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ESTIMATING JOINTLY SYSTEM AND COMPPONENT
RELTABILITIES USING A MUTUAL CENSORSHIP APPROACH

by

Hani Doss, Steven Freitag, and Frank Proschan

ABSTRACT

Let F denote the life distribution of a coherent structure of independent
components. Suppose that we have a sample of independent systems, each having
the structure ¢. Each system is continuously observed until it fails. For every
component in each system, either a failure time or a censoring time is recorded.
A failure time is recorded if the component fails before or at the time of sys-
tem failure; otherwise a censoring time is recorded. We introduce a method for
finding estimates for F(t), quantiles, and other functionals of F, based on the
censorship of the component lives by system failure. We present limit theorems

that enable the construction of confidence intervals for large samples.
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1. INTRODUCTION AND SUMMARY.

Consider a system of independent components labeled 1 through m. We assume
that the svstem forms a coherent structure, which we denote by 4. Specifically,
the system and each component are in either a functioning state or a failed state,
and the state of the system depends only on the states of the components; see
Barlow and Proschan (1981, Chapters 1 and 2) for definitions and basic facts
relating to coherent systems. Let Fj denote the life distribution of component
i,»3=1, 2, ..., m, and F¢, or simply F, denote the life distribution of the
system.

Suppose that we have a sample of n independent systems, each with the same
structure $. Each system is continuously observed until it fails. For every
component in each system, either a failure time or a censoring time is recorded.
A failure time is recorded if the component fails before or at the time of sys-
tem failure. A censoring time is recorded if the component is still functioning
at the time of system failure. From these failure times and censoring times we
wish to estimate F.

In order to distinguish between components and svstems, we index svstems
with the letter i and components with the letter j; i ranges over 1, ..., n, and
j over 1, ..., m. All random variables are non-negative. We define the following
random variables:

Ti is the lifelength of svstem i,

X'i is the lifelength of component j in svstem i,

for each j, X ., X_., ..., Xni are iid*,Fi,
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i), where 1{A: is the indicator function of the set A.




:ii records the time on test of component j of svstem i, and Gij indicates

whether component j in svstem i is uncensored (6ii = 1) or censored (Gij =0).

-

lj, ey -nJ

(e

For each j, Z are iid with distribution Hj‘ The sequence {(Z.1 )

jrU1]
i<is<m, 1<i<n' contains all the information used in estimating F, and thus is

called :re samrie Informatrion.

The system life distribution F can be estimated by the empirical estimator

FC™ defined for t =0 by

~em 1 t
F p(t)='£ YOI(T. <t). (1.1)

€™ does not fully utilize the sample information. Specifically, it does not
use the following information: the identity of the components still functioning
at system failure time, and the failure times of the components failing betfore
system failure time.

We propose an estimator I of F that uses the information described above.
The estimator, described next, is based upon estimators ot the component life

distributions Fl’ Cees Fm. For each j, let CZ . RIS be the ordered

values of le, “25r ttr Tng Define

i1 if 2. . corresponds tooan oo orore s Citetg
1)1

10 if 2 . . corrosrond. v : SR
. (11 ‘

(When an uncensored and 1 censored sbhooreoge o : : i e
vation is considered to have occurred ¢4 ¢
estimator of F:
[ :
!1\‘1
1

The definition above differs trom the usual detanit o R N A S

mator in that ﬁj(t) is not arbitrarily detined t

For each coherent structure & of independent corvoners | there corresponds
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a function hQ, called the relia?iility “oweiion, such that
F@(t) =h¢(F1(t),...,Fm(t)). (1.4

Here, ?\(t)= 1- F¢(t) and ?i(t)= 1- Fi(t)' A more detailed description of relia-
v - -

bility functions is provided in Chapter 2 of Barlow and Proschan (1981). The

estimator F is defined by

(1.5)

1-h (F.(t),...,F (t)) ift<T
};(t)={ 1 m (n)

1 if tZT(n).

=max(T1,Tq,...,Tn). The estimator F has obvious intuitive appeal.

Here, T(n)
The properties of the Kaplan-Meier estimator have been studied extensively
by various authors. Under the assumption that the censoring variables and the
lifelengths are independent, the Kaplan-Meier estimator is the maximum likelihood
estimate (Kaplan and Meier, 1958; Johansen, 1978). Regarded as a stochastic pro-
cess, it is strongly uniformly consistent (Fdldes, Rejtd, and Winter, 1980) and
converges weakly to a Gaussian process (Breslow and Crowley, 1974, Aalen, 1976,
and Gill, 1983).

The main results of this paper can now be stated. Let D[0,T] be the space
of all real valued functions defined on [0,T] that are right continuous and have

left limits, with the Skorohod metric topology. Dm[O,T] denotes the product

metric space.

THEQREM 1.  Suppose Fl’ Fo, oo, Fm are continuous, and let T he such that Fi(T) <1
for i=1, 2, ..., m. Then as n-+

) R - ~
2 _E T T ! ; -
n (Fl Fl, F2 F2’ Ceay Fm Im)<>(wl, “2’ ey hm}

. m \ . . .
weakly in D[0,T], where “1’ cees “m are inderendert mean 0 Gaussian processes.

The covariance structure of Wj is given by

i ) Y1dF, (u)
Cov(W. (t),W.(t))=F.(t)F.(t)) [ ——L— foronct -t <T. (1.6)
Jo1 2 I SO . = 172
0 Hi(u)Fj(u)
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Since in general the dependence among the Fi's may be complex, Theorem 1 is
not a trivial extension of the corresponding result for the individual Kaplan-

Meler estimators Fi'

-~

The next theorem gives a central result regarding the estimator F.

THEQREM 2. Suppose F,, F

1 Fao . Fm are continuous, and suppose T is such that

Fj(T)< 1 for j=1, 2, ..., m. Then as n-+>w
1.
n?(F -F)>W weakly in D[O,T],

where W is a mean 0 Gaussian process with covariance structure given by

3h
¢
gaj(ul,...,um)

ne-1g

Cov(W(t ),W(t,)) = (up,eewoup) =

j=1 ] - -
| Fle,n 0 F )
[ 3h ' ]

b -
—(u,,...,u) _ (1.7)
Buj 1 m (?1) ,um) ,

(Fl(t7)’ ,rm(tz)))
Y dF . (u)

for 0<t s‘t?sT.

Fj(tl)ﬁj(tz) i .

0 ﬁj (WF; (W

The commonly used estimate of the variance of the Kaplan-Meier estimate 1is
given by Greenwood's formula (see Chapter 3 of Miller, 1981). Since this esti-
mate is known to be consistent (see Hall and Wellner, 1980), it follows that for
fixed t, the variance of ﬁ(t) given in Theorem 2 can he consistently estimated.
This enables the construction of confidence intervals for F(t) in large samples.

The method of estimating F proposed here has an additional advantage: the

estimates Fl’ Fos «.us Fm can be used to estimate the life distribution of any

structure  whose components form a subset of the components of ¢. Specifically,

if h_J is the reliability function of ¢, then the estimate IA-‘]b defined by

F (t)=1-h (Fy(o), ..,k (1), (1.8)

O O Y
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when suitably normalized, converges to a Gaussian process; this fact will be

clear from the proof of Theorem 2.

In the large literature on point and interval estimation of svstem reliabilitv
it 1s always assumed that the components are tested separately; for a survey and
references see Mann, Schafer, and Singpurwalla (1974). The idea of basing the
estimate of the system life distribution on estimates of the component life dis-
tributions with the resulting censoring considerations is new in reliabhilityv theory.
This approach extends and gives a novel application of censoring methodology.

The competing risks model corresponds to a series svstem. Aalen (1976)

showed that for this model, the vector of Kaplarn-Meier estimates (ﬁl,...,Fm),
when normalized, converges to a multidimensional Gaussian process, whose com-
ponents are independent. This result corresponds to our Theorem 1 for the case

of a series structure.

This paper is organized as follows. Section 2 gives some definitions, pre-
liminary results including the strong consistency of ﬁ, and results without proof
concerning the Kaplan-Meier estimator to be used subsequently. Section 3 is tech-
nical, and applies martingale theory to obtain the results of Theorems 1 and 2.

[t contains all the terminology and facts concerning martingales that are needed

to prove Theorems 1 and 2. Section 4 gives an application of the results of Sec-

tion 3 to system design methods. The Appendix gives a proof of a result used in

Sections 2 and 3.

2. PRELIMINARIES AND DEFINITIONS.

®
:.,j Corresp nding to a generic system, we define generic random variables Xi, :i’
M i -
L 6j. and T, such that the random vector (Xj’zj’éi’T) has the same distribution as
> 7
}._,;; (Xi352450855T) for i=1, 2, ..., n, and j=1, 2, ..., m

L ]

. RSP T T T R < s - . . P . '
al e A dal s alala Al Al A ANAN v AT e e a0 A L At T e v e e <« - J



'.',hr { aan i A4

3
..
r -
- .
: ?
| 3 g
-
"4
=
b
.

[n Section 1 1t is noted that the strong consistency and weak convergence
results for the Kaplan-Meier estimator are valid under the assumption that the
lifelengths and the censoring random variables are independent. In our model,
tor each j, Xj is ¢ensored by T, and for a coherent structure these two random
variables are Jdependent. However, it is possible to redetfine the censoring vari-
ables to civcumvent this difficulty. This is best explained in terms of a simple

example. Consider the structure shown diagrammatically in Figure 2.1.

—()—

:
Figure 2.1.

In the example T‘=X1 A (X, vxg), where x Ay =min(x,v) and xvy=max(x,v). Consider

now compeonent 1. Clearly X, 1s censored by Y

1 =X, vX;, which 15 independent of X

1

Similarly, X, is censored by Y =X, and XS by Y3 =X_.

2 2 1’ 1

In the Appendix it is shown that in general, for each j=1, ..., m there is

1 nonnegative random variable Yj such that

Z.,8.) = (X, - X.<Y.)), (2.
(2;585) = (X AY,, TG <Y)) (2.1)

and

X. and Yi are independent. (2.2)

.

We refer to Yi as the congcring variable ~f 7.. Statements (2.1) and (2.2) imply

that the censoring of a component lifelength is described by the random censorship
nodel (Gilhert, 1962). Roughly speaking, Yj is the lifelength of the svstem if Xj
is replaced hy =.

In order to describe the distribution of Yi we introduce some notation. For

FE Ay ey ) [0,11™, «< 0,11, and i=1, ..., m, let

W ™ ~ T ——TT YT —v—w

1

0
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Let E(t)= (ﬁlkt)....,ﬁm(t)) and recall that “i is the distribution of :i' In the

\[)[ Cndix it 'lb :}10“‘4’“ thglt
Y. t = .y | ) ‘, .

where hQ is the reliability function (see (1.4)). Thus,

tJ
93]
—t

Hj(t) =Fj(t)h¢(1j’i(”)- (

v now review some terminology from reliahility theory (see e.g. Barlow and
Proschan, 1981} to be used in the proof of consistency of ﬁ and in later sections.
For a coherent syvstem of m components, the states of the components correspond to
a vector U =(U1,...,Um), where Uj= I(component j is in a functioning state). The

Siructure “unction is defined by ¢ (U) = I(System functions when U describes the

\m
o

states of the components) for Ue Am, where Am=={0,1, It is well-known (and easyv

to see) that for p= (pl,...,pm)e [O,I]m,
m ”i 1-U.
hy(py= § ey TTp i-p) 7, (2.6)
veA j=1 ) ]

where 00= 1 by definition.
The Kaplan-Meier estimates ﬁj given by (1.3) will be denoted ﬁ? when we want

to emphasize the dependence on n; similarly for the estimate F of system life dis-

tribution. Also, Eﬁ will denote the vector (ﬁ?,...,ﬁ;).

The following propositions specialize the properties of the Kaplan-Meier

. . . . . . n
estimator investigated in the literature to the estimators Fi.

PROPASITION 2.1. (Fdldes, Rejto, and Winter, 1980). If T>0 is such that Hi(T)<'I.

then
/ 1.
I [ | 2 2
Pl sup ff-'?(t)-Fi(t); =o,(('—“1“—)-—N=1.
 N<t<T - - - ‘L n* )l

no. . . . . T
Thus, IV is a strongly uniformly consistent estimator of Fj on the interval [0,T}.

lInder the assumption of continuity of the distributions of the component

. - 4
R L WV R T P AR U P L T L . . - - e
dea bl U Wy W W TN T NG N0 GR Ui W W WP U0 00 W 0 U0 i U 0 P T U0 Uy WP ST Wy U T U U Talale ol m s &
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litfelengths and the censoring random variables, the rate of convergence is

improved.

PROPOSITION 2.2, (F8ldes and Rejto, 1981). If Fi and h(li,i) are continuous and

T>0 1s such that Hi(T) <1, then

/ [ A
! [ - m 2 | !

Pi sup gF?(t)-Fi(t)}=0{ =0
L 0=tsT - - ; ! )

We note that it F . Fm are continuous, then h(li,ﬁ) is continuous: see Lemma

B

2.1 below,

PROPOSITION 2.3. (Breslow and Crowley, 1974). If Fj and h(li,E) are continuous and

1.
T>0 1is such that Hi(T) <1, then nz(F?-Fj) converges weaklv to a zero mean Gaus-
sian process W on D[0,T] whose covariance function is given by

tHrts dF . (u)

Cov(I(t ), W(t,)) =ﬁ.(t1)ﬁi(tq) [
- ) SR N CO ()
The tollowing lemma is needed in the proofs of strong uniform consistency and

weak vonvergence of F.

Lix™MA 2.1, Tor anv structure of m independent components, the corresponding relia-

T - - . . . [N . it ..
hility rfunctien h_ is twice continuously differentiable over [0,1]7, and the first

and second nart’al derivatives are bounded in absolute value by 1 uniformly over

(7

Proof: ter p= A e [n,1] and k=1, 2, ..., m, we have by (2.6},

Sh,

u' — =h _1,.,n)-h (0 ,p). 2.7
. oD kT S
e 3
I e Y TN

FrOT oo . ) owe ave
L 2]
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and for .« =z Xk,

‘,v:h ;
T{;—“ :{h:(lk’ll'p) -h:Uk’nl’p)}~r‘hﬁ(ok’l"¥)-h:.(” L0 ,py R

in an obvious extension of the notation (2.3). By (2.67 h_ is continuous over

m
l

0,1 This fact together with (2.7), (2.8), and (2.9) imply that the first and

]m

second partial derivatives are continuous on [0,1]7; hence, by Theorem 6.18 of

Apostol (1964}, ha is twice continuously differentiable on [0,1]m. Equation (2.7)
implies that the first partials are bounded in absolute value bv 1. Since each
of the two quantities inside the braces on the right side of (2.9) is between 0
and I, it follows that the second partials are also bounded in absolute value hyv
1. The lemma follows since p is arbitrary. n

We now establish the strong uniform consistency of F and give the rate of

convergence.

PROPOSTTION 2.4, Let T>0 bhe such that for i=1, ..., m, min(F].(T),I—Ti(T)) >0,

Then
| | ( N 11 W \l
) 3 S ot inn) T
fa) P] sup { F(t) - F(t) | =0 —1— 11 =1.
 O<t<T! S
(by 1If Fl’ RN Fm are continuous, the rate
I/' . 17 } l/ \|
o! LLETDL—E mayv be replaced by 0y / in ﬁn—lt
A \ !
Proctt o we fix te [0,T] and consider h*(Eﬁ!tﬁl -hA(E(tl). Since h_ is continucusly

e . m : ;
differentiable over [0,1]7 by Lemma 2.1, we can apply the Mean Value Theorem (sce

For example Apostol, 1964, Theorem 6.17):  there eoxists a point X; lving on the

v

S =N L
Pine <cument jormning Foft! and 0t} such that

< P - ; Can, L = 1 R
| E SN A R L S B E S SN O L S N rlLoIng
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where Yh, is the gradient of h In view cf Lemma 2.1, Proposition 2.1 proves

¢ o

Part (a), and Proposition 2.2 proves Part (b). O

3. WEAK CONVERGENCE RESULTS.

In Section 3.1 we outline the proofs of Theorems 1 and 2 and indicate where
the theory of stochastic integration and counting processes is needed. Section 3.2

reviews the elements of this theory that are needed in this paper. Section 3.3

uses the results stated in Section 3.2 to give rigorous proofs of Theorems 1 and 2.

. . 0 . .
Throughout Section 3 we adopt the convention that 6*=0. The index n used in

defining a process is suppressed whenever possible.

3.1. Sketch of the Proofs of Theorems 1 and 2.

To prove Theorem 1, we show that for any T >0 satisfying max F.(T) <1,

1<j<m
that ) .
F. -F F -F
L
il [ N ) T L (3.1)
= = 1 m
F F
1 m
where WI, - W; are independent mean zero Gaussian processes with covariance
given by
Y dF. (u)
. , B j oA
cOv(er(tl), H’J%’(tz)) = for 0t <t,<T. (5.2)

0 Hj(u)Fj(u)

(Now and henceforth, the symbol d signifies weak convergences in Dm[O.T].)

Theorem 1 is an easv consequence of (3.1) and Theorem 5.1 of Billingsley (1968).
We prove (3.1) by a general method introduced by Aalen (1978) and later

refined by Gill (1980). We define the stopped process F;n on [0,=), i=1, 2, ...,

m, by

(2}
2
—

F}(t)= Fj(tA :(n)j)’ and F;(t) =1 -F;(t), (3.:

and use the following decomposition:

. - . . . . - . - -
T T T L T e T T e AT : Ce C
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1Q[FI-FI Fm_Imv
n [l _ s » _ é
! o (3.4
(¢ _ps v g ] gl
ey }1 r1 im le I {[1 Il r1 " P P Fa
=n l _ ’ )__ +n I — - _ ’ ’ _ - _
Tk * Tk ol 3
L F1 Fm } L F1 r1 Fm Fm J
It is easy to see that
E Fo- F_-Fx
1.}
nZE L1 1_ , , 22 _ T_TIRo (3.5)
* *
L F1 F1 Fm Fm
in Dm[O,T]. (Now and henceforth, the svmbol p signifies convergence in probabil-
itv.) Thus, the proof consists in showing that
(& - p F - F*
1
prf L Lo m mid e ey (3.6)
E* E* 1 m
1 m

ﬁj(t) - Fi(t)];
Ex (1) j l

te [0,T]p is a martingale with respect to {Ft; te[0,T]}, where Ft is the o-field

b

To show (3.6) we first establish that for each j and for all n,¢n

generated by the observed component failure times up to time t. Formally, Ft is

the completion of

c{I(ZijSS, éij=1); l1<izn, 1<j<m, s<t}. (3.7)

We complete the proof of (3.6) by applyving a multivariate version of a martingale

central limit theorem due to Rebolledo (1980).

1

(L (D) -Ff(t)?
F_ l;te [O,T]( is a martingale, we define

To show that n? g 1

3
% |’ t ‘
F1 j

the following processes on [0,=).

—

Tt = 1520 3.8)




Njj (O =T st 855 1) (3.9)
n n
; .\Jj(t) = izl,\ij(t). (3.10)
;g Vi (0 =120, (3.11)
) n 7
:;‘_‘j \rj (t) = izl\ij (t). (3.12)
t [V..(s)
: A, (0) = [ | 24— dF () (3.13)
3 ) 0| F.(s) J
j
: . t [Vi(s) n
- AT(t) = [ | L—] dF.(s) [= ) Ai.(t)]. (3.14)
- ) 0F; () ) i=1
é,
,;i% My 5 (8) = Np 5 (6) - A (1), (3.15)
n n n [ t
Mj(t) =hj(t)-Aj(t) k=£1.\ij(t)]. (3.16)

The process .\Ij(t) records the number of uncensored failures of component j up to

time t. The process \r"j(t) records the number of systems in which component j is

~ at risk at time t . We note that for each t, Ft is the completion of
- o{Nij(S); l<isn, 1<j<m, s<t}. (3.17)
.; The following proposition is fundamental in establishing that
o (( L FL () —Ff(t)}
7 nZ{—L——L—- , F ]; te[0,T]) is a martingale.
a Fx (1) oot
L J
L X
.-'4 : PROPOSITION 3.1.1. (Gill, 1980). Suppose Fl’ cey Fn are continuous and t =20 1is
‘-"" : such that max F.(t) <1. Then for each j and for all n,
e 1<j<m
Lo -
. 1/[f’i(t)—F’i‘(t) REENC F.(s-)
- S I RS R ) . dm, (s), (3.18)
. * 01V, (s (s -
: L Fe(t) j (Vi) Fyi(s)
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where %j(s-) is the left limit of Fj(s).

The theory of counting processes is needed to show that {(Mj(t), FY; te[0,T)?

t

is a martingale. We apply the results in Section 3.2 to show that

t .
1
L112f 4 1 dM. (s), Ft ; te[0,T] is also a martingale, and to verify
0

V. (s) Fj(s)__ j

)

E{i the conditions of the martingale central limit theorem.

p -

Ef;: For fixed t, Theorem 1 and a standard application of the delta method (see
;g for example Section 6.a.2 of Rao, 1973) yields the result that nlé(f?(t) -F(t)) con-
;fj verges weakly to a normal distribution. We generalize this argument for the pro-
;?;' cess to prove Theorem 2.
[

g ‘ 3.2. Review of the Theory of Counting Processes and Martingales.

E, References for the material below are Chapter 2 of Gill (1980) and Chapters
[- 1- 4 of Chung and Williams (1983). A very accessible review is Andersen and

. Borgan (1984).

;tfé For a complete probability space (27,G,P”), a family of sub-sigma-fields

- {Gt; t >0} of G is called a standard filtration if for each t,

. (1) (Q’,Gt,P’) is a complete probability space,

(i1) GS CG‘C for s<t,

;‘7} (i) 6= 0 G

;2# A process Y={Y(t); t >0} is said to be adapted to the standard filtration
. "Gt: t>0} if for each t, Y(t) is (7t«"-(-fzsur:1b]c. The word adapted will refer to
,,f the filtration {Gt; tz0}.

i;ff A special class of adapted processes is the class of predictable processes.
;i_ Rougly speaking, Y is predictahle it 1ts value at t is determined by its values
.I at times up to but not including t. \ formal definition is given on pave 18 of

. Chung and Williams (19837, We will nuse the tact that an adapted process that has

- a.s. left continuous paths i~ predictable.




Pt Al s g ‘.-'.‘-L‘T‘"‘

|

4
b . o . . . 2
p . A martingale Y is defined to be square integrable if sup E Y7 (t) <.
: t
[b. Hencetorth, we assume that all martingales in this section are with respect to
t:ﬂ {Gt; t 20} and are square integrable.
-
b, - . ~ . . - . .
A It 1s well known that for a martingale Y, there exists a unique predictable

process with nondecreasing paths, called the quadratic variation process of Y and
Bl
denoted <Y>, such that Y™ - <Y> is a local martingale (see page 19 of Chung and

williams, 1983, for a definition of a local martingale). It follows from Propo-

sition 1.8 of Chung and Williams (1983) that uniformly bounded local martingales
are martingales. Since all local martingales encountered in Section 3.3 are uni-
tormly bounded, the reader may substitute the word martingale for local martingale
throughout this section without affecting the material in Section 3.3.

1,Y2> is defined
—Y:>). Kunita and Watanabe (1967) showed that <Y

It Yl and Y, are martingales then their covariation process <Y

hy <Y Y, > = L-(<Y1 + Y, > - <Y

1 > 1 o>

1’
1s the unique predictable process with paths of bounded variation, such that the
process YIYZ-<Y1,Y:> is a local martingale. It is easily seen that for every
martingale Y, we have <Y>=<Y,Y>,

For a process of bounded variation Y, define HY[{ to be the process such that

"Y'l (t) is the variation of the paths of Y on [0,t]. The following proposition is

used to show that the integral in (3.18) is a martingale.

PROPOSITION 3.2.1. (Doléans-Dadé and Mever, 1970). Let Gi and GJ be predictable

processes and Y, and Y, be square integrable martingales of bounded variation such

1

t |
that e, ] .
E (f){(;k(sjgd[f‘xkﬂ(s)<w, k=1, 2.

Then the processes X, and X, defined on [0,t] whose paths are defined by the

1

Lebesgue-Stieltjes integral

S
X, (s) = gGi(u)dYk(u) s<t,

is a local martingale on [0,t]. Furthermore,

-
F N B ST WA Vol W PG LY W WL Wil Gl T Vo U VA JPUWE WtV Tl S S U W W T S SR S Sy WG T - SRR VL -y . SUNE L. S e - -
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s
XX, (s) = EgGl’(u)Gi(u)d<Yl,Y3>(u),
tor sst.
A vector of adapted processes (Yl,...,Ym) is called a counting process if the
following hold a.s.
(1) Yj(ﬂ) =0, i=1, 2, ..., m. (3.19)

(i1) The paths of each process Yj are nondecreasing, right continuous
and have jumps of size +1 only. (3.20)

(i1i) No two processes jump at the same time. (3.21)

Theorem 1.9 of Mever (1976) implies that for each process Yj’ there is a unique
predictable process Bi with right continuous and nondecreasing paths originating
at 0, such that Yi_ Bj is a local martingale. The process Bi is called the com-

pensator of Yj.

AR ARIIRONE
AL R
L

The following proposition is adapted from a theorem of Murali-Rao (1969) and

is usetul for identifying the compensator.

PROPOSITION 3.2.2. (Gill, 1980). Let Y be a univariate counting process and let

t €(0,») satisfy E Y(t) <=, Define

-k k
=312 = = 2
tk,l 22 't, k=1, 2, , 2=0, 1, y 2
and
Zk-l
U= L OEO(Yy ) oYy 16 0y k=1,
=0 k,2

Then there exists a subsequence of integers {r r, *~ as k-+», and a unique ran-

1
kK7 Tk

dom variable U, such that for all bounded random variables \,

E(XUrk)-*E(XU)

iﬁi as k~=. The compensator B of Y satisfies
Bit)y =1 a.s..

We note that this result holds tor each fixed value of t, and that special

Qe s S e e so S S
AR .

R PR N S - - X - N A L. . . . I l
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care needs to be taken when dealing with a continuum of t's.

The following proposition is a special case of Theorem 2.3.1 of Gill (1980).

PROPOSITION 3.2.3. (Gill, 1980)}. Suppose (Yl,...,Ym) is a counting process with

compensators (Bl""’Bm)’ Define the process Zi by :i =Yj _Bi’ i=1, 2, ..., m
If the processes (BI,...,Bm) have a.s. continuous paths then the following hold.
(1) :j is a local square integrable martingale, j =1, 2, ..., m.

(iiy <<, , Z. »>=

We use a multivariate extension of a martingale central limit theorem due to
Rebolledo (1980) in Section 3.3. The conditions of the proposition below are

stronger than those used by Rebolledo. We use the stronger conditions because

-

they are easier to understand and do not take much effort to verify in Section 3.3.

Let fl’ ceey fm be positive functions on [0,=).

PROPOSITION 3.2.4. (Gill, 1980). Suppose that the sequence of vector processes

(Z?,...,Z;) n=1, 2, ..., satisfy the following conditions. For every ¢ >0,
1< jl’ j,sm, se[0,t], and every n,
. n . . .
(1) Zj is a square integrable martingale, (3.22)
£.(s) if j, =]
.. n ~N - 2 v A=
i) <<, 2 s Pyl 1 , (3.23)
S O
there exists processes i?e, ;?E such that
.. sNne ~NE . . - A
(iii) < and = are square integrable martingales, (3.24)
. - _3NE -N€& .
{(iv) Lj =25 *fﬂ s (3.25)
-ne . .
(v) Z. has no jumps larger than ¢, (3.26)
{vi) Z?E has a.s. paths that are of bounded variation, (3.27)
e . i . Y . . O .
o '-_a."s‘."p. '.').’m-.‘:\-.'-m‘.»s.’ e et a ol e T s LY :'...“‘ ‘x ". ‘-‘.;' 1..‘.‘.;@ Y "‘n'-'h'.“n'.'- e a A aa




. . sNE ~ e . . -
(vii) the processes Z. and Z. do not jump at the same time, (3.28)
P j =5 jump
=neg =NE -
(viii) <;j s h? >(s) P 0, as n>=», (3.29)
Then,
n n, d .=
(21’- )Zm) g (41,- )Z )
x o] .
where 21, ey Zm are independent Gaussian processes with mean zero, and covariance

structure given by

Cov(Zj(sl), Zj(sz)) = fj(sl) N<s,<s,<t.

3.3. Weak Convergence Results.

All families of o-fields defined in this section are standard filtrations.

This fact is a consequence of Theorem A.2.1 of Gill (1980).

LEMMA 3.3.1. Suppose that F Fm are continuous and suppose T is such that

RERL
Fj(T)< 1 for j=1, 2, ..., m. Then for each n=1, 2, ..., we have
n 1+F . (T)
(i) The variation of the paths of M. is bounded by m —:—1———— on [0,T].(3.30)
) F (M

(i1) {(M?(t), F)s te[0,T1} is a martingale for each j, where F,_ is defined
by (3.17). (3.31)
e n n A? () if jl =j2
(ii1) <Mj1(t), sz(t)>= . 1 . R (3.32)
J1%3,
Proof: The proof of (i) is immediate.
To prove (ii), we show that for i=1, 2, ..., n, Mij is a martingale on [0,T].
Part (ii) then follows since a sum of martingales is a martingale. If we assume
that Fj 1s absolutely continuous with a continuous derivative and that the compen-
sator of Nij is absolutely continuous with a left continuous derivative whose right
limit exists, a simple proof that Mij is a martingale on [0,T] can be given as

follows.

It is not difficult to verify for every te [0,T] that

S e W e N e e
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1 . £;(0)
11mKP(f\ij(t+h)-.\.lj(t)zl‘Ft)=\ij(_t) — ,

h=+0 Fi(t)

where fj denotes the density of Fj' This is enough to show that Aij is the com-
pensator of Nij‘ (See Lemma 3.3 of Aalen, 1978.) It now follows that Wi. is a
martingale.

We now consider the general case. For measurability reasons that are indi-
cated later on in the proof, we first show that Mij is » martingale with respect
to the filtration {Gt; te[0,T]}, where for each te [0,T], Gt is the completion of
o{I(Xijs §); 1<i<n, i<j<m, s<t}. We then use this fact in a simple argument
to show that Mij is a martingale with respect to {Ft; tel0,T]}.

To prove that Mij is a martingale with respect to {Gt; te[0,T]}, we show
that Aij is the compensator of Nij with respect to {Gt; te {0,T]}. Let U.lj denote
the compensator of Nij with respect to {Gt; te[0,T]}. The key step in proving

that Aij =U.. a.s. involves the use of Proposition 3.2.2 to show for any fixed

i)
te[0,T] that
P(A;;(6) = U5 (1)) = 1. (3.33)

Since Aij has a.s. continuous paths, it follows that Aii =Uii a.s. on [0,T]. To

prove (3.33) we use the following definitions. For te [0,T] define

= -k - - ~ '»k
tk,ﬁ =22 "t, k=1, 2, ..., ¢=1, 2, ..., 27,
and
2k—1
U, = ] EN,.(t ) -N..(t, )IG Y k=1, 2,
k 220 ij 7k, 0+1 17" 7k,2 tk,i
A key step in proving (3.33) is to show that
U, 1Y A (0), as ke, (3.34)

Assume that this has been done. Proposition 3.2.2 then implies that there exists
a subsequence of integers {rk}, T, > as k+= and a random variable V satisfving

E(XU_ ) > E(XV), as k~+w (3.35)
Tk

for all bounded random variables X, and

P(V=U5(1) = 1. (3.36)

TFTTN
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It follows from (3.34) and (3.35) by standard probability arguments given
below that Aij(t) =V a.s.. Statement (3.33) now follows from (3.36).

For the sake of completeness we show that (3.334) and (3.35) imply that Aij(t)=
V a.s.. It follows from (3.34) and (3.35) that there exists a subsequence of
integers {AQ}, AQ->m as ¢+~ such that

UAQ - Aij(t) a.s., (3.37)
and

E XUX -+ E XV, (3.38)

;‘ 2

as i »= for all bounded random variables X. Let € >0 be arbitrary. Define the

b
;.
- sets C, <C,c ..., as follows:
t’. - - _ = 3
! C, n{IU)‘ Aij(t)lSe}, a=1, 2, ... . (3.39)
X L=a 2
-
b
t; Statement (3.37) implies that
lim P(C )} =1. (3.40)
Q- @

Let D and D~ denote the sets {V >Aij(t) +¢} and {V <Aij(t)- £}, respectively.

For each a, (3.38) implies that

1im E(IM nC U, )=E I(D nC V. (3.41)
a’ A a
P g

Since the definition of Cy implies that

lin Ec1(p’ nC_)U, ) <E(I(D" nC,) (A (1) <€),

Lo 1
it follows from (3.41) that
+ , + "
ECLD" nC V) < E(I(D" nC ) (A5 (t) +e)). (3.42)

We conclude from the definition of D' and (3.42) that P(D+ nCa) = for each a.
Statement (3.40) implies that P(D*) =0. Similar arguments show that P(D-) = 0.

Since ¢ was arbitraryv, we conclude that \’=Aijft) a.s..

e ..A . .- ..‘_‘. .“ - . . C . - T i .-t
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We now prove (3.34). For each k=1, I, ..., =1, 2, ..., define the sct

o+l

= I\ = ’:_. .1,
By = Ny (o ials Sy N
and the random variable
: =18ty -t ) -N Tt ).
"k, i+l k T1i0 0k, 0+l ii k,2
We note that
(1 ift, <Y, =X, . <t
- _J S S Ut € T NN (5.43)
Kyl LO otherwise
(where Yii is defined by (2.1) and (2.2)) and that
. is G -measurable for all k and 1. (3.44)
k,2 t,
k, 2
It is easy to see that Sk , 1s not Ft -measurable and this is the reason we use
»e K,z
the filtration {Gt; te [0,T]}. To prove (3.34) we rirst show that
2k-1 D
\-' . e ) - -
nL 5k,z+1 X 0, as k . (3.45)
2=0

Assuming the validity of (3.15), Lemma 2.5 of Rootzén (1983) together with (3.43)

and ¢5.447 immediately imply that

LA e awl Bl aas SRS abh SAe AR otk Sk ahe MieUasd o et asecaied San etk i Math e Sk site i S LR e A M Al s v by A '_-'v_1

NN Sk
IR 41 21 1 i o
;. E(1(8B e y- 5 E(N..(t, . ) - (t, )16 Y{ Lo, as k==, {3.46)
L S }\ o o J n t
i=1 U SR P AL R Lk, k,2 |
We then show that
:1-.._1 +1 l‘
ALt - F.(I(B{\j VG =0 als, (3.17)
- =1 K,
Statements (3.16) and (3.47) now imply (3.34).
We now prove (3.45). For each k, ‘
|
. |
L .. L s ‘
P‘ - 0 - ) r ( = . N
I NP * ) - p(‘k, +1 #0) “ P(tk,. ‘ \11 \11 tk,:+1’
=0 ;=0 =0
|
i
!
et ;4‘1 PP P DS N a N PO A;.‘A. L'LL._X‘:;..:A_:‘_. o L'-A‘:--.'- z.._;L.A. Ax_..;:..;j




PRIV L S SRR ST S AN S i a0 ari ada St aOh ol aNa aii i “bie aidh* niiat Nl uiaraliic aliaA et e e A Sttt et S e At St A St A e T S I S |

- 21 -
ALIP R s | _
= - ’Z / (Filty o) - Fy(w)dh (15, F(u))
=0 t \ -
k, 1
~h
< L [Fj(tk’ul) -Fj(tk’l)][ha(lj, E_(tk,;_)) -hﬁ(lj, g(tk’“1))]
< sup (F. (s +—%:)- F.(s))~0 as k>,
1 ] - i
S € [O,t--—k—] -

since Fi is uniformly continuous on [0,t].

-

We now prove (3.

we have
2+1
E(I(Bk )

It is easy to verify

P(tk,z <X

Thus,

47). Since for each k and 2 I(Z..>t, ) is C -measurable,
ij k,2 tk Z

. |
Gr =Ty >t P <X S Y e

qt ).
K, k, 2

that
Y, e+l dF . (u)

k,2) "

]G Y=I(X..>t
t 1] t F.(t

ij = Y, 041 _—

E(I(Bi*l)[Gt y=1(z..>t, ) [ —A—— .

Define the random variables Y

1) k,2 =
k,2 t:k,2 Fj(tk,i)
K BY
K4 ko241 dF (u)
Y, = ) I(Z..>t,_ ) ——
k 2=0 1] k, 2 tk \ Fi(u3

we prove (3.47) by showing that

and

k

2°-1
2+1
IZ E(1(B, )th

)-Yk»Oas.ask*m
0 k,2

Yk-*Aij(t) a.s. as k +>o,

We proceed to prove these assertions.
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\1\ t — —_
oo 27=1 K, a+] . )
- =Y, ’ - - i
\t ] 1\ - H = 1\
R, =0t Fotur Fore

- —
< sup I——T———-—-—l—-—' » 0 as K- =,
Des<t —~7:{_F1{< +—75] f1(<t_
bl R

-+
o

unicors continuity of Fi on [0,t]. Next,

o
3

== 1 sup 1 (Fi(s*-—lk_)—lr'(vs)w_’o'dS]\'—‘»'x:_
Fo(t) Oesst-— - > i

This proves 13.17), consequently (3.34), and hence (3.33).

we now prove that Mii is a martingale with respect to the filtration

I

t< [0, 717, It is easv to verifv that

F :Ct for each te¢ [0,T], (3.48)

t
Nij is adapted to th; te[0,T]}, (3.49)
and thit
yij is adapted to th; te [D,T). (3.50)
e vl s T 03,19 and 13.305 that

M., is adapted to {F

cte 0T 3.531°
;S Fovtel I (3.51)

[t now rollows from (3.48) and (5.51) that for each j and all s <t «<T that

E(M. (0 F 0= BE(E, ()G OVIF =M s,
1] s 1] bos s 11

Thus, Wi: 1+ & ~artingale with respect to th; t-10,T]>, and Part (iii) has heen

prm‘.'ou .
. . L n . ¥ RS 1 B . .
vooonseaenece of (11) is that AL is the compensator ot N tor cach 1. o
I

N -

il w ol ws from Proposition 3.2.3.
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An alternative way to prove that Mij 1s a martingale 1s to use Lemma 3.1.1
of Gill (1980) to show that Aij is the compensator ot Nij' while shorter, this
approach is not as straichttforward as the method used above.

e use the filtration {Ft: t e [0.T]} because it has a natural interpretation:
Ft represents all the information available at time t. It 1s also the filtration
most widely used in the literature. However it is clear that Lemma 5.3.1 is valid
for any tiltration satisfving (3.48), (3.49), and (3.50), and furthermore the
processes defined by (3.8)-(5.16) are adapted to this filtration. For the remainder
of the proofs ot this section, the filtration enters only via Lemma 3.3.1 and the
measurability of the processes defined by (3.8)-(3.16). Thus, the results of this

section can be proved using any filtration satistving (3.48), (3.49), and (3.50).

However, tor the reasons stated above we shall continue to use {Ft; te{0,T]}.

Proot of Theorem 1: We proceed to prove (3.6). We first show that

g dM. (s) is a square integrable martingale on [0,T]. It is easv

1,

J . (O)F. (t-)
SRS e

to see that for each j and n, the process n* has left continuous paths
Vo(t)F. (1)
5 ] J
a.s. and is uniformly bounded by _n on [0,T]. A consequence of (3.50) is that
FLD

-

Ji 1s adapted to Ft' We note that an ecquivalent formula to (1.3) for Fi can be

given hv
_ ( AN ERNERE
I«'il't)zl-—TT‘l—J ‘ - (3.52)
- st Vj(s) ’

where in the product only a finite number of the terms are not equal to 1. It is

casy to see from (3.52) that Fi is adapted to Ft' It follows from Theorem 3.1 of

Chung and Williams (1083) that the above processes are predictable. For cach n it

follows from (3.301 that 3
- ~ - B -
Lt s E s nT(reFoem
A S R O O IR . (3.53)
NV s)E s . (FT)”

.
WRIT PN T W W .U 0 W S W O T S ST VTR N S STy . SO L. S e P S R AL l




Sl Jean Wal en - A ML AN e he 0 SN R on S MR ids sttt St fee Sev 4 A SaraASCantanss At i ae e mad aod Sree Sed o 04 T W

LN
Proposition 3.2.1 together with (3.53) and (3.18) imply that for each n and j,
1 Fi' F:\
n® ——= is a local martingale on [0,T]. <Since these local martingales are uni-
o
J

formly bounded for each n, thev are square integrable martingales on [0,T].  The

proof of (3.6) follows from Proposition 3.2.4, whose cenditions we now verify. We

L FLo-Frs

have shown that (3.22) holds for nf: ﬂlj——l‘ , and we now check 13.23). Proposi-
N * }
Fi
tion 3.2.1 implies that for 1 sjl, i, <m,
(F. - | [F, -F*
R U S S B
< n- , N " = = >
N T R P
\ '11 ) L Ja J
- (3.54)
[J. (s)F (s-)_H'J (s)F, (s-)
t 1 M ‘ 5 5
=n/ | R d<M. ML ()
0 |V, ($)F. () L}. (s)E, (s) 12
et TS B L R
Thus, it follows from (3.32) that for j1 23,
| (};J "5 ] 5,7
L L 9 Jo |
<n2 1_ LI, n® — \p (t) =0. (3.55)
F ' SO
L) L 2

Statements {(3.54) and (3.32) yield for each te [0,T] that

A ~ I = —1’
L FL-Frl (F - F) t_{'.l.(s)r?.(s-),‘
A L S e ] [
o Fro LR 0 VSIFs)
[3.50)
t I (s)(F (s
=n[ | = | JF L (s)
= . 3
0 Vs(Fs”

-

The uniform consistency of the Kaplan-Meier estimator (Proposition 2.2) and an
application of the Glivenko-Cantelli Theorem (modifiecd in a minor wav) together

with the fact that ﬂi(rn4>n now give that
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- t! J.(s)F(s-) t dF. (s)

t{ nf ¥L~j%——— dF(sy+f?——ij—m—as.:m n->=, (3.57)
p = ol V. (s)F2(s) J 0 A.(s)F.(s)

[ | i v

4

.

tl‘ Thus, condition (3.23) follows from (3.55) and (3.57).

-

E; For each € >0 define the following processes.

— Z L z
L Ct[J.(s)F.(s-) n<J.(s)F.(s-)
NPy =t [l A 1 > cfam (51,
0 _yj(s)Fj(s) Vj(s)Fj(s) )
. 5 .
L t [J.(s)F,(s-) n®J.(s)F.(s-)
nZ"(r) =n? [ | A 11 4l <efdM. (s).
UANOILHO B SR NOINC ’

It is clear that Z'° and g?e are square integrable martingales, and that their
sum is equal to the right side of (3.i8). Conditions (3.26), (3.27), and (3.28)
are trivially satisfied.

We now check (3.29). Propositions 3.2.1 and (3.32) imply that for each

te[0,T],
e e t [J.(s) F°(s-) LI (s) F.(s-)
ENE S e [ | 1" 2 c|dF (5). (3.58)
] 0Lvi(s) F7(s) Vi(s) Fi(s) ]

Almost surelyv, the indicator inside the integral is O for all large n, by the

Glivenko-Cantelli Theorem. This proves (3.29) and concludes the proof of Theorem
1. C

Originally, we proved the asymptotic normality of the vector (ﬁl 'Fl’ Ceey

L Fm-Fm) using the method of Breslow and Crowley (1974). The proof was conceptually

b. simpler, not requiring the introduction of various families of o-fields and the
P heavy machinery of stochastic integration and martingale central limit theorems.
However, we were unable to obtain the covariance terms in the asymptotic covari-
ance matrix.

Suppose the life distributions of the components all have infinite supports.

[t is straightforward to show that Theorem 1 is equivalent to

-
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5 R ) meo o
n“(F F ...,Fm Fm)—»(wl,...,wm) weakly on D [0,«), (3.59)

- where D[0,») has been equipped with the standard metric for convergence on com-
pacta (see Definition 1, page 123 of Pollard, 1984). It is not hard to prove that
a functional f defined on Dm[O,w) is continuous with respect to the above metric
if and only if f is continuous with respect to Dm[O,T], for each T>0. Thus, (3.59)
offers no advantage over Theorem 1 in obtaining via Theorem 5.1 of Billingsley

, F

(1968), the asymptotic distributions of functionals of ﬁl’ R m

Proof of Theorem 2: The uniform bound for the first two partial derivatives of h

¢
given by Lemma 2.1 together with Taylor's Theorem imply that for each te [0,T],

Ll m 8h¢ .
n®|F(t)-F(t) ~ §| | ==+ _ (F. (t) -F.(t))
} i=1 auj (ul,...,um):- j b]
= (F (t),...,F (1)
! m (3.60)
n% m m R R
<> 1 N [ sup | F, (t)-F, (t)[] -( sup | F, (t) -F, (t)'].
j =1 3,=1 Lostset 1 I3 o<tsT ! J2 2

:? it follows from Proposition 2.2 that the right side of (3.60) converges to O '
- a.s.. We use the fact that convergence in sup norm implies convergence in the

Skorohod topology (see page 111 of Billingsley, 1968) to conclude that the process

Ll m | 3h R
2 2IF(t) -F(t) - ) 2 (F.(t) -F.(t))| -0 a.s. in D[O,T].
.o ou. (U ,...,U)= ] ]
- j=1 J 1 m
o1 (F (6),...,F ()
ii Thus, the proof follows by showing that
" m [ 3h
1 6 - d
nt |2 i (F.(t) -F_ (1)) 5,

‘f. =1 auj (ul,...,um)— J j
L (Fy(t), .., F ()
:;T which is the consequence of Theorem 5.1 of Billingsley (1968) and Theorem 1. r
o

To construct confidence intervals for F(t), we define the following functions

and processes on [0,»).

P R P A T T Y \-‘j



.’.

v
A
| _ T
t’! -
Ef;_‘ ) St dFi(s)
b G1(t)=(Fi(t))—f‘_——*—"_—— ;
’ . 0F. (s)H. (s)
L "
- Fo(en®
- (F.(t))™ t dN . (s) R & ..
- ] ] Z 2 (i)}
. G.(t) = —= J = - =n (F, (1)) y . —
N n 3 (e f j c.o m-1i+1)(n-1))
N 0 j(s )Hj(s) i: (i)j’t
where
jad 1 n
H.(t) == I1(Z2..>1t);
NOR izl (Z;5>0
t_ n,
. h.(t) = | = - ;
o j auj (ul,...,um)-
b - -
3 (F ()., (0)
@
=
b - ah
3 ~n ¢
b h(t) = {—‘
du, | (u;,...,u )=
; ) ] Al m . )
LE. A (FL(8),. . F_(t)
o G. (1) .
= The quantity is called Greenwood's estimator of the variance of Fj(t).
-
LEMMA 3.3.2. Suppose Fl’ cee Fm are continuous and T>0 is such that
¥ 22 ¢ L2
max F.(T) <1. Then z h.G. is a strongly consistent estimator of E h>G..
1<j<m 3 j=1 7 521 77

We note that in view of (1.7), Theorem 2 and Lemma 3.3.2 allow the formation

of asymptotic confidence intervals for F(t), te [0,T].

Proof: Part (a) of the proposition in Section 2 of Hall and Wellner (1980) together
with Proposition 2.2 imply that éj is a strongly consistent estimator of Gj' Lemma

2.1 implies that the partial derivatives of h¢ are continuous. Thus, it follows

from Proposition 2.2 that ﬁj is a strongly consistent estimator of hi' The proof

& follows. )

o
>
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.
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4. ESTIMATION OF THE RELIABILITY IMPORTANCE OF COMPONENTS.

The reliability importance Ii(t) of component j at time t is defined by

o)

o | )
Ij(t) su, h{u,,...,u )| . . ’ (4.1)
] 1 m’ (UL, .. .U ) =

- | 1 m

C(t (tw,...,Fn1r|~
Let 51, ceey £ he small numbers. Note that

h(?l(t) + e

m
; N P IV .
P NG IS YU S NN e ) ENLE

Thus, the reliability importance of components may be used to evaluate the effect
of an improvement in component reliability on svstem reliability, and can there-
fore by very useful in svstem analysis in determining those components on which
additional research can be most profitably expended. For details, see pages 26-
28 of Barlow and Proschan (1981), and the review by Natvig (1984).

e estimate 1,(t) by replacing (Fj(t),....F (1)) with (ﬁl(t),...,ﬁm(t)) in

(4.1). Formally, define ij by

- B i
Ij(t) ETY h(ul""’um)} (Ups.eosu )=

j - -
(Fy (), F o (e))

(4.2)

. PROPOSITION 4.1,  Suppose Fl, RN Fm are continuous and T>0 is such that Fi(T) <1,
AN i=1, 2, ..., m. Then

‘-: =,z 2 d

L X : - - S(Y,, . Y ),
C ) vn(I1 Il""’Im ImJ (\1, m)
:f~: where {YI,...,YN) is a vector of mean zero Gaussian processes whose covariance

;"J' structure 1s given hy
P.x
S ov (Y. 3 .
o Con \] (tl), Y]ﬂ(t:)J
1 2

o . i 37h ; ]( 37h g }

o = M -~ Py ! . ]

bl u. . = ] 3 =

}" LI u}l;uk | (?1’ ,um) ) )L'qu uki (l_ll, ,um) ] ' 13,33
i (F (t)ee o F () L N N

- Y dE, ()

gy !k(t])l-}(t,) ’-’~_——~——_—*—, for ﬂitlf‘tﬁfT and _il, i,=1, .

'!ﬂ! 0 Hk(u)Yk(ln
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As before, the covariance terms in (4.3) can be estimated consistently, enabling
) £

the construction of confidence intervals for Ii(t)'

Proof: For each j define the function gj by

g:(Pys---5P ) =4§1{u u )
BRSSO | 3uj 177" m (ul,...,um) for 0 spk <1, k=1, 2, ..., m. (4.9

=Py p,)

Assume that we can show that

gj is twice continuously differentiable on [0,1]m with first
and second partials bounded in absolute value by 1 uniformly (4.5)

over [O,l]m,

(cf. Lemma 2.1). The proposition then follows by a straightforward multivariate
extension of the proof of Theorem 2 with h replaced by gj, j=1, 2, ..., m.

We now prove (4.5). It follows from (2.7) that

3; ' 82h¢
3 ‘ ~3p.op ’ (4.6)
Prip “PiPxlp
and that
N
a°g. | 3°h
-0 4.7

for each pe [O,I]m. It follows from Lemma 2.1 that gj is continuously differen-

tiable and its first partial derivatives are uniformly bounded in absolute value

by 1 on [O,I]m Statement (2.9) implies that for distinct indices j, k, ¢,

3
3°h
— % | = - - }
RO | thy (15010 10,p) =y (15,1,0,,p)} - £hy (15,0,,1,,p) = hy (15,0,,0,,p))
(4.8)

-fh (0.,1,,1 ,pj-h (0, : ,
{ 1)(J k» D) L0, 1k’”9,’m}*{h¢>(0j’0k’la’m‘h¢(0j-0k’oz’p-’}’

in an obvious extension of the notation (2.3). Statement (2.8) implies that if

at least two of the indices j, k, 2 are equal then

. oL .- . T, Ve . e . e . . N . . .. A

- - . ™ R Lot -

-
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=0. (4.9)

PiPyPy [ p

It follows in the same manner as in the proof of Lemma 2.1 with (4.8) and (4.9)

replacing (2.7) and (2.8), that h, has a continuous third derivative on [0,1]m and

¢

the third partial derivatives are bounded in absolute value by 1 uniformly over

[0,1]m Thus, for each j, gj has a continuous second derivative and the second

partial derivatives are bounded in absolute value by 1 uniformly over [0,1]m. 0

APPENDIX: RANDOM CENSORSHIP.

In Section 2 we assumed the existence of a censoring random variable Yj that
satisfies (2.1), (2.2), and (2.4). Here we define Yj and formally prove that it

satisfies (2.1), (2.2), and (2.4). Define the binary function ¢j by
¢j(u1,...,um)==¢(1j,u1,...,um), uk==0, 1, k=1, 2, ..., m, (A1)

where ¢ is the structure function. (See the paragraph preceding equation (2.6).)

The censoring random variable Yij is defined as follows:

Yij=sup{t: ¢J.(I(Xi1>t), RN I(Xim>t))=1}. (A2)

PROPOSITION A.1. For each j, Y Y ., are i.i.d. random variables satisfying

13" 25’

(2.1), (2.2), and (2.4).

Proof: It follows from (A2) that Yii is a function of the vector
(1., T(X..,>t), ..., T(X. >t)). Thus it follows that Y, ., Y, ., ..., are i.i.d.
] 11 im 1] <)
and that Yij satisfies (2.2
We proceed to prove (2.4). The structure function ¢ is increasing in its

arguments (see Definition 2.1, page 6 of Barlow and Proschan, 1981) and hence a

fortiori ¢j is increasing in its arguments. Thus
P(Yij > t) =P(¢nJ.(I(XiI >t), o, I(Xim:>t)) =1). (A3)

[t is easy to sce that the right side of (A3) is equal to h(1, F(t)) and so Yy

. - . » . . . . B =
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satisfies (2.4). To prove that Yij satisfies (2.1), we consider two cases:

6ij =1 and dij =0. We first prove (2.1) for the case éii =1. Since ¢ is increas-

ing in its arguments,

sup{t: ¢(I(Xil >t), ..., I(Xim:>t)) 1}

(A4)
< sup{t: ¢>J.(I()(.11 >t), ..., I(Xinl>t)) =1}.
It is clear that the left side of (A4) equals Ti and the right side of (A4) equals

Y... Hence
1)

T.<Y... (A5)
Since §..=1,
1]
X..<T.. (A6)
It is immediate from (AS) and (A6) that X.lj SY&j’ which implies that (2.1) holds
for this case. We now prove that (2.1) is satisfied if dij =(0. Since sij =0, it

follows that X,.>T.=2... Hence 0=¢.(I(X.,>Z..), ..., I(X. >Z..)). Thus it
ij i 1] j il ij im 1]

follows from (A2) that

<Z i
Yij eI (A7)

It is easy to see that (AS5) holds for this case. Thus Yij =:ij’ which implies

that (2.1) is satisfied for this case. I
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