabriel (1984)). Alternatively. interpreting (_QNH &) as an approximation to
R. the simularity to PCB becomes apparent. Kay and Demeure (1984) show
that the MUSIC and PCB estimators are linked by the simple relationship,

PMu(® =1/ (1 - Ppcglery ., (3.33)
for Ppcg(e) normalised to a maximum value of 1. Therefore. although MUSIC
Is capable of producing an estimate which contains extremely narrow peaks at
signal directions, whereas PCB results in a very flat response. the ‘resoclution’
capabllity of the two algorithms is identical.

it should be noted that. in the case of covariance estimates calculated
from very short data records. the noise subspace eigenvaiues are not equal.
even when the sample is from a white Gaussian noise process. MUSIC may be
thought of as assuming equality of these values, perhaps on grounds of
irrelevance or on the basis that computer rounding errors render them
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inaccurate. We have discovered that the estimate.

Pemu(® = (atarH o a =+ o M ateny-s (3,34
often results in slight enhancement of the abitity of MUSIC to discriminate
sources. This estimator has the effect of increasing the weighting applied to
those eigenvectors likely to contain the least amount of signal. The EMU
estimate has additional advantnges over MUSIC In that It more accurately
reflects non txotropic noise backgrounds, and that it also degrades gracefully
to give the estimate Py m(9) if no estimate of signal subspace dimension can
be formed (Johnson and de Graaf (1982)).

As demonstrated by Alsup (1984) both MUSIC and., by impl'cation, the
PCB fiiter are capable of extremely good discrimination for the case of
uncorrelated sources when the noise is perfectly characterised This situation
is hardly likely to arise in practise. The results presented here adopt a more
realistic simulation in which the noise is assumed to be uncorrelated Gaussian
by the processor. and the short data record is analysed in an Identity metric.

3.6.6. THE PISARENKO MINIMUM EiGENVECTOR METHOD (PME)

The Pisarenko minimum eigenvector method may be considered as a

special case of the MUSIC algorithm. in which the noise subspace dimension
) equals one. The eigenvactor chosen. #m. is that associated with the minimum
9 eigenvalue of the covariance matrix In the case of white noise corrupting an
infinitely long data record (so that the noise subspace eigenvalues are all
equal), this can become an arbitrary choice. The form of the estimate is

4 PEME(® = ( a(@H oy emt atedH )= | (3.3%)
J Aithough potentiaily easier to compute than the MUSIC response. it can be
seer. that, because the minimum eigenvector is orthogonal both to the signal
and aiso to any other noise related eigenvalues. the result may contain
1 spurious noise-generated peaks in positions unrelated to the signal directions

1 3.8.9. THE KUMARESAN AND TUFTS SIGNAL CANCELLATION ALGORITHMS (KTSC)
Many variants of the basic signal subspace technique are discussed in the
% literature. Two muthods by Kumaresan and Tufts (1983) for example., produce
a single filter vector which is effectively a weighted combination of noise
subspace eigenvectors. This vector is then used to formulate the directional
1 estimates by comparison with the array manifold as before. but «n some cases
improved performance over the MUSIC algorithm has been demonstrated

The two methods have been derived by the authors from linear predictive
algorithms usecd for speech processing (Makhoul (1975)). As with MEM and
many other algorithms. the differences are simply a matter of notation and
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tarminology and the fundamental approach of autoregressive modeliing
empioyed is equally suitable for processing data of ary arigin which may be
satisfactoriy described by second moment stalistics (van Trees (1968)3. given
constra,~te which are suitable for the individual problem We refer to the
algornithms as signa! canceliation algorithms because of the form of the
constraint and the resuiting similarnty to a nuli~-forming adaptive canceller
equation,
The basic form of the equation for both methods s
oHw=0 (3 36)
where the weight vector is constrained to be
w=[T1Tw,w, .. wmyml . (3 37>
and 0 s the null vector In radar terms. we wish to derive an antenna waight
vector with unity gain on the end element. w, which cancels the data Since
w, = 1. equaton 3 36 may be solved by taking the first column of _QH. which
we denote ¢. across to the right~hand side. and solving for slaments w, 1o
N Of w by forming a pseudo inverse of the remaiming columns of DH. which
we denote C.
wo=[w,w, . wnpl=-1¢C*c (3 3%
Setting the smaller singular values of G to zero ensures that the solution for w
15 of minimum length  This is equivalent to discarding ths noise subspace
vactors of the reduced data matrix. An excellent and detatied description of the
operation cf this algorith n appears in the paper by Sibul (1984)
Us'ng the singular value decompostion of DM, equation 3 36 may be
written in the form
(xseh w=0 (3 39
whera Y and ¢ are ihe aporoprals basis vectors Clearly this may be agan
re-written as
Hw=0. (3 40
Utilising only those eigenvectors which correspond to the noise subspace. a
stable result for the prediction filter w. may be derived, which can be shown
to be of the form
w=0. 0 / (9 ¢nH y . (3 4N
wharae, in this case, ¢, s tha first row of the nolse slgenvector matrix. N
Ciearly, this produces a filter vector which is a complex weighted linear
combinaton of the noise subspace basis vectors, and compares with MUSIC,
whnich effectively employs umity weighting to combine the sigenvectors
Finally, the spatial estmate s obtained by correlating the orthogonal filter
vactor with the array manifold,
PkTsc(® = ( a@t w wH a(e) )2 (3 42)
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Subsequently we refer to the latter form of the algorithm presented here as
KTSC1, and the former as KTSC2. In the majority of cases the resuits
obtained frcm thess t=o forms are indistinguishable. As with other meathods.
the peak magnitudes in the result do not coincide with tha received power and
so power levels corresponding to each of the directions required are cerived
by interpreting the result in terms of point sources located at the positions of

the peaks and forming the appropriate reduced A matrix, &s described in
section 3.6.3.

The results produced by this method are similar to those given by MUSIC,
but with apparently shghtly better noise smoothing and consequently improved
discrimination. However, because of the type of constraint employed they are
1 only ideally suited as presented here for regularly spaced and illuminated

arrays of detectors. Care must be taken in general to specify a suitable form

} of constraint for the particular problem. An alternative approach, which wo
4 have wused with some success on non-linear arrays is described In
section 3 8.
b 3.7. THE SUB-APERTURE TECHNIQUE (SAT)

3.7.1. THE WINDOWED DATA MATRIX

The sub-aperture technique is not a seif-contained method of analysis in

itself, but rather a useful appendage to the aigorithms discussed above. lts
use is derwed from work on time series analysis, and it is essentiaily a
method of forming an improved covariance matrix estimate from limited data |t
has important application to spatial processing for its ability to assist many of
the spectral estimators described «.ariier to resolve coherent sources and

multipath, and also to convert single snapshot data into a suitable format for
processing by multi-snapshot algorithms

The method consists of taking the data vector, and obsarving it through a
small ‘window’ vectcr so that the autocovariance structure of the series may be
examined For every new observation, we shde the wmindow vector further

through the data. and create a new row in a daia matnx Thus. o the data

el ol e ot

vector is
d = (d, d; dy ... dp) (3.43)
and this is examined with an r-element window. we can build up the following
matrix:
d, d, dy ... dr
D=|d; dy dg ... %4 : (3 449 ~
Gnea-r ..... dn :
{ .
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Measuring the pseudo-rank of D by singular value decomposition gives the
estimate of the number of significant independent components contributing to
the data series if this is less than the minimum dimension of D.

The forward-backward technique of analysis which seems popular in the
field of speech processing (Makhoul (1975)) and has recently appeared more
frequently in the generai signal processing literature (for exampie Evans et ai
(1982) and Kumaresan and Tufts (1983)) creates a data matrix which, in
addition to the ‘forward’ moving window described above. utilises a sampling of
the original series of data in the reversed direction. The reversed data in
complex conjugated and included in the same matrix as the forward samples.
It is clear that subsequent formation of the sample covariance matrix involves
extra averaging of the data and better rejection of noise. particularly in the

case of data which contains sinusoidal signal components.

3.7.2._SINGLE SNAPSHOTS

if d is a data vector received at a single instant in time from a umformly
weighted and spaced linear array of receiving elements, or perhaps if it may
be suitably transformed to resemble this, we may proceed by continuing the
processing using a subspace approach. The window vector is now the
sub-aperture described by Gabriel (1984), and the algorithm must be provided
with an array manifold for the sub-array rather than for the total number of
elements. This is simply computed as a sub-section of the origimnai
transiationally invariant manifold. Having done this. a startling improvement in

the ability to discriminate closely spaced point emitters is possible.

3.7.3. MULTIPLE SNAPSHOTS : COHERENT SOURCES
Sub-aperture processing may aliso be beneficially applied to multiple

snapshot data. particularly for its effect on data from ccherent sources. In this
case it is perhaps easier to think of using an (r x m) rectangular sampiing
matrix K of the form,

K=1011101 . (3. 45)
where the subscript | denotes the column in which a 1 first appears. to extract
a principal submatrix., ﬁl of the original sampie covariance matrix,

R=KRKH . (3. 40)
Averaging the submatrices produced in this manner then has tha dagirad rosuir
(Evans et al (1982)).

For the case of data originating from coherent sources. the improvement
attainable with this approach may be understood as deriving from the ‘internai
averaging’ of the normally computed correiation function (Evans et al (1982)}
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which causes the non-stationary terms to tend toward zero. Aiternatively,
GGabrie! (1982) suggests that the improvement may be inierpreted as arising
from the movement of the sub-array phase center with respect to the targets.
which introduces an effective doppier phase shift between the sources.

3.7.4_ _TIME SERIES PROCESSING
Clearly, such processing can have wide applicability, and may perhaps be
used on data from domains other than the spatial domain. It was suggested in

section 3.6.3, for example, that more information about the nature of the
received signals could be deduced by investigating the time series component
of the data in isolation. This is a potentially useful post-processing stage after
reducing the number of time series to be examined by means of the spatial
spectral estimators described previously Taking an individual time ser.es from
the matrix T (equation 3.20), corresponding to a particular direction identified
as worthy of further investigation. it is possible to estimate the number of
decorrelated signals present at that direction by forming a covartance estimate
using the sub-aperture technique and processing the result by the same
methods used for spatial data (Ziegenbein (1979)). In fact. if a library of
expected time domain signals is available, the individual waveforms which are
present may be estimated. in the absence of such a manifold, the eigenvalues
of the covariance matrix, (D Q_H) . may simply be used to give an estimate of
the relative powers of the different component modes. given sufficient samples
(van Trees (1968)) The corresponding problem of estimatng source
locations. given the emission frequencies may aiso be tackled in this way

The benefits of using such a sequential approach to the processing are
ilustrated by many of the examples presented in Section 4. |f data has been
gathered in more than two domains (for example along two spatial axes and in
time) it is clear that this sequential strategy may be extended to process it in
a simple manner.

3.7.5. SUMMARY

It can be seen that the sub-aperture technique enables the detection of a

larger numoer of independent sources than the rank of the usual data matnx,
limited as it is by the minimum dimension of the matrix, might intially
suggest. We have shown. for example, that it is possible both to locate
coherent emitters which are sufficiently spatially uncotrelated and also the
frequencies of spatially correlated targets it they are decorrelated in the tme
domain. This suggests that the Introduction of data from additionat

measurement domains in which targets are decorrelated. will not only aliow
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more detailed characterisations of sources aiready detected. but will also
increase the total number of sources which the processor is able to detect. If
a sequential processing strategy is adopted. tackling the problem which has
the smallest dimension first enables the remaining load to be accordingly
reduced. However, if targets are not easiiy discriminated in that domain, some
information may be lost or inaccurately recovered, as will be discussed in
section 3 9 2, and demonstrated in section 4.2.8.

3.8. REDUCING THE COMPUTATIONAL LOAD

3.8.1. COMPARISON OF THE ALGORITHMS

it computational simplicity s the major criterion in choosing a suitable

algornithm for signal processing. then clearly the optimum choice is either the
BSA or the PIM algorithm. Both involve pre—computation ot the fiiter matrix,
and so data processing can take place on line. acting on each snapshot as a
simple matrix-vector multipiication, or on blocks of data in the form of the
covariance matrix estimate. If the enhanced discrimination of the other
algorithms presented is desired. however, the computational load is
significantly increased and calculations may have to be carried out off line

The true maximum likelihood method. although optimal from the point of
view of estimation theory (van Trees (1968)), rapidly becomes computationally
intractabie as the number of assumed wavefronts is increased. since it involves
both matrix Inversions and a simuitaneous multi-parameter search for each new
sample covariance matrix. It is more common to find it used., as we have
dona for the current work, in the form giwven in section 3.6 4 which has been
derived on the assumption of a single plane wave arriving at the antenna.

If a tull singular value analysis of the data matrix is needed for the simpler
KTSC algorithm, for example, this might be accomplished by diagonalisation of
the covariance matrix using standard routines. Householder tridgiagonalisation of
the matrix, followed by calculation of ail the eigenvalues and eigenvectors
using a QR routine (Wilkinson (1965), Wilkinson and Reinsch (1971)) would
involve 2m>/3 muitiplications and m square roots for the first stage, and a
further 4m? multiplications with m-1 square roots for each iteration of the QR
algorithm (generally the number of iterations required 1s of the order of two
per eigenvalue for the tridiagonalised matrix) . In addition, the formation of
rank-reduced pseudo-inverses and matrix approximations requires yet more
processing for each new block of data. if it is to be carried out on line.

Because of the usual m® dependency of the processing load. the
requirement escalates rapidly with the size of the problem. and so from this
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point of view algorithms which reduce the size of the matrix to be dealt with
are potentiailly very valuable. An example of such an algorithm is the
sub-aperture technique. which reduces the covariance matrix to the dimension
of the window used. at the expense however of a possibly arbitrary reduction
in the number of available degrees of freedom for modeliling the targets.

It is worth noting, however. that for problems involving only a small
number of sensors, the eigen analysis may actually require less computation
than is then needed for the location of the sources, if this involves searching
a large number of points Instead of exhaustive searching, more efficient
algorithms must be employed For searches involving more than one data
domain, our sequential processing approach. which uses the resulits of a
search in gach domain as support for a reduced search in the next domain,
has proved to be eflective in reducing the complexity of the computation
(Clarke et al (1985)).

3.8.2. THE_COEFFICIENTS METHOD

We know from section 3.6.2 that the system response matrix, A, may be
a less than full rank transform and that our data. D. will therefore generally
contain redundant or noisy components. Analysis of the data in terms of the
aporopriate basis vectors of A. and rejection of components at or below the
noise floor allows us to represent the useful data in a more compact form

As a result of the singular transformation,

AF+N=D ., (3 47

D is a matrix of dimensions (m x NP)"‘ where m is the number of elements in
the array, and Np is the number of snapshots in the block of data to be
processed.

Premultiplying both sides of this equation by the transposed set of
left-hand singular vectors of A gives

vHecar+N)=uHD=C . (3 48)

in general. the size of the matrix U may be reduced by examining the
singular values of A in reiation to the estimated noise floor This number will
be less than m. and may be denoted k Thus., the data is now represented by
its projection onto the “significant” basis vectors of the array manifold. and s
stored in a matrix. C. of dimensions (k x Np). This has allowed a reduction
in the size of the effective data array to a minimum size consistent with
retaining all potentially useful degrees of freedom.

It is now possibie to use the matrix, C. as the input to a signal-subspace
processor. However. the assumed array manifold must also be projected onto
the same basis vectors., and becomes (_QH A). The vector or set of vectors
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orthogonal to the signal subspace which the algorithms produce can be
compared against the columns of this transformed manifoid in order to identify
source directions. In this way, it is possibie to significantly reduce the
ccmputational load in poor signal to noise environments. when the rank of A is
effectively very much lower than the number of detector elernents.

We refer to this procedure as the coefficients method since the new data
matrix may be thought of as consisting of coefficients of the known array
manifold basis vectors.

The projection of data onto an aiternative basis set of vectors in this way.
which may be interpiteled as an additional linear transformation of the data.
has proved of some use in processing the data from nonlinear arrays of
receivers. In the cas9 <! a circular array of detectors. operating only in the
plane of the array ang with the rear semi-circle assumed to be shielded from
a source at a particular angle., the data matrix contains a large number of
zero entries. If the KTSC as described is understood as producing a sidelobe
cancelier type of behaviour, then it can be seen that this format of data matrix
leads to an insoluble equation it we cancel against a master element which is
hidden from the main emitters. Transforming the data by the mapping just
described remcves such difficulties in addition to decreasing the time spent in

computation.

3.9. ITERATIVE PROCESSING

3.9.1. ITERATING THE PSEUDO-INVERSE
The pseudo-inverse method described in section 3.6.2 depends partly on

the definition of limits to the angular extent of sources for its ability to
enhance the discrimination of close emitters, The proportionate reduction in
the width of the system impulse response over that of the BSA matched fiiter
increses slightly as the defined angie of view is restricted for a given signa! to
noise level. Thus it is possible to use the resuit of a reconstruction which
assumed a wide angle of view to provide a form of prior information for an
iterative form of processing of the data in the hope that this will lead to
improved discrimination.

Such processing might be carried out by equating values in the output of
the initial estimate which fall below a threshold level. €, to that same value.
and all remaining values to unity. The resulting function would then be used to
weight the corresponding columns of the A matrix before forming a new
inverse. This will require intensive computation for tre processing of each
block of data. thus removing one of the major advantages of PIM. It will be
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shown by results presented in section 4 that, although this method ensures
that sources resuiting in measured amplitudes which fall above € are not
further attenuated. any low ampiitude sources., which might be easily detected
by aite native algorithms. could easily fall below a simple threshold based on
the sidelobe levels of PIM and thus would be strongly suppressed The aensuing
reconstructions would be seriously in error. This approach also resuits in
spectra which contain sharp discontinuities at the switching boundaries.

An alternative approach could perhaps involve setting the below threshoid
regions of the reconstruction to ¢, and all othor vatues to a level reflecting the
magnitude of the latest reconstruction at that point. it is not clear from our
resuits that this gives any significant gain in discrimination aithough it may
sometimes be used to beautify the result. As we have found n practice. this
method also tends to suppress low amplitude sources still further with each
successive iteration A simitar result wouid obtain from appying such a
weighting to an iterated BSA and would be considerably easier to evaiuate

If we interpret the original A matri> as implying a ‘top hat" weighting on
the space of all possibie solutions (ie unity weighting to di-ections within the
‘top hat’" and zero weighting to ail other directions). the msothods described in
this section may be interpreted zs pilacing a further emphasis on certain
directions within the space of solutions so that the weignting function refiects
the shape of the reconstruction at each iteration.

These approaches seem to have much in common with the yet more easily
computed practice of squaring the magnitude of rasulls in order to sharpen
already noticeable peaks and to suppress sidelube effects This too gives
additional weighting to parti~ular directions in the space of possible solutions,

as Is borne out by results which we praesent in Section 4 2 9

3.9.2. USING SUBSPACE ALGORITHMS AS PRIOR KNOWLEDGE

Since a computer cannot store the infinite number of veciors required for
a complete description of a continuous space. the array manifold. A s
generally stored in discrete form. For this reason the steering vectors used In
the inthal estimates may be slightly mismatched to the actual source
directions It s, however, & simpie matter to mmprove the estimates by
iterative interpolation of steering vectors to search for maximum peak ampihude
or nuil depth in the regions 1dentified by the initial coarse processing

Having obtained estimates of the number of signals and their directions of
arrival by means of the signal subspace algonthms. these can be interpreted
as prior knowledge for further processing designed to extract greater knowiledge
of the target characteristics. as described In sections 3 6 3 and 3 7 The
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precise directional estimates obtained from signal subspace aigorithms may
also be taken as prior knowledge for the chcice of additional steering vectars
to be used in the array manifold., A. as used for the PIM processing descnbed
in section 3.6 2

It is also worth noting here that the order in which the data domains are
investigated by a sequential implementation of the signal subspace algorithms
is of particular importance in certain cases Singular value analysis of ¢ data
matrix may. for example., suggest the presence of two incoherent sources
which are not subsequently discriminated by orthogonal filtering in one of the
demains. For example. two sources which are highly correlated in the spatial
frequency domain. but which are decorrelated in time may not be discriminated
spatially, despite the data matrix ciearly having a pseudo rank of two. In this
case., the sources may 3 discriminated first of all by examining the time
dorain singuiar vecters. The resulting frequency information can then be used
to extract corresponding independent data series from the data matrix,
enabling the emitter directions to be derived with potentially greater accuracy
and ease.

Finally, 1t should be noted that. whatever the valdity of interpretation of
the data in terms of point targets (this is unilikely to be a suitable modei for
all possitbie radar targets for exampie)., it is undemably a very much more
compact representation than the data matrix itseif. The exercise may therefore

be viewed in its alternative role as simply resulting in data compaction.
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4. COMPUTER SIMULATIONS

4.1. THE SIMULATION FACIUTY

A computer simulation facility has been developed in order tu test and
compare the performance of the techniques described. {t enables the
characterisation of co-linear and polygona! aperture plane and co-linear focal
plane arrays of detectors Jor the cases of both ldeal and perturbed weight
vectors. Array manifoids may He analysed in tarms of their singuiar value
spectra. anrd the reievant data stored for future use on a library disc A menu
driven structure aliows the creation of targst scenarios either for immediate use
or for storage on the library aisc and experiments have been carried out using
simu'ations of both regutarly and randomly sampied sine wave emitters, and
also of narrow band f.m. sources Data generated by running such
simulations with the addition of spatially uncorreiaied Gausstan noiseé may be
processed by any of the algorit.ims described in Sectons 3.6 and 3 7 of this
report and the resuits may be directly compared by running each technique
with identical data samples A rapresentative seiection of the results obtained
Is presented.

4.2. DISCUSSION OF RESULTS

4.2.1. NOTATION

Our results are generally presented in the torm of plots of power a2gainst
number cof cycies. The number of cycles raiates to the spatial or temporal
irequancy of interest. as discussed in Section 3.3.2. Vertical lines surmounted
by diamond shapes indicate the signat frequencies and powers used to creat9
the data simulations. Vertical lines surmounted by norizonial bars indicate the
signal frequencies and total powers as perceived by the signal subspace
aigorithms, taking peak centres as the measure of frequency

4.2.2. SENSITIVITY OF PIM AND BSA TO PRIOR ASSUMPTIONS

The capability of the PIM beamformer to discriminate the presence of even
a singie source of power depends on the furmation of a suitably supported
matrix inverse The angutar limits to the field of view must be defined befc-e
singular value decomposition can be carried out. and knowledge ot the signal
to noise ratio is required for the formation of a stable matrix inverse, as will
be shown. Striclly, the signal to noisa ratio at each componen! singular

frequency must be known in order to find the best possible inverse. but our
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simulations have assumed this Information not to be available.

Fig 4.1 shows the response of the PiM and BSA beamformers to a single
emitter, located broadside to a co-linear array of Shannon number three. for
a wide range of signal to noise ratios. We assume initially (Fig 4. 1a) that the
singular value spectrum of the array manifold has been truncated at a level
corresponding to the presenco of a noise floor at the unreahsucally low level
of -130 dB. The response in this virtually noise free environment displays the
narrower beamshape of PiM over that of BSA, Clearly, even at this S/N the
difference in width is not great.

Fig 4.1b shows the result of an incorrect assumption about the tevel of
additive noise Iin the formation of the pseudo inverse. The plot of Ppjy(e) has
been computed assuming a noise level of -130 dB., but with a simulation
incorporating noise at —-80 dB. The result is a meaningiess amplification of the
noise components of the data. Fig 4.1c shows the result obtained by using a
more suitable truncation of the singular values. It is perhaps worth noting thai.
even at this still very high signal to noise ratio. we have only needed ter. of
the originai twenty array manifold singular values for the reconstruction. At the
very much more realistic S/N of 10 dB (fig 4.1d) and using only the six most
significant singular values. the beamwidth of the PIM estimator is appreciably
broader than before. and for a S/N of 0 dB. using three singular values,
becomes indistinguishable from that of the BSA (Fig 4.1e).

Since the enhancements obtainable from PIM are only clearly observed in
conditivns of high signal to noise., ensuing simulations in this section will be
demonstrated in relatively noise free environments.

First of all. Fig 4.2a demonstrates the classical "resolution® problem. w.th
two emitters of 50 dB., separated by 0.8 cycles across the aperture In the
conventional sense. taking only the major peaks as corresponding to resolved
emitter positions, PIM demonstrates superior resolution capability when
compared to the BSA. However. Fig 4.2b demonstrates very clearly the
dithculty with this conventional view of resolution., when the second emitter 15
of lower power than the first The cnly indication of the presence of the
second target. as can aiso be seen in the BSA plot of Fig 4.2a. is i the
asymmetry of the result about the main lobe of the response. We know this
because we have prior knowledge about the expected shape of the response fo
a single emitter : that we expect a sin(x)/x response from the BSA. for
example. Given at least two independent snapshots of the data., a signal
subspace algorithm such as MUSIC would hanc: this example with ease.
producing sharp clearly defined peaks corresponding to the source directions

Moving the lower power interfering source outside the limiung angle of view
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defined for PIM, we obtain Fig 4.3a Whiist the BSA beamformer remains
unperturued by this. the PIM plot Jemonstrates once again the extreme
sensitivity of this algorithm to the validity of the prior information required for
the formation of the matrix pseudo inverse. The directional estimate produced
by MUSIC for the central emitter (Fig 4.3b) is extremely precise., but the
corresponding estimate of signal power, since it utilises a pseudo inverse
supported with only a single deita function, is in error. as demonstrated by
the high power attributed to a low level spurious peak.

We now demonstrate how KTSC, or a similar method such as MUSIC, may
be used to gain prior knowiedge tor the support of the PIM pseudo inverse
required by the above problem. Since the weight vecior derived by the KTSC
algorithm is derived from tie data alone., the assumption of a narrow field of
view required by PIM is not neccessary. and as we saw in Fig 4 3b the
accuracy of the directional estimate is therefore not susceptible to such
assumptions Simply by scanning a much wider angie of view we may obtain
the spatial frequency of the interfering source. This frequency corresponds to
& column of a much broader A natrix than was used for the PIM estima'e. If
we simply add this single column to the original A matrix, ana re—compute the
pseudo inverse, the normalised result shown in Fig 4.3c is obtained. The
deleterious effect of the interfering source has been all but completely
removed For as lang as this source remains spatially stationary, the new
pseudo inverse may be used to provide a rapid spectrai estimate by simple
matrix multiplication on each block of data received.

4.2.3. UTILISATION OF THE TiME DOMAIN INFORMATION

If the sources we are attempling to detect emit sinusoidal waves of slightly

different frequencies. it is clear that the spatial power disiribution simply
consists of a three dimensional interference pattern which shifts as the sources
appear. on a snapshot by snapshot basis, to change their relative phases
This is perceived across the face of the linear array of antennae by a
sinusoidal varation of signal amplitude sweeping across the array As this
occurs, if we perform a PIM type reconstruction of each snapshot as it Is
received, we see that the result may be dependent on that relative phase
between the two targets. \.i..r the pair appears in antiphase as observeg ai
the antenna phase centre. this is manifested as a null in the power distribution
across the elements. and a maximised power gradient across the arrs/ This
enables the beamformer to more easily discriminate the presence of two
targets. Conversely. when the sources appear t0 be in phase, the power at

the array phase centre ‘3 a maximum, and the power gradient in the local
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space is a minimum. Such a sltuation provides a difficult problem for the
beamlormer. Fig 4.4a shows a series of such single snapshot PIM
reconstruclions. with power plotted along a vertical linear axis. Such a plot
tells us that there must be more than one point emitter in the object space.
but not where the sources might be located. or the possible source pbwers.
We will now attempt to derive this information from our multiple snapshot
algorithms,

Combinihg the snapshots through the formation of a sample covariance
matrix. we can plot the multiple snapshot resulls from the PIM and BSA
processors for this example (Fig 4.4b). Also plotted in this ligure is the
function 1/7(1-1(x)), where f(x) is the normalised PIM result. This shows the
positions of the main PIM peaks which have just beon resoclved. and indicates
that they do not correspond to the directions from which the signals
originated. Fig 4.4c demonstrates that this case is handied with ease by
MUSIC. which has determined both signal powers and directions with great
accuracy. We conclude from this that examination of the dala matrix rather
than the array manifold enables s-uperlor resolution of the type of problem
involving decorrelated point emitters. through better utilisation of the additional
information available from the time domaln decorrelation (a8 single point source
would not resuit In tho paltorn shown in Fig 4. 4a).

4.2, 4 COMPARIGON OF ALL ALQORITHMS ON SAME DATA

We have carried out numerous comparstive simulations of the algorithms
coverod by this roport, and present here, as an exampie, P(e) plois for each
of the processors acling on dala from 8 simple scensrio involving three
emitters (Fig 4.5). The simulation Is of a twenty eloment ha!l wavelength
spaced colinesr arrasy. with 8 8hannan number of six. Data has boen sampled
ot a8 very low rate 10 simulate the undersampliing likely to occur in a real

digital to anslogue conversion system, and has thus gliowed the sources ample
time to decorrelate. The sources consist of two 12 dB sinusoidal emitlars in
close proximity to a8 60 d€ random phase jamming algnal. in ali but the BSA
and PiM cases we have dorived lime seories from the data which correspond to
each of the peaks Idenlilied. and analysed them with a ten eloment moving
sub~-sperture, as describod In sgection 3.7.4., The eigenvaives ol ithess
snslyses have been taken as estimates of the power of independent sources.
and plotted as srrow hesds on the lines corresponding 10 the respeclive

directions. This enables us 10 examine the amount of leaxage of the jamming

signsf inlo the Identified signal ditections.
Referring 1o Fig 4.5, piot 8 shows the response of the MUSIC processor
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to this simulation. The two signal directions are accurately determined,
although only just, as indicated Yy the shallowness of the dip between the
relevant peaks The area away from the signal sources is depicted as being
very flat, as a result of the averaging of the sevenween equally weighted noise
elgenvectors used by MUSIC in this example. The three very shailow peaks
identifiod In this region are found to be associated with total power levels
significantly below the noise level, and can safely be ignored. The cluster of
high eigenvaiues derived from the time series in the direction of the jammer
indicates the presence of a locally very high noise floor. In each of the signal
directions, a single eigenvalue stands out higher than the rest. indicating the
presence of the sinusoidal emitters in a heavily rejected noise background from
the jammer.

Piot b depicts the resuit of processing the same data by the KTSC1
algorithm. Utilising exactly the same elgenvectors as did MUSIC, we obtain a
different result. The signal sources have resuited in two ciesarer peaks.
aithough the particular sample of noise present in the data has resulted in
slightly poorer estimates of direction in this case. The background ripple 1s
more pronounced than in MUSIC, although such peaks may still be rejected on
the basis of the low power leveis detected there. Interpreting the KTSC1 weight
vector as a polynomial in the z-plane (Kumaresan and Tufts (1983)). plot ¢
shows the stable regular distribution of zeroes around the interior of the unit
circle The signal zeroes he almost on the circle.

Plot d shows the result obtained using MEM on this data sample. Although
both signal and jammer directions have been accurately determined. note the
typical presence of pronounced peaks at other directions. The proximity of one
of these peaks to the signal frequencies. and the consequent relatively high
power fevel associated with it has resulted in higher levels of noise leakage
from the jammer into the signal directions as perceived through the incorrectly
supported pseudo inverse. A simple iteration which removed the spurious peaks
from the support for this operation would result in improved power estimation

MLM (piot e) has tended to average out the major spurious peak. at the
expense ‘n this case of less accurate determination of the signal directions.
The result of TNA processing. shown in plot § has. not surpnisingly,
similarities to both MEM and M(M.

Piot g shows both the PCB estimate and the function 1/(1-f(x)) derived
from equating f(x) to the normalised matched filter estimate. This result clearly
emphasises the fact that the visual appearance of an estimate is not a reliable
indicator of its ability to resolve targets in the sense defined by Rayleigh. The
inter-peak dips of the matched filter form of this estimate are of only a
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fraction of a dB, and yet they are stable because of the remova! of noise in
the rank reduced sample covariance estimate. The major error evident in this
plot (the hopelessly inaccurate estimate of signal powers) has arisen not as a
result of & deficiency of the PCB algorithm, but through the inability of the
simple peak locating routine employed to accurately tind the centre o! the
extremely broad response. This has caused a slight inaccuracy in the pseudo
inverse support for the important jammer direction., and hence signficant
leakage of this relativeiy high power signal into the signal time series. This
only serves to demonstrate. however. the high degree of cancetiation which
may possibly be achieved by this form of processing if properly executed.

Pemy(® . shown in plot h Is very similar to the MUSIC resuit in this
case, but shows by the presence of more prcnounced peaks in the background
fioor that the flat floor of MUSIC is partially caused by the assignment of
uniform weighting to each of the eigenvectors in the noise subspace. The plot
obtained {rom the PME estimator (plot i) demonstrates that the fiat floor of
MUSIC is nlso the result of averaging many noise elgenvectors. All targets are
clearly de'ected by all the algorithms so far discussed. and their spatal
frequencies determined to within a fraction of a beamwidth. This behaviour is
typical.

Returning to the BSA and PIM beamformers, we see that the tesults (piot
{) are limited in application because of the high sidelobe levels. Although the
BSA plot, for example. contains exactly the same information as the MLM
estimate., it is not presented in a usefui fashion for the location of muluple
point target emitters, because the prior information that such sources result in
a sin(x)/x response from the correiation action of the filter has not been
used @ the process of parameter estimation is only hall completed. We will
see that MUSIC and its related processors are capable of effecting this task ot
fitting multiple si(x) /x functions optimally to the data when we examine the
results obtained from o focal ptane array which has an array manifold
consisting of just such waveforms.

Finally in this section we present the result of processing the compacted
data which resuits from the coefficients method discussed in section 3.7.2 by
the MUSIC algorithm. The original data is exasily the same as used for all the
other plots. but has been projected onto only the most significant ten
eigenvectors of the array manifold (corresponding tc a8 S/N ratio of 50 dB in
the case of a Shannon number of six). The eigen analysis required for MUSIC
is thus significantiy faster for the resulting (10 x 10) covariance estimate than
for the original (20 x 20) matrix. Apart fron a slight discrepancy in the
estimated signal powers, the result plotted in Fig 4.5k is virtually
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Fig 4 5. The data used for Fig

4,53 processed by PIM and BSA. No time

serias analysis has heen performed for this figure.
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Fig 4 Sk. The dats generated for Fig 4.5a has been pre-processed by the
cosfficlents method belore bdeing snalysed by MUSIC in order to decresse the
computation time. The original twenty siements of datla per snapshot have been

reduced o ten.
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Fig 4 6a Simuistion of a coherent muitipath problem The thirty snapshots of
data are generated by simulsiing two coherent emitters separsied by 0.4
cycies measured scross the twenty sensor aperture The resuits plotted are
those given by BSA and PiM
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Fig 4 8b The KTSC} algorithm acting directly on the dats of the previous
figure is unable to discricminate the two signals.
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Fig 4 6c. Utlliaing a sub-apsrture ot ten sioments to pre—process the dals.
the XTSC1 algorithm succeeds in discriminating the two cohsrent signais
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Fig 4 8d Taking only a 3ingle snapshotl of data from the twenly element
array. and pre-processing with @ sub-sperture. the KTSC1 aigorithm again
sucCeeds in separsting the (wo conherent sources of Fig 4 8a This resuit is
more sensitive 10 noise than that based on thirty snapshots of dsta
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indistinguishable from that displaysd in plot a.

. ALING WITH COHERENT ITIERS

Our next simulation deals with perhaps the most difficuit discrimination
probiem of all, that of two coherent targets wnich appear to have a constant
phase dilference at the antenna phase centre. This could be the rosuit of
coherent muitipath reflection from a fixed surface. We have simulated & source
of 20 48 and a refiection of 15 dB separated by 0.4 conventional Rayleigh
beamwidths, and with a reiative phase diftersnce of n/3 radians measured at
the centre of a 20 element linoar array of half wavalength spaced elemeants

Fig 4.6z shows the resuit of processing twenly snapshots of information
from this scenario The effect of processing many snapshots in this way s
simply to make the raesulting estimate relatively stable against noise. and coes
~ot atford any imparovement in discrimination performance. As can be seen.
the BSA and PIM beamscans result in very similar responses at this fow S/N
ratio, and neithar gives a clear indication of the presence of the pair of
signals

Fig 4 6b shows the result obtained from the KTSC1 processor acting on
precisely the same data The sample covariance estimate has a single high
eigenvalue., and the reconstruction produces & single peak between the two
sources, and slightly cioser to the main signal.

if we now empioy the sub-aperturing technique to pro-process the data
covariance matrix, as discussed in section 3.7.3, the new covariance estimate
has two significantly high eigenvalues Forming the appropriate weighted sum
of noise eigenvectors using the KTSC1 algorithm produces the minimum energy
solution to the problem given in Fiy 4.6c. Both signais are clearly and
accurately located, and thewr associated powers determined Employing
forward-backward shifting of the sub aperture gives enhanced noise rejection
and an even greater degree of precision in the frequ.ncy estimation. In fact,
because the data in each of the snapshots is exactly the same but for the
noisa and an amplitude scaling. the sub aperture may be appiied to any
individual  snapshot, although with resulting greater =ensitivity to noise
perturbations. Fig 4.6d shows the SAT operating successfully on singie
snapshot data from the even more difficult situation when the two signals

appear to be in phase at the array phase contre.
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Source Power Position

(dB) (cycles)
1 9 -1
2 S5 -1.1
3 12 -0.4
4 15 -0.4
5 17 -0.4
6 4 0.4
7 11 0.5
8 50 1.2
9 435 1.3

Table 4 1. Source powers and locstions used in the simuiations dizcussed in

section 4 2.6 and litustrated by Fig 4. 7{a-D.
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Fig 4 7a. See Tabie 4.1 for details of Ihe sources modstied for this

! t'‘mutation  The array is again of twenty eiements., separated by A/2. and
tiirty snapshots of dsta have been processed The aigorithm used for thia
reconstruction was KTSC). foilowed by ggﬂmo seriss analysis
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Fig 4.7b Sources &s lstsd in Table 4 1. Data has deen snalysed by the
forward-backward XKTSC1 method.
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Fig 4 7c  Sources as listed in Tsble 4 1 Dsta has been processed by
MUSIC
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4.2.6. MULTIPLE TARGET DISCRIMINATION

Fig 4.7 presents the results of a number of simulations which have

attempted to locate the powers and spatial frequencies of seven signal sources
and two random phase jamming emissions located within a space of only three
Rayleigh beamwidths, using a twenty eiement linear phased array. Processing
has been carried out sequentially, to initially locate the sources in space.
followed by sub aperture analysis of the resulting time domain informaton
Details of the sources are given in Table 4 1.

Figs 4 7a and 4.7b show the results of processing by the KTSC1 algonthm
on the forward data and on the forward backward data respectively. in both
instances the algorithm has made a commendable estimate of the required
parameters. Neither processor has discriminated the two sources lying closest
to the jammers in space as individual peaks, although the subsequent analysis
of the time series assoclated with the single peak has accurately determined
the presence of two emitters and their powers.

In this example. MUSIC (Fig 4.7c). operating on an unweighted
combination of the noise space basis vectors, has not performed as success-
fully as KTSC1. it has completely failed to register the presence of the two
sources at 4 and 11 dB, and has only just recognised the sources located at
-1 3 cycles miM (Fig 4.7d) displays considerably worse discrimination of the
sources in this spatial analysis.

Fig 4 7e is iInteresting, as it shows again the errors which anse from
inaccurate estimates of the positions of high power sources. This resull has
surprisingly been derived by the KTSC2 processor, and has notably failed to
discriminate the main jamming source. Such a response nas resulted in
incorrect matching of the pseudo inverse to the problem, and the poor
canceilation of the random jamming signai in target directions

Finally, in Fig 4.7f, we show the unsuitable responses given by the BSA
and PIM algorithms to this data sampie No attempt to process doppler domain
information has been made.

4.2.7. FOCAL PLANE PROCESSING

We now show the results of processing a “simple” high signal to noise

problem involving data recewed at seven equally spaced elements in the focal
plane. The array samples spatiaily at the Nyquist rate The data has been
generated from a model of two emitters separated by 0 3 beamwidths spatally,
and by only 0 1 cycles across the time domain aperture in order to emphasise
the sensitivity of the successful algorithms. The other intention here, however,
is to reveal the unsuintability of the KTSC algorithms for handling such data, as
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Fig 4.7{. Data gensrated by a simulation of the sources listed in Table 4 1
has besn analysed by PtM and BSA. No subsequent time-series processing
has heen attempted.
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Fig 4.8a A simulation of de s received from two point sources at 0 3
bsamwidths separation by s sevsn siemant Nyquist spaced focal plane antsnna
has besn processe” by MUSIC Sources sre separsicd by only 0 1 cycles in
the time domain aperture Twenty snapshots of date have been used in the
coveriance estimate
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Fig 4 80 The data ol Fig 4 8a processed by KTSC1. showing muitiple
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Fig 4 Bc The data of Fig 4 8a processed by MEM
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a result of the form of constraint eaployed.

Fig 4 Ba indicates that MUSIC interprets the data with ease. despite the
close proximity of the sources in the two dimensional space-time aperture
Spurious peaks are well suppressed It is also worth noting that MUSIC s
effectively interpreting the data in terms of sin(x)/x functions across the focal
plane The response of the KTSC1 processing is depicted in Fig 4 8b. and
displays a large number of spurious peaks. in addition to incorrectly estimating
the locations of the signals. This is as a result of the unsuitable form of
constraint employed by this particular form of the signal subspace aigorithm,
which requires that all receiving elements in the sensor are equally weighted
and rrradiated Both MTM and MLM (Figs 4 8¢ and 4 Bd) give superior
results, when compared with KTSC1. although do not achieve the same
accuracy as MUSIC in target location and power estmation Again., neither
algornithm, as implemented here, is optimal for the problem of focal ptane
data

Fig 4.8e shows the result of analysis using the coefficients method of data
compaction followed by the KTSC1 aigorithm. Although the spurious peaks are
pronounced. the estimated signal powers at these directions are reifatively
lower than determined by the previous analysis of the data matrix itself, and
the locational estimates of the signal sources are considerably more accurate
The coefficients representation of the data thus appears to have made the
resuiting total algorithm less sensitive to the original data format Aithough 1t is
not presented here. we note that the coefficients/MUSIC method produces
identical results to MUSIC alone

Finally in this section, we demonstrate how the same seven element focal
plane array can locate at least seven emitters within the five beamwidth fieid of
view The scenario consists of five partially decorrelated sources and two high
power random phase jamming signals, as listed in Table 4.2 Fig 4 9a shows
the eigenvalue spectrum of the sample covariance estimate MDL has
determined a signal subspace dimension of four, and so MUSIC has operated
on the remaining three noise subspace eigenvectors to produce the result
shown in Fig 4.9b Four of the five directions have been determined to within
a fraction of a beamwidth, and subsequent doppler processing of the data has
evaluated the powers associated with each of the signals, and demonstrated

the excellent rejection of the jamming signals in the source directions
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Source Power Position
(dB) (cycles)
1 9 -1.5
2 S5 -1.5
3 15 0.25
4 12 0.25
S 25 0.2
6 55 1.2
7 50 0.9

Tadbie 4.2. Source powers snd 0cCalicid used in the focsl plana ’ arrey
t d in i 4.2.7 ang liuswatlad by Fig 4 S(a-pl.

) 1
-18
N
-29 \
-38

Fig 4.9a The sources listed in Tadie 4 2 have Desn simuizteg 10 give date
trom an arrgy of the ssme specification as given in Fig 4 8a The diagrsm
shows the eigenvaiue spectrum MDL anslysis indicates that the first four
sigenvectors define the signat subspace
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Fig 4 10a The dingram shows the result of pr G ot two
5d8 sine wave sources, separated spatially by 0 1§ cyclu and by 0 9 cycies
in the time domain aperiure The twenly snapshots of dala have been ansiysed
by the KTSC) method. solving the equation &5 w = 0. where 95 Is the matrix
of [ signal sig s A gh the signsl subspace dimension
was clo.rly two. the result contains only a singie peak
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Fig 4 10D. Processing the time series assoclaisd with the singie direction
obtained from Fig 4.10a. using & moving window/KTSC1 aigorithm. allows us
1o determine the two signal frequencies.
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Fig 4 10c. The data matrix analysed in Fig 4. 10a may alternatively be used to

?;lombnlnn !:: t:moa d signat sub eigenvectors. ys. This matrix may
on be us o detive the Uime domain estimate shown here

KTSCY equstion, ygH w = 0 B soning the
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4.2.8. IMPPOQVING ANGULAR ESTIMATES THROUGH DOPPLER PROCESSING
The results given in Fig 4.10 demonstrate that the apparent hmits of

angular discrimination for a particular algorithm may be exceeded ." the
sources may first be discriminated in another domain, such as the doppler
domain in this example We have modelled two 5dB sources separated across
the spatia! aperture by only 0 15 cycles, but by 0.9 cycles in the time domain
aperture.

Eigenanalysis of the data covariance estimate gives a signal subspace
dimension of two Analysis using the two singular vectors corresponding to the
dimension of the antenna aperture. using KTSC1., produces only a single
peak. approximately centrally located between the two sources (Fig 4.10a)
because of the correlation between the vectors of the array manifold A mowving
window analysis of the single time serles derived from this directional estimate
reveals the frequencies ot the two sources with only a siight error (Fig
4.10b). if, however, our interest is to locate the sources spatally, this result
is not suitable. We now show that, because of the decorrelaticn present in the
time domain, it is possible to find the directions of the emissions with some
degree of accuracy

Instead of using the spatial domain singular vectors, we first of all use the
two signat space vectors in the time domain Processing. as before, with the
KTSC1 algorithm, we determine the wo frequencies to within a fraction of a
cycle (Fig 4.10c). Subsequent analysis of each of the data series associated
with these frequencies in turn enables the locations of both of the emitters to
be found Such analysis may be carried out using the familiar moving window,
followed by eigen analysis and determination of the appropriate signal subspace
singular vactors (Fig 4 10d). Alternatively in this situation, where each
independent data series corresponds to only a single target, tne targets may
be located by a simple BSA examination of each appropriate series. Fig 4 10e
shows plots of the function 1/(1-f(x)). where f{x) s the normalised BSA
result, to show the peak positions more ciearly. This latter method 1s clearly
much faster to compute than the moving window, but is obviously not capable

of finding multiple sources at a particular frequency with the same accuracy

4.2.9. ITERATIVE PIM PROCESSING

Using an exampie of a twenty element circular array of detectors, looking
only in tha plane of the antenna. examples of the results of two different forms
of iteration on the PIM and BSA beamformers are presented in Figs 4.12 and
4.13.

The target scenario consists of three low amplitude sources sufficiently
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Fig 4 10g Utittsing the knowisage of the signal frequencies deriver in
the previous figu.e the spavai focations of the twe emitters may be
determined indepandently using a moving window/XTSC1 aigorithm on the aaw
associsted with sach (requency In turn,

-18

. XN

Fig 4 YGe QGiven t.e estimate of signai trequancies derived in Fig 4.30c. the
spatial locations may be owlermined ty a simple BSA operation on the daia
derived frors each in turn. The curves piottad hers sre of the function
W/ 1-Ppga(®). In order to show the pesk positions more risarly
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Fig 4.12a. This figure shows the first stage of an iterated reconstruction ol the
targets. A weighting function has been appilied to the oOrigins! aray manifoid.
which assigns unity weight to those regions of the origing! picture which fail
above a threshoid, as described In the text.
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Fig 4 120 Tha eighth stage of the iteration siar.ed in Fig 4 12>, Showing the
presence of a spurious peak caused by ‘incorrect’ throshoiding at one point




separated in aperture that they are Initially just discriminated by PIM. but not

quite by the BSA The result of processing the data by MUSIC using the

normal pre-iteration array manifold is given for reference in Fig 4 1la, and
compares with the equivalent PIM and BSA responses in Fig 4 11b. The latter
figure also shows the function 1/(1-f(x)) derived from the PIM estimator

Whereas MUSIC has easily determined both signai locations and powers,
the BSA algorithm has failed to produce a clear indication of anything., having
only a single broad response PIM has just managed to separate the two
30 dB signals, and the possible presence of the third sigs al Is indicated by a
peak onily slightly above the level of the sidelobes., but at an incorrect
direction.

Fig 4 12a shows the first iteration of this scene using a weighting function
across the A matrix consisting of unity weight for regions of the plot which
initially fell above a threshoid value of -5 dB, and the same threshold value
across the rest of the picture Estimates of the locations of the two central
emitters are slightly more accurate than before, and the main sidelobe levels
are slighlty suppressed However, the unity weighting in the region of the 20
dB signal has not been applied to the correct area because the corresponding
lobe of the initial response did not accurately reflect the position of this
source Fig 4 12b shows the result of the eighth iteration. based on
intermediate results utilising successively lower threshold levels We see that,
although the plot perhaps looks ‘cleaner” than before because of the
suppression of the sidelobes. no higher degree of discrimination has been
achieved In fact, the response of the PIM beamformer has apparently been
flattened in the region of the two central sources, and a spurious peak has
appeared caused by an ’‘incorrect’ thresholding decision at one stage of the
iteration Although the threshoiding error which occured here was the resuit of
human ‘error’, it could equally have happened If the thresholding had been
carried out on the basis of some other prior assumptons The only ieraton
guaranteed not to admit such a possibility of error i1s one supported by exact
knowledge of the scene to be reconstructed

Fig 4 13 shows the eighth iteration of the same scene achieved using a
weighting function which was derived from the square root of the ampiitude of
each succeeding result where it fell above the threshold levei, and set to the
threshold elsewhere This has apparently resuited in an enhancement of
discrimination performance of both beamformers, in that both now have formed
a ciear estimate of the directions of the two central sources and the
sidelobes have been suppressed to very low levels However. the improved

discrimination in the central region has primarily occurred because of the dip
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in the tnitial PIM estimate had that not been present, the result after any

number of iterations would have been only a single cantral peak. We aiso note
that the peak corresponding roughly to the lower power target, although now
clear of the background., has been considerably suppressed itself, and s no
more accurately placed than the lobe in the original response Such a clean
response has only been obtained because the operator had clear knowledge of
the locations of the simulated targets. and couid easily have resolved spurious
peaks as in Fig 4 12b without such knowledge.

It is clear that such iterative processing is extremely prone to error, and
is unable to cope with the location of sources which faii below the sidelobe or
interference level present in the initial estimate. MUSIC, on the other hand
has dealt with the same data extremely efficiently and accurately, on the basis
of the assumplion that the targets may be represented as point emitters.

For comparison, Fig 4.14 shows the resuit of raising the valuas obtained
by the imtial PiIM estimate to the power of eight This simple operation has
clearly had almost as riuch impact on the result as did the iterations We
conclude that iterative processing of the pseudo inverse in this manner does
not appear to provide a useful means of improving discrimination of

decorrelated point targets
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8 weaight equai 10 the square root of the
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described in tie text The rasuilt is & king result The
BSA resuit has apparently Improved dllcrlmlnnllon aithough this is because
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Fig 4 14 This diagram shows the original BSA result of Fig 4 11b along with
the corresponding PIM reconstruction which has been piotied rsised 10 the
power eight
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5. CONCLUSIONS

We have demonstrated the successful application of a number of modern
signal processing algorithms acting on short samples of data from simulated
far field point-like sources subject to observation noise. These achieve
improved signal discrimination and noise reduction over conventional techniques
through the application of sultable constraints to the solution. Such constraints
are satisfied in a least squares sense. which we have shown may be achieved
or understood through the application of singular value decomposition.

It is our belief that algorithms such as MUSIC offer worthwhile gains in
both the quantity and quality of information which may be retrieved from radar
phased arrav and time series dJata, through the ciear and controlied
introduction of suitable prior knowledge about the nature of the problem to be
solved We have demonstrated the algorithms acting on data of a fairly
ideahstic origin Qur signais have originated from point sources. and have
been subject to additive Gaussian noise, and we have assumed in the results
presented in this report that we have knowledge of any perturbations present in
the array manifolds used However, the results obtained strongly suggest that
further effort shouid be' directed into investigation of thewr behaviour when
handling real data Phased array radars have many inherent advantages in the
form of robustness., beam agility, and so on, but it seems short~sighted not to
seriously ovperiment with improved methods of handiing the vast amounts of
information whi:ich they are obviously capable of providing Aithough the
processing load s heavy, we have domonstrated possible approaches which
might possibly resuit in faster algorithms. and the development of solid state
devices is advancing at such a rate that the realisation of on .¢ne signal
processors performing eigenanalysis is a real possiblity.

We are currently avaluating the performance of these algorithms for a
variety of applications such as resolving multipath duglicated images and
counting jammers for raid strength analysts. Work is also continuing on
possible methods of improving the discrimination of sources through the
inclusion of additional pnor knowledge It is of vital importance that the
performance of such algorithms should be tested on digitised signals from real
phased arrays., in order to assess their sensivity tc factors which are not
present to date in our simple simulations

Of the aigorithms tested here. MUSIC, EMU ang KTSC1 appear to otfer
most promise As we have shown, they appear to be very closely related
Although by suitable weighting of the noise subspace eigenvectors, KTSC1 is
capable of better noise rejection than MUSIC when dealing with short samples
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of data, we have demonstrated with the exampie of the focal plane data in

Saction 4 2 7 that, In its currant form, it is only suitabie for aperturs piane
or time series data analysis. MUSIC and the eigenvalue weighted versicn of the
algorithm, EMU. appear to be most widely apglicable methods, sincs they do
not make use of assumptions about the conformation of the sensor array. True
maximum likelihood parameter estimation remains a more distant goal becauss
of the assoclated weight of processing. However., it seems f{rom recently
published results (Bshme (1985), Hudson (1985)) that wmethods of
accelerated approximate maximum likelihood estimation may be possible., and 1t
is certainly the case that such approaches warrant more detailled investigation
and characterisation.
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