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MODELING AND SIMULATION OF AN IMPLODING
PLASMA RADIATION SOURCE

I. INTRODUCTION

The use of an imploding gas-puff plasma as 2 plasma radiation source (PRS) is of
current experimental interest. In particular, a neon PRS has been used as a load for the
GAMBLE II puised-power device at the Naval Research Laboratory, and has recently been
measured’ to produce approximately 2kJ of kilovolt K-shell X-rays with a peak load cur-
rent of 1.2MA. In addition to the experimental applications,l theoretical interest has grown
concerning the plasma and atomic physics involved in the high-density (~ 10! cm=2) pinch
commonly achieved in these experiments: the plasma instabilities and radiation mechanisms
are among the complicated processes which are still not compietely understood. Between
the experimental and theoretical research, there is a need for simple models of the physics of
an imploding plasma with accompanying radiation that can be impiemented in a tractable
computer simulation of pot only just the PRS itself, but of the entire pulsed-power device
{generator, transmission line, switches, etc.) as well. As a primarily inductive load on
the remainder of the circuit, the evoiution of the PRS affects to some extent the behavior
and efficiency of the entire system. Suck a system simulation is important for investigating
parameter regimes not currently availabie to the experiment in order io determine opti-
mal design and operating parameters. As this type of simulation typically requires a large
number of computer rups, in terms of speed and storage requirements the use of sophisti-
cated one- or two-dimensional hydrodyuamic models of the plasma coupled with complicated

atomic physics algorithms is inappropriate. Thus, the intent of the model®*® contained in

Manuscript approved March 27. 1986.
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the present report is to include just enough physics to adequately describe the evolution of
the PRS (i.e., temperature-dependent effects such as radiation. ionization and “bouncing”.

etc.), yet computationally efficient in order to simulate the operation of the entire device.

In Section !l, we will state our assumptions and derive the equations of motion which
govern the imploding plasma. Section Ill discusses the details of the procedure used in the
numerical implementation to convert part of the kinetic energy gained by the plasma during
the run-in phase into thermal energy. ionization and radiation when the plasma collides on
axis. The atomic physics model we use is described in Section IV. The implementation and
use of the code IMPLODE is detailed in Section V, along with numerical results compared
witk experimental observations (from GAMBLE II) and parameter optimization results.
It will be shown in Appendix A that the ordinary differential equations evolved by the
code conserve energy in that the power delivered to the PRS load by the external circuit
is accounted for in various forms of stored energy and radiation; this is important from a

design energy inventory point of view.

il. DERIVATION oF EQUATIONS

The geometry of our mr del gas-puff plasma is that of 2 cylindrical annulus (Fig. 1) of
length £ with inner radius at # = b and outer radius at r = ¢ inside a cylindrical cavity of wall
radius r,,. The gas-puf is composed of a plasma with ion mass m; = Am, and mass/unit
length u. The annulus itself is further divided into two concentric annular regions: an outer
skin of skin depth & and a larger inner core. The boundary between the two regioms is at
a radius r = z (i.e., £ = a ~ §). The current / in the plasma is assumed to fiow only
in the skin of conductivity ¢. and the current density J = J3 is assumed to be uniform.
J = Ij=(a® -z*). The two regions (core and skin) are allowed to have separate temperatures
and are not in thermal contact that is. there is no thermal diffusion between the regions.

Quaatities referring to the skin will be labelled with a subscript s and those of the core with

3
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a subecript ¢: thus, the temperature and volume of the core and skin are respectively T, V.

and T,.V,.

We begin with the continuity equation

%%-l-g-Vp:-pV"_), (1)

where p is the mass density,

A
n(a? - b%)’

and the number denpsity n is defined as the ion density n,. The first assumption will be

p = n;m,; + nem, = n;m, + Zn;m, = nm(l + Zm./m;) x nm,; = (2)

Al. The mass density (or ion density) is uniform over b < r < a (i.e., the same in both skin

and core), but is allowed to vary in time.

Thus,
- [t
)= @ PO ©
Therefore, with Vn = 0, (1) becomes an equation for the velocity profile v(r)
7 aa — bb 13
i v —=35.7v(r). (4)

Now, the second assumption

A2. The inner radius moves with the same speed as the outer radius.

a=b=u. (5)
With this, the equation for v(r) is
14 2u
i\ ey s (6)

which has the solution matching the boundary condition (5)

Note that this form for v(r) also holds as b — 0, in which case A, — 0 so that v(r) = ur/a
when the plasma annujus becomes a cylinder. There is a singularity here, however, in that
the speed of the inner radius b = v(b) = u does not smoothly go into v(0) = 0 as b — 0; this
will require special treatment later in the discussion of the implementation of these equations

in the code and the concept of the “thermalization” procedure (see Section Ill). The velocity
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profiles v(r) before and after b = 0 are schematically depicted in Fig.2. Assumptions Al
and A2 allow the continuity equation (1) to determine the velocity profile (7) in terms of
the outer radius a and its velocity u (the inner radius b is given by b(t) = a(t) - w, where

the width w of the annulus is constant: w =4 —b = 0).
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FIG. 2. Velocity profiles. (a) v(r) at three different times during the impiosion phase as
b — 0, showing the steepening of the profile near r = b(t). (b) v(r) after b = 0 (pinch and
post-pinch expansion phase).
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Next, the force equation is used to derive an equation for the outer radius velocity u,
ov _ 1
p(§+z Vg)- Vp+-JxB. (8)

Since by assumption the current density is uniform over the cross section of the skin. the

magnetic field B = B(r)f is easily computed to be

0 0 < r < z (inner vacuum and core)
2ir?-z2 )

B(r) = 'c—r;z_—z: z < r < a (skin) (9)
21

- a < r < ry, (vacuum)

Now p, v(r), J, and B(r) are all known quantities, so that the only unknown quantity in
(8) is the pressure profile p(r). Substitution of {2,7,9) into (8) would give a differential
equation (in r) for the pressure in terms of a(t), u(t) and u(t). However, the approach used
by Guillory and Terry* is to integrate (8) over r so that the r-dependence of the equation
is eliminated along with the Vp term (which would be evaluated at the endpoints, » = b
and r = a). This then gives an ordinary differential equation in time for the outer radius
velocity 4 = f(a.b.z.u.T). This equation was used in an earlier version of the code (prior
to March. 1985), and the problem with it seems to be that that procedure of integrating
over r gives an equation which is inconsistent with energy conservation. This will not be

discussed further here. but it will be shown (see Appendix A) that the present method does

conserve energy {at least theoretically. and the code runs seem to bear this out).

In order to eliminate the r-dependence in (8) and derive an equation for u(t), first

convert (8) into an equation for the kintic energy deasity. Multiplying by v one obtains

o(g e ¥ ) B = —u Vo (UX B (10)

Multiplying (1) by 4¢* and adding the respective sides of that equation to {10), the evolution

of the kinetic energy density x = 3pt? is found to satisfy

ok 1
— -\ e 1) == et e NP - - . {
5t + V. (k)= -2-Vp- e (L x B) (11)

Now integrating over the entire volume of the plasma. the total kinetic energy K (t) obeys

k== [ e vl [dpuxp 12)
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The integral over the magnetic force term is only over the volume V, of the skin. In obtaining

the left-hand side of (12), the rule for time-varying volumes is used

d o
- dVk = dV — + ds - yek, (13)
dt Jy vy Ot Js 0

where v¢ is the local velocity of the surface bounding the volume. When (13) is used in the
volume integral of (11), the term arising from [ dV V - (kz) = § d3 - yx cancels the similar
surface integral term in (13) if the local surface velocity vs is equal to the fluid velocity v
at that point on the surface. Here, of course, that is the case, and the conservative form of
the left-hand side of (11,12) mereiy states that the kinetic epergy of the piasma does not

change due to particle flux through the bounding surfaces (at r = b and r = a).

The pressure term in (12) can be converted to the following form
~[we == [ oy [aae oy

_-fda pr+(V- v)/‘"P (14)

=(V-2) /dhp /dV..p]

= (v ° E)("cpc + "a?s,:-

In the second line. the fact that in this model the divergence of the velocity fieid is indepen-
dent of position (6) allows it to be moved outside the integral. In the third line. the surface
contribution of pv vanishes because the pressure is assumed to vanish at r = a and either
the pressure is zero at r = b (when b > 0) or, when b = 0, the only bounding surface is at
r = a. Also ip the third line. the integral over the volume has been broken into the separate
contrioutions from the core and the skin. Finally, in the fourth line, these separate contri-
butions are expressed in terms of the average pressures of both regions. 5. = V.~! [ dVp
etc. The separate average temperatures and total number of particies (ions and electrons)

in both regions are
Vc.oﬁc,. = c,:n(zc,a - I)Tc.a = Nea -C..’s (15)
where a third assumption is made:

A3. The ions and electrons in each region have the same temperature: T; , =T, = T..,.

-
¢
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Combining (12,14,15), the equation for the total kinetic energy is

I.{(t) - 2y

b(AycTc -+ ‘VaTa) + (vl B). (16)

Here, the formula for V-p from (6) has been used, and the magnetic force term from (12) has

been abbreviated by (vJB). This is also the desired equation of motion for the outer radius
velocity u(t): substituting v(r) from (7) into the definition of the kinetic energy density,
integrating over the total volume, then differentiating with respect to time and using this

for the left-hand side of (16) produces an equation of the form
Cri = ~Cau® + CscTe + C3,Ty — Cul>. (17)

Since J and B(r) are also known. the (¢JB) term can be evaluated to give the I? term in
(17). The coefficients C, are functions of a,b.z, Z., Z, and are explicitly given in Appendix
B. This equation is coupled to the following temperature equations and should also be
accompanied by a fourth first-order equation, a(t) = u(t).

The derivation of the equations governing the thermal energy or temperature in each

region {skin and core) begins with the pressure equation found in Braginskii®

3 for v. v)w—-v-w J:-R (18)
[at uv-J- IAREE : (

Here, the resistivity n is o~! and R is the radiated power density. From (8) recall that
because the velocity and magnetic fields depend on r, so must the pressure (and in fact.
(8) should probably be interpreted as an equation for the pressure profile). However. as
in the case of the kinetic energy equation, we will integrate (18) over the volume in order
to find an equation for the average pressures (or temperatures) of each region. Therefore,

integrating {18) over the core and skin separateiy. one obtains

?,—i/d" /dﬂ'(pv]-—/dnp(\‘z /ﬂR (19a)
3’ 4
5! /tﬂ v. pt'}=—[d¥,pv ﬂ—»/d‘,n.lz /d‘ R. (19b)

Now using the same ruie for time-varying volumes as expressed in (13}. these equations

%/d‘;p=~/d‘cp\v /an R (202)

become
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3d , 2
| sz [®er=- @7 -0+ [wins - [av.R (20b)
: N:
! This step requires one important subtlety. however. In using the rule (13), one expects the E":
sarface integral term from (13) involving the local boundary velocity to cancel the surface
integral arising from the divergence theorem applied to the V - (py) term on the left-hand EE
X side of (19), which invoives the local fluid velocity. Note that one of the surfaces involved ES
p ] in the surface integrals around both the skin and the core is the surface at r = z = a - §, —
) the boundary between the skin and the core. For these surface integrals to cancel then, \E
. one must require that this boundary move with the local fiuid velocity: £ = v(z), where "
v(z) is the velocity profile (7) evaluated at r = z. This in turn implies that the skin depth -4
must vary as é = @ — 2 = u — v(z), as opposed to obeying any other phenomenological rule r
- (such as 6 ~ (¢/we). or 6 = constant). This is just a statement that thermal energy does .
L. not diffuse from one region to the other, as was originally assumed. Indeed, integrating the A
; continuity equation (1) over the volumes of the skin and core separately, one finds that such
a requirement on the motion of the boundary between them simply means that the total ’
number of particles in each region remains constant:* thus, thermal energy is not diffused =
by particles of the higher temperature in the skin moving into the lower temperature core
\ region. If such diffusion were to be ailowed, one would have to include other terms in the -.
. pressure equation (18). As it stands, however, this requirement on the variation of the skin &
depth is necessary for total energy conservation. E:E
. o
) With (15). these equations can be converted into equations for the average temperatures EE:
. of each region. In order to include the energy required for ionization. however, it is useful =
-_T to iptroduce an alternate temperature which measures the total internal energy Q of the -J‘
eiectron fuid. As defined by Terry and Guillory,® this is ‘:E
! _ _26(Q) -
Q=T.(Q)~+ 32(Q) (21) .
X * Actually. this integration would show that the total number of ions in each region is :E
constant; due to the provision in the model for ionization depending on temperature, the ‘
number of electrons in each region may vary. ':;
3 Y
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where ©(Q) is the specific chemical potential, the energy required to ionize an atom to a
charge Z while maintaining an ambient electron temperature T,. When the quantities Q
and Z are calculated properly in a collisional radiative equilibrium model. there will always
be a one-to-one correspondence between Q and T.. The inverse functions T(Q) and Z(T)
then provide an equation of state, and only the time development of Q need be computed.
Using (18), the spatially averaged pressures in (202.b) car be recast in terms of the total

internal energy of the fiuid

[2112]

%Vc.aﬁc,a Uc.. = 30V, .a(zc.aéc.a - Tc.s)- (22)

Since N}, = nV,, is time invariaat and (V-p) is uniform in this model. the time development

of Q... is given by

%‘Vc%(zcéc +T.)= “‘Vc(zc + DTe(Qe)(V - v) - VR, (23a)
%-Na‘:—t'(zoéo - Tc) = ‘-Vc(zo + 1)f‘-(éa)(v ‘v - VJ’?J2 - V,R.. (23b)

Here we have used 5V = N*(Z + 1)T on the right-hand sides (instead of (22)) because only
the internal energy of the free electron fluid contributes to the pdV work. This modification
of Braginskii’s heating relation involves only the partition of thermal energy: the source
terms are undisturbed. Thus, the volume averaged radiated power density R, has been
defined, and the fact that the current density J is uniform over the skin in this model has

also been used.

The time derivative on the left-hand side of (23} becomes

(24)

where Z’ and T” are derivatives with respect to Q. In principle. this form for U could be
numerically implemented in the code, but instead the foliowing expressions for [ and U

have been used:

T -—
'C.8 =

o‘vc‘.a( cs T+ I)Qc.a

Uew = 3N ,(2cs + 1)Q,.,

(3114

10




This assumes

Ad4. The energy of an ion is %Q instead of %f’. This is merely a definition: for purposes of
total energy inveatory, as long as this definition is consistently used then it should not
affect the conservation of energy.

The expression for U in (25) is a good approximation to the exact form (24) in the high

temperature limit (where 2’ ~ 0 and 7' ~ 1). For this approximation we therefore assume
AS. The rate of change of the charge state over a single timestep is negligible

If assumption AS is violated it could make a difference in determining if energy is conserved.
If the charge state does change rapidly, one should use an iterative method to conserve energy

at each timestep (such as that used in the thermalization step described in Section IV).

With (25) substituted for the left-hand sides of (23), the energy equations in the core

and skin become

> 4 u =
Qe = -3 =5 - acke, (262)
8, = -ga":b +aunJ? - a,R.. (26b)

Here, we have inserted the definition of (V - v) from (6), and the coefficients a are a., =
{%n(zc_, +1)]71. These equations close the set of ordinary differential equations. As stated
earlier, they are to be solved in conjuction with rules for obtaining T'(Q), Z(T) and the

radiated power density R(T,n,Z).

11

................................

.......................
..................

............
.........




THERMALIZATION oF KINETIC ENERGY

This Section discusses the procedure which is used in the code to convert some of the

kinetic energy of the plasma at assembly time (whea  — 0) into thermal energy. There are

two reasons for making such a conversion:

1) In the real physical system, the kinetic energy gained during the implosion (or run-in)

phase is partially converted into thermal energy as the various innermost components
of the gas-puff “collide” on axis. The actual physical mechanism for this ra;;id heat-
ing probably involves collisional effects, counterstreaming plasma instabilities, possibly
shock heating and other complicated processes. The theory contained in this report
and implemented in the code, however, cannot (and does not intend to) treat these

physical effects in any real way.

2) In the equations of motion derived in Section Il and expiicitly dispiayed in Appendix

B. the velocity profile v(r) changes abruptly when b = 0 (see Fig. 2): before b = 0, 8uid
elements at the inner radius b move inward with speed u = v(b) = v(a) (see Section
{l, assumption A.2) which, of course, becomes very large. After b = 0, however, the
fluid velocity at r = b = 0 is suddenly zero: the fuid elements approaching the axis are
{artificially) abruptly stopped. Figure3 shows a schematic picture of the kinetic energy
profiles (~ v?(r). from Fig. 2) before and after b = 0. Evidently, the total kinetic energy
(the integral under these curves) contained in the plasma is greater when b > 0 than
when b = 0. due to the abrupt change in velocity of the fluid elements near r = b = 0.
This discrepency in kinetic energy must be corrected for, or else the piasma will continue
to evoive (with the new force equation coefficients valid for b = 0, Eqs.(B.10)) with less
total energy than it had before the assembly time: this suggests the natural solution
described below for converting this excess kinetic energy of 8uid element; near the axis

into thermal energy of the entire core.
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The conversion. or thermalization proc'ess used in the code proceeds as follows: assume
. that at the beginning of timestep n, (time t, = n,At), the inner radius b is for the first
A time less than some arbitrary small critical radius ro (usually chosen to be lmm). This is
called the assembly time, or thermalization timestep, and this wiil be the step in which the
equations of motion will be changed from those that hold before b = 0 (Eqs.(B.14) with
coefficients (B.9)) to those valid after b = 0 (Eqs.(B.14) with (B.10)). Furthermore, after
the calculations using the present vaiue of b are finished, b will be set to zero.
‘ The kinetic energy in the velocity profiles in Figs.(2,3) is computed in (B.3). The

differeace in this kinetic energy (to be thermalized) is simply

(27)

252
: AK = Luty? 2ab | 4a?b?In(a/b) ]

(@a+0)2  (a-b)(a+b)
This energy is to be distributed over all the particles (ions and electrons) in the core as an

increase in thermal energy AQ:

AK =

[X]14]

N.AQ = (2. + 1)NIAQ. (28)

X Here. N! = (u€/m,)l(z* - b°)/(a® - b°)] is the number of ions in the core {a constant. see
Sectior ). and N, = (Z. ~ 1}N! is the total number of electrons and ions in the core at
the beginning of this timestep. From {28), the new thermal eaergy per particie in the core
after thermalization would be

- 2AK

. Q(l) =AQ+ Q(O) =— (0) (29)
: © 101 S

Now. Qﬁo) and ﬁo) are the values of the thermal epergy per core particie and average core

jon charge state at the beginning of the timestep. The problem with using le) for the

new therma! energy in the rest of the timestep is that it is generally too large and will not
conserve energy. To see this. consider the total amount of energy Eq available for thermal

energy at the beginning of the timestep:

Ve a nn

Eo = AK + 3(Z[9 + )NIQ. (30)

Using the equation of state (see Section IV), the new thermal energy per core particle QL”

would produce a core temperature c( b { 9)) and new ion charge state Zcm(Tc( l)) which

i4




.

Evas

would be much greater than their values T Z{® at the beginning of the timestep. Thus,

n Xl
’ the new total core thermal energy () would be X
] ‘:"\
, Ko
U = §NKZD + 1)ty )
D41 3 Ari( 7(0) 0) P
=2 T [AK +INH(ZO 51 ] P4
Zc(o) + 1 [ - 2 c( ¢ )Qc (31) -::
(-4 v -
=S ——r—— o
z 41 S
For neon, the typical case is that Zéo) a 1, while the initial thermalization estimate le) is ,
NS
] S
, enough to strip all but the innermost shell of electrons giving ) » 8. Therefore, if Qﬁ” ‘:.:-
J _..:
\ were used. the total core thermal energy U{Y) would be about 4-5 times the total amount o
of available energy Ey at the beginning of the timestep. Obviously, what has happened is "
that this energy Eo was not appropriately split into thermal and ionization energies. :‘,:j'
The correct way to implement the thermalization would be to solve the implicit equation v
for Q.(;l) "
R
3N [Z0(Q) +1] @) = B, (32) 0
3 %8
, using the equation of state (see Section IV). That is, one must adjust the new value of Q. so :
that the corresponding number of electrons Z, per ion have the self-consistent thermal energy N
Z.Q. to give a total core thermal energy U, equal to the available energy Eo. Therefore. at ":.
the beginning of the thermalization timestep, the main routine IMPLODE calls the subroutine
THERM, which uses an iterative procedure to determine the new Q.. This is described briefly ::'.j:
. below and illustrated in Fig. 4. Since Qf:l) is too large, a new trial value Qﬁz) is taken to be :-
the average of the initial value ng) and Qﬁ”. The total core thermal energy U.,m is then
computed with the new charge state c("’) and compared with the consant value E4. If Uéz) “
X is still greater than Eg, ) is chosen as an averge between ng) and Qﬁz); if U3 < Eo, ;.':'
, w5
) is taken to be the average of QY (too high) and Q‘(,z). This method of “splitting the N
¢
difference” continues until the values of U{™ and Ey agree to within some tolerance (usually ::
Y
\

picked to be about 10J).
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Eo = AK + 3(Z[ + )N:Q®

28K )
>0 e T
3Z: + 1)N;}

QY =aQ+Q" =

[

Qms'n = ng)

& = Nz + el

|
!

|
!

\ ¢(:'H-l) = ‘;’(Qmin - chz) T = c(n)
Zc = gn)

N /7

Flowchart illustrating thermalization procedure used in subroutine THERM.
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As an example of the numbers involved, in a particular code run the core plasma had

the following parameters at the beginning of the thermalization timestep: N! = 3.5 x 10'®,

9 = 20.1ev, T = 4.5eV, 2% = 1.38. With a kinetic energy AK = 1795J to be

thermalized, these produce the initial values AQ = 884 eV, U'® = 40.1J, and Eo = 1835J.

After n = 10 iterations, the final thermalized values were determined to be Q{™ = 273 eV,
™ = 158eV, Z{M = 8.0, and U™ = 18334

IV ATOMIC PHYSICS: IONIZATION AND RADIATION

The reason for developing this model of an imploding plasma radiation source is to
be able to compute the amount of radiation produced by the plasma. The description of
the atomic physics involved in collisional ionization and radiation can be on many different
levels and can be based on several different models. The primary concern, however, is to
keep tkis simulation as sirple as possible so that in can be used in conjunction with a
simulation of the entire puised-power device for purposes of design and operating parameter
optimization. Thus. for purposes of determining ionization levels and radiation we have
used the resuits of Terry and Guillory:® these are in the form of piecewise numerically-fit
curves giving an equation of state. and average ion charge state and radiated power density
as functions of plasma electron temperature and density for neon and argon. The original
data for the equation of state and radiated power demsity were obtained from collisional

radiative equilibrium calculations due to D. Duston.

A. EQUATION OF STATE and AVERAGE ION CHARGE STATE

An equation of state is used to determine the branching of “thermal energy” per electron
$Q into actual thermal energy 27 and the energy © needed to ionize the average atom to a
charge state consistent with the electron temperature T'. As in equation (21), this quantity

Q has been defined as

$2(T)Q = 32(T)T(Q) + 6(T), (33)
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where ©(T(Q)) is the energy required to ionize an atom to an average charge state of
Z{T(Q)). When Q is incremented at each timestep, the subroutine TFUNC is called to

determine T(Q) and subroutine ZFUNC is then called to determine Z(T). These values of

T and Z are used in computing the coefficients in the differential equations for the next

timestep. For neon, a numerical fit® for the branching ratio B(Q) is used where

B =79 =" Zoraer (34)

Thus. knowing Q. TFUNC simply computes B(Q) and hence T(Q) = Q/B(Q). (Actually,
the piecewise fit in TFUNC is based on the logarithms of Q and B.) The graph of InT as a
function of ln Q for neon is shown in Fig.5. Subroutine ZFUNC uses a numerical piecewise-
linear fit® to a curve Z(T'), as shown in Fig.6. The code is also capable of treating an argon

plasma. but results will only be presented for neon.
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FIG. 5. Equation of state for neon. T(Q). Supplied by R. E. Terry.
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8. RADIATED POWER DENSITY

In order to compute the radiated power depsity from the imploding plasma, we have
used the results of more sophisticated atomic physics computer calcuiations produced by
Terry.® These are in the form of piecewise-spline fitted numerical tables for continuum and
line radiation as a function of electron temperature and ion density. Four types of radiation
are considered: Bremsstrahlung, free-bound, and K-shell and L-shell X-rays. The radiated
power density (W/cm®) curves for these types of radiation for neon at an ion demsity of
n; = 10*8 are shown in Fig. 7. Of particular experimental interest are the K-shell emission
in neon and the L-shell line in argon: these Figures show that both of these lines peak at
about 400 eV for the respective elements. Each type of radiation is produced with a power
density that scales roughly as the square of the ion density. These curves are the result of

the subroutine CREMIT obtained from R. E. Terry.®

The comparison of numerically computed radiation yields with those observed in exper-
iments are based on several aspects of the radiation puise: total amount of radiated energy
{Yr. including all types of radiation;, total radiated K-shell and L[-shell X-ray energy (Yk
and Y7 ). X-rav efficiency (ratic of Y or Y, to Y1) and the length of the radiation puise. We
have found that on a typical code run with plasma parameters which can be matched with
a corresponding experiment. the radiation yields Yr and Yk or Y; do not agree with the
experimestally observed values. However. as the plasma parameters are varied in both the
numerical simulations and the experiment, the behavior of the numerically computed yields
appears to follow that of the experiment. For exampie. fixing the initial piasma radius (or
nozzle radius} and generator voltage, the radiated yields increase 1o a maximum and then
decrease agaip as the mass per unit length u is varied: this is observed ip both simuiation
and experiment. although the magnitudes of the yields do not agree (the simulation values

are geaerally greater).
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Because of this similar behavior, we have attempted to bring the computed yields
into better agreement with the experimentally measured values by introducing an overall
radiation multiplicative factor called the opacity. The way in which this artificial factor
is set (usually a pumber between zero and one) is described in the next Section; once
chosen nowever. (at a particular set of parameter values) it is found that the simulations
are in much better agreement with experiment over a wide range of parameter values. The
implementation of this factor is simple: at each timestep. the radiated power densities R,
and R, must be computed not only for contributing to the total radiated energy, but also
for acting as an energy sink in the evolution equations (26) for Q. and @,. Thus, the main
routine IMPLODE calls the subroutine PLOSS, which in turn calls CREMIT. When CREMIT
returns the values of the four types of radiated power densities for the current temperature
and plasma density. PLOSS simply multipiies each by the value of the opacity factor and
and returas the results to IMPLODE for use in the evolution equations and radiated energy
compilation. Note that while the use of the opacity factor usually means that less total
energy is radiated. it also means that the radiation is less of a sink for the thermal energy
Q. This tends to keep the temperature of the plasma up. but actually this is a complicated
effect: not only is the radiation a temperature dependent quantity, but as the temperature
remains higi. so does the plasma pressure during the pinch phase so that the minimum

radius acheived is greater (lower pinch density), again reducing the radiation.

As will be seen in the next Section on numerical resuits, the peak core temperature
typically observed at pinch time (time of minimum radius or maximum density) is around
400-500 eV, compared with experimentally measured values of about 100-200eV. The total
radiations yields. however, agree well with the experiment {with the use of the opacity
factor). This is somewhat of a contradiction, because for maximum A'-shell vield {in neon).

the radiation curves in Fig. 7 indicate that at pinch the temperature should be precisely

in this range. vet the experiments suggest that the optimum temperature for Y shouild

be nearer 100eV. Thus. not only should the temperatures in the simulation remain lower,

"l':-.‘wf r{ ',

L4




but there should be a corresponding shift in the radiation curves to lower temperatures

(otherwise, very little radiation would be computed). One possibility is that the equations

¥ of state that are used are pot appropriate: that is, it may take much more energy than
= E}Z (Q - T) given by our equations of state to ionize an atom to the average value Z.

Correcting for this would mean dumping more available “thermal energy” Q into ionization

energy than presently used: this would act to keep the temperature down. The effect of true

plasma opacity to L-shell radiation at lower temperatures (in neon) on the K-shell yield

, has aiso been suggested” as a phenomenon not accounted for in the radiation curves which
could possibly lower the optimum K-shell radiation temperature (in neon) to the 100-200 eV

level.

V. NUMERICAL RESULTS

This Section discusses the use of the code IMPLODE for comparison with experiment and
parameter optimization., and then we discuss some of the numerical results. First, the input
parameters available to the user which set the properties of gas-puff and its environment

and which remain constant through a single code run are

3 | Computer | : | Typical '
- Parameter ' Variable Definition ; Units ! Value |
. ao a0 ! initial radius .5 cm i 1.25cm !
u dn i mass/length : g/cm i 3.0%x10"°g/cm i
¢ x1 [ length ; cm ; 4.0cm )
w w : annulus width i cm ; 0.3cm
A aion atomic weight i 1 ‘ 20.183
opacity opac » opacity I 1 0.25
do ! delt0 ¢ initial skin depth | cm ! 0.l1cm
o 0 | critical radius i cm ; 0.lcm
fw | ™™ ! wall radius | cm : 3.5em
Ve vpeaii |  generator voltage | MV : 3.0MV '
o v0 ; initial velocity |  cm/ms 0.0

23

PR R IL U S - '4'-_“ .- ‘\_‘._._. .4.__...-.._..‘

q;"o;’;f -,-'\‘ ‘.’" -,"-." ROTIEALONS oo e N RIS RSSO




The values given are for a typical code run with neon in the GAMBLE II configuration
of Fig. 8 near optimum mass/length at an open circuit generator voltage of 3MV (peak load
current ~ 1.2MA). All of these input parameters are local to IMPLODE and its accompanying
subroutines. except for Vg which is actually input with the system configuration parameters
(the remainder of which, such as line inductances, are not listed here). The vaiue of the
atomic weight A should be either 20.183 (neon) or 40.0 (argon). In principle, other species
can be used: presently, however, models exist in the code for only neon and argon. The
initial skin depth &y is of course not an input parameter in the version of the code which
does not have a skin (see Appendix B). The critical radius rq is that which the inner radius
b of the gas-puff must reach for the thermalization step to occur. The parameters of most
interest for design optimization are ag, u and V. Those which should be varied to analyze
the behavior of the model itself are w, opacity, 5o and r,. The parameters ¢, r, and A

depend on the experimental situation, and vg is geperally always taken to be zero.

A. SETTING PARAMETERS TO COMPARE WITH EXPERIMENT

In order to predic: optimal performance from numerical simulations, one must first
check whether the code results agree with present experimental observations, and make
necessary adjustments if they do not. The first step in setting the code parameters to
coincide with experimental parameters is to choose the correct system configuration in
the transmission line code® (TLC), including the value of the peak generator open circuit
voltage V5. The comparison with experiment is best made in terms of the profile of the
current flowing in the load (the PRS): the primary points of comparison are the peak load
current /p and the time tp at which the peak occurs relative to the generator discharge.
This comparison can be made with almost any reasonable values of the other parameters
{although one should try to get an estimate of the appropriate values from the experiment),

as [p is fairly insensitive to the other parameters (a slight variation in Ip with u at fixed

V¢ bhas been observed).
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F1G. 8. Transmission line configuration for GAMBLE II experiment used in simulation. :.
The parameters ag and u are fairly difficult to determine from a particular experimen- g:.'.
5 tal run. Streak photographs of visible light and X-rays from the implosion and data from -
3 the nozzle manufacturer show that the gas-puff is not axially uniform: it tends to expand _
radially as it moves away from the nozzle, so that ap and w appear to increase along the
:‘ axial direction. Furthermore, the initial plasma density profile is not uniform in the radial ::::'
d direction across the annular region. These effects make it difficult to define what the appro- S
) priate “outer radius” and thickness w should be for the model. The experimental measure of 'E%C.
3 the mass per unit length u of the gas is in terms of the initial plenum pressure. It is believed :-
that over the parameter range studied this plenum pressure should be linearly related to u, ,::".-
but there is not an d prior modei for this relationship. Moreover, one-dimensional simula-
tions which include the effects of anomalous resistivity® in the early phase of the implosion ..
suggest that some mass is left behind as the load is snowplowed up. :
It will be shown below that at fixed ap and Vi there is an optimum value of u in “
the simulation and an optimum plenum pressure in the experiment. Having matched ag ~
and Vg to the experiment, one can identify the optimum value of u with the optimum :'.E;;
plenum pressure. This value of u must be interpreted carefully: it may measure only the E:
mass remaining in front of the magnetic piston after the eariy resistive field penetration ":;:
bas ceased. Whatever the real meaning, keeping the nozzle radius ao constaat. the optimal




-
values of u and plenum pressure can be compared for different values of the peak current 9’ g
1 Ip (or Vi) to determine a fairly linear reiationship. E:"-; ,
%
A
8. SETTING THE OPACITY o
Eo
In order to scale the radiation yvield produced in the simulation (i.e., determine the ,.’-:
opacity), the following procedure is used. Matching ao and Ip (or Vi) to experimental
values, the opacity is set to unity and u is varied to compute radiation yields Yr, Yx and Y
‘ as a function of u. At the value of y at which Yk is maximum for neon (Y for argon), we
compare Y (Y.) with the experimental value. As stated in Section IV, the radiation yields :"'-.Zi
computed in the sirnulation with unit opacity will geperally be higher than that measured ,:
; in experiment. Thus. one proceeds to reduce the opacity and compute the radiation yields -::;
‘ at fixed ap and Vg, keeping u set at the optimum vaiue. Once a value of the opacity is ':t_f.
found that produces yvields that are in good agreement with experiment, the mass/length is b
again varied (at this new opacity) in the neighborhood of the optimum u: this is because the ,'
optimum u is generally shifted slightly higher as the opacity is reduced. This procedure can g -
be repeated until the desired agreement with experiment is reached for some combination Y
of opacity at optimum u. For neon. with nozzle radius ap = 1.25¢m and Vg = 3.0MV L g
(Ip = 1.2MA), the optimum mass/length was found to be pu = 30 yg/cm with an opacity -
of 0.25. In the version of the code without the skin (see Appendix B), the optimum mass X
, was 38 ug/cm with an opacity of 0.12. _::,‘r'
: %
C. RADIATION SCALING WITH CURRENT AND MASS/LENGTH '
2
It is hoped that setting the opacity in this way (so that the computed yields agree . ‘&‘-‘:
with experiment at a single data point) will allow one to vary the other experimentally '\
variable parameters (such as u and V¢) and obtain similar agreement. If this is indeed the ;:
case, then one would feel justified in varying other parameters (such as ao) which are not :\.'%
easily changed in experiment in order to predict better experimental design. Therefore, the :-\.‘.
following series of simulations were performed to compare with similar experimental results. . '
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Fixing ag¢ to the experimental value of 1.25cm, the yield was investigated at eight values
of Vg (or Ip) with neon gas. The results for the K-shell X-ray yield Yx with respec: to
variation of mass/length at each of the eight current levels is shown in Fig.9. As mentioned
several times above, there is an optimum value of u for each current level, varying between
15 and 45 ug/cm (the version of the code with the skin was used). The single data point

which was used to normalize the opacity to match experiment is the optimal point on the

curve with Ip = 1.23 MA. Corresponding experimental results for five current leveis are
shown in Fig. 10: note that, again, these vields are experimentally measured with respect
to the initial gas nozzie pressure. The general trend of the curves here compares well with
the simulation results: the peak vield on several experimental curves agree to within about
10% with the peaks in the simulation curves, when the current levels can be matched. This
comparison can be made somewhat clearer by plotting the simulation resuits of Fig. 9 against
pressure, instead of 4. If one plots the optiroum u against optimum pressure for five of the
simulation curves (or interpolations of them) which roughly match the current levels of the
experimental curves, one obtains the linear relationship shown in Fig. 11. This can then be
used to transiate the simulation curves into functions of pressure, as shown in Fig. 12, which

now can be directly compared with the experimental results.

Probably the most notable difference is the relative widths of the curves: the exper-
imentally measured radiated energy appears to be slightly less sensitive to variations in
pressure (or ). One explanation for the narrower curves produced by the simulation could
be that the radiated energy demsity curves used (Fig.7) are too narrow functions of temper-
ature. To see this, one first needs to understand why there is an optimum u for fixed values
of the other parameters. A simple reason based on the thermalization concept described
in Section Il is as follows: If one assumes that the evolution of the plasma annulus during
the implosion or run-in phase (i.e., before assembly time, or thermalization) is driven by a
magnetic force which is constant in time, then the kinetic energy imparted to the plasma

would be the same for all values of u. This is because the constant force would act over

the same radial distance (ag — (rg + w)), even though the time requred for run-in would
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increase with larger u. Thus, the thermalization process would convert the same amount

of kinetic energy into thermal energy and distribute it over all the particles in the core.

0.90 MA . .
) 2.2 MV | . |

le; 15 20 S0

o)

FIG. 9. Numerical resuits for neon A-shell radiated emergy Y as a function of
mass/length u for eight values of peak load current Ip (labelling the curve in MA. along
with the value of the generator open circuit voltage in MV'). The initial radius was fixed at

ao = 1.25cm.
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nozzie used in experiment has a radius of 1.25cm.
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FIG. 11. Graph of optimum values of ¢ against optimum values of nozzle pressure for
corresponding curves {or interpolations thereof) from Figs. 9.10.
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best-fit linear relationship of Fig. 11.

31




This is where the mass/length makes a difference: the larger the value of u, the more ions
(and electrons) there are in the core. so the thermalization process distributes less energy
per particle. Thus. for small values of u. the core temperature increases so much during
thermalization that the resulting pressure bounces the plasma back out before it reaches a
density which produces a significant amount of radiation (R ~ n?). Furthermore. the tem-
perature would overshoot the optimum value for the X-ray emission. On the other hand. if
u is very large, the temperature due to thermalization is too small for the plasma to ever
reach optimum X-ray emission temperatures at pinch time. and hence oniy a small amount
of radiation is observed. Therefore. somewhere between small values and large values of u

there must be values where significantly more radiation is emitted.

Both the real physical system and the simpie model described in this paper are of
course more complicated than the explanation given above. However, what is true is that
there is a delicate balance betweer the mass/length, the temperature achieved at pinch,
the density ackieved 2t pinch and the radiation produced: the interaction of these effects
are responsible for the existence of an optimum mass/length. Because of this temperature
dependence of the radiation then, the off-optimum performance can be understood aiso. If
the radiation curves in Fig. 7 were extremely narrow in temperature, then only the optimum
4 value would radiate significantly and apy case with off-optimum u wouid produce very
little radiation. Thus, the widths of the yield curves in Figs.3-12 must be related to the
widths of the temperature dependence of the radiation in Fig. 7. It is evident then that the
actual physical system radiates significantly over a slightly larger temperature range than

that assumed in the model.

The variation of A-shell radiated energy Yx with peak load current /p in Figs. 9-12
is quite dramatic. In Fig. 13, we plot the value of Y at optimum u for each current level
curve in Fig.9. This log-log plot has a best fit slope of 4.02, which implies a scaling law
Y, ~ I, Furthermore. piotting in Fig. 14 the value of Yx at optimum u against u for each
curve in Fig.9. one finds a Yx ~ u? scaling. These scaling laws agree with those found in

experiment. shown in Fig. 15.
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piotted against the value of the current /p. The best-fit slope is 4.02.
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FIG. 14.  For each constant-current curve in Fig.9, the value of Yx at optimum u is
plotted against the vaiue of u. The best-fit slope is 2.1.
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Such scaling laws have been explained in the past on the basis of very simple physical
arguments. These arguments. however. do not take into account the temperature depen-
dence of the radiation and thus do not contain the concept of an optimum mass/length.
In a greatly simpiified versior of the theory presented in Section ll, the radiation can be
treated as a perturbation on the dynamics of the implosion after the assembly (thermal-
ization) time. and used to calculate curves similar to those in Fig.9. In that theory, the
ideas of optimum mass/length and the broadening of the yield curves being associated with
the width of the radiation dependence on temperature are made expiicit. In addition to
producing tbe scaling laws observed above, this theory explains the presence of an optimum
mass in terms of the idea of an optimum implosion velocity at assembly (thermalization)
time: that is, the value of the optimum mass for a given current is that which reaches a
particular velocity (independent of current) at assembly time. Evidence for this idea has
been cobserved in experiment!® and is provided by the numerical results shown in Fig. 16. In
{16a), we plot the velocity at thermalization ur of the optimmum mass/length case against
the load current from Fig.9: in {16b), ur for the optimum mass case is plotted against the
value of u. That the value of ur is indeed fairly constant in these optimum cases. however.
may only indicate that the simplified treatment which predicted such a property succeeds
in repiacing the more complicated equations of the model which the code actually evolves.

The existence of an optimum velocity in the real physical system is still an open question.

O EVOLUTION OF DYNAMICAL VARIABLES

As an example of the numerical solution to the equations of motion given in Section
I} and Appendix B. the evolution of several of the dvnamical variabies and related physical
characteristics of the imploding piasma for a particular set of input parameters are presented
in this subsection. The parameters are in fact those given in the table at the beginning of

this Section. except for & which was taken to be the value of ¢/, for the initial densiry

(this is actually much too small for a skin depth. as will be seen).
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FIG. 16. For each constant-current curve in Fig. 9, we plot the velocity ur at thermal-
ization for the optimum mass/length case as a function of (a) the value of /p on the curve,
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T RTII

S RS

“":v 7" .

o
.. 7t

% "y

NN

o r s a2o LU R NS Y
d [ R R )
> TN

gy

cy v v
v, f,/‘l,"

2 %e e
.'l

1=y

- or
.

7,0,
)

.'f ~.".f- ‘: $r "r}-

.

; ...“‘. Vel




AR Y S | Pl

«N g Va8 B

P D

Fig. 17(a) shows the trajectory of the outer radius a, beginning at ap = 1.25cm, ther-
malizing at ¢ = 106ns (when b = rp = 1mm, ¢ = 4mm), pinching at ¢t = 117cm and
bouncing back out (although the code run of 200 ns is not long enough for it to reach the
wall radius, r,, = 3.5cm). The outer radius velocity u(t) is shown in (b) accelerating to a
maximum inward speed of 0.033 cm/ns at thermalization; then, with thermalization produc-
ing a significant piasma temperature and pressure (see (d)), the inward motion immediately
begins to slow, passing through u = 0 at pinch and finally reaching a fairly constant out-
ward speed when the temperature and current decrease significantly. The density rises quite
rapidly to a peak of about 2.6 x 10'° cm™3 at pinch in (c). The core temperature history
in (d) reveals the abrupt effect of the thermalization procedure: at t = 106mns, T, rises
from less than 5eV to 158 eV (the detaiis of the thermalization are in the example sumbers
used at the end of Section IlIl). With this boost. T. continues to rise due to compressional
heating, reaching a maximum of about 460eV near pinch. As stated earlier. this is the
optimum u case for the present current level. and this peak temperature is in the correct
range for maximum K-shell X-ray emission: the peak is reached just slightly before pinch,
however, because as the temperature and density become optimum for radiation. the surge

of radiation acts to cool off the plasma. This radiation pulse is shown in (e). where the solid

line is the total radiated power. the dotted line (nearly invisible under the solid line) is the
K-shell X-ray radiated power, and the curve marked with an “L" is the L-shell radiated
power. Evidently, since the pinch temperature is appropriate for K-shell emission. this is
the primary type of radiation produced. The integral of these curves over time gives a total
vieid of Yr = 2.44kJ, Yk = 2.01kJ. and Y; = 0.29kJ; this is a K-shell efficiency of 82%.
The L-shell emission occurs here only after pinch as the plasma expands and cools down
through the optimum temperature (~ 40eV) for this radiation; the reason that an L-shell
puise does not occur symmetrically before the pinch is because the (artificial) thermalization
procedure suddenly jumps the temperature over this L-shell range. Fig. 17(f) shows the his-
tory of the average core ion charge state Z.(t), roughly foliowing the temperature evolution.
That energy is well-conserved throughout the simulation is evidenced in (g), where the solid

curve is the total energy delivered to the PRS from the external circuit as a function of time:
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;;.
-\. '
Ein(t) = fo° I(t')V(¢')dt’. The dotted curve is the sum of total kinetic energy, total core '
; and skin thermal energies. stored magnetic field energy, and the total radiated energy as a E:
b function of time. The final value of about 5.5 kJ is composed of 2.4 kJ of radiation and 3.1 kJ E:{. :
of residual kinetic energy of expansion, the temperatures and magnetic field baving largely
fallen off (as shown in (b), where the magnetic energy 3 LI is plotted). The characteristics o
of the skin are shown in Figs. 17(i—k); the skin temperature rises to over 80 keV, mainiy due b
to the fact that the skin depth (j) remains so small (6 < 10~3 cm) during the run-in phase, .
producing a large current density and hence extreme resistive heating. Actually, the dom- _b.\
inant heating of the skin is due to resisitivity only during the first few nanoseconds of the ‘»::'
run-in; after the temperature reaches the 10-100 eV range, compressional beating (~ uT/a)
becomes the dominant effect. Admittedly, this degree of skin heating is quite unrealistic, \
but the radiation pulse from the skin (k) is insignificant compared with that from the core '_
(the skin has much less volume), and the skin only plays the role of carrying the current. \_ ]
It turns out in this case. however, that the high pressure in the skin is the dominant force "’
which bounces the plasma back out at pinch. As stated earlier. this skin effect can be inves- :_..
tigated by varying the input parameter 6o which initializes the skin depth. Finally, some of y
the circuit parameters are shown in Figs. 17(1-0): the open circuit generator voitage trace EE:EE
(1) is a piecewise-linear fit to an experimental curve, the voitage across the PRS element ;;'_:-
in (m) reverses sign as the plasma bounces (due to the reversal of the impedance L ~ u »
shown in (0)). and the load current flowing in the PRS has a slight hitch when pinch occurs :'
(~ 35ns after peak current) because of the smallness of the impedance then (L ~ u — 0). VC"
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(i) skin temperature, (j) skin depth, (k) skin radiated power.
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It is difficult to compare the evolution of the individual characteristics shown in Fig. 17
with experiment for obvious reasons: the outer radius in experiment is not well defined,
time resolution of characteristics is not precise, temperature and density are difficult to
measure, etc. One can, however, compare grosser features such as circuit quantities and
aspects of the radiation. In Fig. 18 we show a typical comparison of (a) load current, (b) K-
shell radiated power pulse, and (¢} K-shell radiated energy as a function of time. While the
current appears to match very well, the radiation pulse produced by the model is significaatly
narrower than the experimentally observed pulse. The reason for the difference between the
widths of the simulation and experimental pulses in this case is only weakly related to the
temnperature dependence of the radiation model used in the code (radiating over a slightly
larger temperature range would broaden the pulse. but the density-squared effect would still
constrain the pulse to occur only over 10-30 ns around pinch time). The primary reason for
the difference in pulse widths is the so-called “zipper effect”: as the gas jets away from the
nozzle, it tends to spread radially so that the real physical gas puff resembles more a hollow
cone than a hollow cylinder. Thus. the end closest to the nozzle begins the impiosion with a
smaller outer radius and therefore pinches (and radiates) perhaps 10-20 nanoseconds before

the end of the piasma farthest from the nozzie (with larger initial radius).!! This axial

dependence of the radiation emission broadens the measured puise, although as is shown

iz Fig. 18(c), the total energy produced in simulation and experiment is nearly the same
(note the time scale only goes to 180ns). The “zipper effect” cannot be modelled with the
present code {which assumes axial uniformity), but a slight modification which partitions
the gas-puf into several independent contiguous segments {with separate properties, such
as different values of ag. w. £, and even u) is being investigated in order to reproduce this

phenomenon. ?
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E. PARAMETER OPTIMIZATION

Now that evidence has been presented which shows that this model produces results
which compare satisfactorily with experimental observations when simulating current ex-
periments, the code will be used as a tool to study parameter regimes not presently available
to experiment in order to investigate optimization of design and operating parameters. One
such issue has been the effect of changing the gas nozzie diameter: how would the radiation
yield and efficiency depend on the initial radius of the plasma? This is a time-consuming
question to answer experimentally. as a new nozzle would be required for each data poin::
this could be very expensive, if one does not have some idea of the appropriate sizes to try
(larger or smaller? and how much?). Therefore, the following study was performed: After
normalizing model parameters so that code results and experimental measurements match
satisfactorily as described above, the total yield Y and the K-shell yield Yx were computed
{for neon) at fixed load current /p = 1.2 MA for different initial radii ap as a function of
mass/length u. The version of the code with skin was used (in fact, ail runs were made with

6o = c/w, as in the results of the previous subsection).

The results of this investigation are shown in Fig. 19. These curves, labelled by the value
of initial outer radius, clearly show a trend toward much higher yields for smaller values of
ao. For example, the K-shell yield with the ap = 1.25cm nozzle is about 2kJ (Fig. 19(b)).
whereas a nozzie with ap = 0.9cm is predicted to produce over 4kJ. A reason for the
improved behavior for smaller nozzles could be that higher densities (smaller radii) at pinch
are reached. Initial values smaller than ap = 0.8cm were not systematically investigated.
but it would be expected that the trend of increasing yield for decreasing nozzle radius
can not continue: eventually the run-in phase before thermalization would be so short
that the plasma would not acquire much kinetic energy, implying only a small amount
of energy available for thermalization. Indeed, code rums with very small a; tend to end
prematurely because the outer radius has become negative: this “crashing” of the plasma

onto the axis indicates that the pressure was not enough to bounce the plasma back out
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after thermalization.®* The X-ray efficiency shown in Fig. 19(c) peaks at about 80% anear

optimum mass values, but falls off dramatically at higher values of u. This peak efficiency

of 80 is near to what has been observed in GAMBLE II experiments.!!

The same optimization investigation has also been performed with the version of the
code which does not have a skin. The resuits for Yr. Y, and (Y /YT) are shown in
Fig.20. Again. the trend toward better yield at smaller nozzle radius is apparent. although
the magnitude of the yields at different ¢y are somewhat higher than in Fig. 18. Also, as
mentioned above, the optimum value of u for a given current and initial radius is computed
to be slightly larger in the version without skin than in the one with skin. Furthermore,
in this version, almost all computer runs with ag < 1cm resulted in the “crashed” mode
(a < 0) described above. Thus, as stated above. the general behavior of the radiated yields
and X-ray efficiency in Fig. 20 are similar to those in Fig. 18; the reason for the discrepancies

between the results produced by the two versions of the code is being investigated.

Some of the results of this optimization study are summarized in the Table in Fig. 21.

=

This condition is signaled by the error message “trouble=1." The remainder of the
system will continue to a normal termination with the PRS fixed at its last non-negative
value of a and with ¥ = 0. Actually, there are many reasons for such an occurance, including
a scenario where the increasing density as the radius decreases causes more radiation, which
cools the plasma, decreasing the pressure, which allows a further reduction of radius, higher
density and more radiation, etc. It is believed, however, that because the equations evolved
by the code admit conservation of energy, this condition should not occur and might be
corrected by decreasing the timestep. In any case, the data produced by such a run should

not be considered.
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VI. CONCLUSION

A simple theoretical model of an imploding gas-puff plasma radiation source has been

IO (T

described, as well as its implementation in the computer code IMPLODE. The purpose of the

. model is to be able to compute the amount of radiation produced by the imploding plasma, ,-;_.—
; v
A yet it was intended to be simple enough to be used in design and parameter optimization "
)
studies. Based on single fluid MHD theory, these equations were averaged over the volume —
- of the gas to obtain ordinary differential equations for the outer radius, the outer radius
: velocity and the average temperature of the plasma. Results of sophisticated atomic physics .»
ionization and radiation calculations were used to compute the radiated power density as i
&
- a function of plasma temperature and density. The results of the code compare well with ;:‘
L !
existing experimental observations, justifying its use in predicting optimal design parame- 5
e
ters. Thus, the main result is that a reduction in gas-nozzle radius from the current value of '
1.25cm to 0.9 cm could perhaps double the K-shell X-ray yield for a neon gas-puff. Indeed. fj:;.
this has been recently observed in experiment.!3 _;.'.
; 5;
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: APPENDIX A: CONSERVATION oF ENERGY P
) ::‘
! In this Appendix, it is shown that the total energy of the Z-pinch is conserved by the :"5‘
equations of motion derived in Section Il, in that the total amount of energy put into the =
system can be accounted for. Thus, one expects the following to hold E\
¥ d ) ¥
[} = = 2 !.
(K +Ue+ U, + 4L1%) + VeRe + VR, = Pin = I + I*R. (A.1) na
) Here again, K is the total kinetic energy of the imploding plasma (governed by (12,16)), U, .?:
and U, are the total thermal energies of the core and skin respectively, including ionization ‘:‘
' energy (governed by (25,26)), and V.R. + V, R, is the total radiated power from the skin
and the core. The new quantities here are the energy in the magnetic field %LI 2 expressed :
7
in terms of the inductance L, and the power P;, delivered to the system from the external "-;
circuit. The latter includes both the resistive heating /2R of the skin and the effect of the
g time-varying magnetic flux #. In terms of the inductance, the I& can be expressed as ": '
2 o
y I1¢=I(LI) = JL(I?) +~ LI* = (ALI?) + LL1%. (A.2) o
N Thus, the power into the magnetic field can be eliminated from both sides of (A.1), and the ;
: energy actually coupled into the plasma should satisfy i
] %(x +Uc+U,)+V.R +V,R, = {LI* + I*R. (A.3) =
: s
" o
. Collecting the evolution equations (16.26) and using the definitions (25) for the thermal 0
- energies in (23), we have the following N
: 2u .. . N
K= o b(.’\cTc + N,T,) + (vJB), :’;.::
L Uc = INQ, =~ N.T. - VR (A4) &
c 34VeWe a+ b ede edle,
3 = 211. = = » o -
Us = §N.Q, =~ NI, = V. Ry = Vond?. %
N -61- \';
1 N
, Adding these together, the pressure (temperature) terms evidently cancel and one finds X
2 (K + U+ U,)+ Veke VR, = (edB) ~ Vi, (A5) o
s - ;
’ ~
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Of course, the more general equations (16,20) give the same result when added. From the
definition of the resistance R in terms of the resistivity n, R = én/A, (where A, is the
cross-sectional area of the skin), one can readily identify the resistive heating term in (A.5)
with I?R. Therefore, comparison of (A.5) with (A.3) indicates that the evolution equations
(A.4) conserve energy (as stated above) if one can identify the (vJB) term with the coupled
energy ;.‘;fJ 2, That this is the case should be easy to determine since the velocity profile,
current density and magnetic field are all known quantities.

Before proceeding to calculate the (xJB) term, however, we comment on the result.

By actual caiculation, one finds

-ll/dV.g- (L x B) = (Lo + Ly)I%. (A.6)

Here. L is the inductance of the plasma annulus inside the cylindrical cavity assuming that
the plasma is a perfect conductor (so that the current flows in a skin of zero thickness);
thus, this is the usual vacuum coaxial inductance Lo = (2¢/c*)In(r,,/a). The correction
L, to the inductance represents the contribution from the fact that the skin has a finite
thickness §. As this correction term is generally small, however, for simplicity in the code
implementation the imploding Z-pinch has been presented to the exterior circuit as an

element with the coaxial inductance Lo. The (xJB) term in the equation of motion (16,17)

is therefore simply set equal to %LQI 2 in order to be consistent. Thus, the plasma evolves
in such a way that the energy it recieves from the exterior circuit is exactly that delivered

to it as computed by the current and voltage on the element.

Omitting the details, the (vJB) term is

D) a
l/d&;g-(lxg):-:’ff/ rdr (f-‘-s-.-a,r) x
¢ c Jz r

("("21' ”)> [c(afi z?) (' } z?)] (A7)

__8123( _ b . 2¢ ab 1__2'.'2111(0/::)
T e?al a+b a+ba*-z? a? - z2 )

With Lo = —(2¢/¢2)(u/a), comparison of (A.7) with (A.6) gives the formula for

i _gg[ b 2¢ ab (1_2zzln(a/z))].

(A.8)

2aja+bd a+ba®-22 a -z

h\
(e

OIS

A A % By 5$’




Now, defining the inductance in terms of the energy $LI? in the magnetic field,'* one

obtains

1P = / dv’ (B?/81)

= L(Lo + AL)I?,

where the contribution from the skin gives the extra inductance

_2 1 z*ln(a/2)
AL = gm (%(42 -!-32) - 22 + —m— .

The time-derivative of (A.10) is

(AL) = %:_% [ b 2a ab (l _ 2z’ln(a/z))] ’ (A11)

a+b a+ba?-1z2 g - z2

again using # = v(z). This is the same as (A.8), so that one can correctly identify the (vJB)

term as the inductively coupled energy LI2.

S '-".f




APPENDIX B: EQUATIONS oF MOTION

In this Appendix, the expressions for the ordinary differential equations actually imple-
mented and evolved in the subroutine IMPLODE are given. As derived in Section ll, these are
five coupled equations governing the outer radius a, the outer radius velocity u, the average

total “thermal” energy of the core Q. and skin Q,, and the core radius z =a - é.

A. EQUATIONS WITH SKIN

By definition, the first equation is simply ¢ = u. The equation for the velocity u now
comes from the kinetic energy equation (16,17); with the use of (7) for the velocity profile
v(r), the total kinetic energy K can be computed and then differentiated with respect to

time. Thus,
K= / dav %pvz(r)

a
= wpl/ rdr (A3r~2 +24,A, + A3r?) (B.1)
b

= az“.‘bz [43In(a/b) + A1 45(a® - b7) + §43(a* - )]

This expression remains valid even afier the assembly time (when the inner radius b — 0)

provided the correct values of A; and A; are used:
A Aj

abu
b>0: 3 (B.2)

a+bd a
b=0: 0
With these values in (B.1), the kinetic energy before and after b — 0 takes the following

forms:

14 2ab 4a’b"‘ln(a/b) ]
Tla+0)?  (a=-b)(a+b3)’

(B.3a)

(B.3b)




Now, differentiating these with respect to time one obtains 7
S
. plui [ g ., 4022 In(a/b) p{
b : = —_— \
>0 K 3(a + b)? [a +b° + 4ab + g 4
ulu’ 2 .2 4ab(a® + b% - ab) ln(a/b)]
+ et o) [a +b“ —4ab+ Py , (B.4a) =
. b=0: K = Yutus, (B.4b) -

where the constant thickness condition @ = b = u has been used. Note that as b — 0, the
coefficient of @ in (B.4a) smoothly goes into the correct expression (B.4b) for b = 0; the ud
term, however. does not vanish in this limit but goes to the value u3/a. This discrepency is

of course due to the abrupt qualitative change in the velocity profile as b — 0.

The terms on the right-hand side of (16) are now calculated as follows: the pressure

g
» terms are
’ 2 - 2l _ red
aroiele = grgnVelder) S
(B.5)
1 —2“£uT (Z€+1) zz-bz ..J‘
Y - °m;(a+b)a? — b2’ e

- 2u
a+b

2“T. » .',:.
o+ ana(za + 1) 3 )

(B.6)
_ o (Z,+1) a®-22
- 2“&‘T'm.-(aml-b) a? -2’

N.T. =

while the (vJB) term is simply replaced by

5 ¢ u

(vdB) = 3Lol% = -3 ;12. (B.7) |
. ‘\;\
. (see the discussion in Appendix A). ::‘::

Combining these expressions in the form (17), the equation for the outer radius velocity

& = —(Ca/C1)u? + (C3c/C1)T. + (Csa/CV)T, = (Co/C)I?, (B.8)

e s e
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While b > 0

(a +b)2

252
Cr=—1 [02+62+4ab+4a v ln(a/b)]’
a®-b

_ 1 2 . .2 ~ 4ab(a? + b* — ab)In(a/b)
Cz-(a+b)3 [a +b 4ab + a? — b2 ’
_42.+1) 2% -p?
~ m;(a+b)a? -2’

_42Z,+1)a®>-22
" mi(a+b)a* -5’
2

puc?a’

Ciac

Cse

Cq'—'

While b=0

Cx=1,

Cz, = 0,
_4Z.+1)2°
- m;a 6—2,
_4Z,+1)a* - 22
T mia a?

2
uc?a’

Cae

Ca.

7

C4=

(B.10a)
(B.10b)

(B.10c)
(B.10d)

(B.10e)

Again, all coefficients go smoothly as b — 0 into their values at b = 0, except for Co. Note

that these “coefficients” are really time-dependent: they depend on the values ¢, b = a — u,

z. Z(T.) and Z,(T.).

The equations governing the thermal energies of the core and skin given in (26) are of

the form

éc = "’C5cufc + CGclz - Cre,

5. = —Csa“Ta + Cst - C’hs

(B.11a)
(B.11b)




where the coefficients are

4

Csese = ~3a+ 5y’ (B.12a)
Coe =0, (B.12b)
2m; a? - b
Coe = 31r‘w(§. +1) (% - 23)?’ (B.12c)
(a2 —
Creze = 27wm,(a® - b?) R". (B.124)

3u(Z,. + 1)
These expressions are all valid even with b = 0. As prescribed in the model, no current
flows in the core (B.12b). The conductivity o used in the skin (B.12c) is taken to be just
the Spitzer conductivity

~3/2

= 1.96 x 9.0 x 10}3==2—,
¢ 2Z,

where the Coulomb logarithm X is

j o {23.0 - n(nZ¥3T73%)  for T, < 10eV
24.0 - In(n?/2Z}3T-1) for T, > 10eV
These quantities are computed at each time-step. The radiated power density R, , for the

skin and the core is computed as a function of the density and temperature of each region

(see Section V).

The final equation of motion is the condition that the core radius z (or boundary

between the core and the skin, see Fig. 1) move with the fluid velocity v(z) at that radius:
z= A‘z-l + Aaz, (B.13)

where the appropriate values of A; and A; from (B.2) are used. Combining (B.8.B.11.B.13),

the five evolution equations are

a=u (B.14a)
& = —(Cz/C1)u? + (C3e/Cy)T. + (Caa/C1 )T, - (C4/C1)I2, (B.14b)
8, = ~CseuT. + Cecl? - Cre, (B.14c)
Q, = ~Cs,uT, + CeoI? - Cra, (B.14d)
#= Az~ + Az, (B.14e)




These equations are integrated in the main routine IMPLODE using a simple Euler method
(¥n+1 = YnAt + y,) with all quantities on the right-hand sides of (14) computed at each
time-step from (B.2,B.9,B.10,B.12).

The current [ flowing in the plasma radiation source ioad element is computed by the
transmission line simulation from the voltage values on either end of the element divided by
the load impedance. This impedance Z[, is taken to be the impedance of a purely inductive
eiement, using the expression for a coaxial transmission line: Z; = ZoIn(r,,/a). The coef-
ficient Zy for a standard vacuum transmission line is (2/c), se that when the transmission
line inductance Lo = {2¢/c?)In(ry/a) is divided by Z; one obtains the vacuum element
transit time 7, = (Lo/ZL) = (£/c). For implementation in the transmission line simulation,
however, the gas-puff is represented to the remainder of the circuit as an element which is
only one time-step At long. Therefore, with r, = At = (Lo/ZL), one finds the appropriate
(artificial) value of Zg to be Zo = (2/¢)(€/cAt). This is artificial in that the impedance is
larger (or smaller) than the vacuum impedance by a factor of (vs/c), where vs = (£/At)
is the speed of a signal which traverses the element of length £ in one time-step. For the
standard GAMBLE II gas-puff, £ = 4cm and the usual simulation time-step is At = 0.1lns,
which givs vs = (4/3)c.

Aside from this technical point about the characteristic impedance of the inductive ele-
meant. it is important to note that this treatment exciudes the effect of the energy dissipation
in the load due to the resistive heating of the skin (B.11,B.12c). That is, the skin is allowed
to gain energy due to J?/¢ but this energy is not removed from the circuit by a correspond-
ing series impedance of the form R = (¢/0A,) ~ (¢/270ab), where A, = =(a® — z2?) is the
cross-sectional area of the skin. In most cases, this energy sink is negligible in terms of total
energy conservation (see Appendix A), even though it can be responsible for heating the skin
to anomolously high temperatures (see Section V). In other cases, however, the dissipation
is significant and can cause large departures from total energy conservation; if this occurs,
one should either account for the loss by incorporating a series resistance R as above, or
turn off the skin resistive heating term in (B.11b) (i.e., set Cg, = 0 by letting ¢ — o0). If

the latter method is chosen (as was done in some of the resuits of Section V), then there
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:1 is really no difference between the equations (B.11) for the skin and core thermal energies.

Thus, oue is led to consider a simpler model which has no skin as described below.

N
B. EQUATIONS WITHOUT SKIN
N -
o Since the magnetic force term (~ I?) in (B.14b) is computed using (B.7) which ignores
L)
the presence of a skin, one can set the skin depth to be zero implying z =a-é — ain
: (B.9.B.10). Now the equations of motion are for just a, u, and Q.:
v a=u, (B.15a)
2 @ = =(C2/C1)u? + (Cac/C1)Te ~ (Ca/ 1), (B.15b)
L4
2 Q. = —CscuTe ~ Cae, (B.15¢)
';: where the coefficients are given by
<&
While b > 0
\ P ——————
N
: 2p? In(a/b)
- _ 1 2 . 42 4a a,
C, = m [a +b° +4ab+ —aT_—b-z—} N (B.16a)
_ 1 2 .2 4ab(a® + b* — agb)In(a/d)
Cy = a= By [a +b° — 4ab+ 2% — b2 s (Blﬁb)
. _4Z.+1)
: Cie = m, (B.16¢)
- Ci = { , (B.16d)
. ucla
’ Coe =~ (B.17¢)
: S = 3a-+bd) e
L) (a2 — B2 _
Cye = 2xmala” = %) (B.171)

3“(Zc “+1)

SIS Y




- -

-

B e

ot

[ Sl A A

28 a' s A W S

fa'w s 0.

.
]

N TS LRI R AN
B IR AR L N O

Whileb=0

Cl = la
Cy; =0,
Csc

Cq-— 2

uc?a

_M2.+1)
- mia !

Cse = ~5—r

3(a+b)’
_ 2wm(a® = b%) o
3u(Z. +1)

CTc -

C. SUMMARY OF VARIABLES

(B.18a)
(B.18b)

(B.18¢)
(B.18d)

(B.19¢)

(B.19f)

Finally, the equations in Section Il were derived using Gaussian units even though exper-

imentalists measure most external circuit quantities in mks units. Therefore, for purposes

of clarification of several constant conversion factors that are to be found in the code, we list

here the physical quantities and the units in which they are cast for purposes of calculation

in the code and on ouput for comparison with experiment:

Calculation } Output
Quantity Definition Units | Units
a outer radius cm ; cm
b inper radius cm ! cm
[] skin depth cm | cm
Jj current statamps ] megamps
K kinetic energy ergs i kilojoules
7 length cm i cm
L inductance nanohenries i panohenries i
m Iass gm | gm !
u mass/length gm/cm ] ug/cm
n deasity cm™> : cm~®
P,ad radiated power i eV/ns ! Watts i
Q “thermal” energy 1 eV : kilojoules i
R radiated power density ] eV/cm®-ns i “W/cm® j
o conductivity | s~} | s=! !
T temperature eV 3 eV
u outer velocity cm/ns i cm/ns
Vv volume cm® [ cm®
w annulus width cm ! cm ,
z core radius 0 cm 3 cm |
Y yield kilojoules i kilojoules |
V43 impedance ohms ; ohms !
65
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