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THE EFFECT OF COUPLING IN AN INERTIAL NAVIGATION PLATFORM
STABILIZED SYSTEM MADE UP OF THREE

SINGLE-DEGREE-OF-FREEDOM GYROSCOPES
Di Bo-hao

Eastern China Shipping Equipment Corporation

China Shipbuilding Industrial Corporation
I. INTRODUCTION

We shall refer to three interacting single-axis systems as
a three-axis system. If the interaction between the single-axis
sfstems is weak,'the three-axis system can be studied in the
single-axis approximation. This approximation could lead to great
simplification in the analysis and solution of the problem. On the
contrary, if the interaction between the systems is strong, the
single-axis apporoximaticn is not applicable to the three-axis
system. [o arrive at the criteria tor the applicability of the
single-axis approximation, it is necessary to study the effect of
coupling between the systems.

Qne tvyne of coupliiny invelves =he nslar anals and the
azimutihal angle. I fenends on =he zeometry of the frame Hetween
the platform axes. This type of coupling can be eliminated by a

coordinate transiormation or an orthogonal transtormation,
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In addition, however, there is an output axis coupling in the
semianalytic navigator made up of three single-degree~-of-freedom
gvroscopes. When the platform rotates around the gvroscope output

——
axis relative to an inertial frame, the angular momentum vector H
will rotate around the output axis in the platform frame since the

é Iy . .

angular momentum vector H is stable in the inertial frame.
(Although the platform is not disturbed around the input axis, the
angle sensor at the gyroscope output axis outputs a signal. This
signal is amplified and transmitted to the input axis motor for platform control,
causing the platform to rotate around the input axis. This
rotation is not a counter-rotation against any disturbance. Nor
is it the rotation produced by a correcting signal for tracking the

earth coordinate system. It is an unwanted rotation due to the

effect of coupling.)

II. THE EFFECT OF OUTPUT AXIS COUPLING IN A PLATFORM MADE

UP OF SINGLE-DEGREE-OF-FREEDOM GYROSCOPES

1. Equations of a single-axis stable system rotating around the

output axis

Figure 1 shows schematically a system with stable Xp axis,

X4 1s the input axis, ﬁx is the output axis. The direction of
- - -
/gx 1s determined oy tne vecrtor iy X i,. .e meaning 1s cuiear it

#2 0D Tl s te plratlorm rotates arsund tae positive X, axis,

the gyroscope will rotate around the output axis /Bx- (0f course,

-2 —
ve could nave detfined the directivn o! /BX 1s that ot X, x fig.)

v ¢ T
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Figure L

Thus we arrive at the gyroscope coordinate system Hxx'ﬁx which
is fixed in the body of the gyroscope. XprZp is the platform
coordinate system. The relation between these two coordinate

systems is shown in figure 2,

(1) Equation of motion of platform

If we consider only the stable axis, we can write down the

following equation of motion:

—~
[

where J, is the moment of inertin ot the platform around the Kp
axis, My is the perturbing torque acting on the stable axis, and
HD is the torque exerted by the Xp axis servo motor of the

platform.
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(2) Servo-motor equation

The torque exerted by the dc motor 1is

MD:CM¢19 (2)

where C"1 is a parameter determined by the structure of the motor,
¢ is the motor magnetic flux, and I, is the electric current

through the armature.

The voltage balance equation is

L/"lo]‘)s"'[': (3)

where U is the control voltage, Ry is armature resistance of the
torque motor, and E is the back emf in the armature. In this

equation

E +Ct - (

RN
~

where L1 is the angular velocity oi tne electric motor and C

is a parameter determined by the structure of the motor.

(3) Amplifier eguation

1

Let the transter function <irom the output angle ijx of the

tluid suspended integrating 3yroscope to the 322an Jutput voltag

4]

of the servo amplifier be

LS ,
T
Bes) " Ke W (5)

At et e e e
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W where Ky is the product of all transfer functions.
\
(4) Fluid suspended integrating gyroscope equation
a
»
As can be seen from figure 2, we have the equation
- . T : (6)
: Hzqr- c8By=Jax(Pe+PBx)+ Cabs
where {BX i3 the moment of inertia of the gyroscope around the
.f output axis and Cy is gyroscope damping coefficient.
< Since ﬂx is very small, we can set cos {3x ~ 1.
>
- Since the rotation of the torque motor is in the direction
g that opposes the external perturbing torque, in equation (4) we
'
'3 have L0 = - ?x' Under a Lagrange transformation, the above
A equations yield the following single-axis stable system equations
::l Ha - Sq¢z-Jax S g =
- S(Jnx' S*Cx)av
- Je Str+He S Br=Mi-M,
_ Cuh . C U gd’ -
M=t Gl g
) ! j\'a L A{l)‘ QHI
- U=Ky -Wi(S) - Bx
N The corresponding block diagram is shown in rigure 3.
N
Y
\
-\'
A

Figqure 3
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Figure 4
; Let the three gyroscopes be positioned as in figure 4., The

precession of the Hy axis will cause the component Hy sin ﬁy 13)’

f: = Hy ﬁy ﬂy of the gyroscope torque Hylsy to act on the platform in
the positive Xp direction (see figure 5). Similar effects
associated with the other axes also exist. Obviously, since ﬂy

: is very small and )By is also small, the effect of this type of

coupling is very small and can be neglected.
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In figure 3, if we set K, W (S) C\1 Ce / Rg = F(S) and

2 o) - . N g - P .
Co C.\1 ¢ / Rg = /3y, then figure 3 will be transformed to figure 0O,

From figure 6 we have

Br= o= T (7)
The sensor output signal /3x to the amplifier consists of two
terms. The first term is precisely the signal which removes the effect of
perturbation of the platform afound the Xp axis. The second term is
the extraneous signal introduced into the X servo loop by the
platform rotating around the Zp axis. The second term on the right-

hand side of equation (7) represents the effect of this type of

coupling.
2, Mathematical model of the three-axis system

Let the three gyroscopes be positioned as in figure 4. After
obtaining the stable system equations for the Xp, Yp, and Zp axes,
we combine the three loops and, as a result, obtain the block

diagram of -he coupled threec-axis system as shown in figure 7.

-

It can be seen from figure 7 that the angular velocitv ?ﬂz of
the platitorm rotating around the 2 gyroscope 1iaput axXi3 1s coupied
to the sensors orf the { and 7 3jvyroscopes. The rotacion arovound the
X gyroscope input axis is coupled to the sensor of the Z gyroscope.

But the rotation around the Y gyroscope input axis 1s not fed back

to the sensor of the Z gyroscope. Therefore, the Y servo loop 1s
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0t o

vyt




3 Q
L_.
~

-8- .
2 g
M—' cb. - JE— : ] j 1 /ﬁlq ...“
- ‘Jl * l’ ?)‘ H-‘\‘ 'ﬂ!.S*C.i ‘::
— - [T | N
L _F.iS) f A, 8.5t (x .
>
1S Ty
M ~ f R ] /379 ’
- JrSrey| $, Hy ST87-5¢c7)
[ ] Ay Isr .
— = Jarsrey ~
{E"——_‘ :
Me &S | ! K PNy -
~ o JeS18 . £ SCIaS4Ce) | o
% ]
— L
) B -
2
Figure 7 N
perturbed only by the rotation of the platform around the Zp axis.
This does not lead to any instability. The angular velocities
and 932 around the X, and Yp axes are coupled respectively to the :
! ¢ -
el -] -
angular displacements ,Dx and /2, around the gvroscope outpul axes, %
resulting in a ciosed loop. Apart irom the mutual perturbation between
the axes, there will also be some effect on system performance.
However, if the coupling is so smali that the eoffect cn svsten g
performance can be neagligible, then analvsis of the svstem will be .
greatly simplified. Ia the following sections, we will study the e

conditions which minimize the effect of coupling.
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3. Negative feedback condition for coupled closed loops

If there is positive feedback in the coupled closed loop, then
the effect of coupling will increase with platform motion., To
minimize the effect of coupling, we must first impose a negative
feedback condition in the coupled closed loop. This condition

leads to the following gyroscope positioning requirements:

(1) Gyroscope positioning as shown in figure 4

Platform rotation around the positive X axis will cause the
Z gyvroscope sensor to output an extraneous signal. Suppose the
signal is along the positive fﬁ direction, so that the platform
rotates around the negative Zp axis. The sensor of the X gyroscope

D
then outputs an extraneous signal along the positive {)x axis,

causing the platform to rotate around the negative Xp axis.

(2) Gvroscone positioning as shown in fizure 3

?latform rotation around the positive ip axis will cause t<he
Z gyroscope sensor to output an extraneous signal, The siznal is

R}
J

along the negative x direction, so that the platform rotates

around the positive Z, axis. Tae sensor of the I 1vroscope then

outputs an extraneous siznal, causing the platform to rotate around

the positive Xp axis.

rry

summarizins the above discussion, we note that the eflfect o

coupling exists in the servo loop made up of two parallel
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principal axes which form a closed loop. The H directions of the f

two gyroscopes must be the same in order to reduce the effect of o

. ~

coupling. ~

R

AY

h

~

X

Figure 8 A

4, The condition for minimum output coupling -
We will now derive the conditions which minimizes the effect :S

of coupling to a negligible level, .

Using the block diagram of figure 7, we now write
~ f’ \(b_\’ .

Br=gm, .S Co .
Jac L. (3) :

-—J‘\-S"FCX v R

If, within a meaningful range of frequencies, we have "

"
. : _.‘.Lj;"d“' _ L Jar . 9 ~
: ISdais-co o lnTsie, e e :
. v
: then the second term on the right-hand side of equation (8) can be 5
neglected. The effect of coupling can then be neglected. X
‘_:

-

- '.."_- ... ‘q ",". '.. o . . .- o
e R S
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Equation (9) yields
!{\(i‘( .
e 'l-/.i\' N

In equation (10), P, consists of two terms:

@r=A@y+ P ¢

where 45@& is the angular velocity increment arising from the
perturbation My and qux is the angular velocity increment arising

from coupling.

Similarly, we have

Pz= APz +0¢;

Substituting in equation (10), we have
g LH 2 (g, + 3930,/ Jax | Az + 0¢z]

That is, we have

Hywedar 29e+ 06/ 3¢+ dPriwy

Pyl
o o0 o x

where “~y is the cutoff frequency of the system,

If we let

. . AN N ) . .
. Ay 4-‘11"0“'4/»—‘“{’1”6¢xf
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: then, we have -
; 5
(11) -
. MHellevsdr - e A
: If the errors in the angular velocity and the coupling 2
. effect arising from perturbation along the axes are of comparable
: magnitude, then Ay, =2 1. Equation (11) becomes
" Hx/n"x?:) Wy .
If the effects are not comparable, then, in general, rolling X
i is greater than yawing, that is, ﬁﬁPx 7 ﬁﬂyz. Consequently, -
. equation (1ll) is even more easily satisfied. -
Similarly, we have -
X | Agpr+ by ] [~
RSN i, SL M
Hy oo Agpr+ by o .
... = 1[! >,‘>“1‘r ¢ G ( 12) l‘:
-, J‘)' -~
X Ayt B -
5 Mo 50— Jar - w ’
: | dge+ b’ T o
'r":!-{z ,)Ag @y
R AL
- (13)
N Since rolling dominates, _{y is greater than either ﬁf;v or
_ Qﬂﬁz. Therefore, in equation (13), A, > 1, The condition g
% expressed in equation (10) is more severe than those involving the :
~ other two axes. This demands a greater H for the Z gyroscope than s
for the other two gyroscopes. .
; R
’ 5
e :
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If the errors arising from pitching and yawing are comparable,
we let Yp be the roll axis and let Xp be the pitch axis.,
Then, in equations (1l1), (12), and (13), A4, Ay, and A, are all
approximately equal to 1, thus relaxing these conditions. Let H be
the angular momentum of each gyroscope, J8 be the moment of inertia
around the output axis, and (p be the approximate cutoff frequency
of the loop in a single-axis approximation. If H/Jg>7 tCy, the
effect of coupling will be negligibly small. To realize the
condition H/Jg>>ka, it is advantageous for two gyroscopes with
parallel principal axes to be positioned so that their axes are

along the roll axis,

From the condition H/J,» &y, it is obvious that the effect of
coupling is reduced by a reduction in the moment of inertia Jg of
the gyroscope around the output axis, by a reduction in the loop
cutoff frequency in the single-axis approximation, and by an increase

in H.

III. CONCLUSION

In summary,
l. The effect of coupling exists between the stable loops of two
avroscopes whose principal axes are parallel. To minimize the
effect of coupling, it is advantageous to position the gvroscopes
so that their principal axes H are parallel;
2. To minimize the effect of coupling, it is advantageous for two
gyroscopes with parallel principal axes to be positioned so that

their principal axes H are along the roll axes;
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3. For each single-axis loop, the effect of coupling is reduced by
a reduction in the moment of inertia Jg of the gyroscope around the
output axis, by a reduction in the loop cutoff frejguency «w in the
single-axis approximation, and by an increase in the angular
momentum H of the gyroscope. The effect of coupling is negligible

if the condition H/Jg?&y is satisfied.
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