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1
INTRODUCTION

The purpose of this study has been to assess the importance of
nonlinear processes in the microwave imaging of oceanic internal
waves. The term "nonlinear" can be applied to this problem in sev-
eral different ways. In a general sense, it refers to any departure
from a relationship of proportionality between two variables, such
as the amplitude of an internal wave and the maximum spectral pertur-
bation induced by the internal wave. It is also used to describe
the class of phenomena which are predicted by hydrodynamic theory
when nonlinear terms are included in the governing equations, such
as wave-wave interactions and finite wave amplitude effects. Both
types of nonlinearity are discussed in this report, although, need-
less to say, the subject is not exhausted.

This report begins by assuming the validity of the Bragg scatter-
ing model for the reflection of microwave radiation from the ocean
surface. Thus, the basic hydrodynamic problem considered in Section
2 is to calculate the surface wave spectral density at the Bragg
wavenumber, as a function of position within an internal wave. This
wave/current interaction problem is formulated in terms of the kine-
matic conservation equation and the wave action equation. The
"standard" perturbation solution to this set of equations is de-
scribed, and the limitations of this solution are explored through a
comparison with an "exact" numerical solution of the same equations.
These solutions are also compared with actual SAR data collected over
internal waves in the Georgia Strait. Finally, other possible types
of nonlinearities which affect the wave/current interaction problem
are discussed.

In Section 3, the limitations of the Bragg scattering model
(which is also a perturbation solution) are discussed, and alterna-
tive or additional scattering mechanisms are described in the context
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of the internal wave detection problem. Finally, the conclusions of N
this study are summarized in Section 4, and recommendations for fur-
ther research in this area are presented.
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2
WAVE /CURRENT INTERACTIONS

For the purposes of this report, an internal wave may be de-
scribed as a surface current pattern of finite length which propa-
gates at a constant speed. The induced surface current may be in
either the same direction or oppisite to the internal wave propaga-
tion direction, although it would appear that currents in the same
direction as the wave propagation are predominant in many cases
(e.g., Osborne and Burch, 1980). The problem considered in this
section is to describe the interactions of the short surface waves
(which are primarily responsible for the radar return from the sur-
face) with this current pattern. The interaction of the electromag-
netic waves with these surface waves is discussed in Section 3.

Surface waves propagating into a variable current undergo changes
in both wavelength and amplitude. As long as the wave amplitude is
sufficiently small, changes in wavelength are independent of changes
in amplitude, so these calculations can be done separately. The
calculation of wavelength changes is discussed in Section 2.1 and
the calculation of wave amplitudes is discussed in Section 2.2. A
perturbation analysis which predicts the wave amplitude variations
in an approximate manner is also described in Section 2.2. Finally,
the entire problem is summarized in Section 2.3, the limitations of
the perturbation technique are analyzed, and the effects of finite
wave amplitudes and other possible nonlinearities are discussed.

2.1 SURFACE WAVE KINEMATICS

A train of infinitesimal-amplitude waves in deep, stationary
water has a frequency (w) which is related to the wavelength (i)
through the dispersion relation

Wl = gk + k3 (1)

=
-
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where k = 2n/A is the wavenumber, g is the acceleration of gravity, o
and y is the ratio of surface tension to water density. For waves
longer than a few centimeters, the last term in Eq. (1) can be ne-

L% .

glected. This assumption will be made in most of the following dis-
cussion, except where noted.

5 If this wave train propagates into a variable current (u), the

v Ty Y ¥

. wavelength and frequency of the waves change in such a way that

where

w' = w * Keu (3)

is the apparent fregquency of the wave train (Phillips, 1977). This -
kinematic conservation equation is valid regardless of the form of
the dispersion relation, as long as the surface current varies slowly B
with position and time. Note that if the current is independent of a
time, the apparent frequency of a given wave train remains constant .
as it propagates through the current pattern.

An internal wave is assumed to be characterized by a fixed cur-
rent pattern propagating at a constant phase velocity Ei. Thus, y
in a coordinate system moving with the internal wave, the current is -
independent of time and is equal to u - Ei where U is the current z
in a stationary reference system. For convenience, the direction of
propagation of the internal wave is defined to be along the y-axis. :
Further, it will be assumed that the current is also along the -
y-axis, with a positive current being in the same direction as the 3
propagation direction and a negative sign indicating a current in
the opposite direction. Both cases will be discussed below, but it
is noted that for solitary internal waves in a two-layer field in

which the upper layer is thinner than the lower layer, the currents A
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¢ are always positive (Osborne and Burch, 1980). Positive internal
4 wave currents also seem to be predominant in the measurements made
J during the 1983 Georgia Strait Experiment (Hughes, Personal
Communication).

In this coordinate system, the kinematic conservation equation
can be written as

+ - . = - .

w ky(u c;) = w, kyoC1 (4)

: where w is the radian frequency of the surface wave at the location
inside the current pattern where the surface current is u, and ky
is the y-component of the surface wavenumber at the same location.
For gravity waves, the wave frequency is given by

w = (ak)/2 (5) =
where -

3 1/2
k 2 2
- K = (kx + ky) (6)
3 and kX is the x-component of the wavenumber, which 1is constant, E
i i.e.

Ky = Keg (7) ]

The zero subscript here and in Eq. (4) refers to the value outside
of the current pattern, where u = 0.

£quation (4) can be solved for kx and ky, given kxo and

kyo’ in order to determine the changes in wavelength and direction
. of a particular wave train entering the current pattern. Alterna-
tively, £g. (4) can be solved for kXO and kyo in order to deter-

- mine the source of a particular wavelength inside the current pat-

X tern. Wave blocking arises as a singularity in the solution of the

. former forward prediction) problem, while a similar phenomenon de-
scribed below arises as a singularity in the solution of the latter
{inverse) problem.
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Wave blocking refers to the condition which occurs when the rate

of energy propagation of the wave train with respect to the current
pattern goes to zero, i.e.

+Uu-=-C¢C. =
Cay T U -G 0 (8)
where
dw
C. = = (9)
dk
qy y

is the y-component of the surface wave group velocity. This phenom-
enon has been discussed extensively in the literature (e.g., Longuet-
Higgins and Stewart, 1961; Gargett and Hughes, 1972; Phillips, 1977).
Since the particular wave train under consideration cannot propagate
beyond the blocking point, the solution of Eq. (4) for ky does not
exist beyond this point. A similar behavior occurs in the solution
of Eq. (4) for kyo’ given ky, as will be demonstrated below.
This effect does not appear to have been discussed widely in the
literature, but may have important implications for the microwave

sensing of internal waves as discussed in Section 2.3 of this report.

Gargett and Hughes (1972) introduced a non-dimensional form of
Eq. (4) by defining the variable

k
n = 73L- (10)
X
in terms of which Eq. (4) becomes
1/4
(n2 + 1)]/4 *n(u-ci)ic, = (ng + 1 ) - nCi/Cy ()
where we have for convenience defined the additional parameters
1/2
- () 12

and

..................................
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Ky
Ny = o (13)

Obviously, this procedure is valid only if kx +# 0, i.e., for waves
travelling at some non-zero angle with respect to the internal wave
propagation direction. The solutions of Eq. (11) will be discussed
below. However, we will first examine the case kx = 0, which is
of interest because it corresponds to the case of maximum internal
wave visibility on SAR images.

For kx = 0, Eq. (4) reduces to

1 1
(g ky) 2, ky(u - ¢;) =(g ky0> /2 _ kyoci . (14)

[t can be shown that there are no singularities in the solution of
£Eq. (14) for ky, provided that 0 < u < Ci» which is the usual
case for internal waves. Therefore, wave blocking does not occur
for this case. For u < 0, wave blocking can occur for waves travel-
ing in the same direction as the current pattern (ky > 0), as dis-
cussed by Phillips (1977).

In the inversion of Egq. (14) for kyo’ given ky, there are
cases where no solution exists. Consider first the case ky > 0,
and let

(15)

In terms of this variable, Eq. (14) can be written as
2 g9 u g 1/2
- = ak -4y
Y oY= 9k, <1 Ci) 3 (gky> (16)

which has the solution

.............................
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- where A is the quantity on the right-hand side of Eq. (16). This %
. solution does not exist (i.e., y is not reai) when the guantity in :
o y
v brackets is negative, which occurs when :
. .
¢ \? |
y u_ ( - _ax) (18) p
- C. C. .
g i i .
where ng is the group velocity, i.e., ;
1/2 i
. ¢ =1(L . (19) ;
<, gy 21k .
w: y s
’ Thus, in the region of the internal wave where the current exceeds :
¥ u, surface waves with wavelengths between i
R
Bnc A ;
o= - (?]-> (20)
and ' !
:T Bnc’ RNk »
- Az = g 1 + (E—> (2]) \'
.: 1 A
cannot result from the refraction of waves originating outside the !
current pattern {(at u = 0). If these waves are traced backward, they :
are seen to originate at blocking points inside the current pattern. 3
Since these points are aiso the blocking points for a different set p
of waves being advected toward these locations, it has been suggested !
{Hughes, 1978) that there exist families of waves which propagate
back and forth between pairs of blocking points on either side of
the current pattern. A further discussion of this "wave trapping"
phenomenon is presented in Section 2.3 of this report. !
f The solution of Eg. (14) for ky < 0 is similar to Eq. (15) but 3
: with the sign of A reversed, so that a real solution always exists. ;
' That is, for every wavelength on the inside of the current pattern i
f there is a corresponding wavelength on the outside.
: 8
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For surface waves traveling at an angle to the internal wave
propagation direction, the solutions to the kinematic wave equation
are more complicated, since the waves change in direction as well as
wavelength. Gargett and Hughes (1972) showed that when Eq. (11) is
solved for n there are "critical positions" at which two or more
solutions coalesce. These correspond to blocking locations, where
the rate of energy propagation goes to zero with respect to the cur-
rent pattern. It can also be shown that the rate of change of the
wavelength goes to infinity at these points, although the wavelength
itself remains finite,

The solution of Eq. (11) for o also has several interesting
cases. This solution is given by the intersection of the curve

y (22)

with the straight line
(23)

where B is the quantity on the left-hand side of Eg. (11). Since
the slope of this line is always positive, there is always a posi-
tive solution for Ng» but never a negative solution, when B < 1.
When B > 1 there is always a negative solution for n, but the
existence of a positive solution depends on the value of the slope
(ci/cx). In order to determine the range of wavelengths and
directions for which there is solution for n, note that the curve
defined by Eq. (22) has in general two parallel tangent lines having

the slape ci/cx, provided that

-1/4

0 < Ci/Cx < (108) (24)

For c1/Cx = 0, there 1is only one tangent line (at n, = 0),
while for ci/cx equal to the upper limit the two tangent Tines
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! merge at n = V7. For intermediate values of c;lc,, the loca-
3 tion of the tangent lines is given by the solution of &;
p ()
] - Y
. %“o(“i + )34 ci/C (25) ]
This can be converted into the cubic equation 3
3
(2¢c./c )4 v3-v2"’2\)- 1=0 (26) o
i'7x N,
[S
where
2 , -
vV =Ny + 1 (27) e
.
which can be solved using standard methods. The largest solution .
(noc) is selected, and the intercept of the corresponding tangent .
line is calculated from o
N
.2 L 1a e
Bo = (ng, * 1'% = (cyle Ing,- (28) ;
The condition for the kinematic conservation equation to have a solu- .f
tion at u = 0 is therefore o
2 1/4 "
(" + 1)77 = nlc; - u)/e, < B, (29)
where B_ is determined by the value of c.,/c  as described f
above. The procedure for finding the range of "trapped" wavenumbers i:
for a given C; and u is to choose a value of kx which satisfies E
(24) and calculate Bc from Eq. (28). For larger values of kx, '
there is a solution only if B < 1, so the appropriate cutoff in (29) f;
is B, = 1. The range of values of n which do not satisfy (29) is o
then computed, and the corresponding ky values are obtained from o
W

£q. (10). This range of values is indicated in Figure 1 for three
values of “/Ci'

10
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U/Ci=0'2

0.2

.

u/ci=0.3

Figure 1. Plots Showing "Trapped" Wavenumber Regions (Between
Curves) for Internal Wave Propagating in the Positive
Y-Direction with Phase Velocity cj and Surface Current
u. Wave Numbers are Scaled Using the Equations

k
y

LI 2 ' =
ky' = (ci¢/9)k, and Kk ' = (c;2/q)
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2.2 SURFACE WAVE DYNAMICS

The equations described in the previous section may be used to
calculate the path followed by a given wave train as it passes
through a variable surface current, as well as the changes in wave-
length and direction along this path. In this section, the equations
and procedures used in calculating the changes in wave amplitude or
spectral density are described. The basic equation governing the
wave amplitude is the wave action equation. A numerical procedure
is described for solving this nonlinear equation, and the results of
this numerical algorithm are compared with the "standard" perturba-
tion analysis.

Changes in wave amplitude or spectral density due to interactions
with a variable surface current cannot be accounted for by simply
applying an energy conservation principle, because there is an ex-
change of energy between the wave train and the current (Phillips,
1977). However, a quantity called the wave action spectral density,
defined as

N =Flu (30)
where F is the wave height spectrum, is conserved if there are no
other forces acting on the waves. This conservation principle is
stated as

(Eg + W)edN = 0 (31)

for steady-state conditions (Phillips, 1977). In the general case,
there may be nonconservative forces, such as the wind, which can
cause changes in the action density. The nature of these forces is
not well known, but they are assumed to be proportional to the wave
height. or action spectral density for low wave amplitudes, in order
to account for exponential wave growth, and to be zero when the wave
field reaches its equilibrium state. A simple function having these
properties was incorporated into the wave action equation by Hughes
{1978), as
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(89 + )« gN = BN[T - N/N] (32)

where 8 is a wind growth or relaxation rate and N0 is the wave
action spectral density in the equilibrium state.

Equation (32) can also be written as

R = BN[1 - N/ ] (33)

where N is the action spectral density for a group of waves following
the path defined by the kinematic conservation equation and t is the
time of travel along the path., Note that N0 changes along this
path, since the wave number changes and N0 is defined in terms of
the instantaneous wave number. Thus, the procedure for finding the
wave height spectrum at any given position ; and wave number Kk is to
begin at a position :O*where the wave height spectrum at the cor-
responding wave number ko is known. Then, the changes in the wave
number and wave spectrum are calculated along the path followed by

the wave train up to the position x using Eq. (33).

The calculation of the wave path may be facilitated by writing
the kinematic conservation equation in the form of two coupled dif-
ferential equations

g%xg-z]»a (34)
>

dk av u

JE= - (kx—a;,kyw> (35)

-
where x 1s the position along the wave path, t is the time of travel
along this path,

z - <iﬁ> (36)

13
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A is the surface wave group velocity, o is the internal wave phase
->
i. velocity, u = (v, u) is the internal wave-induced surface current,
-, - .
- and k is the surface wave number vector.
Two computer programs have been written to solve this set of
v equations. The first program was designed to follow a given surface
; wave train through an internal wave-induced current pattern, calcu-
i; lating the surface wave length and direction and the spectral density
- for this wavelength at each point along the path. A constant time
step at is selected, the increments of position and wavenumber are
ﬂl calculated from Egs. (34) and (35), and the changes in the action
- spectral density at each step are calculated from Eq. (33). The wave
. height spectral density at the initial position and the equilibrium
Py spectral density are both assumed to be given by the Phillips
j: spectrum
-l
v -4
-
N so the wave action spectral density at equilibrium is
s Ny(k) = AgTH /& k43 (38)
- The deviation from the equilibrium state is specified by the spectral
- perturbation
3 N(K) = N, (k)
- f = — T (39)
0
- Note that this perturbation function applies to the wave height spec- ;
2 trum as well as the action spectrum.
~ An example of the changes in wave length and direction and the
- spectral perturbations calculated by this program are shown in
> Figures 2 and 3. This example is for an initial wavelength of 25 cm
.i and an initial wave direction of 45° with respect to the internal
‘ wave propagation direction. The internal wave phase velocity is 50
. cm/s and the surface current is assumed to be given by
';.
U

- 14
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Figure 2, Variations in Wavelength (Upper Curve) and Direction (Lower
Curve) for Surface Wave Train Passing Through an Internal
Wave Having a Propagation Speed of 50 cm/s and a Maximum
Surface Current of 10 cm/s
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u(y) = (40)
0 elsewhere

where Vo = 10 cm/s and w = 50 m. The wind growth/relaxation rate
(B) was calculated for a wind speed of 5 m/s using the equation given
by Hughes (1978), i.e.

8 = w(ug/c) cos e {0.01 + 0.016(u,/c)| cos e]}
. {1 - exp [-8.9(u,/c - 0.03)‘/2]} (41)

where w is the radian frequency and c is the phase velocity of the
surface waves, u, is the air friction velocity (assumed to be
approximately 1/30 of the wind speed measured 10 m above the water
surface), and ¢ is the angle between the surface wave propagation
and the wind direction.

For the purpose of calculating the microwave reflectivity, it is
of interest to calculate the variation in the spectral density at a
fixed wavelength (the Bragg wavelength). In order to compute the
spectral density of the Bragg waves at each point inside the current
pattern, a different initial wavelength must be considered for each
point. A second computer program has been written to accomplish this
calculation. This program first calculates the initial wavelength
and direction by iteratively solving Eq. (4) for kXO and ky0
given the final wavenumber (kx, ky) corresponding to the Bragg
wavelength, Then the same sequence of calculations described for
the first program are carried out to obtain the spectral perturbation

at the point under consideration.

An example of the results of this calculation are shown in
Figures 4 and 5. Figure 4 shows the initial wavelength and direction
needed to obtain a wavelength of 25 cm and a wave direction of 45°
at each point inside the same current pattern as considered in the
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Pattern and Relaxation Rate as in Figure 3

19

-------



RADAR DIVISION

earlier example. Figure 5 shows the spectral perturbation for this
wavelength and direction.

As noted in Section 2.1, there are cases for which Eq. (4) has
In these cases, the method de-

no solution for kxo and k

yo'
scribed above fails. However, it may be assumed as a working hypoth-

esis that the spectral density of these waves is zero. A possible
argument in support of this hypothesis can be made on the basis of
energy considerations. As mentioned earlier, the wave trains in
question both originate and terminate at a set of blocking points.
As the waves approach these points, the wave height increases until
energy is lost through breaking (Phillips, 1977). In the absence of
a significant energy input, for example from the wind, tiese
"trapped" waves would therefore continually 1lose energy through
breaking and eventually reach zero amplitude. A calculation of the
spectral perturbations for a case where such trapping occurs and the
above assumption is made is shown in Figure 6.

It is not possible to obtain exact analytical solutions for the
spectral perturbations implied by Eq. (33). In order to obtain
approximate expressions, a perturbation analysis has been developed
ai'd used by a number of authors (e.g., Hughes, 1978). This analysis
is reviewed below and the results are compared with the numerical
calculations described above.

Writing the wave action equation in terms of the spectral pertur-
bation function defined in Eq. (39), and neglecting terms of order
higher than the first, one obtains

Odt

Using £q. (35), this equation can be re-written as

daf <3N0> (au)
3k 3
y y
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where the current direction and internal wave propagation direction
have been assumed to be along the y-axis, as in Section 2.1. This
equation has the solution

k. faN t
_ 0 Ju -8(t -t') ,
f -—XNO (-—aky) -[0 (—ay). e dt (44)

assuming the coefficient in front of the integral sign in Eq. (44)
is a constant. The time coordinate can further be converted into a
spatial coordinate by using Eq. (34) and assuming that the right-hand
side of this equation i1s a constant.

This solution has two well-known limiting cases, for 8 = 0 (i.e.,
- no wind growth or relaxation)

& (aNO u
f = (45)
NO aky ng - Ci

K /3N
f=t [0 (2u4) g, (46)
N (aky) (”

For a current of the form given in £q. (40}, the integral in £q. (44)

and for "large" 8

can be evaluated to yield

f= - ffl!g 1 EEQ 6 _ 1_yYy .+ 3fx ¢ I 4 ’
Bw No aky a2 a W a\w W

: 2 2\ - or )
N -5 |3*3ara ) e (47)
. a

for -w < y < W, where ¢' = ng - ¢y, A= gw/c' and the (%) sign
- refers to the sign of c¢'. The spectral perturbation in the region

y >w (forc' >0) or y < -w (for ¢' < 0) is given by
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‘ where the same sign convention applies as previously. The spectral ~
" perturbation in the region y < -w (for c' > 0) or y > w (for ¢' < 0) -
is zero.

= The results of this perturbation analysis for the same conditions
is used in generating Figures 2 and 3 are shown in Figure 7. Further

s 1NN

comparisons between the linear perturbation theory and the numerical
model presented earlier are discussed in the following section.

" 2.3 NONLINEAR EFFECTS

Several approximations are made in deriving the linear perturba-
tion solution described in the previous section. The extent to which
these approximations are valid may be determined by comparing the =
- results of ths perturbation analysis with the full numerical solu-
tions. Conversely, the deviation between these results is a measure &
N of the importance of nonlinear effects in the solution of the wave .
action and kinematic conservation equations.

Two cases encountered during the 1983 Georgia Strait experiment

illstrate the importance of this type of nonlinearity. In both of R
; these cases, the internal wave phase velocity was approximately 60 X
_ cm/s and the maximum current was approximately 40 c¢m/s. In the first
case (DREP 1, pass 1) however, the wind was in the same direction as
the internal wave propagation, while in the second case (DREP 12,
pass 3), the wind speed had been in roughly the opposite direction
but dropped to nearly zero at the time of the SAR overpass.

For DREP 12, pass 3, the low wind speed may be used to justify
the assumption of zero relaxation (8 = 0). This assumption is fur-
ther supported by the fact that only a positive perturbation is

23
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Figure 2
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- observed in the SAR data. Equation (45) therefore predicts a spec-

tral perturbation proportional to the current speed with a constant
of proportionality equal to 0.05 sec/cm, assuming a Phillips equilib-
rium spectrum and a surface wavelength of 20 cm (i.e., the L-band
Bragg wavelength for an incidence angle of 40 degrees) propagating
in a direction opposite to the internal wave propagation. This rela-
tionship is plotted as the straight line in Figure 8.

The results of the second computer program described in
Section 2.2, which numerically integrates the kinematic conservation
and wave action equations, are also shown in Figure 8. This curve
indicates the maximum spectral perturbation, at a wavelength of 20
cm, plotted as a function of the maximum surface current. A surface
current of the form given by Eq. (40) was assumed for this calcula-
tion, with a width w = 50 meters. The relationship between maximum
surface current and maximum spectral perturbation given by this cal-
culation is highly nonlinear, and reaches a value of approximately
12 for a peak current of 40 cm/s. This value is consistent with
measurements of the intensity variation across the internal wave in
the L-band SAR image for DREP 12, pass 3. The linear perturbation
analysis yields a value of approximately 2 for this case, and there-
fore appears to underestimate the actual perturbation by a factor of
Six.

For DREP 1, pass 1, the wind speed was approximately 4 m/s, which
implies a relaxation rate of 8 = 0.059 sec'] for a wavelength of
20 cm using the formula given by Hughes (1978). The linear perturba-
tion analysis for this case yields results which are close to the
large 8 limit, Eq. (46). Thus, the spectral perturbation from the
Jinear perturbation theory is proportional to the strain rate, with
a constant of proportionality equal to 76 sec. For a surface current
of the form given by Eq. (40) with w = 50 meters, the maximum strain
rate is equal to #0.03 m'] times the maximum current. The linear
perturbation theory results for this case are indicated by the
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- straight line in Figure 9. This theory predicts both a positive and
| a negative perturbation of approximately the same magnitude in this
case, although the negative perturbation appears to dominate in the
SAR imagery. Consequently, only the negative perturbation is shown
in Figure 9. ;

j' »

s The full numerical solution for this case indicates that wave
: “trapping" occurs at a wavelength of 20 cm when the surface current :
exceeds 15 cm/s. Under the assumption that the trapped waves are -
damped out, as discussed in Section 2.1, the spectral perturbation
goes to -1 at this point. This results in the highly nonlinear be-
havior shown in Figure 9. When the peak surface current reaches 40 »
L ¢m/sec, the region within which trapping occurs is approximately 60 =
percent of the total internal wavelength, assuming a current of the

form given by Eq. (40). This seems to correspond roughly to the

appearance of the L-band SAR image for DREP1, pass 1, which shows X
dark bands with widths slightly more than half of the apparent wave- -
length of the internal wave. The image intensity in these dark bands
. appears to be at least 10 dB below the background intensity and is
: possibly limited by the system noise level.

The second sense in which the term "nonlinear" is applied to this
problem relates to the phenomena which occur when the assumption of ;
infinitesimal surface wave amplitude breaks down. These include the -
incorporation of a term proportional to the wave amplitude in the
dispersion relation, various wave-wave interactions, and a change in
the wave profile from a sinusoidal to a sharply crested form.

The inclusion of the wave amplitude into the dispersion relation

has a number of implications, not all of which have been worked out.

Basically, it means that the wave kinematic problem discussed in

32 Section 2.1 can no longer considered separately from the wave dynam-
: ics. Thus, the complexity of the problem is increased immensely.
Several authors have addressed this problem, including Crapper (1972)
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and Holliday (1973). Holliday's conclusion is that finite amplitude
effects remove the "wave barrier" discussed in Section 2.1, so that
wave blocking does not occur. Essentially, this is because the wave
group velocity increases as the wave steepens, so that the net propa-
gation velocity does not go to zero as predicted by infinitesimal
wave analysis. This conclusion, if correct, would lend additional
support and an alternative explanation for the phenomenon discussed
in connection with Egs. (18) through (21) and the results presented
in Figures 1, 6 and 9 of this report. It has been assumed in gener-
ating these results that the amplitude of the “trapped" waves is
zero. The theory presented by Holliday would seem to imply that such
trapped waves do not even exist, since the mechanism for this trap-
ping is the same as for wave blocking. Thus, no waves exist within
the spectral intervals shown in Figure 1 except those which are
locally wind-generated.

Various kinds of wave-wave interactions are also implied by

- finite wave amplitude theory, including the resonant interactions
described by Phillips (1960, 1961) and Hasselmann (1962, 1963), and
the generation of capillary waves by small-scale wave breaking
(Phillips, 1977). The latter mechanism may be responsible for cer-
tain features observed in X-band images of internal waves. Specifi-
cally, it has been observed (e.g., Hughes and Gower, 1983) that in-
ternal waves propagating perpendicular to the radar look direction
are frequently observed at X-band but not at L-band. The theory
presented in Sections 2.1 and 2.2 predicts that surface waves propa-
gating perpendicular to the internal wave propagation direction are
X not influenced by the internal wave. Therefore, it seems likely that
the modulations observed at X-band are at least partially due to

scattering from capillary waves generated by the breaking of somewhat

longer gravity waves. Since this generation is fairly isotropic,

the internal waves should be visible at X-band even when they are

propagating in the cross-range direction, provided that they are

sufficiently energetic to cause small-scale wave breaking.
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Another effect of the transition to finite wave amplitudes is
the change in the wave profile to a sharply crested or breaking form.
Stokes' theory for finite amplitude waves predicts a sharp crest with
an interior angle of 120° at the onset of breaking (see e.g.,
Kinsman, 1960). The existence of surface elements with a radius of
curvature less than the radar wavelengths has implications for the
microwave scattering process, as described in the following section.
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3
ELECTROMAGNETIC INTERACTIONS

The interaction of electromagnetic (microwave) radiation with
the ocean surface is described by a set of integral equations which
are linear in terms of the electric and magnetic fields but which do
not allow exact analytic solutions. Therefore, various approximate
solutions have been obtained which agree with observations over cer-
tain ranges of conditions. Scattering from the ocean surface is not
describable in terms of any single scattering model, but it is gener-
ally considered that a combination of several models can adequately
explain most observations. There is still considerable controversy,
however, regarding the relative contributions of each scattering
mechanism. For example, specular or guasi-specular scattering is
thought to dominate for incidence angles less than 10-15°, while
Bragg scattering is considered to be the dominant mechanism for in-
cidence angles between roughly 20° and 60-70°. However some measure-
ments indicate specular scattering to be significant, under certain
conditions, at incidence angles up to 40°. The scattering mechanism
for incidence angles larger than 70° appears to be poorly understood,
particularly for horizontal polarization and for X-band and higher
frequencies.

The Bragg scattering model is a perturbation solution of the
integral equations for the electric and magnetic fields. A zero-
order solution is obtained from physical aoptics for the mean surface
with no small-scale roughness. The first-order perturbation is then
proportional to the amplitude of the small-scale roughness, and the
radar cross section per unit area (for the backscatter case with the
plane of incidence perpendicular to the y-axis) is given by

o (8) = 4nk4 cos4

o elgij(e)lzw(Zk sin o, Q) (49)
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where k is the electromagnetic wavenumber, e is the incidence angle,
Wik, ky) is the wave height spectral density, and the scatter-

X
ing coefficients gij(e) are given by

-1
ghh(e) = £ 2 (50)
[cos o + (e - sin%e)!/?]

for horizontal polarization, and

(o) = (e = Dle(l + sinze) - sin2 o] (51)

9y 2
02 0)112]

[e cos @ + (e - sin” @)

for vertical polarization, where ¢ is the relative dielectric con-

stant of the surface. Thus, to first order, the backscattered power

is proportional to the surface wave spectral density at the Bragg

wavenumber

>
kg = (2k sin e, 0) (52)

wnich is the justification for the calculations described in the

previous chapter,

When the small-scale surface roughness becomes sufficiently

large, higher order terms in the perturbation analysis may become

significant (Valenzuela, 1978). The second-order term involves all

-
pairs of surface waves with wavenumbers k] and k2 satisfying

>

> >
kg = *k; %k, (53)

although it seems likely that the wavenumbers

> >
ky = *kg/2 (54)

will dominate the second-order scattering. The importance of second-

order Bragg scattering in the microwave sensing of internal waves has

not Dbeen demonstrated, but it is possible that it may contribute
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are more strongly modulated than the first-order Bragg waves or when
the first-order waves are suppressed by surface films. The existence
of a surprising amount of depolarization in the SAR data collected
during the 1983 Georgia Strait experiment raises the possibility of
scattering mechanisms other than first-order Bragg scattering, al-
though it is not yet clear that higher-order Bragg scattering can
provide the explanation for these observations.

There are theoretical, as well as experimental, reasons for ques-
tioning the adequacy of the Bragg scattering model. One such theo-
retical reason is that the Bragg model, among others, is predicated
upon the physical optics method, which assumes that the radius of
curvature of the surface is large compared to the wavelength of the
radiation. Specifically, the condition for the applicability of the
physical optics approximation is

ok cos3 e > 1 (55)

where p is the radius of curvature of the surface, k is the electro-
magnetic wavenumber, ard e is the angle of incidence (Valenzuela,
1978). Clearly, there are situations where this condition is not
met, for example, when the surface waves are near breaking. Consid-
ering the fact that the equilibrium state for short gravity waves is
thought to be established by wave breaking (Phillips, 1977), it seems
likely that the physical optics condition is frequently not met for
microwave radiation incident on the ocean surface. When the surface
waves are further steepened by interactions with internal wave cur-
rents, there must certainly be cases where physical optics is not
applicable. One possible approach for incorporating the effects of
surface elements with small radius of curvature is the wedge scat-
tering formalism (Lyzenga, et al., 1983) The difficulty in applying
this formalism is in developing an adequate statistical characteriza-
tion of the surface in terms of the wedge scattering elements.
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However, it would appear to be necessary to invoke some mechanism

such as wedge scattering to account for the effects of small-scale

breaking on the interaction of microwave radiation with the ocean
surface, A further discussion of electromagnetic interactions with
finite-amplitude surface waves is presented in the Appendix to this
report.




A bt A A b A Sl i Sl i St Al R ot i

T T

VE‘RIM RADAR DIVISION

4
CONCLUSIONS

A theoretical description of the interaction of surface waves
with internal waves has been presented in this report, using the
kinematic conservation and wave action equations, along with the
dispersion relation for the surface waves. A complete (numerical)
solution of these equations yields a highly nonlinear relationship
between the amplitude of the internal wave and the spectral perturba-
tion of the surface waves in some cases, even when the linear (in-
finitesimal amplitude) dispersion relation for the surface gravity
waves is used. This solution differs substantially in these cases
from the first-order perturbation solution for the same equations.
This perturbation solution predicts a linear relationship between
the internal wave amplitude and the spectral perturbation, and sig-
nificantly underestimates the spectral perturbations for two cases
encountered during the 1983 Georgia Strait experiment, while the full
numerical solution appears to yield satisfactory agreement with these
observations.

One possible result of the inclusion of finite surface wave am-
plitude effects in this theory is the elimination of the phenomenon
of wave trapping. Thus, there still exists a spectral interval which
cannot be populated by waves arriving from the outside of the inter-
nal wave, but it appears that when finite amplitude effects are taken
into account, this spectral interval can also not be populated by a
set of waves travelling back and forth between blocking points, as
predicted by linear theory. This has important implications for the
detection of weak internal waves, since it means that waves of a
certain wavelength are completely removed from the pattern even when
the induced surface current is very small.

A second possible result of finite amplitude effects is the gen-
eration of capillary waves in all direct,. ~ hv small-scale wave
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breaking. This provides a possible explanation for the observation,
at X-band, of internal waves propagating perpendicular to the radar
look direction.

l.'.l.l:l‘"..

A third possible effect of finite wave amplitudes is a change in
the wave profile from a sinusoidal to a sharply crested form. This
change has implications for the microwave scattering process, since
it may nullify the physical optics assumption that the radius of E
curvature of the surface is everywhere larger than the radar wave-
length., Thus, the scattering cross section may be enhanced by a
diffraction process (wedge scattering), as well as by specular
reflection.

Several open guestions remain in both the hydrodynamic and the
electromagnetic aspects of this problem. On the hydrodynamic side,
'J there is uncertainty regarding the form of the non-conservative forc-

Cr v T

N ing function in the wave action equation and the value of the wave
g growth/relaxation parameter(s). A more complete and rigorous incor-
- poration of finite wave amplitude effects is also needed, particu-
larly as regards the phenomena of wave blocking, trapping, and the
generation of short waves by small-scale breaking. -

On the electromagnetic side, further investigations of the im-
portance of diffraction (wedge scattering) and specular reflection
are needed. One possible approach to this problem is through the
use of (numerical) integral equation methods. Explanations also
should be sought for the unexpectedly large depolarization ratios _
observed in the SAR data collected during the 1983 Georgia Strait i
experiment. Higher-order Bragg scattering and wedge scattering
should be considered as possible explanations for this
. depolarization. =
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APPENDIX
ELECTROMAGNETIC SCATTERING FROM NON-SINUSOIDAL SURFACE WAVES

It is well known that ocean surface waves have sinusoidal pro-
files only in the limit of infinitesimal amplitudes. Consequently,
a distinction must be made between surface waves and the Fourier
components of the surface elevation. In particular, increases in
the amplitude of surface waves in the decimeter wavelength range
eventually lead to increases in the surface elevation spectral den-
sity at centimeter wavelengths, because of the non-sinusoidal shape
of these waves. Thus, models which are intended to compute varia-
tions in the surface reflectivity at short electromagnetic wave-
lengths must take into account variations in the amplitude of these
longer surface waves.

In order to illustrate the effects of a non-sinusoidal wave pro-
file, a simple method may be used to generate a set of such profiles
ranging from a nearly sinusoidal to a sharply crested shape. This
method is to assume a velocity potential of the form

6(x, y, t) = ;9 eky sin (kx - wt) (1)
where x is the horizontal coordinate, y is the vertical coordinate,
and t is time (clearly this form can be extended to two horizontal
dimensions, but the discussion is restricted here to one dimension
for simplicity). The surface elevation n is then calculated by
solving

n(x, t) = '%(%{i) , -%E kM cos (kx - wt) (2)
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where g is the gravitational acceleration. This ensures that the
dynamic boundary condition (Bernoulli equation) is satisfied to first
order in n. Furthermore, the kinematic boundary condition is also

satisfied exactly for this form if w2

= gk. Since the dynamic
boundary condition is satisfied exactly only to first order, one
would not expect this solution to be accurate for finite-amplitude
waves. Nevertheless, the form implied by Eq. (2) has several
interesting properties which make it useful for the illustrative
purposes intended here. For sufficiently small values of uo/c
(where ¢ = w/k), the wave profile approaches a sinusoidal form, with
amp1itude uo/m. As uo/c approaches 1/e = 0.368, the wave profile
becomes sharply crested with an apex angle of 90°. The surface
elevation at this point is equal to 1l/k, the horizontal particle
velocity is ¢, and the vertical acceleration is g. A plot of the
surface profile for five values of uo/c is shown in Figure 1.

The squared magnitude of the Fourier transforms of each of the
surface elevation profiles in Figure 1 are shown in Figure 2. Note
that the spectrum for the limiting profile falls off as k'4. This
conclusion is not dependent on the internal angle of the crest. For
example, the surface elevation could be scaled by one-half to produce
the Stokes 120° crest angle. This would reduce the entire spectrum

by one half but would not change its shape.

The microwave backscatter from the ocean surface may be estimated
by using a perturbation analysis applied to the electric and magnetic
fields at the surface. The backscatter cross section per unit area
obtained from this analysis is proportional to the spectral density
of the surface elevation at the "Bragg" wavenumber

kg = 2k sin o (3)

where kO is the electromagnetic wavenumber and e is the incidence
angle. [f the surface may be considered as the superposition of
many infinitesimal-amplitude (i.e., sinusoidal) waves, the
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Figure A-2. Spectra of wave profiles shown in Figure 1 (parameter is u./c).
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backscatter in this approximation is proportional to the energy den-
sity of the Bragg waves. However, if the surface waves are of finite
amplitude, the surface elevation spectrum can contain components at
much larger wavenumbers than the actual hydrodynamic wavenumber of
the surface waves, as illustrated in Figure 2. This means that the
radar cross section of the surface is influenced by waves much longer
than the Bragg wavelength, if these waves are of finite amplitude.

Note that a perturbation analysis may still be used to estimate
the radar cross section, even for the limiting case of a sharply
crested wave, although this analysis will in general underestimate
the return (Kwoh and Lake, 1984). More accurate estimates can be
obtained for this case using edge diffraction theory (Lyzenga, et
al., 1983).

The fact that finite-amplitude waves longer than the Bragg wave-
length can contribute directly to the microwave backscatter may be
especially significant for the prediction and interpretation of SAR
image patterns resulting from wave-current interactions (e.g., in-
ternal waves and bottom features). This is because, in many such
cases, the spectral perturbation of the surface waves is inversely
proportional to the relaxation rate g, which varies approximately as
k3/2 for short gravity waves (see e.g., Hughes, 1978). Thus, for
a given current field, the calculated spectral perturbations for
X-band Bragg waves are typically an order of magnitude smaller than
those for L-band Bragg waves. 0bserved SAR modulations are often
nearly the same for both X-band and L-band, however (Lyzenga and
Shuchman, 1983; Kasischke, et al., 1985). One proposed explanation
is, therefore, that increases in the amplitude of the 10-100 cm waves
(which are most strongly influenced by current variations) are
directly translated into increased spectral densities at larger wave-
numbers because of the increasingly non-sinusoidal form of these
waves.,
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. A second effect which may be associated with finite wave ampli- ,

i tudes is a broadening of the Doppler spectrum of the microwave re-
p turn, The backscattered signal due to a given surface wave is .
; Doppler shifted by the phase velocity of that wave. Therefore, if .

the total signal arises from a range of surface wavelengths, the
Doppler spectrum of the signal will be broadened by a corresponding
amount. This broadening is especially significant for SAR imagery,

vy

since it influences the effective azimuth resolution which can be
obtained with the SAR. 5

The incorporation of finite wave amplitude effects into a wave-
current interaction model remains a difficult hydrodynamic problem.
An alternative approach for assessing the importance of these non- _
linear effects might be to examine simultaneously measured spatial E}
and temporal wave slope spectra. Such measurements were made during
both the Georgia Strait and the TOWARD experiments. Spatial wave-
number spectra were measured using Stilwell techniques during the
; Georgia Strait experiment, and using stereo photographic techniques
during the TOWARD experiment. Fregquency spectra were measured during
both experiments using a laser slope meter. -

The relationship between the one-dimensional frequency spectrum
G(w) measured by a stationary wave probe and the two-dimensional
wavenumber spectrum F(k, o) may be written as

2n -
-/‘ J/. F(k, 6)8{w - Q(k)) k dk de (4) Q‘

(k) = [gk *+ (T/0)k3]1/2 (5)

where

for freeiy propagating waves and

Q(k) = Cok (6)




-

for the harmonics of a wave propagating with a phase velocity Coe
A wave spectrum having a k'4 dependence would therefore imply a

5 for the case of freely
3

frequency spectrum proportional to w
propagating gravity waves and proportional to « ~ for the case in
which the spectrum is dominated by nonlinear effects. Such a dif- \

ference should be clearly discernable. On the other hand, if the i

sensor is moving relative to the surface at a speed which is much
larger than the phase velocity of the waves, the observed frequency
spectrum may be relatively insensitive to the intrinsic frequency of
the waves, and the difference between the spectra for these two cases 5
might be difficult to discern. Calculations could be made to deter- .
mine the magnitude of these differences for a given data set by using
the measured wavenumber spectrum to predict the frequency spectra

l for the two extreme cases. If the differences appear to be signifi- "
cant, these spectra could be compared with the observed frequency :
spectra from the slope meter in order to estimate the degree of non-
linearity of the wave systems present.
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