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1. Introduction. Let M2 be the collection of all probability measures defined

on the Borel ¢-field of the two-dimensional Euclidean space, R2. For u in M2;

let ul and u2 denote the marginal probability measures on the Borel o¢-field
of R, i.e., ul(A) = u(AxR) and u2(A) = u(R x A) for every Borel

subset of R . A u in M, is said to be positively (negatively) quadrant dependent

2
(eep) (nap) ir e, =) x [, =) 2 (<) wtle, =) wytfa, «) foran c,a

in R . Let M(PQD) denote the collection of all probability measures in M, which

are PQD and M(NQD) the collection of those in M, which are NQD . The main

2
objective of this paper is to study the structure of M(PQD) and M(NQD) . Using

the structure theorem given in Section 3, we give some applications in the area of .

testing hypotheses in Contingency Tables in Section 4. For further information on i

properties of measures which are PQD or NQD, see Lehman Eﬂ or Eaton [ﬂ .

..........




2. Preliminary results. The sets M(PQD) and M(NQD) are not convex sets.

Examples are easy to provide. We give a simple sufficient condition under which

convex combinations of measures in M(PQD) are again in M(PQD). Let M, denote

the collection of all probability measures on the Borel g -field of R. For v , n
in M, , v is said to be stochastically smaller than n if *){E:, ®)} < n{[c, ®)}
for all ¢ in R. If v 1is stochastically smaller than n , we use the notation

v < stn . The relation " < st " is a partial order on M For w, 2 in M

— l' 25
we say that u 1is stochastically smaller than A if ¥y < st >‘1 and
My, < st A2. In this case, we again use the same notation u < st x . The
relation " < st " on M2 is only a pre-order. See Definition 2.1 of Eaton E .

p.lg.

Proposition 1. If u,x e M(PQD) and either y < st 2 or A<sty ,

then ap + (1 - a)r € M(PQD) for any O<a < 1.

Proof. We need to show that [ap + (1 - a)ife, =) x [3, =)} >

g + (1 -a) aJflew)} [om, +(1-a) 2 ]{la,®)} for all c, d in R. Ve
note that  [an + (1 - )J1fc, ) x (@, »)} > auytfc, ®)} uytfd, =3+
(1 -a) A(fs, =) A,0[3, @)} and  angife, =)} wyifg, =)} o+

(1 -a) atfe, = atfa, @ - of e, @ uptfa, = -
a(l - a) uytfe, =)} ay0fa, = a1 - o) wyfla, @ aptfe, =)} -

(1-a)® A, =N xg{@, = ot - utles @1 uytfa, =+

aifes @) @ @)1 - wtfE @ agtfe, @ - e, @)1 au((d, =1 ]

= a1l -a) Dugtfes =) - agtfes =) [ppff8 «1 - atfa =3] > o, if
u < st A or A <sty . This completes the proof.

An analogous result holds for measures which are NQD as declared in the

the following proposition.

P - e e e Py T et -t et IR Vit et e LT . e - R R Y I
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Proposition 2. let yu,x e M(NQD). If <st A and )

M1 = 1 2
5> then an + (1 - o)A e M(NQD) for any

<st Moo or

A < st Mg and <st A

1 L

0 <a< 1.

Corollary 3. Let w,A ¢ M2 have the same marginals, i.e., = ) and

L1 1

= 2 If p,x e MPQD), them ap + (1 -a )X ¢ M(PQD) for any

Mo 2°
0 <a< 1. If uw,x €& M(NQD), then ap + (1 -a)Xr e M(NQD).

In order to determine the structure of M(PQD) and M(NQD), Corollary 3

Y

provides a pointer. Let yu 1 and be two given probability measures on the

Mo
Borel o -field of the real line R, Let

and
MNQD(ul’“2) = { x e M(NQD) ; >\1=u1 and )\2=u2}.

MPQ,D( MqsH 2) is the collection of all those probability measures A which are

PQD and having the same marginals p 1 and u 0" This set is more tractable than K
M(PQD) as the following corollary points out.
Corollary L. MPQD(“ 1M 2) and MNQD(u 1M 2) are convex sets. :
“
Our next objective is to determine the extreme points of the above convex
sets, If MPQD(” 1o M 2) is a compact set in some relevant nice topology, then one ’
L)
can write every A in MPQD(“ l,u 2) as a mixturz of its extreme points. See :
Phelps [ ]. Then a knowledge of all extreme points of the set MPQD(u 12 M 2) provides
us an insight into the structure of Mo, (u,yu~). In the sequel, we concern "
Q1’7 2 N
A%

ourselves exclusively with the convex set MPQD( Wqal 2). The convex set M'NQD( WosH 2}.
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can be studied in a similar vein. The determination of all extreme points of the

set MPQD( ul’ “2) seems to be difficult in the general case. However, in Section 3,

we give a complete description of all extreme points of MPQD( Ul, UQ) when Ul

and U, are some special discrete measures with finite support. The method given in.

Section 3 can be adapted for any discrete measures Ul and Ue with finite

support. Before sailing into the next section, we identify one particular measure

as an extreme point of MPQD( ) in the general case. For probability measures

H H
1> 2
“1 and “2 on the Borel 9-field of the real line, let Vl b4 Uz denote the

product probability measure in M2.

Proposition 5. The product probability measure ¥_ x ¥ is an extreme point

1 2
of MPQD( “l, “2) and also of MNQD( “l, “2).

Proof. One can prove this result by using the elementary fact that if ¢ 2 a,
d2a, 0<a< 1 and ac + (1 - a)d = a, then ¢ =a and d = a, and the

fact that any measure in M is determined by its values on sets of the form

2
le, ») x [d, =) , c, @& real.

Remark. The above result is in marked contrast to the following result of Xemp [3].
Let M( Mo u2) denote the collection of all probability measures  in M,

) is a convex set , and

satisfying A, = u_, and A, = u,. Then M( Wy Mo

1 1 2

ul X u2 is an extreme point of M( Hi» u2) if and only if either

0-1 valued or u2

Wy is

is 0-1 valued,
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3. Extreme points. In this section, we assume that the probability measures

ul and u2 have finite support. For simplicity, assume that the support of 1y
1

Lo e e
o

is {1,2,3,...,m} and that of u2 is {1,2,3,...,n} . Any probability
measure in M2 with support contained in {(i,3) 3i=1tom and j =1 to n}

and with marginals u1 and can be identified as a matrix P = {p,.}
2

3 iJ
p
p of order m x n satisfying p,. > O for all i and j, ZI.°, p.. =u ({i})
; 1J - 1‘=1 1-] 2 !
! .o n _ o -
for all j =1 ton, and Zj=l pij‘—ul({i}) for all i =1 tom. Let Py
ul({i}), i=1tom and a; = u ({j}), j = 1 to n. The objects of interest are
2

the convex sets MPQD(ul,uZ) and MNQD(ul,uz). We denote MPQD(ul,uz) by
MPQD(pl’pZ"'"pm;ql’qZ""’qn) and MNQD(pl’pZ”"’pm;ql’qZ"'"qn)' These
convex sets are, obviosly, compact. Moreover, they have each a finite number

of extreme points. Each of these sets is determined by a finite number of hyper-
planes in Rm+n. Now, we describe a method of generating extreme points of

MPQD(pl’pZ""’pm;ql’qZ""’qn) in some special cases of m and n. The method

A 4

: so described generalizes to for any m and n.

The case of 2 x 2 tables.

Let p, q be two numbers in the open interval (0, 1). Let Py = P
P, = l-p, 9, = 4 and q, = 1l - q. Amatrix P = {pij} of order 2 x 2 with
the properties pij > 0 for all i and j, P13 + P1p = Ps Py + Py, = 1-p,
P11 + Py = 4 and P + Pyy = 1 -q is a member of MPQD(pl’pZ;ql’qZ) if

! and only if Pyd, L Pyy 2 PrAdy,s aNAb denotes the minimum of the two numbers

a and b. The extreme points of this convex set MPQD(pl,pz;ql,qz) are given by
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P19; P19 97 9, - P)Aq,
. and when PyAdy = Pys
4 P29 P9y 0 P4,
. ! —_
: P19y P9 Py 0
: and when pzA 9, = 4,.

If p=gq =1/2, then the extreme points of MPQD(1/2,1/2;1/2,1/2) are given by

Y
.

1/4  1/4 "1/2 0
. and
1/4 1/4 0 1/2

X On the other hand, the extreme points of the set *{3/2,1/2;1/2,1/2), the set of

all matrices P = {pij} of order 2 x 2 with the properties Py > 0 for all

i and j, P13 + Py = Py + Pyy = Py + Pp; = Py + Py, = 1/2, are given by

1/2 0 0 1/2

and
0 1/2 1/2 oL.

The case of 2 x 3 tables

. - . + _
Let PysP,39y59,5495 be five positive numbers satisfying Py Py

q; + q, + 95 = 1. We now discuss the problem of identifying the extreme points

POMR R R

. . . ¢ -
of MPQD(pl’pZ’ql’qZ’q3) This convex set is precisely the collection of all matric

et




Theorem 7. Let Pro and Py3 be two real numbers satisfying

AT T e TN T b e P - % .. ot S Ml S A il i S Sl " i At A 4 -

satisfying p;; + Pig ¥ Py3 = Pys Py T Pyy FPy3 = Py Pyp F Py T -

Pia ¥ Ppp =9y Py3 * Py3 7 93, Pz Ppiys Ppp F Pz Prdy *Pydy and
each pij is non-negative.The problem of identifying the extreme points of
this convex set can be solved both graphically and algebraically. The following

results are helpful towards this goal,

Theorem 6. Let P = (pij) be a matrix of order 2 x 3, If P 1is a member of

MPQD(plspz;qlaq23q3) , then

(1) Pyd3 2 Pyg S Py Adg 5
(2) (Pydy + Pyds) V Pog < Pyy +Pyg < Py ALQ, +Py3) 5 |
() Py =9y " Pys Pp3 T 937 Pp3s Pyy TPy T Pyy Py and 3

P11 © Py 7 Ppp ~ P33 T 97 T Py

Proof. Since P 1is positively quadrant dependent, Pys z_pzq3 and Pysy + Py3 2 Y
Pyd, * Pyds- Since P has the prescribed marginals and non-negative entries,

Pg3 £ PaAd3s Pyy + Py3 2 Pyys Py ¥ Pp3 2Py and Pyy ¥ Py3 L dp * Py This
proves (1) and (2). (3) 4is obvious. (Note. For any two real numbers a and

b, avb means the maximum of a and b.)_

In the above theorem, the inequalities (1) and (2) are very
important. They help to reduce the problem of identifying the extreme points of
MPQD(pl’pZ;ql’qZ’qB) to a two-dimensional graphical problem. The following

result amplifies this remark.

(1) Ppdy < Pyy £ PyAd, and

(2) PoaV(Pydy + Pydq) < Pyy + Pyy < Py ARG, +Py5).
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Let pj, =dy = Pyy» Py3 = d3 = Pp3 a0d Py; =Py = Pyy = Ppye Then
Py =~ Pyp ~ P13 = 9 = Py = Py7p° say, and the matrix P = (pij) is a member
of MPQD(pl.pz;ql,qz,q3).

Proof. First, we show that Py = Py = Py3 =9 ~ Pyy- Note that P + Pi3 =
4y + a3 = (Pyy + Pp3) and Qg +Pyy F i3 =1 - (Pyy *Pp3) TPt Pyt Py TR
=P + Ppy- Consequently, Py - (p12 + pl3) =4q; - Pyy- Next, we show that

each pij is non-negative. From (1), Pygy > 0 and 43 = Py3 = Py3 > 0. From (2)
Py > 0, Py = Pyy = Pp3 = Py >0 and 9y = Pyp = P15 > 0. It remains to be
shown that Py 1is non-negative. It is clear that P11 + P1o + P13 + Py + Pyy +
Py = 1. It suffices to show that Py2 + P13 + Py + Pyy + Py3 < 1. Note that

Prp ¥ Py * Py * Pyy + Py = dy + a3 = (Pyy +Py3) + Py~ (Pyy T Py3) * (Py; + Py
=q, + a3 + Py - (Pyy + Pp3) < 4y + 43+ Py - Pydy T Ppdy (by (2)) =4q, + a4
+ pz(l -q, - q3) =1 - q + Pydy = 1- ql(l - p2) =1 - P14y < 1. This shows

that P13 is always strictly positive.

It is obvious that the matrix P = (pij) has the prescribed marginals

P1-P, and 9595593- From (1) and (2), it follows that P is positively

quadrant dependent.

The purport of the above theorem is that it is enough to determine two
numbers p,, and Py satisfying (1) and (2) from which we can build a
matrix P = (pij) belonging to MPQD(pl’pZ;ql’qZ’qB)' We call (1) and (2)
to be the determining inequalities. This theorem also provides modus operandi
to construct extreme points of MPQD(pl,pz;ql,qz,q3). Intuitively, one can

proceed by looking at those pairs Pro and Pr3 of numbers for which equality

holds in (1) and (2) either on the right or on the left to yield extreme

|
points. This method would not exhaust all the extreme points of MPQD(pl’pZ;ql’qZ’qB}




The reason is that the bounds in (2) are variable and depend on the value of
Pyq- If we can partition the interval [p2q3, pz/\q3] into sub-intervals so that
the bounds in (2) become stable over each sub-interval, then we can isolate

the extreme points. We explain this method graphically and algebraically as

follows.

Graphical solution

Determining inequalities .

(1) Pody S Pyy S PHAG, - ;
(2) Pya V(Pya, + Pydg) < Pyy + Prg S PyALG, + Py3).

Case 1 Pya, + Py, Z_pzﬁ\qB and 4, 1_p2. Then the determining inequalities

become
(1) Ppdy < Pyy S PHA G, and
(2) Ppdy + Pyd3 S Pyy + Pyy S Py
These inequalities yield the following graph. ;
Poo ]
P2‘
~ ‘
\ —
N N 7
P2q3 P2A q3 P23

e e . N R DR -
A PN ST PP AN




---------

Comments. The extreme points, in this case, are obtained by setting each
expression in the centre of (1) and (2) equal to the quantities either on

the left or on the right of (1) and (2). This will give us 4 extreme points.

Case 2. Pyd, *+ Ppd4 Z.Pz’\q3 and q, < Py

Then either (A) p, ~ q, < Pya3 or (B) Pyq; < Py = q, < PpAqy oOF
(%)) P, -~ 9, Z.Pzﬁ‘q3 holds. The determining inequalities and the corresponding

graphs then respectively work out as follows.

Case 2(A). Inequalities

1) Pydy £ Py3 S PpAd; and
(2) Ppdy + Ppdy S Pyy + Py S Py -

Graph. Same as in Case 1.

Case 2(B). 1Inequalities

1) Pyd3 £ Py3 X Py~ 4, and
(2) Pydy + Ppdy £ Pyy + Py3 2 9p * Pyy
or,

' ) .
1 Py = 9y < Py3 £ Py A qy and

]
(2) Padp + Pyd3 < Ppy + Py3 £ 9y + Pyye

......




Py

-+ of Y

\‘.

TSI Ty

Graph
Pzzﬂr
pz<
quZ + P,yd3
q
2 \/ /
7
= n
P,yd4 P74, PpAG, ) Pyj
Comments. q, can be above Py4, + Pyd5- The number of extreme points

is either four or five.

Case 2(C). Inequalities

(1) P,dy £ Pyy £ PyAQ, and
(2) Ppdy ¥ Ppdy £ Pyp * Py L Ay ¥ Py ¢
AL PRI S MO e R YT e e N e
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5P Graph
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) P2q3 P2A<% Px3
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» Comments. q, can be above Pyd, + Pyd5- The number of extreme points
-

- is four.

;

U

\z

Case 3 P9, * Pp93 £P,Aqy and  p, <q,.
E The determining inequalities become
Q
(1) Pody £ P93 S P4, + P4y and

" () pyay * P93 2Py Y P3Py s
b or,

A . (l) P2q2 + P2q3 < P23 i pz,\q3 and

: (2) Py3 2 Pyy ¥ Py3 Py -
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Pydy + Pydy

4L

Comment. The number of extreme points is five.

Case 4 Pyd, + Pydy < pzt\q3 and Py > 4y

B
Then either (A) Py - Q, i_pzf\q3 or2‘32q3 <Py - q, < pzA q3 or (9]

Py - 9, _<__p2q3 holds. We now discuss each of these cases.

Case 4(A). Inequalities

(1) Ppd3 S Ppg S P4, + Pyq; and

() Pyl ¥ Pyly $ Py * Py LAy + by, s

or,

(1) P9, + Pya3 < Pyy <PyAQ, and

e T NN AL L N S T T T P N N ) Lt T N AL LT Tl ettt - R T W I T N T R O
) "\ . -‘ ‘\.\. '_:- RN s -J.-.:.. N '-J\...'}‘n'_s‘v“-"u‘\p.‘.'a"-ﬁ‘— "-..'-J -_.."‘-.'.."‘-'.-.‘.. e '-w“r'_.‘."-p."s‘i 4.15\.:‘-5.‘.'.'
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Graph
A
P2
4, 2277
Ppdy + Py

_

Pyl P9,+Py4 PoAd, Pyq

g

Comments. q, can be below Pod, + Pyd5- There are five extreme points.

Case 4(B). Assume, without loss of generality, that Py ~ 4, f__pzq2 + Pyq,-

-

Inequalities

(2)  pya; * Pya3 S Pyy + Pyy 24y + Pyq s
or,

(1) p2 - q2 < P23 < p2q2 + p2‘13 and
() Pp2y + Pydy Lpy; +Py3 0y

or,

(1) pya, *+ Pya3 < Py3 $PyAq, and

(2)  Py3 SPyy * Py3 Sy -

................
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Graph

>

Py95%P,4,

MW

__ A

Prdy Py-a, Pydy*Poa, PoAay b, Pa3

1

Comment. The number of extreme points is six.

Case 4(C). Inequalities

) (1) Pya3 < Py3 £ Pya, + Pyay and
(2) Ppdy + Py, S Pyy * Pyy P,
or,

09 P9y + Pydg < Py3 S PyAQy  and

() Py3 <Py +pyy <y - '

Graph. It is similar to the one given under Case 3.
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Algebraic solution

The expression (pzq2 + p2q3)v Py3 induces a partition of the

interval [p2q3, pzA q3] into two sub-intervals. These intervals are given by
A) = {py3 €lPydys PyAd3] 5(Pyay + Pya) VPyg = Pydy + Pydyl

and

&, = 1{py3 €lPydys PyA a3l 5 (pya, + Pyag)\WPyg = Pygle
Al and A2 may have a common end point. In a similar way, the expression

1)21\(q2 + p23) induces a partition Bl and B2 of the interval [p2q3, PyA q3]

into two sub~intervals. The partitions {Al’ Az} and {Bl, Bz} of [p2q3, pqu3]

induce a finer partition {Cl, C,s C3} of [p2q3, Py A q3]. Let

C; = [pyay, 3,15 € = la;, 8,15 ¢ = [a,, PyAa,l .
We now consider three sets of inequalities.

(4) (1) Ppya5 £ Py3 23 and
(2) Py V(Pydy + Pydy) <Py, + Pyy Py A(A, +Pyq)-
(B) (1) a <pyy<a, and
(2) p23'v(p2q2 + Pyd3) S Pyy + Pyy Py Ald, +p,,).
(© () a, <p,3 $PyAd; and
(2) Py VIpydy + Pydy) <Py, +Pyg S PyA(G, +pyg)e
In each set, in the inequality (2), the max and min symbols V , A would
disappear after due simplification., From each set, the central expression
in each inequality is set equal to the quantity either on the right or on the
left. Tﬁese equations are solved for unknown values of Py and Pyq- The set
of matrices so obtained after using Theorem 7 contains the set of all extreme

points of MPQD(pl’pZ;ql’qZ’ql’c)' :

] . DL Vol S SRR S N Oyl e -~ - . - . L ..‘._A...‘- S e tw v - e .
ROy S A RN ‘...". Y 'h.'.:"( o -"~' W £ Tt e CE VL it oo
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A numerical illustration

Let P, = 0.4, Py = 0.6; q, = 0.3, q, = 0.2 and 95 = 0.5. The

inequalities (1) and (2) of Theorem 7 translate into
(1) 0.3 < Py3 < 0.5 and
(2) p23V0.42 < Pyy + Py < 0.6 A(0.2 + p23).
This set of inequalities come under Case 4(B) and is equivalent to

(1) 0.3 <_p23 < 0.4 and

(2)  0.42 < pyy + pyy 2 (0.2 +p,4),
or,

(1) 0.4 < Py3 < 0.42 and

(2) 0.42 < Pyy + Py < 0.6,

or,

(1) 0.42 < Py3 < 0.5 and

(2) Poj _<_p22 + Psj < 0.6 .

N

Graph P ﬂ
0.82




Extreme points as marked on the graph :

‘ -y o

y (1) [0.12 0.08 0.2 (iv) 0.3 0.1 o0
' 0.18  0.12 0.3 | | 0 0.1 0.5
: (11) [0.12 0.2  0.08] (v) 0.3 0  0.T]
[0.18 0 0.42 | 0 0.2 0.4]
. (iii) 0.2 0.2 0| (vi) 0.2 0 077]
: 0.1 0 0.5_| 0.1 0.2 0.3

The algebraic method explained above gives a, = 0.4 and a, = 0.42.

1 2
A Solving equations, we obtain the following matrices in addition to those listed
above.
" (vii) 0.12 0.18 0.} (viii) 0.3 0.02 0.08
2 0.18 0.02 O. 0 0.18 0.42].

These matrices are not extreme points. Non-extreme points can easily be weeded

out from the list of points provided by the algebraic method.

e s & & &

The case of 2 x n tables

Let Pys Py 3 995 Qg5 cve 5 A be positive numbers such that Py + Py, =
q; taq,+ ...+ q, = 1. If a matrix P = (pij) of order 2 x n with non-negative

entries and marginals Pi1 + p12 + ...+ pi = Py i=1,2 and plj + Pys = Qs

| ]
j=1,2,...,n, 1is positively quadrant dependent, then the following inequalities

n

hold.

Mo "o e ‘et e AT LT T T e e e e L N R E R J N . St At Y.,
l‘f:n"hi\“‘ e - '-."", Sete, -, A . . o - SRK s X ” _.\(_.‘_..‘-.._“\g’
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1 1) Prd, TPy, SPyAQ .
L]
' () PV (P ) ¥ Ppdy) SRy Py P ACAy Fry)
¥
[] .
- ) (Pono1 ¥ Pon) V (Podnp * Poln 1 * Pp9y) Py * Popy * Py <

Pyhla o+ Py 1+ Py)

. (n-1) (p23 + Pos + ... + pZn)v (p2q2 + Pyds + ... + p2qn) <

; Pog ¥ Pp3 * er ¥ Py Py ALay Fpyy by, e ¥ py)
y
These inequalities provide a basis for generating members of
] MPQD(pl’pZ;ql’qZ"'"qn)' The following theorem provides a method for finding
&
- members of MPQD(pl’pZ;ql’qZ"'”qn)'
) Theorem 8 Let Pggs Pogs =+ s Py be (n-1) numbers satisfying the
- inequalities (1), (2), ... , (n-1) above. Let plj = qj - p2j’ j=2,3,...,n
and Py; = Py - (p22 + Pyg + ...+ p2n)' Then
)

9 = Py =Py 7 Py ¥ Py e F P = Py SEYs
and the matrix P = (pij) of order 2 x n belongs to MPQD(pl’pZ;ql’qZ”"’q ).

Proof. It is similar to the one presented for Theorem 7.

Now, we set about obtaining extreme points of MPQD(pl’pZ;ql’qZ""’q )

algebraically.




We develop some sets of inequalities equivalent to the inequalities

(1), (2),...,(n-1) described above with the following properties.

(1) Each set contains (n-1) equalities

(i1i) The max and min symbols V , A disappear from each

side of each inequality in each set.

Step 1. The interval [qun’ Py Aqn] of variation for Py, 1s split into
3 sub-intervals using the inequality (2). The expression
pzn\/(pzqn_l) + qun) gives a partition of the interval [qun’ p2/\ qn]

into two sub-intervals as follows. Let

A = {py € [pya,s PoAQ ];

Pon VP24, 1 ¥ Ppd,) = Pyyl
and
A, = {py, € [pya,, P, Aa_l;

Pon V(Poin1 ¥ Pody) = Ppdng * Pydyt

Note that A1 and A2 are closed intervals with possibly a common

end point and

AU, = [Py PyAg ]
(One of the Ai's could be a null set.)
Similarly, the expression pzlx(qn_l + pZn) gives a partition {Bl,Bz}
of the interval [pzqn, pZA”HJ into two closed sub-intervals. The
partitions {Al’AZ} and {Bl’BZ} induce a finer partition {Cl,Cz,C3} of
[pzqn, p2/\qn] such that each Ci is either a closed interval or a null

set and

C1UC2UC3 = [pya,» Py A ],

For example, if Al = [al,azl, A2[82”33]’ Bl = [bl’b2]’ 82 = [bz,b3] with

a, =b

1 1 = Pyl 33 < b3 = pzh q, and a, < b2, then we can take C1 = [al,az],

CUEr ol olie st o



21

C2 = [a2’b2] and C3 = [b2,b3]. To maintain a conformable notation,

write a = ) = ah], a, = a[z], b2 = a'[z], b2 = 3[3] and b3-ai3]. Thus
we have

(P2, PoAdy] = Tagyys afyy] U[a[Z],aEZ]JU[am,am],
where a

= ! = M = ' =

(1] = P2% 2(1] T 2[21° 2[21 T 2[31 @™ 2[3) = Pyt ay-
The inequalities

(1) pa, £ Py, < Pyl and

(2) pZnV (qun—l + p2qn) < Pon-1 + Pon

| A

p2A<qn—l + p2n)
are equivalent to
1)
(1] 3[1] ipznia[l] and
2PN + Py
or
)
2} 2[2] £ P2a £ 3[p) *0
[21€2) Py V(ppd 1 + Ppdy) < Py g + Py
SR SYAS MRS Pk
or
\J
[3] a[3] S Ppp S 3[3) and
[3](2) pznv(pzqn_l + qun) s pzn_]_ + p2n

<A,y +p,)-

In each of the inequalities [1](2), [2](2) and [3](2), the symbols
V and A would disappear when Pon is confined to the limits imposed by
[1], [2] and [3] respectively. To mark this freedom from the symbols

Vv and A , let us rewrite the above inequalities as follows.
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(1] a[1] S Py < ail] and

[(112) ap1)2) £ Pany + Pon 2 2117 (2)°

or,

(21 app) = Py, £ 3fy) and

[2]1(2) 3121(2) < Pan-1 ¥ Pon 2 221(2)
or,

B1 - apg) £ ppp £ ap3) and

[31(3) ap3y(2y < Pyp1 + Pon < 3[37(2)"

Step 2. Using the inequality (3), we sub-divide each of the intervals
given by the inequalities [1]1(2), {2](2) and [3)(2) onto three sub-
intervals or inequalities. Let us concentrate on [1](2). The procedure
outlined below 1is similar to the one given in Step 1. The expression
(pZn-l + pzn)\/(pzqn_2 + Prd,_1 + qun) bifurcates the

inequality [1](2) into two inequalities. The sets

1= Pona v Pon € (350 211113
(®yn-1 ¥ Pan) V' (Pydnp * Pody g * Pydy)

= Pon-1 + p2n} and

2 = o1 * P2 & L2110y 211100 1
(p2n—l + p2n)\/(p2qn—2 + Prdh-1 + p2qn)

= Pydy.p * Py *Poapt

do give the necessary bifurcation of the inequality [1](2) with Pop

satisfying the inequality [1]. Similarly, the expression le\(qn—Z + Py gt pzn)
bifurcates the inequality [1](2) into two inequalities. These two bi-

furcations would give three inequalities equivalent to [1](2). Let these

inequalities be denoted by [11], [12], [13]. Let us write these inequalities




-~ -
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including [1] as follows.

(11 apy <Py 2apyy .

]
(111 apy37 < Pypog * Py S 2[00

or
1
(121 apy57 £ Pypy + Py S 2110)e

or

]
[13] ary3) £ Pypy * Py < 213p

' = U = :
where a[ll] a[12] and a[12] a3y By bifurcating the inequality [1]

further, necessary, ensure that ai + Pon is to

1]
1] < 2[11] @ Pap X P2p-1
be guaranteed. This procedure is applied to each of the inequalities
(2](2) and [3](2).
We can now claim that the inequalities (1), (2) and (3) are

equivalent to the following 9 sets of inequalities. (We describe these

inequalities using a suggestive notation.)

[1] 2[1] £ Pop S 21

]
[11] 3[11] £ Pop-1 * Poq 2 8[y1) 2d

/
(111(3)  (pyp_ g + P )V (Ppd, 5 + Pyd, ; *+ Pra)

2 Pyp-2 ¥ Pyp1 t Py
< PyA (qn_2 +Pop1 t p2n),

or
(1] ar _<_p2n_<_aill,
(121 app) £ Pyp g * Py S 3ppg) a0d

[121(3) (P, g * P )V (ppya _, + Ppydy 1 + Pyd)

2 Pon-2 + p2n-—1 + p2n

IA

PoA @y * Pypoy * Pop)s




or,

<

[1] 3171 £ Py < ah],

1]

L
[13] 3r13) S Pop-l ¥ Poq £ 313y and

[131G)  (pyyy * Ppp) V(Pydy_ 5 + Ppdyy + Pydy)

S Pop-2 ¥ Pop-1 T Pop
SPyAla o+ Pyt Py

or,
(21 &gy <Py, < 30y
(211 apyy) S Pypy * Py £ 3py) 20

[2113)  (Pyp_q + o) VIPRa, o + Ppd, 5 + Pra,)
S Pyn2 Pyl Y Py
< pzA(qn_z + pzn_l + pzn))

or,

(2] 3(2] £ Pop £ 2'(2)

]
(22] (2] £ Pypoy ¥ Poy £ 3[gg) @0d

[22](3)  (py 3 + Py ) V(Poay 5 + Ppd, 5 + Ppd)

< p2':1-2 + Pon-1 + Pon

L3 i\(qn_2 + Pop-1 T Py )

n
or,
2] (2] £ Pon £ 32
L
(23] 3[23] £ Pon-1 ¥ Poq £ 3[23) @M

[231(3)  (py_q + Pyp) V(P 5 + Ppap g + Ppay)

2 Pon-2 + Pon-1 + Pon

b p2 ,\(qn_z + pzn_l + pzn)'
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or,
(31 apyy ey, <y
(31] 3[31] £ Pop-1 ¥ Pop £ @7 (31) 2

[(311(3) (g g + 2y ) V(Poa, 5 + Pya,_; + Pydy)

E-pZn-Z + p2n—1 + pZn
S Py Ay ¥ Py Y Py

2 A LN Yy TEENs M AN TSI P TV SAERI S 4

or,
3] 313) £ Pyp < 2[3)
[32]  apgp) S Pypg ¥ Pyy S B3y and

[3213) (py_ + Py ) V(Pya,_, + Pya__; + Pyay)

< p2n—2 + p2n-l + p2n
S PNy + Py * Py

or,
[3] 3[3] < Py £ 3[3)
[33] a[33] S Pypop ¥ Pyp S 3p34) and

[331(3)  (py_q + Py ) V(Poa _, + Ppa_; + Poty)

S Pop-2 ¥ Popa1 Y Py
f_ pz A(qn__z + qu,n_l* Pzn) .

The following facts should be borne in mind before proceeding to

a-a

Step 3.

2

S R s L P T IR e £ LI ¢S DR PYS K

‘¥ T.ﬁ-t 4

PRt R RCR
o 8 ¢,

4921 T (231 2[31) ~ 2[32)° 2[32] T ®(33]"

Call ey

W
a“

(1) apyg < apyyys ap) S a'py) and apg) < apg,

.

» e,
A

o e

. v
i
*

e
“ A
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a,

e

-
.

Y

-




 * % LN \-“- M. L .-“.-Jlt":"vi-} Aad
W2 G AT AR ATA TS A5 VA L AR A e ot AL SR v

(111) In each of the nine inequalities [11](3), [12](3),
[131(3), (21]1(3), [22](3), [23](3), [31)(3), [32]1(3)
and [{331(3), the symbols \/,A would disappear as long
as p,, and Pon-y + Py, are confined to the limits of
the corresponding inequalities within each set.

(iv) The inequalities [1], [2] and [3] obtained in Step 1
can further be bifurcated to accomodate ({i{i). This is
helpful in conjunction with the inequalities {11], {12],
(13], [21], [22], [23], [31], (32] and {33] in each
appropriate category to get rid of the symbols V and A

in the inequality (3).

Step 3. Using the inequality (4), we split the last inequality in each
set above into three inequalities. The procedure is similar to the one

explained in Step 2.

. . . . . . .

Step (n~-2). Using the inequality (n-1), we split the last inequality
in each set into three inequalities. At the beginning of this step,
each set has (n~2) inequalities.

At the conclusion of Step (n~2), the inequalities can be arranged

-

:;?3 pyramidically as in the following diagram, assuming that at every
\~ Ay

_ stage we split each inequality into three inequalities.
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:'v‘-\.
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Each inequality at the final Step (n-2) is coupled with the in-
equality (n-1). Thus we have 3n—2 sets of inequalities with each set
containing (n-1) inequalities including the inequality (n-1). In the
last inequality (n-1), the symbols V and /\ would disappear. The
following are examples of two sets of inequalities when n=6, where at
every stage each inequality gave rise to exactly three inequalities.
Example 1.

11 ey ey 22
(121 ap15) < Pys ¥ Pog £ 3[12)

1
(1211 apy59) S Py + Pys + Pyg < 21217

\]
[1213] apy5y3) S Py3 + Py + Pys + Pog < 3[1913)

and
(5) (Pyg + Py, + Pyg + Pyg) \/(p2q2 + Pydy + Pyq, + Pydg + Pydg)
S Py ¥ Pp3 Pyt Pys T Py
<Py Nay + 3+ Py * o5 * Pog)-
Example 2.
]
(31 ap3) £ Py 2 33y

(321 ap3) < Pps * Py < 3327

L
[321]  ay3517) £ P4 * Pos ¥ Pyg 2 313011

[3212]

|A

L
313212] £ Pa3 * Poy F Pos T Prg 223212

and
(5)  (Pyg * Py *+ Py5 * Ppg) V(Pdy + Ppdy + Pya, + Pydg + Pyde)
S Py * Pyt Pyt Pys F Py

<Py Ay +Pyy + Py, * Ps t Pye)e
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Enumeration of extreme points of MPQD(pl’pZ; ql’q2""’qn)

" "o )

Let J1 denote the collection of all those matrices P = (pij) in
MPQD(pl’pZ; ql,qz,...,qn) for which equality holds either on the left
or on the right in all the inequality expressions in some set of the

n-2

3 sets described above. Let Ji’ i=2,3,...,n, denote the collection

of all matrices P = (pij) in MPQD(pl’pZ; ql,qz,q3) for which strict

Pl o B )

Y inequality holds in (i -1) inequality expressions and equality holds
either on the left or on the right in the remaining (n-1) - (i-1) = n-1i
inequality expressions in some set of the 3n-2 sets described above.

s Obviously, n
A %QD(pl,pz; q1’q29"‘qn) = H Ji'

Theorem 9. The set of all extreme points of MPQD(pl’pZ; ql’q2’°"qn)

is a subset of Jl.

Proof. It suffices to show that every matrix in MPQD(pl’pZ; ql’qZ""qn)

can be expressed as a convex combination of members of J Every member

l.
1° trivially, has the above property. Let P = (pij) be any member

e 4 a8 ow e,

of J

of J2. We express P as a convex combination of two members of Jl.

Since P ¢ J2, strict inequality holds in exactly one inequality expression

A e a ]

of some set of inequalities. For simplicity, let the strict inequality

occur in [23], i.e.,

A8 a 2 a

1]
3123] € Pan-1 ¥ Pon < 2[23]
and equality holds in the remaining (n - 2) inequality expressions either
on the left or on the right., Let Q = (qij) be the matrix in
MPQD(pl,pz; ql,qz,...,qn) for which equality holds on the left in [23]
and equality holds in the remaining (n-2) inequality expressions in

exactly the same place as that of P in the same set of inequalities.

SIS
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Let S = (sij) be the matrix in MPQD(pl’pZ; ql,qz,...,qn) for which
equality holds on the right in [23] and equality holds in the remaining
(n-2) inequality expressions in exactly the same place as that of P in
the same set of inequalities. The existence of Q and S is guaranteed
by Theorem 8. We also observe that 99,1 < Pop-1 < Son-1" There exists

0 < a < 1 such that Popol = +1-a)s Indeed, after laborious

%q9n-1 2n-1°

calculations, one can check that P = aQ + (1 -a)S.
Let P be a member of J3. We can express P as a convex combination

of two members of J2. This then would imply that P is a convex com-

bination of members of Jl. Since P € J3, strict inequality holds in 2

inequality expressions and equality holds either on the left or on the
right in each of the remaining (n- 3) inequality expressions of some
set of inequalities. For simplicity, let the strict inequality hold
in [123] and [23112], {i.e.,

\J
a1123] € Pap-2 ¥ Pop-1 t Py < 3pp23) 2d

1
31931127 < Pan-4 * Pon-3 * Pon-2 * Pono1 t Pon < 223112

Let Q = (qij) be the matrix in MPQD(pl’pZ; ql,qz,...,qn) such that q2n==p2n’

9Un-1=Pon-1’ 990-2 7 Pop-2° equality holds on left of [23112] and equality

holds in the remaining inequality expressions in exactly the same place

as that of P in the same set of inequalities. Let S = (Sij) be the matrix

in Mpop(P1sPys 9)59ps-++»qy) such that s, =D, Sy, 3 = Pyyg,

Son=2 = Pop_2? equality holds on the right of [23112] and equality holds

in all the remaining inequality expressions in exactly the same place as

that of P in the same set of inequalities. One can check that P = aQ + (1 -a)S

for some 0 < o < 1.

-,
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Proceeding this way, one can show that every member of Ji is a
convex combination of two members of Ji-l for i = 2,3,...,n.
This completes the proof.

The above theorem helps to identify the extreme points of

}4-PQD(p1’p2; ql’qz"",qn) as folloWS.

Step 1. Create 3n-2 sets of inequalities as described above.

Step 2. For each set of inequalities, set the central expression in
each inequality equal to the quantity either on the left or on the right.

Solve the resultant equations for Pons p2n—1""’p23 and Pyy*

Step 3. Using Theorem 8, build a matrix P = (pij) in MPQD(pl,pz; ql,qz,...,qn).

By Theorem 9, every extreme point of MPQD(pl’pZ; ql’qz""’qn) arises
this way. There might be a duplication of matrices on a moderate scale.
Also, many non-extreme points might arise this way. We can weed them
from Jl. If it is a hard task, we can keep them. Retaining them will not
hamper us in discussing objectively merits of various tests for contingency
tables in the next section. Once the sets of inequalities are created,
solving equations can be programmed easily.

Intuitively, MPQD(pl’pZ; ql,qz,...,qn) can be viewed as a multi-fac-

eted diamond and the solutions obtained above give the points where

edges meet.

A numerical example

let n=4, p,=0.6, p,=0.4, q,=0.3, q,=0.2, q,=0.2 and q, =0.3.
1 2 1 2 3 4

Determining inequalities

(1) Pya, = Py, < PAq,.
(2) Py, V(Pyay3 + Pyq,) < Pyy + Py, < Py Nlay +p,0.

(3) (pyy *+ Py ) V(Pya, + Pydg + Pya,) < Pyy + Py + Py, < Py (ay+pyytpy,).
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Numerically, these inequalities become
(1 0.12 <p,, < 0.3,
(2) p,,V(0.20) < pyy +p,, < 0.4 A (0.2 + Pyy) s

(3) @p3 + Py, V(0.28) < pyy + pyy + 0y, < 0.4 /1(0.2 4 pyy +p,,).

The inequality (2) induces only two inequalitdies [1] and [2)

equivalent to (1).

(1] 0.12 < p24_§ 0.2 and

[2] 0.20 < Py, < 0.3. A

The inequality (2) in conjunction with the inequalities [1] and [2] :
becomes

(1] 0.12 < p,, < 0.2 and

[1](2) 0.20 < Py3 + Py, < 0.2 + Pyye

OI‘,

(2] 0.2 < Pos < 0.3 and

[21(2) Pyy 2 Pog + Pyy < 0.4. P

T I gie vt

The inequality (3) induces two inequalities equivalent to [1](2) and also

two inequalities equivalent to [2](2). We have altogether 4 sets of

L € 8 8 1

inequalities listed below.

I Set

| A

[1] 0.12 < p,, < 0.2,

(11] o0.20

IA

Py < 0.28 and

(3) o0.28

|A

p23 + p24 < 0.4. K

I1 Set

(1] 0.12

| A

e v -

[12] 0.28 <

(3)  pyy + Py, S Pyt Pyy Py, 2 0.4,
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III Set
[2] 0.2 <p,, <0.3,
(21] »,, < Py3 + Py, < 0.28 and

(3) (p23 + pZA)V(O.ZS) <Pyt Pyy + Py < 0.4.

IV Set
[2] 0.2 2 Py, < 0.3,
[21] 0.28 < Pp3 + Poy < 0.4 and

(3)  (py3 + Py, )V (0.28) < p,y, +pyy + Py, < 0.4

In the III set, the number on the left hand side of [2] is larger than
the number on the left hand side of [21]. We, further, bifurcate [2] to
set right this anomaly. After this bifurcation, we relabel the inequalities

and obtain the following sets.,

Set 1

[1] 0.12 < p,, < 0.2,

(11] 0.20 < Py + Poy < 0.28 and
(3) 0.28 < Py + Py3 + Pyy < 0.4,
Set I1

[1] 0.12 < Py, < 0.2,

[12] 0.28 2 Py3 * Py, < 0.2 + Pyy and
(3)  py3 * Py, S Pyy ¥ Py3 F Py, 2 0.4,

Set III '

[2] 0.2 <Py 2 0.28,
[21] Pyy 2 Pa3 + Py, < 0.28 and

(3) 0.28 2 Pyy * Py3 t Py, < 0.4.
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Set IV

[2] 0.20 < p,, < 0.28,

[22] 0.28 < Py3 + Py < 0.4 and

(3) Pp3 * Py S Pyy F Pyy * Py, 2 0-4-
Set V

(3] 0.28 < py, < 0.3

[31] Pyy 2 Pog + Pos < 0.4 and

(3) Pp3 ¥ Py Py * P3Py, < 0.4,

Set the central expression in each inequality in each set to the
quantity either on the right or on the left and solve the resultant
equations for Pogs Ppgs Poyr The distinct matrices in Jl of Theorem 9

are listed below.

(1) [o0.18 0.12 0.12 0.18 (2) |0.3 0.0 0.12 0.18
0.12 0.08 0.08 0.12 \o.o 0.2 0.08 0.12
(3) ]0.18 0.2 0.04 0.18 (4) (0.3 0.08 0.04 0.18
0.2 0.0 0.6 0.12 | 0.0 0.12 0.16 0.12 |
(5) |o0.18 0.12 0.2 0.1 6) [0.3 0.0 0.2 0.1
\0.12 0.08 0.0 0.2 \o.o 0.2 0.0 0.2
(7) |o0.18 0.2 0.12 0.1 @ [0.3 0.08 0.12 0.1
0.12 0.0 0.08 0.2 0.0 0.12 0.08 0.2
(9) {0.22 0.2 0.0 0.18 (10) [0.3 0.12 0.0 0.18
0.08 0.0 0.2 0.12 io.o 0.08 0.2 0.12
(11) 0.3 0.2 0.0 0.1 (12) [ 0.18 0.12 0.2 0.1
0.0 0.0 0.2 0.2 \0.12 0.08 0.0 0.2
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! (13) 0.18 0.2 0.2 0.02 (14) 0.3 0.08 0.2 0.02

\ 0.12 0.0 0.0 0.28 0.0 0.12 0.0 0.28

" (15) 0.3 0.2 0.08 0.02 (16) 0.2 0.2 0.2 0.0}

v 0.0 0.0 0.12 0.28 0.1 0.0 0.0 0.3

.

L] .

Y an 0.3 0.1 0.2 0.0 (18) 0.3 0.2 0.1 0.0
0.0 0.1 0.0 0.3 0.0 0.0 0.1 0.3

From the above collection of matrices belonging to J,, we can weed

1
out those matrices which are not extreme points of MPQD(O.é, 0.4; 0.3,
0.2, 0.2, 0.3). (4) is not an extreme point. For, we can write

4) = %(2) + %(10). (15) is not an extreme point. For, we can write

(15) = %(11) + -(51(18). (7) is not an extreme point. For, we can write

(7) = 3(3) + 2(13). (8) is not an extreme point. For, (8) = 3(4) + 2(14).
The number of extreme points, therefore, of MPQD(O'6’ 0.4; 0.3, 0.2, 0.2, 0.3)

is 14.
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Now, it is time to discuss the general m x n case. But the
arguments involved and the notation used are so complex, it is not
really worth the effort. Instead, we offer a thorough discussion of
3x 3 case from which one can make a successful analysis of any mxn
case. The analysis of 3x 3 case is not exactly in tune with the 2xn
case. A study of 2xn and 3x 3 cases in tandem should help to map out
a successful strategy to analyze mx n case in general.

The case of 3x 3 tables

Let Pys Pys p3, ql, qys q3, be six positive numbers such that
Py + Py + P3 = q4; + 9, + qq = 1. If a matrix P = (pij) of order 3x 3

belongs to MPQD(pl’pZ’pB; ql,qz,q3), then one can check that

1) Pyd3 < P33 < p3l\ dqs

(2) pPrqa V (Py9q + Paq,) < Pyy + D
33 273 313 23 33

| A

a3 N (py + Pa3)s

| A

(3) P33V (P3qy + P3d3) < Pgyy + Pa3

|A

Py N (g, +p3q),

(4) (P23 + P32 + p33) \/ (pzqz + p2q3 + p3q2 + p3q3)

| A

Pyy ¥ Pp3 ¥ P3p * Py

A

(Py + Pyp + P33) A (a3 + Pyy + Py3)

hold. P is PQD yields (1) P33 2 Pqdys (2) Ppg t Pa3 > Pydg + P45,
(3) P3p + P33 2 Pydy + Pyay and (4) Py + Pp3 ¥ Pyp + Pyg 2 Ppdy + Py + Pydy *+ Pyl
The non-negativity of the entries of P, and the marginality conditions

on the entries of P coupled with P being PQD yield the above inequalities.
These inequalities are important in the sense that if there are four
numbers Ppgs Po3s P3ps Paj satisfying (1), (2), (3), (4) above, then we
can build a matrix P belonging to MPQﬁ(pl,pz,p3; ql,qz,q3). We make this

precise in the following theorem.
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Theorem 10 Let Pyo» Pp3s P3ps Pyg be four numbers satisfying the

inequalities (1), (2), (3), (4) above. Define

C” N e - o

P21 = P2 7 Py 7 Pa3»
P31 T P3 7 P33 7 P33»
Pyp = 93 = Py ~ P3p, and
P13 7 93 7 Pp3 7 P33~

Then

Py T P12 T P13 T 93 T Py T P3p T Ppys sSAY
and the matr?x P = (pij) € MPQD(pl’pZ’pB; 9595597) -
) Proof. The proof is analogous to the one given for Theorem 7.

Determination of the extreme points of MPQD (pl,pz,p3; ql,qz,q3)

As explained in the analysis of 2 xn tables, inequality (2) gives
rise to at most 3 inequalities equivalent to (1). Equivalent inequalities

are given below for each of the cases.
Case A PyA g3 < Pydy + P3qy and q5 - Py < 0
1) p3q3 = P33 b 93/‘ Q3 and

(2) P93 *+ P3d3 < Py3 t+ P33 2 43-

Case B py3 A\ g3 < Pydy + Pyd5 and 0 < q3 - P, < Pjdy
(1) P393 < P33 £ P3 A g4 and

' (2) P93+ P393 2 Pp3 ¥ P332 95

Case C pyAdy <pya; + Pyay and pyay < g3 - Py < Py A qy
(1) P3a5 £ P33 <95 - p, and

(2) Pyd3 * P3d3 < Ppg + P3q £ Py3 t Py
or

(2) Pya3 + P3d3 < Pyy + P33 < dy-



Py A 43 < Pyay + Pyay and p3 A gy < gy - Py

(1) P45 < P33 < Py /A9y and

(2) Pya3 * P3d3 2 Py ¥ P33 < Py * Paye

Pyd3 * Pyd3 < Py A a3 and 43 - p, < 0

(1) P3d3 < P33 £ Pydy + Pyd, and

(2) Pyd, + P3d3 £ Pog + P33 £ 435

or,

(1) pyd4 + Pyd3 < Pyy < P53 A a; and

(2)

P33 £ Pp3 * P33 £ 43:

Case F pyd5 + P3d3 < P3 A 93 and 0 < g5 - p,y < pyqy

The inequalities here are the same as those of Case E.

Case G p,d3 + Pyd3 < Py A 93 and pyq5 < 4y - P, < Py A d5:

Assume, without loss of generality, that 93 = Py < Ppd3 + P3d5-

¢H) P393 < P33 £ 4y - P, and

: 2
) (2) Ppd3 + P393 2 Py *+ P33 <y + Py

or,

(1) 93 = Py £ P33 S Pyaq + P,44 and

P93 * P3d3 2 Py3 + P3q < ay,

Pyl * P3dy < Pyg < Py A q, and

P33 £ Py3 * P33 < 45.
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Case H pydy + Pyd5 < P3N gy and py A g4

A

(1) P393 £ P33 < Pydy + P4d4 and

(2) Pyd3 * P393 £ Pp3 ¥ P33 £ Py * Pyy
or,

(1) Pya3 + P3d5 £ P33 £ Py A qq and

(2) P33 2 Py3+ P33Py + a3

Under each of the Cases A, B and D, the inequality (1) virtually
remains the same, but in the Cases C, E, F and H, tHe inequality (1)
is split into 2 inequalities. The most complicated case is Case G in
which the inequality (3) is split into 3 inequalities. This splitting
of (1) influences the inequality (2) in that the symbols \/ and /\
disappear from each side of the inequality (2).

We assume that we have Case G to contend with. Note that we have
under Case G, P4d4 < 43 = Py < Pydy + Pydy < Py A qq-

Similarly, the inequality (3) gives rise to at most 3 inequalities
equivalent to (1). We assume that here also we have the most complicated
case of 3 inequalities equivalent to (1). Assume, without loss of
generality, that

Pyd3 < P3dy + P3d3 < Py - 4y < Py A 45
Assume also that P44, < Pyd, + Pyd5 + P34, + P3q4 < P3/\ 9, and
P3d3 € 93 = Py < P3dy ¥ P3d3 < P3 = dy < Py ¥ P34

< Pydy + Pydg + Py, + Pydy < Py A 45

If some other order prevails among these seven numbers, we can analyze
this case with equal facility. We are dealing with the maximum number
of inequalities that can arise equivalent to (1) induced by the

inequalities (2) and (3) and the number P,4, + Pods + P3d, + P3d5-

..............................................................
-----------------



...................

/ To round up the discussion initiated by the inequalities (1), (2)

and (3), we conclude that the inequalities (1), (2) and (3) are

| PRI JATRIAIAAS

equivalent to the following sets of inequalities.

<

[1] p3q3§.p33iq3 = pz:
[11(2) P93 * P393 < Pp3 + P33 < Py + P33, and

[11(3) P39y ¥ P393 < P3y + P33 £ 4 + Py3,

or,
[2] q3 = Pz Y P33 hl p3q2 + P3Q3)
[2](2) P43 + P3‘I3 S Pog + Pyq h 43, and .

[2]1(3) P3q2 + P3Q3 bl P3y + P33 b q, + P33
or,
(3] P3d; + P393 < P33 2 P3 -~ 4y,

[31(2) Py45 + P34, b Pog + Paq < d3, and

AAPTARNRE,

[31(3) P33 < P32 + P33 < q2 + p33:

or, t
.
L)
(4] P3 =~ 95 £ P33 £ Pyd3 * P3dss ;
Y
[41(2) Pods + P34, bl Py3 + P33 bl 43, and
[41(3) P33 ) P32 + P33 2 P3» 5
or, 5
.
4
(5] Pyd3 + P393 £ P33 < Ppdy + Pydq + P3dy + Padys N
“~
[51(2) Pa3 b Po3 + P33 < a3 and ::
LY
[51(3) P33 < P3g + P33 < P3» :
or, ;
(6] Ppdy + Pyd3 + P3dy + Pady < Pgg < by Ay, Ny
’
[(61(2) P35 2 Py3 + P33 £ 43, and o

[6]1(3) P33 b P3g + P33 Y Py

We observe that the symbols V and /\ have disappeared from the

inequalities (2) and (3). -
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Now, we have to fit the inequality (4) into the above scheme of

! inequalities equivalent to (1), (2) and (3). The primary goal is to

get rid of the symbols A and V from (4) before appending it to each

one of the above six sets of inequalities. Neutralization of the

symbol A on the right hand side of the inequality (4) can be effected

y ' in the same way as its done in the inequalities (2) and (3) earlier.

: This may involve further splitting up the inequalities (2) and (3) in
each and every set of inequalities above. Or, A can be retained as it

. is in (4). To neutralize the symbol V on the seft hand side of the

inequality (4), we introduce a new inequality intermediate to (2), (3)

on one side and (4) on the other side. For each set of inequalities

g given above, one can determine the minimum and maximum value of

X Py3 t Pyp + P33- Let these values be af and a§ respectively., There

are several possibilities. |

Case 1 Po4, + pyd, + P34, + P3d3 < af.

In this case, there is no need to introduce an intermediate inequality.

Case 2 af < pydy + Pyd3 + P39, * P3d3 < 83

We introduce an intermediate inequality

*
al 2 Pp3 + P3y + P33 S Ppdy *+ Pyd3 + P3q; * P33

VaTa 8 4 AN

or,
Pp9y * Ppd3 * P3dp * P3dy < Py3 * P3y + Py < 33
*
Case 3 a} < pyq, + pydy + Pqq, + Pqdy:
In this case, there is no need to introduce an intermediate inequality.

A typical set of inequalities has the following appearance.

A1) 8 <py32a
(2) by 2Py + P332 b
(3 ey trie

4 d

| A

Pyp ¥ Pyp t Ppy + P33 £ dy5

.................
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or,
B (1)

(2) S P3Pyl

(3 Py tPy3 s

(4) Pp3 ¥ P3y P33 24y

(5) +

S Py * Py3 t Pyy t P33 28y

In the first lot above, b,, b,, c

1* Pa» and ¢, could be either constants or

1

linear functions of P33* The same remarks apply to b,, b ¢y and c

1> 72 2

-

in the second lot. In the first lot, d1 = Py3 + P3p * Pyq OF
Ppdy + Ppl3 * P3dy + P3d3 and d, = p, + py, + Py3 OT gy + py3 + Pag

In the second lot, d, = minimum value of Py3 + P3y + P33 subject to

1
(1), (2) and (3) or pzqz + P2q3 + p3(l2 + p3q3 and dz = p2q2 + p2q3 + P3q2 + p3q3

or the maximum value of Py3 *+ P3y + P33 subject to (1), (2) and (3).

Further, e = Py + P32 + P33 OT P9, + P,y4, + P39, + P393 and
€ = Py ¥ Pyp + P33 O 9y + Py3 + Py3-

In conclusion, we have some sets of inequalities where each set is
one of the two types A or B described above. These sets of inequalities

are jointly equivalent to (1), (2), (3) and (4).
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In order to find the extreme points of M?QD(pl,pz,p3; ql’qZ’q3)’

Let A be the collection of all

we look at the following problem.

vectors (p22, Py3s P3ps p33) satisfying

; (1) a; ﬁ_p33 < ay,
»

| (2) by £ pyy + P33 L by,
, ) ep Sy +ry3 ey

. (4) d; £ Pyy + Py, + P35 2 d, and

(5) e

| A

Pyp + Py3 *+ P3p * P33 2 &y,

where a; and a, are given fixed numbers; bl’ b2’ Cy» €, are functions

of P333 dl’ d2 are fixed numbers; and ey, &, are functions of Py3> P32

and P33- The set A is, obviously a compact convex set with a finite

number of extreme points. We now describe a method of generating

extreme points of the set A. Let Fe 5. 6.6 .8 denote the collection
127227374275

of all vectors (p22, Py3» P3gs p33) in A for which

5 equality holds in (i) on the left of (1) 1f & =1,
: equality holds in (i) on the right of (1) if §, = -1,
strictly inequality holds in (i) if 61 = 0,
for i = 1,2,3,4,5. Each 61 takes one of the values 1, -1, 0. There
: 3% = 243 pairwise disjoint sets F 62,63,64,65'3 whose union is A,

Some of these sets could be vacuous. Assume that for each 61,62,63,64,65 = +]l or -1

there exists §, such that F # §. This assumption is
4 61,62,63,64,65

satisfied in the original problem under investigation. We define the

dimension of each of these sets as follows. We associate the following

and (5).

vectors with each of the five inequalities (1), (2), (3), (&)

e S - . . ~ - -
P I S . e Lt T . . . . v T . [ P

- .. Py . - . P I TP R T S T T Y
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Inequality Vector
1) (0,0,0,1)

(2) (0,1,0,1)
(3) (0,0,1,1)
(4) (0,1,1,1)
(5) (1,1,1,1)

Let § s8,,8, and §_ be fixed. The dimension of F is

?
3°% 5 §1185164,8,,8¢

defined to be the number of 4 -(the number of linearly independent

1°%2

vectors among (1) 's above for which 6, = +1 or -1), For example, the

has dimension 0. The F1,-1,-1,1,0 has dimension 1,

is compact and convex. These

set Fy _1,1,1,-1

Each of the sets F

61,62,63,64,65
sets have the following property.
Theorem 11 Every member of any set of dimension i is a convex combina-

tion of members of some sets of lower dimension for i = 1,2,3,4.

Proof The proof in all its details is very lengthy. We merely sketch
the details. Take any set of dimension 1, F ,» say. Look at
1,1,-1,-1,0

the sets Fl,l,-l,—l,-l and Fl,l,-l,-l,l' These two sets are singleton

sets. If (Pzz,P23sP32:p33) € Fl’l’-]_,—l,o_’ (q22’q23’q32’q33)e

F1,1,-1,-1,-1 39 (8991853:835,853) € Fy y 1 ) 1> then pyg=qyy=sy,;

Pa3 ™ dp3 T Sp35 P3p ¥ d3; ™ 83p and qyy < pyy < 85, We can write
(p22,p23,p32,p33) as a convex combination of (qzz,q23,q32,q33) and
(322,323,932,333). Similarly, every member of a set of dimension 2
can be written as a convex combination of some two members of a well-
chogen set of dimension 1. The same argument can be carried out for
gsets of higher dimension.

As a consequence of the above result, we can identify the extreme

points of A.
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Corollary 12 The set of extreme points of A is contained in the union

of all sets of dimension 0.

Theorem 11 and Corollary 12 are useful in enumerating extreme
points of M?QD(pl,pz,p3;q1,q2,q3). For each set of inequalities, using
Theorems 11 and 12, enumerate the extreme points of the corresponding
set A defined as above. The totality of all these extreme points pooled
together from each set of inequalities constitutes the set of all

extreme points of MPQD(pl’pZ’p3;q1’q2’q3)'

We illustrate the above procedure with some examples.

Example 13

3 Letpl=p2=p3=q1=q2 q3=l/3

Determining inequalities are:

- (1) p3a3 2 P33 2 P3A a5

- (2) P33 V(Byay + pyag) < Pyy + Pyy S a3 A (py + Py3)s
(3) P33 V (pyd; + P3a3) < pyy * g3 < Py N lay + pg3),
(&) (py3 * p3p + P33) V (pyay + Py33 + P39y + P39;)

2 Pyy * Pzt Pyy tPy3

|A

(py + P3y + P33) N (qy + Py3 + P33

[

After substitution, these inequalities become
1 1 1
(1) §2pPy3273s

2 1
(2) P33 \/('9_) < P23 + P33 A (3 + P33) ’

|~

Wi W~

1
(3 1’33\/(%) < P3p t P33 A G+ p33)s

|A

IA

y 4
- (4)  (py3 + Pyp *+ P33) V(3) S Pyy + pp3 + Py * Py3

1 1
5+ gy *+ Pyp) /1 G+ pyy + pyy).

Ia

The inequalities (2) and (3) induce a partition of the inequality (1)

N into




o

o o

...........................................

The inequalities (1), (2) and (3) are equivalent to

(1](1) —éip” <9

[11(2) 'szi< P23 *+ P33 i%
[11(3) %i P3p * P33 2 %
and

[21(1) $<pyy <3

(2]1(2) P33 i_P23 + P33 bl
(21(3) P33 pyy * P33 <

The maximum value of Py3 + P3p + P33 when Pp3» P3ps Pg3 satisfy
5
[(11¢1), [1](2) and {1](3) is 3 The maximum value of Py3 + Psy + Pqq
A
when P239 p32s P33 satisfy [2](1), [2](2) and [2](3) 1is 3 Inequality (4)

can be appended to each one of the sets above giving rise to 3 sets of

inequalities equivalent to (1), (2), (3) and (4).

11 L<p,<3

[11(2) %< pyy+pyy <3

(113 2<pyy+pyy <5

(1108 2 <pyy+pyy +pyy < 3

[11(5) %5_ Pyy + Py3 * Py * Pyy S (% + Py, * P33) /N (-% + Pyy + P33,
or,

(2}(1) %1 Py :%

(212 2 p +py, <

21 2 p v p, <3

(2104 5 e pyy tpyy ey g

(2%, Pay * Py Pyy 2 Pao + Prg + P35 + P33
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or,

2
[3](1) 3
[31(2) < Pon + Pan <

P33 2 Py3 T P33 23
(313 py3 < pyp + P33 2
[31(4) 4. + + p,, + <(1+ + )A(+ + ).

g = P22 7 Py3 32 7 P33 2 Y3 T Pp3 ¥ P33 P3p T P33

Now, in each of the sets [1l] and [2] and in each of the inequalities
(1), (2), (3) and (5), we set the central expression either equal to
the quantity on the right or on the left and then solve the resultant
set of equations in the unknowns Py2s Pp3s Py and P33 making sure
that the inequality (4) is satisfied., Using these numbers, we build
l 11,111 .
a matrix belonging to MPQD 32 3> 35 3 3 3) Avoiding repititions, we

obtain the following matrices.

¢

1 1 1) [ 1 1 1
1. 5 9 3 2. 3 9 3
i1 1 2, 1 ‘
9 9 9 9 9
i1 1 o 2 1
L9 9 9 | \ 9 9
(1 2 ) [ 2 1)
3 3 9 0 4. 5 0 3
1 2 21
9 0 9 0 9 9
i1 1 i1 1
[ 9 9 9 ) 9 9 9 |
1 1 1) [ 2 1)
> (3 3 9 . 5 9 3
12 T 1 1
9 9 9 9 9
1 2 2 1
s % 9] o s 9
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In the third lot of inequalities, set the central expression in
each inequality either equal to the quantity on the right or on the
left and then solve the resultant equations in Pyo» Ppys P3y and P33

We obtain the following matrices after omitting repititions.

) (
17. ( %- %' 0 18, %- 0 01
%- % 0 0 %‘ 0
3 3
0 0 = 0 0 =
\ 9 ) \ ' 9 /

Note that the matrix 14 is a corver combination of the matrices

16 and 18. All these seventeen matrices with the omission of matrix 14

are the extreme points of MPQD i, ;, ; é, % ;)

It is interesting to compare the extreme points of the set

1 11 111 1 1 1.1 11
MPQD 3’ 3’ 3 3’ —’ 3) with the set M( ’ 3: 3 3, 31 '3') of all matrices

of order 3 x3 with nonnegative entries, row sums 33 %3 %-and column
1 1 1 1 1 1,11 .
sums 3, 3, 73 The set M(3, 3 33 3 I —0 has only 6 extreme points
iven b
g y F ] \ . L OW
3 0 0 0 3
1 1
0 3 0 3 0 0
1 1
\0 0 3) \0 0 3J
[ 1 ) (1 )
0 5 0 5 0 0
1 1
0 0 3 0 0 3
1 1
L3 0 0) Lo 3 0)
[ 1) 1)
0 0 3 0 0 3
1 1
0 3 0 3 0 0
1 1
L3 0 0 ) 0 3 0
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Note that the set MPQD ;, ; ; ;, %3 %) is a subset of

1 1 1,111 1 1 1.1 11
(3, 33T 3 3) and only one extreme point of M( 333 P 30

3 3’ 3’ 3’
1
is an extreme point of MPQD ;, ;, ;, 3 ;. 3)

Example 14

Let by = 40 Py = 50 Py = > 9 = F 9 = 5 and 4y = 7.
The determining inequalities are:

(1) P393 2 P33 2Py A gy

() P33 Vipydy + P3dy) < Py3 * Py3 < 43 A (P + p33)

(3) P33 V(P3ay + P393) S P3y * P33 S P3 A (qy + Pyy)

(4)  (pa3 *+ 3y + P33) V (Ppay + pyay + p3dy + P3dy)

S Pyy * Py3 F Pyy F Py3 L (Py +pgy +p33) A (ay + 3 F pa3)e

After substitution, these inequalities become

3

@ ;

1
P33

o))

9 344
(2) P33V () 20y + P33 27 AG + pyy)

(3)  pyy V (55)

IA

1 ,.1

Pyp + P33 £ A G+ py3)

(4) Py + Pan + Pan) YV E2) < Do+ pon + Doy +
Py3 T P3p 7 P33 32/ = Pyp T Py3 32 33

1 1
2 GG+ gy teg) A GGHpyy +pyy)e

The inequalities (1), (2) and (3) are equivalent to the following two

sets of inequalities.

6 7
I 55 <Py325
[11(2) 3 < + < l+
i6 < P23 T P33=27 7 P33
7 1 1
[1](3) 5—2 < p32 + P33 < 4 4




or,

[23(1)

[(21(2)

[21(3)

The maximum and minimum values of Py3 + P32 + P44 are tabulated

P33 £ P3p ¥ P33 <

below for each of the above two sets.

...........
.............

We append the

splitting the
(2L 24

32° 32°°
1), (2), 3)

(11
(11(2)
[(11(3)
(11(®)

[(11(5)

(21(1)

(21(2)

(21(3)

(2]1(®)

[(2](5)

We

6

32 L P33<
18

33 S Pyyt
7

32 Pyt
21

PRGNS a0 oAl i son JubA une sve oce am g

Sets of inequalities Expression Maximum Minimum
24 18
[1] P3 ¥ P3p T P33 3 32
24 18
(2] Pzt P3p ¥ P33 3 32

inequality (4) to each one of the above sets after

. 18 21
range of Py3 + P35 + P33 into two parts [32, 35] and

obtain four sets of inequalities equivalent to
and (4).

32 SP3353

18 16

32 £ Py3 ¥ P33 237 * Py

—7~< + <—8-

322 P33 T P33 513

18 21

32 £ Py3 TPyt P332y

21

16 4 .
32 S Pyp + Py3 t Pyy + P33 < (G5 gy Ty A (5 + pyy +pgy)s

.............




diC 8 Dol i g YR Ao i

& (31(1) L <py <l
> 32 = "33 = 32
»
v 18 16
z [31(2) 33 2 Pp3 * P33 <35 + Py
p 8
L) —
. [31G3) py3 <Py + P332 33
by 18 21
% [31C4) 33 2 Py3 ¥ Py * P332 737
‘ 21 16 4
[31(5) 335y ¥ Py3 ¥ Pyy + P33 (G7+ Pty A (G3+py3+py5)5
>
‘.-i
2 7 8
+: (411 372 P332 33
: 18 16
[4J(2) 532 Py3 *Pgp <33 ¥ Py
o 8
- 413) P33 2Py + Py 233
21 24
. [41C4) 332 Py3+ Py * P33 2353
3
X [413)  py3 + P3y * P33 2 Py * Py * Pyp * Py3
- 16 4
~ —_— —
- < Gz pyy + ey Az ey +opgy).
. In each set, for each of the inequalities (1), (2), (3) and (5),
bt
;_",. we set the central expression equal to either the quantity on the left
-.."
"'ﬁ or on the right and then solve the resultant equations in Pyo» Pp3s P3o
:j and pyq after making sure that the inequality (4) is satisfied. Using
:::- Pyo» Pogs P32’p33’ one can build P in MPQD(pl’pZ’p3; q17q2:q3) in a
natural way. These matrices are given below.
o [ 1. 1 6 ) [ 2 0 6 )
= 32 32 32 32 32
>
< 2 2z 1 1 3 12
32 32 32 32 32 32
: 1l 1 6 1 1 6
; { 32 32 32 J | 32 32 32 J
v.
¢

L « £ 8
tatat A e
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w
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w
NI"‘

(WS )
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[O%]
Nl"“

(W8]
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W
NlN

w
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(O8]
NI"‘

W
N|°‘

w
m|°‘
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W
N"'

=W
(" Nlc‘

w
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w
N|N

P
[=))

w
N

(9)
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[
(=]

w
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[ 1 1 6 ) [ 4 4 0 )
32 32 32 32 32
3 3 10 16
32 32 32 0 0 32
8 8
\ 0 0 33 J ‘ 0 0 37 J
)
2 6 |
32 0 37
2 4 10
32 32 32
8
0 0 —_—
{ 32 .

&=

These are the extreme points of MPQD(_’ %—, %; %-, —;-, 4).




f 4. On the power of tests for testing independence against positive

quadrant dependence

In this section, we apply the results of the previous sections to

study power of tests in the context of contingency tables. The

problem, basically, is the following. Let X and Y be two random -

variables and each takes finitely many numerical values., The distribu-

tions of each of X and Y are known but their joint distribution is

unknown. For simplicity, assume that X takes values 1,2,...,m with

probabilities P1sPys=e P respectively and Y takes values 1,2,...n

] = = = 4
with probabilities q;,q,,...,q Tespectively. Let Pyj P{x=1, y=3jl,

i=1,2,...,mand j = 1,2,...,n. We say that X and Y are strictly

positive quadrant dependent if X and Y are positively quadrant dependent

but X and Y are not independent. We want to test the validity of the

null hypothesis

HO: X and Y are independent
against ;

X and Y are strictly positive quadrant

dependent

based on a random sample of size N on (X,Y). Let nij = number in the

sample withx =41 and y= j, i =1,2,...,mand j = 1,2,...,n. The

data can be tabulated in the form of a contingency table.

y

Lte e e e e T e e e s e e - . . R T T S
- T, e ; - . - Te e e T N
o - »
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Let T be any test proposed for testing H. against H. for a given

0 1

level of significance, @, T is a function of the random variables

n i=1,2,...,m; j = 1,2,...n, The performance of the test T can be

ij’
judged based on its power function. More precisely, let
MPQD(pl,pz,...,pm; ql,qz,...,qn) be the collection of all matrices P of
order m X n with non-negative entries, row marginal sums PysPysccesP s
column marginal sums IR CERERET and positive quadrant dependent.

Let Py be the matrix of order m X n whose (i,j)th element is given by

piqj’ i=1,2,...,m and j = 1,2,...,n., The parameter space of the

above problem is MPQD(pl’p2""’pm; ql,qz,...,qn). The hypotheses
HO and Hl translate into as follows. Let P stand for the generic
symbol in MPQD(pl’pZ""’pm; ql,qz,...,qn) deemed as the joint

distribution of X and Y. The relevant hypotheses are:

le

The power function B(.) of T is defined by

P#Po

BT(P) = Pr {T rejects Hy / the joint distribution of

X and Y is P},

P e MPQD(pl,PZ,---:Pm; ql’qz:-n,q.n)-

Obviously, B.(P.) = a. The following results advocate the necessity

T 0 g

of enumerating the extreme points of MPQD(Pl,pz,...,pm; ql,qz,...,qn).
Theorem 4.1 Let P ¢ MPQD(pl’pZ""’pm; ql,qz,...qn) be a convex

combination of some matrices Pl’PZ""’Pk in MPQD(pl’pZ""’pm; ql,qz,...,qn),

i.e.

g
P = a, P
g 14

k
for some Gpslgpenesly > 0 with 21 a, = 1. Then

i=

k
B.(P) = ) a, By (B).




Obvious.

Proof.

The above theorem establishes the fact that B(.) is an affine

function on the compact convex set MPQD(pl’pZ""’pm; ql,qz,...,qn).

o Corollary 4.2 Let E (pl,pz,...,pm; ql,qz,...,qn) = E, say, be the set of

, all extreme points of MPQD(pl,pZ,...,pm; ql’qz""’qn)' Let E

consist of some k matrices Pl’PZ""’Pk' Then for any P in

MPQD(pl’pZ""’pm; ql’qZ""’qn)’ BP(T) is a convex combination of

BT(Pl), BT(PZ),..., BT(Pk).

The above corollary provides us a criterion by which we can

.. compare the performance of any two given tests T1 and T2 proposed to

discriminate between HO and Hl' If Pl’PZ""’Pk are the extreme

points of MPQD(pl’pZ""’pm; ql’qz""qn)’ then we compare the two

sets of numbers

{8, (), B.(P,) ,..., B, (P,) }
T, 1 T, 2 T, k

and

o s 8 a"ws" 4" dl

{8, (), B, (B)) ,.ue, B (P) ]}
T, 1 T, 2 T, k

for a showdown between T1 and T2 as to which one is more effective in

discriminating between Ho and H,.

In a paper by Bhaskara Rao, Krishnaiah and Subramanyam [6], a detailed

comparison of performance of several tests is carried out for some cases

of contingency tables.

....................
.....................................................
.........

A e lA T A



. 5. Comparison of tests

In this section, we actually embark on comparing the performance

of several tests for testing the null hypothesis Ho against the alternative

Hl specified in the previous section in the case of 2 x 2 and 2 x 3

contingency tables. First, we deal with the 2 x 2 case.

We now discuss the power function of the test based on Goodman-

Kruskal's Gamma Ratio. Let

be the joint distribution of X and Y with specified marginal distributions

P, /P, and 9,9, respectively. The Goodman-Kruskal's Gamma Ratio, v,

- is defined by (see Agresti [1])

P11P2o 7 P1oPyy
Py11Pyy * PPy

The following properties of <y are easy to check.

(1) -1 < y < 1.

(ii) X and Y are independent if and only if y = O.

E (iii) X and Y are positive quadrant dependent if and only if Y > 0.

{iv) X and Y are strictly positive quadrant dependent if and only

if vy > 0. .

From the above properties, we can assert that Yy is a measure of positive

quadrant dependence between X and Y. (For the validity of (iii), we have

used the fact that the marginal distributions are specified.) We also

observe the following. The extreme points of the convex set MPQD(pl.pz;ql,qz)
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are given by
[pya, P9, g  9,7P,
P = and P, = {5.1)
1 2
Pody Py | °© P
assuming that p2 A q, = P,- Under Pl' i.e., the joint distribution
of X and Y 1is Pl' Y =0 and under PZ' y = 1.

A natural estimator of <y is given by

" n,.n - n,.n
po. iz 121 : 5.2)

B11722 T Po%

T of against H based o : T,
est of Ho gain 1 ed on «y T

Reject Ho in favour of Bl if and only if y > a,

where a 1is chosen satisfying Pr(§ > a/ Ho) = qa, the given level
of significance. One can work out the power function of this test explicitly.
Let

BT(P) = Pr(the test T rejects H / P)
= Pr(; > a/P)

for P lé' MPQD(pl'pZ;ql'qz)' where the above probability is computed
when X and Y have the joint distribution P. As has been pointed out in

Section 4, BT(P) is connected to BT(Pl) and BT(Pz) as follows. Write

P = kPl + (l-A)P2

for some 0<2c< 1l. Then
Bp(P) = A8, TP)) ~+ LIZD)E.(P)).

Obviously, B _(P,) = a. Under P = 0 almost surely and

T 27 M2™n
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consequently Y = 1 almost surely. This implies that BT(P2) = 1. Thus

we have proved the following theorem.

Theorem 5.1 The power function ST( ) of the test T of size & is
given by

BP) = Ao s (1-h)

for P in (p,.P,79,+9,), where P = lpl + (l-l)Pz.

Ml»"QD
The above result yields the following result.

Theorem 5.2 Let T* be any test proposed for testing Ho against H .

specified in the previous section. Then

- £
MPQD(pl'pZ'ql'q2)' :

for every P in
Thus we see that in the case of 2 x 2 contingency tables, the
test based on Goodman-Kruskal's Gamma Ratio is superior to any test one

can propose for testing the hypothesis of independence against the hypothesis

of ;strict positive guadrant dependence.

Let us examine how the test based on Goodman-Kruskal's Gamma
Ratio fares against another test proposed in the case of 2 x 3 contingency

tables.

Let the joint distribution of X and Y be given by




where pl,pz and q,:9,:9; are the marginal distributions of X and Y

respectively. The Goodman~Kruskal's Gamma Ratio, y , dis defined by

- = + *
where nc pll(p22 + p23) + p12p23 and I'[d P13(P21 P22) + p12p2l

See Agresti [l, p.1soﬂ. We propose another measure of association between
X and Y as follows.

( - )2 ( - )2 ( - 2
P11P22 7 P1oPyy P11P23 7 P13Ppy P1oP23 7 P13Poy

P1P% 9, P1P2%9; P1Py9593
of
This measure of association is motivated by the definitionﬁ?pearman's rho

for 2 x 2 contingency tables. The following properties of +y and

are easy to verify.
1. -l <y < 1.
2. If X and ¥ are independent, then y = O,
If X and Y are positive quadrant dependent, then > O.
0 <« <1
S, x = 0 "if and only if X and Y are independent.

One can build tests based on the Gamma Ratic and the kappa

criterion.
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Test based on the Gamma Ratio : T

Let C = the total number of concordant pairs in the data
=7y (Ry * Rp3) * mypPyg

and D = the total number of discordant pairs in the data
= ny3ing) * Ryl Fomona.

An estimate of vy

is given by

~ _¢c-D
Y.® c+p°

~

Test based on vy is given by

Reject the null hypothesis Ho in favour of Hl if Y > a,
where a is given by Pri{y > a / Eo) = a, the given level of significance.

Let BT( ) be the power function of the test T.

Test based on the Kappa value : T*

An estimate of x based on the given data is given by

(n,..n - n..n )2 ( n - n..n )2 ( n - n..n )2
- 11722 12721 11723 12721 12723 13722

N4 N4 N4
Py Fy9 9, P1Py,9, P1Py3,9,

-~

Test based on ¢ 1is given by

Reject Ho in favour of Hl if and only if « > a,

where a is given by Pr(x > a / Ho) = @a, the given level of significance.

Let BT'( ) be the power function of the test T*.
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