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SECURITY CLASSIFICATION OF THIS PaGE

ABSTRACT (cont'd)

3 SMOOTH INDENTATION OF AN ISOTROPIC CANTILEVER BEAM bv Keer and Schonbers.  Tae
elastic response of a cantilever beam of finite length to a frictionless cvlindrical
tlat indenter is studied. Solutions are obtained through a global-local technigue,

ich accounts for both the local behavior near the indenter, as well as the global beam
sehavior. Results are compared to Hertz theory and to beam theoryv scolutions and comments,
on the validity of the linear elastic analvsis are made.

SMOOTH INDENTATTON OF A TRANSVERSELY ISOTROPIC CANTILEVER BEAM bv Keer anag Schoanbery
e plane elastic response of a transversely isotropic beam of finite length to a
ictionless cvlindrical and flat indenter is studied. Local indenter stresses, as wec
splﬂLenents and rotations are computed for each case and plotted for wvarious rati
ontact width to beam length, and for various positions of the indenter. Gfach prob.c
solved usiny a nearly isotropic and a highly anisotropic material. Results adre
mpared to those of the isotropic study, and to Hertz theorv and beam theorv solution
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RESEARCH OBJECTIVES -

The objective of the research is to attempt to develop systematic
techniques for determining the response to dynamic impact, when the shape cf
the impacting object is known. It is hoped that the dynamic respons2 can be
obtained by the use of techniques that accurately model the stresses near the
point of impact as well as the stresses away from the point of impact. This
technigue s one that involves a global-local technique, where a more exact
description of the stress distribution is made near the contact (for example,
alasticity theory) and a more approximate theory is used away from the point
cf loaa application /beam, plate or shell theory). An analysis should
incorporate tne following features:

d. The elastic and or plastic stresses in the vicinity of the impacting

object must e 3lcgratsly characterized.

D. AN acourate lesooc _ttan of tne material must be used, especially
when Constlettn; latage fvear the impact.

. At polats a21stant from fne load the analysis must accurately model
tne Jynamic response. tffects of support members, joints or other
restraints on tne respons2 must be carefully modeled.

d. An evaluation of the potential towards damage, such &s cracking,
plastic deformation, delamination, etc. must be made.

The research objectives include the study of both static and dynamic
solutions to indentation problems. The static ones are solved in order to
understand the elasticity result that will tend to form the basis for the ‘
local solution., This solution will be incorporated into & dynamic structura!
mechanics solution for a beam, plate or shell to cobtain r2sults of both a
51atal and iocal character. The first year of research concentrated on the

$21utions appropriate to heam theory and to axially symmetric piate theory,
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STATUS OF THE RESEARCH

The research is progressing along the lines of the original proposal.

The following are problems that involve the global-local approach that have

been solved for the static case:

1.  SMOOTH INDENTATION OF AN ISOTROPIC CANTILEVER BEAM by L.M. Keer and
W. Schonberg. The elastic response of a cantilever beam of finite length
to a frictionless cyiindrical and flat indenter is studied. Solutions
are obtained through a global-local technigue, which accounts for both
the local behavior near the indenter, as well as the global beam
behavior. Results are compared to Hertz theory and to beam theory
solutions and comments on the validity of the linear elastic analysis are
made.

2. SMOOTH INDENTATION OF A TRANSVERSELY ISOTROPIC CANTILEVER BEAM by L.M.
Keer and W. Schonberg. The plane elastic response of a transversely
isotropic beam of finite length to a frictionless cylindrical and flat
indenter is studied, Local indenter stresses, as well as displacements
and rotations are computed for each case and plotted for various ratios
of contact width to beam length, and for various positions of the
indenter. Each problem is solved using a nearly isotropic and a highly
anisotropic matarial. Results are compared to those of the isotropic
study, and to Hertz theory and beam theory solutions.

An extension of these problems to the dynamic case is presently under
way. Possible titles are given in "PAPERS IN PRZPARATION"

The following are tne dyramic problems that have been solved and are presently

in press or beiny considerea for publication,

L. Lo NELOCITY TMPAECT ON A CIXCULAR PLATE by LML Lear and k.7, w02, Tn2

oroniam 57 tne dynanic Tnpact of @ tigTg Indenter striging 2 cirg gl ar
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elastic plate was solved. The indenter was assumed to have a radius of
curvakure sufficiently large that areas of contact of the order of the
plate thickness could be considered. (Clamped and simply supported cases
of plate impact were considered.

LOW VELOCITY IMPACT ON A TRANSVERSELY ISOTROPIC PLATE by L.M. Keer and
K.T. Woo. The problem of the dynamic impact of a rigid indenter striking
a transversely isotropic circular elastic plate was solved. The problem
geometry and formulation was similar to (1) except that the material
properties were for transverse isotropy. Three materials were chosen for
this case: cadmium, magnesium, and a laminated composite.

In addition to the above papers the dynamic impact of initially stressed

beams and cantilever beams are papers in preparation. They should be

submitted for publication relatively soon.
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SMOOTH INDENTATION OF AN ISOTROPIC CANTILEVER REAM

by

Leon M, Keer and William P, Schonberg
Department of Civil Engineering
Northwestern University

Evanston, IL 60201

Abstract

The response of an isotropic cantilever beam of finite length under the
action of frictionless cylindrical and flat indenters is studied. Solutions
are obtained through a local-global ftechnique, which accounts for hoth the
Tocal behavior near the indenter, as well as the global beam behavior, The
method of analysis superposes an infinite layer solution derived through the
use of integral transforms with a pure bending beam theory solution. Local
indenter stresses, as well as displacements and rotations are computed for
each case and plotted for various ratios of contact width to beam length, and
for various pasitions of the indenter. Where possible, the results are
compared to Hertz theory of contact stresses and to heam displacement and

rotation solutions.
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1. INTRODUCTION

Consider the finite layer of length 2 and thickness " shown in Fig. 1.
The layer is fixed at one end, free on the other, and loaded by an indenter
centered at a distance %Ly from the fixed end, Although the theory is
applicable for an arbitrary geometry, the types of indenters studied are
cylindrical (Fig. la) and flat (Fig. 1b). Such prohlems are seen quite often
in mechanical applications and may also serve as models for impact phenomena
in gears and turbine blades. Usual methods which use a heam theory solution
to obtain an overall load-displacement relationship and then a Hertzian
~ontact solution to calculate local stresses under the indenter are fairly
Timited, as will be shown in this paper. The method of solution used in this
paper is the superposition of an elasticity solution with a beam theory
solution. In this way, local contact stresses are represented by the
elasticity solution, while the global stresses are represented by the beam
theory solution.

A probiem of the type considered here has already been solved by Keer and
Miller [1], and by Keer and Ballarini [2] for a beam that is clamped or simply
supported at hoth ends and loaded by a cylindrical indenter. Although not
treated numerically here, the intermediate case of a partially fixed end can
be solved for each type of indenter in a similar manner. Furthermore, the
methods used in this paper can be modified and expanded to study plate or
shell oroblems involving similar loadings T3],

The physical quantities of interest are the stress distribytion under
each Jndenter, and the displacement and ratation of the beam under each of the
indertasg, The ratio of cantast width fa heam thicinecs, cfh i freated ac g
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ratio of indenter arm length to bheam thickness, 7p/h, is treated as an

additional known parameter, However, in the flat indenter problem, the

parameter 2;/h = Lg/h - ¢/h (i.e. the distance from the fixed end of the beam

to the left-hand end of the indenter) is introduced as an additional known
parameter, In this manner, for a given 2;/h, when the quantity c/h is vari
over a range of values the phenomenon known as "receding contact" can be
observed in the flat indenter problem. Ry varying the proper parameters as
required by the type of problem, then calculating deflections, rotations,
loads and stresses, an extensive study of the response of an isotropic
cantilever beam subjected to various loading conditions can be performed.
results obtained are compared to beam theory solutions and Hertz contact

solutions for accuracy assessments.
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2. CASE I: CYLINDRICAL INDENTER -~ PROBLEM FORMULATION

The probhlem to be solved is that of an elastic layer of thickness h and
length & indented by a cylindrical punch on its upper surface (Fig. la). The
conditions at the ends of the layer are those of a cantilever beam, clamped on
the left and free on the right. The solution of the prohlem will be achieved
by a suitable superposition and matching of an elasticity solution and a heam
theory solution,

The boundary conditions for the elasticity problem can be written as

follows:

1, an) =0 [x| < = (2.1)
Ty(xo = 0 [x]| < = (2.2)
Ty (x50 = 0 |x| < = (2.3)
T,y (x,0) = 0 c < [x] <= (2.4)
u (x,0) =2 - x2/ 2R 0 < |x] <. (2.5)

The beam theory boundary conditions for the ends of the layer can be

written 3as follows:

3 = 0 X = -20 (2-6)
u, = 0 x = =29 (2.7)
M=20 X = L - %y (2.8)
vy =0 x = L - 2 [2.9)

<L
-t
w

wnere ™_ Y a-c the moment, chear and = the average vaiue of the 3icpe

—p3gumad theaggh tha thiciness given Yy
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surface of an isotropic elastic layer in plane strain with and no loading on

. h 3u

R = _ 1 r Y

- 0

o
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b' A suitahle elasticity solution that represents loading on the upper

&‘ its lower surface is obtained using the technigues of Sneddon [4] and is given
G as follows:
; .
E,A = Ec(3)cos(Ex)+E,(5)sin(£x)
r 1= {l'3 + shachg + fy sh?3]sinh(&y)
e Y 82-5h23
| &
{ - [sh2g - 82 + &y{8 + shBchg)]cosh(&y)}dE (2.11)
i.
. © E.(&)sin(gx)-E,(&)cos(&x)
3 SEI A {[82 - £y(8 + shachs)Jsinh(cy)
{ Y 0 g2-sh?3
'. + £y sh28 cosh(gy)dg (2.12)
w ES(E)cos(Sx)+EA(£)sin(€x) .
Tex T Ji {T8 + sh2 - gy sh?alsinh(gy)
0 82-sh23
G
g - [8% + sh23 - gy (8+shachd)Jcosh(gy)ids (2.13)
- = Eg(8)sin(ax)-E4(8)cos (&x) .
« 2uu = [ {T(1-2v)(8 + shechB)- &y sh?8]sinh(gy)
0 £(82-5h28)
- [32 + (1-2v)sh?3 - gy(8 + shgchs)Tcosh(sy)}dg (2.14)
e
: = Ec(5)cos(ex)+I,(5)sin(Ex) R :
2uu = A {[32 = 2(1-v)sh?3 - gyla + shacha)isinhiiy)
7 £(82-5h?3)
(| £ T201eN 3 = ghichz)y + Iy sh23casn(iy)ids, (7.15°




where 8 = &h, and u, v are the shear modulus and Poisson's Ratio of the layer
material, respectively. The corresponding equations for a layer in plane
stress with the same loading conditions are obhtained hy replacing v with

v/{1+v), Furthermore, this substitution is to be used through the rest of
this paper to convert plane strain expressions to corresponding expressions in
plane stress.

[t is seen that on y = h the normal and shear stresses vanish

automatically, and that on y = 0, the shear stresses vanish. The normal

stress on y = 0 is given as

Tyy(x,O) = g [ES(E)COS(EX) + EA(i)sin(Sx)]dE. (2.16)
We let

c

£c(g) = [ wl(t)dolat)at (2.17)
e
C

Ealg) = [ o(t)Ji(et)at. (2.18)
0

Then Egn. (2.16) becomes

c ¢ _
Tyy(x,O) j __U_(..E_)._d_t__+ X IMF__ . (2.19)
X2 g2 Xy /12 - 2

The moment and shear due to the stressas as given by Egns. (2.11)-{?2.13) are

given by
h > ir
M_(xY = [yt dy = =« [ TE /2Venslax)+E, (Vs in{5x) ] == fo. 20
£ o ST . =9 f5x) A )
J 0 5
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h ®
Velx) = g Ty @ = J [Eg(8)sin(ex) - Ep(8)cos(ex)] 2 (.21)
0
We note that Egns. (2.20), (2.21) satisfy the condition
_ dM
V = x ° (2.22)

From Eqns. (2.10), (2.15) the average value of the slope is found to be

given by
§(x) =%§ g 5;{-;’{—3%%@ TEc(g)sin(gx) - Ej(&)cos(&x)ds. (2.23)

For the beam theory solution, the displacement is taken to be of the form
Ug (x) = ag + a;x + azx? + azx’. (2.24)

Assuming the hypotheses of Euler-Bernculli Beam Theory, the following results

are obtained:

u (x) = - = (y - ) (2.25)
B
du
B _  2u X
Txx = —I——-—_V 'a—x— (2.26)

Using Eans. (2.24)-(2.26), the moment, shear and average slope are calculated

to he,

MoIx) = Doy dxo= 22903, + 2a5x) (2.27)
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Vg l(x) = ; rxydx = -6Da3 (2.28)
0
h auR
5.(x) = 1 - _x dy = a, + 2a-x + 3azx? (7.70)
- AR 2x + 3a3 2,79

0

where D = uh3/6(1-v).

Thus, the solution sought will be a superpositinn of

the elasticity solution given by Eqns. (2.11)-(2.16), (2.20)-(2.23) and the

beam theory solution given by Egns.

(2.24Y-(2.29). The two solutions are

matched proper’y when the boundary conditions, Eqns. (2.1)-(2.9) are all

satisfied.

This is achieved by solving for the constants ay, ap and a3 by

superposing the two solutions and applying the heam theory houndary

conditions.

Me(2-20) + Mg(2-20)

v 1-10) + V

3 B

BE(-zo) + BB(-lo) =

Applying Eqns. (2.20)-(2.23) and (2

the following:

o 20(%-20/2)

TR ) et
0

n
]
o S

[Es(a)coss(z-zg\ +

P PO UL DT SN W S

(2-10\ =

Thus, Eqns. (2.6), (2.8) and (2.9) become

=0 (2.30)
= 0 (2.31)
0. (2.32)

.28Y-(2,79) to Egns. (2.30)-(2.32) yields

FES<£)sins(z-zo) - EA<e)coss(2-zo>]

EA(E)sini(l-io)]}di

(7,33
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o ko 8
g - = [ TE(8)sing(2-20) - E,(E)cosE(2-20)7 (2.34)
- 0
E . ‘ 1 7 c
}.’ =y ( Ysing (- lu) - LA(E)cos:,(i -2¢)] {— (2.35)
t' 0
}'~ .
:_; The two remaining boundary conditions given by Egns. (2.5) and (2.7)
.
still need to be satisfied. First, consider Eqn. (2.5):
3 8 - 2
u-(x,0) +u-(x,0) =4 - x2/2R (2.36)
Y Y
Differentiating with respect to x:
iy u )
3% (X,O) + % (X,O) = - 1 (?2.37)

Separating Eqn. (2.37) into a symmetric and an antisymmetric part with respect

to x yields

aus %

e (x,0) R + 2ax = - 7 (2.38)
3UE )

3—1 (x,0) | + a,+ 3a3x? = 0. (2.39)
X S

Consider first Egn. (2.38). Suhstituting for ui(x,ﬂ) accarding to Eqn.
(2.15), comhining terms in ES(E) and EA(E), and making use of Fgns. (2.17),
(2.18) yields

c N x(2-29) .
J x‘)(t\ Jf Lh S_Z_S_rlcz:_@_ r]( (» "LLCO (2_.2'0\ +__:__S{n E(i_z:‘)j“}g(it\dsdf
0 3 3cwshed £2 >
< » x(2-25 -
- S0 == nifl-i -\ - 203 U AR EET - -

oy
J
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An asymptotic evaluation of the kernels in Egn. (2.40) shows that they
are all convergent at the lower limit of integration. However, at the upper

1{mit the first term in the first kernel 1is divergent., This is adjusted hy

adding and subtracting the term

3 ¢C ©
%— [ wl(t) [ sin(ex)Jg(Et)dEdt
0 0

in Egn. (2.40) as follows:

3¢ © c © .3
- g ] 9t [ stalex)dotatddest ¢ [ ple) | [F(EISNECNE L ygin (g0
0 0 0 0 g<-sh23
< x(2-2¢)
+ E§C°55(2'10’ t—— sing(2-29)]Jg(Et)dEdt
C. « < X(Z-Z()) nx
+ [ e(t) [_Z sing(2-29) - — cosg{2-2¢)]J (Et)dedt = = (2.41)
0 o §

After simplification (i.e. through use of the Weber-Schafheitlin Integral

(5]), €qn. (41) reduces to

h3 ¢ ¢ Nx
7 v(x) - J () (x,t)dt = [ o(t Kolx,t)dt = - = (2.42)
g 0

x© 3 ~
Ki(x,t) = f [DLBEShBENB | yegate0) + X cosgla-2) g5t )ag
g2~-sh28 g2

>

[y

+ ; x(2-23) (2.43)

Kz(x,t)

tx. (7.44)

el =

Petyrning to Egn, (2.39), performing simiiar manipulaticns yields
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3
o o
= : h3 g+sh h3 3-(3-2v)sh3
;_~ : [ e(t) [ {B_M_h_scos(gx) + — D_,;‘?'T;;;; T
;2: 0 0 Bz_shZS 24 o] )
b
o 20(2-29/2) 2y 2 |
“ + T cosE(2-1y) -—Zsfni’i-i;\ LI = LR P AN ARt
. § o
L‘.
: (a=2g/2)
- ¢ T h3 -2vishg tofi-ty
¥ ST ] iy S sl se) - ——— sinileeto)
0
2 L9 .
tor sing(2-29) - = cosSi2-2yVr0glse deadt = N, (2.45)
3

An asymptotic analysis reveals that all the terms are hounded as £ + 0, but as

-
z

g > @ the first term of the first xernel is divergent, This is corrected hy

adding and subtracting the term

3 o™
%‘ ) [ cos(&x)J)(et)dedt
0

o 0
©

in Egqn. (2.45) as follows:

3 C @ c - ; .
- %‘ f ¢(t) f COS(EX)Jl(Et)dgdt + I ¢(t) j {h r8+shdch3 . ljcgg(gx\
0 0 0 0 82 sh2g
h3  g-(3-2v)shg 29(2-2¢/2)

TZ(T=] — Bla-sha) 08(8%0) * ——g— coséfi-to]

29 2
2 _ - X -
EE sing(2-29) vz cos&(2-29)}J) (Et)dedt
c ® Lp(2-29/2)
(B-(3-2v)shay_. 0 ..

+ g g {12(1 VI " B(3-5h8) )510(5;10) R S— sing(i-2g)

29 x2
- o - 1 - F =

" cos&(2-2g) + 5= sing(2 20)}g(Et)dEdt = 0. (2.46)

After simolification Egn, (2.45) becomes

-11-
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N ) - ) .

) h3 C o
¢ = ox) + [ w(E)Ks(x,t)dt - [ o(t)Kulx,t)dt = O (2.47)
l'" 0 0
b
wnera

[

Ky(x,t) = % x2 (2.48)

® 3

Kolx,t) = [ B (BESREENE 4 y)eig) (6x)0 1 (5t e, (2.49)

( 0 82-5h23

fans. (2.42) and (2.47) are the two coupled integral equations for the unknown
3uxiliary functions ¥(x), ¢(x). These equations are solved numerically. Once
v(x), ¢(x) are obtained, all necessary physical quantities may be calculated.

Stresses may be calculated using Egqn. (2.19):

c . c
: (x,0) = | vlt)at i 5(t) dt

. (2.19)
Yy
X /1242 X £/t2.42

e The resultant load due to the symmetric stresses is ohtained as follows:
. c ¢
- P==-[ 1 dx = -r [ p(t)dt. (2.50)
- c VY

. - 0

]

The resultant moment due to the antisymmetric stresses is obtained as follows:
; - ¢
(] Mz - [ xt dx = - 5 [ te({t)dt. (2.51)

In order to evaluate the deflection under the indenter, &, the constant ag

e ~1st Sa determined, Superimoosing fgns. (2.12) and (2.24) yields




..............................................

«©

u,(x,0) = 1% B2 SMBNB re (eycos(ex) + £, (8)sin(ex) a8
! 0 £(82-5h28)

+ag + ax + azxx? + azx3, (2.52)

Applying Egn. (2.7) yields

_(l-U) f B+ShBChBFE

ag= - S(E)cos(izo) - EA(E)sin(EzO)}%i + aylg - a2y + ast]
BT 82-sh23

(2.53)

where aj, ap, a3 are given by Fgns. (2.33)-(2.35). Substituting Egns. (2.33)-

(2.35), (2.53) into Egn. (2.52) and recalling that uy(0,0) = A yields

o o 1~cos&lg 29 .
1-v B+shgchB B-(3-Lv)shs _.
a=[pt) [ ( )+ sin(E2q)
d 0 F g2enzg G 75 B(B-ShB)

26 cosE(2-29) . 1
)] e b Jdolet)de - Vi) 13(3i-20)Jdt

c ® sin€lg  Lg , /o
+ [ e(t) {luv §ZShs§28 — o E_g%§§§%§§i cos(520) }J1(Et)dE
0 0 -S

- %% 2% ldt. (2.54)

An asymptotic analysis reveals that both kernels are bounded as § + 0,
but the first two terms in each kernel are divergent as & » =, This is

adjusted by adding and subtracting the appropriate terms to yield

C c
A= [ ult)Kglt)dt + [ #(t)Kg(t)dt (2.55)
0] 0

PYiak=-Yo¥-}




,1-cos£20\ 29 sin{gig)
—_—— -
‘T © R B < shs

Cs(t) = Loy 7 (Beshicns )

Ly g
" o B8%-shg?

32§ cosg(2-2¢) lev -y b0
- o(gt)ds - —=cosh ™ {—,
h3 g2 ' g '
+ 3 3_;51 2o - oo 2§(32-20) (2.56)
1< © g+shachs sin(£20) %o cos(&xg)
X { = f ( - t
Kg (t) m "32-5h23 U g ﬁ—'é":_gﬁg'}dl(g ¢
_lev t Tt 23, (2.57)

m )
Lo+ 2g-t2

A quantity of interest in this problem, as well as in the subsequent
study of the dynamic case, is the rotation of the beam under the indenter,
More specifically, the rotation of the heam at the point under the indenter
about which the moment produced by the antisymmetric stresses is zero (i.e.
the "eccentricity" of the load) is of special interest. This point is

obtained from statics simply as
X = - = M/P, (2.58)

Superimposing Egns. (2.23) and (2.29) and making use of Eqns., (2.17), (2.18)

and (2.33)-(2,35) yields

C @
17 F R 3-(3-2v)sh , .
5 = 2 [ i) H +53ntl
0 0
) _sin £{2-2g) cosg(2-2¢)
-[Lg(i-ag/2)+x’i-Lgﬁ-xz/Zl——-——ji——_—_ -(20+x)-_——-f7____y10(it\didt
-14-
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. © 3 (.

. + é—f o(t) [ {- 12(?_V) 2 é?sﬁggggs (cos&x-cos&ly)

-

{ ¢ .

- 2 cosg(2-2¢) sing(2-2¢)

- +{20(2-20/2)#x(2-2) -x?/ 2| '(20+X)—.—:;;__“-}J1(Et)dédt.
L (2.59)

Note that the boundary condition B(-%5) = 0 is automatically satisfied by
Eqn. (2.59). An asymptotic analysis of the kernels in Fqn. (2.59) reveals
‘Il that they are bounded as & + 0, but that as & + «, the first term in each is

divergent. This can be adjusted as before to become the following:

1€ ® h3 sinEx+singly cosE(2-24)
300 = 5 [ v [ 5= (gmrg—) -(x+t)————o(et)at
0 0 5
mh2 3-2v

- 5{20(2-20/2)+x(2-20)x?/2] + - =50 dt

1 c = p3 COSEX-COSERg .
+ U—{ $(t)] i (g1 (Et) Jde - ~(2o+x)}dt

x| c -
+ sgn(x) (%iéz) [%-f p(t)dt + [ w(t)sin 1(1%1Jdt]H(c-|x|)
0 X
3-2v ¢ s(t) f22
- 'Zih— H(C-'Xl) i_t—— t€-x< dt. (2.60)
S Thus, we can easily evaluate 8 (x = -e),
o :
‘ 3, PROBLEM SOLUTION
'.q In order to be ahle to solve for the auxiliary functions +/x), 4(x},

[2,820.02,38) ) (2,47)-(2.458) must he non-dimensignalized, This is

~2NS.
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accomplished by the use of the following non-dimensional parameters:

§ = c/h e = e/h b(x) = €Y yry) (3.1a,5), (3.7
Rh3

a = 29/h Y = 2/h o(x) = 2 g(y, (3.0c,d), (3.3)
Rh3

u = t/c y = x/¢ (3.1e,f)

Once the non-dimensionalized auxiliary functions ¥ly), d(y) are obtajined,
Egns. (2.19), (2.50), (2.51), (2.55)-(2.57) and (?.AN) can he used to
calculate non-dimensionalized stresses, loads, moments, deflections and
rotations, respectively. These non-dimensional quantities may be transformed

hack to real quantities via the following relationships:

vy p yy/c A = h%A/R (3.4), (3.7)
P = héuP/{1-v)R 8 = h /R, (3.5), (3.8)
M = h3uM/(1-v)R (3.6)

In order to assess the accuracy of the results for displacement and

rotation under the indenter, the following beam theory solutions are used:
A, = o ped + 1 w3 (3.9)

8 3D 70 :
% M(2;-0) (3.10)

3ithoycgh the forrulitinn of tre equationg in

“his n3per 15 sucn that thay cin e zdapted fo plane stress on nlane sthann,




the use of beam theory equations in comparison studies dictates that
conditions of plane stress should be assumed in the evaluation of Eans, (2,55)
and (2.50), This assumption would be consistent with the use of a thin heam
in an experimental verification of the results presented here. For the
numerical evaluation of Eqns. (2.55) and (2.60) under conditions of plane
stress, Poisson's Ratio is taken to be equal to 0.35 (this corresponds to a
Poisson's Ratio of 0.26 if Egns (2.55), (2.60) were to be evaluated under

conditions of plane strain).

4. OBSERVATIONS AND CONCULSIONS

Solutions to the problem were obtained for § = 0,2, 0.5 and 1.0, vy =
5.0, 10.0, 15.0 and 20.0, and for each y, a = 0.25y, 0.5y, 0.75y. It was
found that the stress distributions for the different values of &/h remained
victually identical. Tnis is jllustrated in Tahles 1 and 2, which compare
peak symmetric and total stresses for different values of c¢/h and 2g/h, A
typical symmetric stress distribution is shown in Fig, 2; that of the total

stress under the indenter is shown in Fig. 3. As can be seen in Fi

(02

. 2, for
small values of c¢/h the Hertzian distribution approximates the stress under
the indenter quite well. As c/h increases, the distribution changes

significantly. In Fig., 3 we see that as c¢/h increases, the location of ceak

stress shifts to the left and the distribution becomes less and less

oarabolic. This is hecause for small values of c¢/h, the indenter acts like a
zoint lInad, Hence, for small c/h, we have a small region of concentratad

f the indenter hecomes more and

(@]

stress, However, as ¢/h increisas, the shape
mrra gignificane &g sych, the curvature of the beam 15 mush mora oronoynced,

it tra Tocaticg 9f nnarv stregs gnifhg %) tha 1efn af thae aniginag
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2

Tahles 3 and & show a comparison hetween *the elasticiry solution

developed here and tne classical heam theory solutian, The elasticity

solution is seen to agree well with the beam thecry solution. However, as c/h

app-ocaches igo/h the twe solutions differ to a much larger extent, Thig

DA AL A A g a Jhe e Tnide 2 e ) V-

behavior is cue to the fact that the elasticity solution s valid only for
c/h << 23/h.

It is important to note that the rotations in Tahle 4 have no meaning

unless they are convertea to re2l values. Since the elasticity and bheam

tneory solutions were derived using small angle apornximations, it must bhe

[§8 ]

ensured that 3 < 35, where 33 is a predetermined angle helow which rotations

"

are considered “smaill, Thus, it is possible tn nlace a lower bound on R, the

radius of curvature of the indenter:
R/m > 3/3,. {a,1)

However, *t rust 2l1so be ensured that no yielding occurs anywhe~e in the beam,
f.e-, that :Tm < 7 ’ where

c =M _h/21g, Ig = h3/12 (4.2}, [4.3)

and qy is the yield stress of the material., The maximum mcment occurs at the

f1xed end of *the team and is given by

u = Pg-M (4,4)
Ma x 0=
Tris conttiian on o yields arotras daear heund an 9
-172-

R U G Y G S, G § ) Y S-S - o), . O . P . S e Y i s Dlh e aommltialeal




R/h > sulaP-M)/{1-vi¢ {4.5)

-
re ®
Al P

y—s
-
wn
b
[N
<~
N
.
-
~t
s §
D
32

~

= 20¥ {0.349 rad), 5, = 55,000 ksi and = |

ard (3.5) may be combined into the following:

R/h > max{2.8653, 1.606(cP-u)}. (4.5)

Judging from the values of 3, P and M, it is evident that 2.R653 >> 1,AAA(aP - M)

£

for each case considered., Thus, Ean, (4.6 reduces to
R/h > 2.8653, (4.7)

Under these criterfia, Tahle 5 shows the minimum allowable values of R/h
to ensure small deflections and no yielding. It is seen that for large c/h
anet for long heams with c/h > 0.5, the indenter is practicaily flat. It is,
therefore, of some interest to solve the problem of a flat indenter, This

solution s found in the next section.

5. CAST II: FLAT TMDENTER - PROBLEM FORMULATION

The problem to he solved is that of an elastic layer of thickness h and
langsn & Tndented hy 3 flat punch on its upper surface (Fig., 1h)., The

"nundary conditinons far the elastd

o
.
ot

vy prablem and heam tneary nrohlanm wanen

3 %iang ghall me gyyne-pnsed tn form the <oluticon Ta tha actg:! pronlen amn
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: Ty (60 =0 x| < = (5.1
rxy(x,h) =0 (x| < = (5.2)
rxy(x,O) =0 [x] < = (5.3)
ryy(x.O\ = Q ¢ < ‘x| < @ (5.4)
uy(x,O) = A 0 < |xf <c (5.5)
3 =0 X = =2 (5.6)
u, = 0 X = =29 (5.7)
M= X = L - %4 (5.8)
V=20 X = 2 - % (5.9)

[t is further imposed that the stresses be non-sinqular at x = c:
. {(c,0)]| < =, 5.10
%y ! (5.10)
This condition ensures a smooth deflection of the beam for x > 0 and results
in a “receding contact" [6]; here, as the load, increases, the contact length

decreases with load,

Ths suitable elasticity solution for this problem is given by Fgns,

{2.11) through (2.15), Using this formulation, the normial stress is given by

4
—
bad
.
o
=

13

o v~ 8

'}
m

i S(s)cosix + EA(E)sinEdeE. (5.11)

For a flat punch, to have sinqularities at x = & ¢, we lot

C
SRS N S A P8 M E S KE (3,07

0
v
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c
E (3) = B (5c) + [ #(t)d (5t)dg, (5.13)
Q

-.7 f
YT L 2RO

Ly
ol o

Substituting into Fan. (5.11) yields

A +28 c c :
tyy(x,O) =S H(c-x) + [ p(e)dt / eft)dt (5.14)
c?-x2 X /t2-x2 X t/t2.x2

The first term in Egn. (5.14) is singular at x

+ c. For the singularity to

vanish at x = ¢, it must be true that A + B = 0, Then FEqn. (5.14) becaomes

o o
ryy(x,O) = - %- €= X Hlcx) + [ blt)de / oltidt (5.15)
Yc2-x2 X /t2.42 X t/t2.42

The moment, shear, and average slope are given by Egns. (2.20), (2.21) and
(2.23), respectively. As before, the beam theory solution is taken to be
ui(x) = ay + ayx + 62X2 + a3x3 (5.16)
resulting in expressions for moment, shear and average slope given by Egns.
(2.27), (2.28) and (2.29), respectively. The constants al, az, a3 are solved
for as before, with identical outcome, Egn. (5.5) is treated in a similar
manner. Differentiating with respect to x and separating into symmetric and

antisymmetric components yields

3uE
5;1 (x,0) | + 2a,x = 0 (5.17)
A
. E
ouv ,
ax" (X,O) +2a; + 383X" = 0, (5.18)
S
Tonsidering eicn equatian or2 at a time and Tollowing the sarme orocatine

-21-
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3s before results in the fallowing equat<ons far A, 3. u(t) and p(t):

3 < c
AK, (x,c) -g_ VXY T K (x,th A + A (x,e) ¢ o(t) Ko (x,t)dt = 0 (5,19)
3 3
¢ h3 ¢
AK3(x,c) + | 9(t)K3(x,t)dt - RK,(x,c) + Er¢(x) - [ etk (x,t)dt = 0 (5.20)
0 0
where
% R3 .
Kp{x,n) = | {%_{Eiiﬁﬁﬁﬂé + 1)5xJo(&x) + X cosg(2-29);dgl(En)dE + ;.x(z-zo)
0 82-sh2g £2 '
15.21)
Ka(x,n) = T nx (5.22)
K3lx,n) = I x? (5.23)
® 3
Clxgn) = [ BCEESMICNS Ly (800 (En)de (5.24)
82-sh?3

and n = ¢ or t, Egns. (5.19), (5.20) are two equations in four unknowns, A
third eauation was obtained earlier by enforcing non-singularity of norma)

stress at x = ¢:

A+ 83 =0, (5.25)

The fourth s found by enforcing the houndary cendition given hy Fqn. (5.5),

After solyirg tor the constant ag as hefore (with identical rasylts), fqns,

\
wn
i
—

-
—~
N

JA5Y, (2240, (5.12), [5.13) ard (5.25) may Se used in a manner

aralaznus 0 Rhat 0f salving fas the Aigolicament yndar the cylindrica)

fedansan t- enTyn fam sy ,qmcE At D
B . P 2 B S - - — L .. - '
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where

Kg(n)

F R VG Y S SV . SYtE e

& = [ w(t)Ks(t)dt

PARIY V- . WU L. VP .

C
- [ p(t)Kg(t)dt
0
{

3= Ke{c) = Ksl¢) (5.25)
1oy @ l-cosgig singly 32§ cosg(2-2g)
o B8%-sh?3 s h3 £2
_ 1oy Osh_lfio T3 g o T a3(30-1y) (5.27
e M Sarn il Bl vl 1 0 .27)
1=v :? . 3+shBchs S'lnii.o COSElo
= J AL + 1) —— - 2g 11 (En)dE
u ] 82-sh2g § B=-Shg
_ 1-v _ T
; gy 6 (5.28)
29+/23-n2
= c or t. Making use of Egns. (5.25), (5.26) in Eqns. (5.19), (5.20)
h3 c K1{x,c)=Ko(x,c)
g—-v(x - g pl(t){K (x,t) + AGERCOR Ks(t)}dt
c . Ki(x,c)-Kz(x,c)
- £ S(E) K2 (x,) + gy Ko () bt
-Kylx,c)+Ko(x,c)
=4 Kelc) - Ks(C) (5.29)
h3 ¢ Kal(x,c)+Ky(x,c)
3—-a(x) + g P(t){K3(x,t) + KeTeT = XaTc) Ks(t)}dt
¢ K3(x,c)+Ky(x,c)
- ) et ik (x,t) - Kg(t)rdt

K5<C) - Ks(t)

Kalx,c)+< {x,c)
= 4 . (2.2
K,ic) = < 0c] '

-23-
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¢
Thus, Egns. (5.29), (5.30) are those used to solve for the unknown auxiliary

; : functions w(x), 3:{x). These equations are solved numerically. Once

v(x), »(x) are obtained, all necessary physical quantities may then he

calculated,

Stresses may be calculated using Eqn. (5.15):

T (x,0) = - g_c 2 X H{e-x) + [ 2TE 4 a(t)dt (5.31)

Yy

where 8 is given by Eqn. (5.26).
The resultant load due to the symmetric stresses is found to be given hy
¢
P=aB - [ ¥(t)dt, (5.32)
0

The resultant moment due to the antisymmetric stresses is found to be given by

MR I'-v.'l, l,", [ Al b et o i'-'v ey

c
kit b S
h - R - = . - . .
M x CB - 5 | ta(t)dt (5.33)
0
The rotation of the beam at any point x > ¢ is found to be given by
b.:
[- - x 3-2v S ¢
g 6(x) = B[K3(x,c)-X7(x,c)] - 8 ¢ —h * [ow(t)Ka(x,t)dt  + [ o(t)Kglx,t)dt
a a 0
& (5.34)
r
o
-
L whers
o 1 n3,5ingx+singiy cosil2-2q)
& lxn) o= e S 2SRRI YL S DT
».. / M J . - n N s - [ . - :2 4
s
b
} @4 -24.
=
3
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- I CRola-2g/2)4x(2-20)=x2/2]) + T 32¥ (5.35)
1% n3 . COSEX=COSSLy .
Kg{x,n) = U’J TR — )Jd1(sn)dg - 15-(10+x)n (5.36)
0

and n = ¢ or t.

6. PROBLEM SOLUTION

Following a scheme similar to that of Sec. 3, we define

Nacy

ap = 2;/h p(x) = . ¥(y) (6.1}, (6.2)
h

6(x) = DACY o(y) (6.3)
hS

Mon-dimensionalized stresses, loads, mcments and rotations are calculated and

may be transformed back to real quantities through

= T 'd
Tyy T yy'® (6.4)
P = waP/(1-v) (5.5)
M o= uARM/(1-v) (6.6)
5 = Ai/h. (6.7)

In order to assess the accuracy of the solution ohtained, two tests are
nerfarmed, First, the rotation of the heam just beyond x = ¢ is compared to

that civen hy *he standard heam thegry solutinn:

AR - " Loest ‘ALY
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where ¢ = c+. Second, from the nature of a receding contact problem, as the
contact lengtn decreases to zero, the load PE increases to a certain limit
valye, Because the moment ME goes to zero 3s the contacht length goes to zern,
the heam theory solution for displacement tells us that the load DE mu st

approach the beam theory load pBT for a cantilever beam prohlem:

Par = 30a/43 . (6.9)

~

The 1imit load lim P_ 1s compared to the value 0° P for each case
£ BT
¢/h+0
considered,
Once again, the use of beam theory equations in suhsequent comparison
studies dictates that conditions of plane stress should be assumed in the

solution of Egns. (5.29) and (5.30). As before, Poisson's ratio is taken *o

ce equal to 0,35 for the numerical solution of these equations.

7. OBSERVATIONS AND CONCL!SINNS

Solutions *to tha problem were obtzjned for & = 0,25, 0.5 and 1.0, v =
L 10.0 and 20.0, and for each v, 2 = 0.25v, 0,375y, 0.5y and 0.75y. It was
found that the strecs distributions for the different values of 2/h were
o virtuaily identical., A typical distributinn of the total stress under the
t, /r; ~
3 ‘arfanter, normalized by 3 factor of Jcé-x?, is shown in Fig. 5, An
- examinaticn of the plots of the tntal stress uynder the indente~ reveals that
, 4 Y i5 indaad siecgglan at x o= -2, hut o zerd a3t x = fC,  Furtiermore, the shrage
.
; Aigtmitytion i Fia, S Feor /o= 1,0 i §020n 50 Ro in axtmama g3%a,  Trig
)
o
e -75-
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results from a more pronounced effect of the antisymmetric component in the
solution for cases where c/h is large,

Tables 5 and 3 show a combarison hetween the solution developed here and
the classical beam theory solution. As can he seen, the elasticity solution
agrees quite well with the beam theory solution. Again, it is noted that the
rotations in Table 6 have no meaning unless they are converted to real
values. Following the same procedure as before, an upper bound can be placed
on the ratio of displacement under the indenter to beam thickness:

~

A/h < min {3q/3 ,(l-v)cy/ﬁu(aP-M)} (7.1)
Assuming the same values of 8g, °y and w, Eqn. (7.1) reduces to

A/h < 0.349/3, (7.2)

Under these criteria, Table 7 shows the maximum allowable values of A/h to
ensure small rotations and no yielding.

The phenomenon of receding contact in this problem is borne out by Fig.
7. As c¢/h goes to zero, the non-dimensionalized load parameter approaches a
1imit value greater than zero. In Table 8, the limit load of the elasticity
solution is seen to agree quite well with the limit load of the beam theory
solution, Furthermore, the limit load is highest in those cases where the
indenter {s close to the wall,

In Fiz. 7 the relationships hetween the lnads and contact widths for the
va=inus ¢3ses csnsidered appeir to violate the condition imposed con receding
Tortact omnhlams R0 encura the axistenca and uriquenass of thei- solutions

S, sinta, tre ogntact iangtns foroa panticglarn hesm o are not Indapendent of
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the applied loads on that beam. The contact length in a raceding rontact

)

T
e}

———
"; o

problem will be independent of the level of lonading only i€ *he rarin of the

resultant moment to the apolied load s constant ‘or 2311 levels af loadira,

Sl e

In the problems solved through the course of this study, the ~3tig of maoment

to load changes as the applied loading changes; thus, the conrtact length wil)
change as well, the imposed conditions are not violated, and the problems

studied are indeed receding contact problems.
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an iavestigation s made on the low velocity fmpact on a circular plate
2y a4 r3td iadenter, Tne plate response £o impact shows some of but not al)
of tne similar problem for a beam. The local contact stresses were developed
from an 2'lasticity theory, wnile the global stresses were obta‘ned from plate

theory.

INTRODUCTION

Tne pronlem of tne low velocity indentation of an isotropic circular
olastic plate by a ~igid punch has been investigated, This study uses the
assumption that an elasticity tneory may be used for calculating the local
effects and a 3ernouilli - Euler plate theory can be used for calculating the
overall dynamic response.
in tnis problem a spherical indenter with a very larye raaius of
curvatire strixes the plate with a low impact valocity. Since both the
pressuyre load and contact ared are unkaown and depend upon time, the problem
ts formulated and reduced to solution of a Volterra integral eguat<on,

Tvic types of solutions are superposed. One s the static solution

analtasous to the one developed by Xeer and Miller Tl the other s a s+tandard

rm

dynamic plite salution whicn can be obtained from Sernn;i11: - Zuler plate

1ralysis Isae e.3. braff (21,

. 4
S <

PR Crass ;e ATt riogtion T3 oassumed to ne dlecoawise Conciant

ST amasrat i 2t 5t at i and dyadmt o $nlultons ) Dhe prasiare snringtior Can
ST, Thwe toneat e tnat N3s Gayn 300 oy Sreadt ks ang Myey T30y
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e time wise pressure distribution s calculated. An example for the case of

plane strains 10w velocity nas been given in an earlier paper ny ¥

T
(8]
5
j&Y]
3
&%
r
[¢9]
<

A

PROBLEM FORMULATION

The formulation uses the assumption that elastodynamic effects are
negliginle wnen compared with the effects due to the static deformation.
nowever, dynamic effects are incorporated into the plate bending solution.
The solution of this problem is obtained by superposition of the static
solution with a dynamic plate solution.

The boundary condition for an elastically supported Yayer loaded by a

smootn rigid indenter are as follows:

- Voo ® {
s {r,h) 0 0<r < (1)
e \: x
o {r,h) 0 ND<r < (2)
. (ry0) =0 0<r<n (3)
- 4 = [
T,, (r0) =0 c<r« (4)
T, {r,0) = -p(r) 0O<rc<c (5)
whare ¢ is tne radius of the contact area.
Tne doundary conditions at the ends of the plate are:
4, = 0 r=a {6)
Mz =0 r =3 £7)

wrera 2 S5 othe radigs of tne plate, M 5 the moment, X s spring constant,

Tope averaged through the thickness,
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fe elasticity solution that represents loading on the upper surface of

in 213sts Ylayer is given fa tne following form by ise of integral transforms:

8
r

Do = ‘\/5,) o
r l¢] ! s

(1-2v)(3 + sh3ch3) - gzshzilsh(—;z)

- (1-2v)sh23 + 32 - gz(3 + shsch3)ch(52)}

3

x Jy(zr)ds (9)
2uu, = - = ELE {72(1-v)sh23 - 82 + 3z
z 0 a -

(3 + shach2ish(zz) - [2{1-v)(8 + shsch3)

- gzsh2a]ch(gz) 1 (5r)dg (10)
.o EELE) oo . i
e T oo {82 - 8 - shach3lsh(gz)
*r 82 +sh?3 - zz{8 + shSchB):ch(;z)jJO(gr)dg

@ :E(F> [ 1 \
- = / ) 4 [ 22 o r (Q + ﬂf - \
s 5 o {13 A shgchg) sh(gz)
+ gzsh?aochlzzybdy(gride {12y
RS -4 N
L. T 2] S+ osngchc + f7sn-3 sn'iz
zz 2 K o
- Tzzlioegnmignit e 5neloa ~eo -
PRI S P ki I S I AP S A N SR W S e, o et - -
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Taking the guadratic displacerent constant moment solution) as in the
olate salution by Xeer and Milier 1,
~ 7 -
4, = Ar- -3 slan
NN2C2

A= Loy B (17)
20T =7 Teir-v7j ’
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ant A, we first derive the momant and average slope

~asr2ientation dues oo tne layer solution in such 3 manner that the end
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From eguations (10}, (15), (16), (20, and (22}

1 ¢ . . . h3 3+ shgcns
= r re) i et
U, Ty CRERTNT I ) i

2 2 r2 .Jdolza)
< (J _(5a) - Jdofer)) - 1a+ 5 : 5 LJOSQa'

E

1 82chg - sh?3 ra
“agz (LB g e

; . h2a (8 - (3 - 2v)sh3
f‘l TT = Ve 3 - snh3

As ¢ » 0, an asymptotic analysis shows the terms in equation (23) to be
p
*' bounded, However, as & + =, the terms are divergent., By adding and

subtracting

i ] -C P A - ”‘x’ h3 - - -
a s Srpteniars 7B (0 (sa) < J (sr))de (24)
5 (3-2v) a2 - r2 nlg c

tnhe difficulty can be remnved,

JYNAMIC PLATE THEORY SCLUTION
Py 4 solution can be obtained by using a normal mode expansion together with
3 Laplace transform, The eguation governing the normal mode expansion Is

iiier as

S r - Lt rtooz ' ‘;)‘“"
,

-ty =
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(r'oare the mode shapes

can he written as Yq

wnerea

N .
P

)

<1

the Laplace nperator.

w1 onas the soldtion

0y —- / A\
Y. = AJ;‘\SQF} + BY'J(B”T‘)
:-m'ﬁ‘:r]\/
1 2
Y vy oo =
Y3 = Yz SnYz Q
#nicn nas the solution
Yo o= Clal3 r) + DK5(8 r)
2 Cl]\ n ) J n l;
o vatal o solytion is thus,
RN R AL T B
- v r

PP Iy g W PGS W W W 1PV (W - )

and Ve s the Yinarmonic operator, Tne
Y.+ Y5 wnere Y., Y, satisfy respectivaly
- .JZ'( :O /Z/

“n' ¢ { )

SBecause of axial symmetry, we obtain

N T PP S P,
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Since potn Y, K. nave a singularity at r = J, they must De set o zero,

Tmyus, the solution s reduced to

Y {r) = (Ade(s r) + Clo(8 r)} (31)
Far tne clamped case
3y _fa)
n ar

Sunstituting into equation {31), we get the frequency equation

1,03 a)Jsi3.a) - Jy(3 a)ls(3.a) = 0 (33)

ird T2 ngrmal mode
) JO(Bna) .
Y {r) = +J,(8.r) - I,(8.r): 34
n\ ) ' g( n? W Q(Dn ),, (34)
Ffor the simply supported case, the boundary conditions are
Yq(a) = 0 at r = 2 (35)
M o= 0 at r = a (36)
Ceoanundary cordiciong C33% 3nd 20) tne frogyency cgquation and nrormal omoge
- B 1
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To derive the dynamically loaded solu*tion, we take the Laplace transform

2f the goveraing eguation,

22 1 3 52Y(r)
o 3 Py 3 r ;
- )< yo+ 2 . = ) (
Dlgrr = = 5p)?V(r) #+ oh =5z = plr,t] (39)
wnere
G2 = 9_
ohn
“ne Laplace t-ansform of (39) s
~2 3 -
32025, « L 3929(r s) 4 s29(r,s) = B(r,s)/oh  (20)
are roor )

and tne transform, Y(r,s), p(r,s) may be expanded in a series of normal

modes Yn(r\ as

Tr sy = T3 ()Y (r
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where Yn\r\ s the solution of

<2 13 -
52¢(2 + 22 v2 % + c2 ¥
‘Ir< r ar> nzl anY (r) s E anYn(r)
-
= — T r
sh n=l b Yn( )
2 Ay from - 200
nz ® 4 y + 7 =
ELp Snan n(r) S anYn(r)
_ 1 =
T oh nk bnYn(r)
L yince
o £, (2552 v s2)a v (r) = Eou ¢ ()
b nEL N n' ph n2l “n ' nt ’
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v

n tne contact region we have

0 <r<c(t) (52)

wnere (%) is the relative approach and R is the radius of curvature of the

trixar

(g

From Newton's equation of motion

Mt

=Vt - ‘ -5y (€
t ha? 4 (t g) 5

O
—
1

rp(r,£)drdeg (53)

aneco ) Fs o the yelocity of the striker as it hits the plate and M

is5 the ratio

¥ tne mass of the plate to that of the strixker. The method tu determine th

. . . , A -
wtoTantact aroa g ogiven fa Anmadt et al, D3,
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In solving tne intagral equation (52), some technigues have been used to
tak2 care of thre sincularity and speed of convergence. Third order
Jolynomials are used to approximate tne unknown function, since increasing the
order of polynomic™ to higher order does not mean that better accuracy will be
achieved. Filon's formula ‘s used to improve the accuracy of the
trignometrical parts of the xernal. The overestimated contact area and
maiftied starting value of the Volterra integral 2quation help to ensure the
cii~acy of the numerical results.

Calculations are based on a variety of geometrical and material

parameters, They are the following:

Radius of Strixer: 40 cm

Radius of Plate: 10 ¢cm
Elastizity Constant: 200 Gpa
Thickness of Plate: 1 cm
“oisson's Ratio: .25

Densizy of Plate: 7.3335 g/cm?3

Figures 2-2 snow the contact area and contact force for cases of
IPrfarent velacicies and mass ratios., As tne mass ratio s increased *he
cerfoc 2f impact Decomes shorter; however, changing the initial velocity does

~5% asseir fo gfect the perioc of dmpact. By comparing with Keer and lee

<, toe ertar 0 impact fer the plate is shorter than that of the beam,
) 5 ooonsiilacan 3 De du2 to trne stronger houndary effect in the three-
- - 5 Mass ritiy Yrcresqag) Sha o myiogm force gniing fene
- o IR S T IEs T PRt ST O RO P Bt B S Fb RO
WP O RO UDY G S S v PP RO -L‘._‘ Ao A o b AA}!.i.i.‘l.l-"."i‘"‘ POy R N S Y Y LN




promineat as n [37. Tne pressure distribution s shown in Fig. 4-7, whizh

corrasponds to several values of the mass rat?o, The non-Hertzian solution
cegins to appear in Fig. 4, and the wrapping effect, Keer and Miller [1],
pecormes more important. The pressure distribution begins to concentrate more
ciosely to the edge of the contact than the center.

Figures 8 - 10 show the pressure distribution for different velocities.
it is seen that the ratio of the peak forces tends to be proportional to the
ratio Oof velocities. Tns shape of the force history ana contact area are very
siniltar for these cases.

Figure 11 snows the pressure distribution for the impact of a clamped
plate by a strixer with velocity 20 m/s and a mass ratio 1. As can be seen

the rate of increase of the force is the same as in the case of the simple

sigport plate, Non-Hertzian solution occurs during a portion of the impact

<t

ime, Tne period of impact is noticeably shorter since tnhe clamped plate ‘s
rigure 12 shows the force history and contact length when the thickness
of the plate s 0.125 cm. As the plate becomes less stiff, we observe a
doubl2 strixe phenomenon, similar to that noted by Xeer and Lee [d] for the
r2lated beam proolem, The velocity of the striker fortties case has been

reduced to 2 m/s to make elastic behavior assumption valued as the thickness

[
",
(82
3
4]
w0
—_—
[v¥)

te is reduced., Figures 13, to 14 show the pressure distribution for
duced tnickness case., At the timewise point near detachment, the plate

2¢ariencad 35 rather high stress.
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2av2tey, Rawever, toe Joudla2 strike phenomenon ¢can still ooccur P otae plate

5osuffiziently soft, Related ohbservations to our results are calculatel in
solasien [20. For o= .75 ang relatively thick oliates tne reliatian memaeen

force and time s noted tu ne nearly constant for 3 portion of fhe time,
Sarameters such as these may prove to be useful for the design of an impact

test in wnicn tne force is kept relatively constant during a prescribed period

LUNURLTUGEMENT
Tne autnors are grateful for support from the Air Force Office of

Screntific Research Grant AFOSR 82-0330




AMAAE SoR ae aes s s an s 0 e e ane B A A AL AMR LA Sa AL SIS AL i G e iie AN BAe Sha Min AR 0 SAn B Bie RASMSC A

xeer LM, and Milier, G.,R., "Contact Between an Elastically Supported
Circular Plate and a Rigid Indenter," International Journal of
1 ]

Engineering Science, Vol, 21, No. 6, 1983.

R.
N

araff, K.F,, Wave Motion in Elastic Solids, Ohio State University Press,
1975,

Ahmadd, N., Keer, L.M., and Mura, T., "Non-Hertzian Stress Analysis--
“ormal and S1iding Contact," International Journal of Solids and
Structures, Vol, 19, 1983, pp. 357-373.

Keer, LM, and Lee, J.C., "Dynamic Impact of an Siastically Supported
Zeiyn--Large Area Contact", International Journal of Engineering Science,
n opress,

Goldsmisn, W., Impact, The Theory and Physical Behavior of Colliding
Solids, Edward Arnold Ltd., London, T360.

e U SO VI SR V. SV - GO S S R S VR ST SO, S S S o e NP S A'L'.q-‘.-‘.A..i




Figure Captions

R PR Geometry for Circular ®late Loaded by Rigid Indenter
Fig. 2: contact Lenth Vs, Time for Simply Supported Plate Subjected to

impact (v = 20 m/s)

Fig. 3: Force History for Simply Supported Plate Subjected to Impact
(v = 20 m/s)

Fig. 4 Pressure Distribution for Simply Supported Plate (M = D.75,
v = 20 m/s)

=13. 6 Pressure Distribution for Simply Supported Plate (M = 1.0,
v = 20 m/s)

Fig. b Pressure Ddistripution for Simply Supported Plate (M = 1.5,
v = 20 m/s)

Fig., 7: Pressure Distribution for Simply Supported Plate (M = 2.0,
v = 20 m/s)

Fig. 8: Pressure Distribution for Simply Supported Plate ( M = 1.0,
v = 15 m/s)

Fig. 9.a): Force History for Simply Suppor.ed Plate Subjected to Impact
M= 1.,0)
\ LR

Fiz. 330 contact Length vs. Time for Simply Supported Plate Subjected o
[mpact (M = 1.9)

sig. MU Pressure Distribution for Clamped Plate (v = 20 m/s,

M= 1.0}

Fi3 11{a): Contact Lengtn vs. Time for Clamped Plate Subjected to
Transverse Impact (v = 20 m/s, M = 1.0)

-tz Yilyrr Force History for Clamped Plate Subjected to Transverse
Impact (v = 20 m/s, m = 1.0)

m

3 12 ) rorce History for Simply Supported Plate Subjected to Impact (V =
2 m/s. Thickness of Plate = 0.125 ¢m)
12 500 Contact Lengtn vs Time for Simply Supported Plate Subjected o>
mpact o= 2 a/s. Tnickness of Plate = 0,125 In
EREEDS. “rossare Jistribution for Simply Supported Plate (M= 1,0, v = 2
/s, Taickness of Plate = 0,125 om
3 Sressuce Gistrisutian for Stmoly Supoorted Piate M= a0V = 0
. S0 T Tensss 2t o Siate = 0, 17h aw
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