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shown th there is a compact attractor in Hg x L‘ as well as in

(H? A HD) x H}. Similar results are given for the linearly damped beam

equation.
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» 1. Introduction
9

Let Y be a Banach space, A be a sectorial operator on Y and let
¢ Y® be the fractional power spaces of A, Y° = Y. Suppose f: YV2 =Y s
. locally Lipschitzian, 8 > 0 is a constant and consider the equation:
.‘
2 (1.1) u, + 28 u, + Au = f(u)
with the initial data (uu) = (e4) € X,%f YY3%Y at t = 0. If the
- solution  (u,u,) is defined for t 3 0 and T(t)(¢,¥) = (u,u,), suppose T(t):

X, » X, is a C%semigroup.

A set J C X, is said to be invariant under T(t) if T(t)J = J, for
.‘.: t 2 0. A set is maximal compact invariant if it is compact, invariant and
_: maximal with respect to these properties. An invariant set J in X, is a
compact attractor for T(t) in X, if J is maximal compact invariant and
X attracts the bounded sets of X, that is, for any bounded ser B C X,, and
any € >0, there is @ty = ti(¢,B,J) such that dist(T(BJ) < ¢ if t 3 t,
f Orbits of points in B approach J uniformly with respect to B.
j The semigrcnp T(t) is point (compact) (bounded) dissipative if there is a
) bounded set B in X,, that attracts each point (compact set) (bounded set)
.. of X, under T.
i Our objective in this paper is to give conditions under which (1.1) has a
_ compact attractor J in X, and also prove that J belongs to X, =
2 (YInYY?) x YY?2 and is a compact attractor in X, The definition of a
: compact attractor in X, is given in the same way as the one above in X,
z
’
:
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Applications are given for the linearly damped wave equation and the linearly
damped beam equation.

The following hypotheses are needed:

(H1) A = B% B! compact, +iB generates a CCsemigroup on Y and Y2

|c*iB| € k e, t 3 0, on each space and w < B.

(H2) The nonhomogeneous linear problem:

u, + 28ut + Au = g(t)

(uvut) It:O = 0

has the property that
(i) & € WMY0,T;Y) implies (u,u,) € X, and is continuous in (t,g)

(ii) g € W'(O,T;Y/?) implies (u,u,) belongs to a compact set of X,
(H3) Equation (1.1) defines a C%semigroup on X, and X,

Theorem 1.1. Suppose hypotheses (H1) - (H3) are satisfied. If T(t) is point

dissipative in X, and orbits of bounded sets in X, are bounded in X,, then

2!
there is a compact connected attractor J in X, Furthermore. J C X, and

J is a compact attractor in Xl.

It will be clear from the proof of Theorem 1.1 that Hypotheses (HI1) -

(H3) imply that any invariant set J in X, belongs to X,

-

'-.'-p‘n
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In particular, if (¢,¢) € J, then (¢,¢) € D(C), the domain of C, where

C is the generator of the group on X, defined by the linear system
{u, = v, v, = -Au - 28v}

Thus, J C the domain of the generator of T(t). So we have that T(t)|.l
is a Clfunction in t. This implies, for example, that any periodic orbit of
(1.1) must be a Cl-manifold. We do not exploit this fact here since the special
cases of (1.1) to be considered in this paper are actually gradient systems and
no periodic orbits exist.

Let Q be a bounded domain in R® with smooth boundary 80, B8 > 0
be a constant, A be the Laplacian, g € L%Q), f € C¥RR) and supposc there

is a positive constant ¢ > 0 such that

(1.2) If"(u)| € c(tui+1) for u €R
(1.3) ,13_1'5“ f(u)/u €0 .

Consider the wave equation

(1.4) U, + 2B u, - du=f(u)-g,in 0

u=20 ,on 80

As an application of Theorem 1.}, we prove

mw;z;;a;m;;.:J




-4-
Theorem 12. If X, = H3}®) x L¥Q), X, = (HA®) n HyQ) x HyQ) then -
equation (1.4) defines a CiVlsemigroup on X, j = 1,2. Also. there is a

]

compact connected attractor J in X, J C X,, and ] is a compact attractor in

* §F J 45 F < JSEEEEe N -7 s R ¥ s s/

X,.

A

For equation (1.4), Babin and Vishik [2], [3] proved that the set J s a
compact invariant set in X, Since B is bounded in X, implies c¢c2B is
compact in  X,, the assertion of Babin and Vishik is that J attracts these

special compact sets in X, The assertion in Theorem 1.2 is J attracts in

.
.
-
]
,

X, all bounded sets of X, and, also J attracts in X, all bounded sets .
of X,. Babin and Vishik show also that J C X,, by a method different
from the one below. They make no remarks about convergence of orbits to J
in X,.

If f € C{RR) and there are constants ¢ > 0, 7 > 0 such that

(£ ()| € c(u(>? + 1)

then Haraux [13], Hale [10] proved part (i) of Theorem 1.2. Part (ii) of

Theorem 1.2 seems to be completely new.

Since equation (1.4) will be shown to be a gradient system, one can say

T
.

more about the attractor J, as has been observed by Babin and Vishik [2] and
Hale [10). In fact, if E is the set of equilibrium solutions of (1.4); that is,

E is the set of (¢,0) € X, such that -

ey AR

LY

b

Ap + f(y) -g =0, in 0

g
(SN

u=20 on dn

IR

s i et
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then J = WYE), the unstable set of E; that is, WYE) = {¢,§) € X,
T(t)(,¥) can be defined for t € 0 and T(t)(¢,¥) = E, as t = - =},

If, in addition, each equilibrium point (¢,0) € E is hyperbolic, then

= U _ WY%e,0 ,
e 0
where WY(e,0) is the unstable set for (¢,0). An equilibrium point (¢,0) is

hyperbolic if Re » # 0 for every > for which the equation

bu + £ (u = (A2 + 2BMu, in 0

u=20 , on an

has a nontrivial solution. Since B > 0, this is equivalent to saying that no
eigenvalue of A + f'((p) on X, is zero.

For the case where 0 C R% Theorem 1.2 is also valid with condition
(1.2) replaced by:

There are constants ¢ > 0, T > 0 such that
! " T
(1.2) |f (u)| € of jul® + 1)

If 0 C Rl Theorem 1.2 is valid with no restrictions of the form (1.2). If
ft ¢ R, n 3 4, condition (1.2) should be replaced by: there is a constant

¢ > 0 such that

1.2)" If0u)] ¢c, for weRr,j=12
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- The proof of the theorem in these cases is essentially the same as the one for

? ncRs

2 Another application of Theorem 1.1, is the Beam equation. Let O = [0,2], -
v 2 > 0, and a,6,x € Rt = (0,), B € R

.~ We consider the equation:

-

N s g—:} + 6 g:l + a%‘} =B+« ‘[3 [—a‘g(gU) 12d¢) gj—(%

.-j-' u(0) = uy, u(0) = u,

~j with either clamped ends
(1.6) u(0,1) = u(8,1) = u (0,1) = u (4,) = 0

“ or hinged ends

- (1.7) u(0,) = u(f,t) = u (0,1) = u (8,8) = 0 .
'f Theorem 1.3.  If XS = HX0) x L), X$ = (HYQ) n HYM) x HYQ), X} =

- (HX) n HX®) x L¥Q), X} = (HYQ) n HYQ) x (H¥Q) N HYQ)), then

(i) problem (1.5), (1.6) defines a C¥'l.semigroup T(t) on X5, j=1.2,

_. there is a compuct, connected, attractor J¢ for T(t) in X§, J¢ C

X§ and J° is a compact attractor for TKt) in X .
\ (ii) problem (1.5), (1.7) defines a Cj'l'l-semigroup Th(t) on XJ'.’, =12,
::; there is a compact, connected attractor Jh for Th(t) in X';, P c

A X'l‘ and I is a compact attractor for Th(t) in X'l‘ ‘

In each case. the attractor is the union of the unstable manifolds of the

g equilibrium points, if they are all hyperbolic.
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Ball [4], [5], {6] has discussed the existence of the semigroup defined by
the beam equation in the spaces X;, X;’ and proved that every solution
approaches the set of equilibrium points. The concept of weakly invariant
sets of Dafermos [8] played an important role.

Arstein and Slemrod [1] show that, in the weak topology, each stable
equilibrium point is connected by an orbit to some other equilibrium point.
The connectedness of the attractor implies this result. Qur results in the
strong topology of X; (resp. X;‘) show that the use of the weak topology is
unnecesary.

The proof of Theorem 1.1 is based on some abstract theorems of Massatt
[20], [21], [22] on dissipative processes. These later results were inspired by
much earlier works of Billotti and LaSalle [7] and Hale, LaSalle and Slemrod
[11] in the early 1970,

The proofs of Theorems 1.2 and 1.3 will involve very few technical
estimates on the partial differential equations. The estimates that are
necessary involve energy estimates to obtain global existence in X, and to
show that orbits of bounded sets in X, are bounded in X, We must also
show that the equilibrium set E 1is bounded.

The other parts of the proofs use elementary properties of lincar

hyperbolic equations.

N e e
......

J
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2. Summary of results on dissipative processes.

Suppose T(t): X - X is a C°-semigroup on the Banach space X.

Also assume that

2.1 T(t) = S(t) + U(t)

S(t): X - X linear, C%semigroup
(2.2)
3« >0,8>0 such that |S(t)|y ¢ x e, t 30

(2.3) U(t): X = X is continuous.

The following theorems are adapted from Massatt [20, 21, 22] for the

special case (2.1) - (2.3).

Theorem 2.1. Suppose T(t): X = X satisfies (2.1) - (2.3). If
(i) U(t) is completely continuous for t 2 0.
(ii) T(t) is point dissipative
(iii) orbits of bounded sets in X are bounded.

Then there is a compact attractor J for T(t) in X, which is connected.

The next results deal with the case in which a semigroup may be
defined on two different spaces X; and X, as, for example, equations
(1.1), (1.4), (1.5).

We suppose abstractly that X,, X, are Banach spaces and
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- (2.4) i: X, = X, is a compact embedding

X, is dense in X,

o (2.6) T(t): XJ. - Xj , J=1,2 has the decomposition (2.1) and (2.2), (2.3)

are satisfied with X = Xj, j=1,2.

U(t): X, = X, is continuous and, for any 7 » 0 and any B C X,,

for which

(U(t)B, 0 ¢ t € T} is bounded in X,, the set {U(t)B,

0 ¢t £7) is bounded in X,

The map U(t): X‘i - X‘i is said to be conditionally completely continuous

if, for any bounded set B in XJ. for which (U(s)B; 0 € s € t} is

bounded, it follows that U(t)B is precompact in Xj, j=1,2.

Theorem 22. Suppose (2.4) - (2.7) are satisfied. Then

is conditionally completely continuous in

(i) U@

(ii) If T() is point dissipative in X, then T(t) is bounded

X,

dissipative in X,

(iii) If U(t):. X, = X, is conditionally completely continuous on X, then

any closed bounded invariant set in X, s a compact invariant set in

X,

is compactly embedded

Hypothesis (2.7) together with the fact that

X,

implies (i) of Theorem 2.2, Conclusions (ii) and (iii) require rather

in X2

lengthy proofs. Notice that the conclusions are very strong.

Conclusion (ii) says that orbits of bounded sets in X, are bounded in

3 X, and are uniformly attracted in X, to a fixed bounded set. Thus, if

......
.......

...................
...........................................
...................
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Uy X, = X, is completely continuous, Theorem 2.1 implies that there is a .
compact attractor in X, This result is a consequence only of the point
dissipativeness in X,

Conclusion (iii) of Theorem 2.2 1is a regularity result for 1 nded

invariant sets; namely, being in X,, is enough to imply they are in X!
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3. Proof of Theorem 1.1.

We need the following lemma which is essentially contained in Pazy [23).

Lemma 3.1. If (H1) is satisfied and

Cat
then Cg generates a CC.group e B YY?2 x Y and X, =

(YINYY?) x YY2.  Furthermore, if

|e*iB| ke t 30 in Y and Y2

then, for any € > 0, there is a constant « = x(€) such that

(3.2) e B = s + UL

I

0

C.t
where S(t) = ¢ © WeBt  w =

-8 1

[S()[ € x @B+ ¢ 5 0

U, (t) s completely continuous for t 3 0.

-------------
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Proof. If

duU

—=cU, U = (u,u),
and

uy, = v, c‘Bt, W = (vy - Bv)) e'Bt, v o= (Vy,V,)
then

& _p D ° l D, = C

T - U8Y B = ’ o~ “o

dt -B%48I 0

For the time being, let us suppose that B = 0 and consider the space
X, = Y!/2 x Y. Consider the transformation of variables from Y!? x Y to

Y x Y given by

= 'Rr-1 - S T
w; =V +iB Vg, Wy = vy iB v,

with the inverse transformation

W, +W iB(-w V)
vy =2y, -
2 2
Define
D.t e-iBty, L eiBty, (-e-Bty_ yeiBty )
-1 2
e 0 (Vvy) = 2 , iB ; —2

This is a Co-scmigroup on YV? x Y with generator D,  Furthermore,
D t
(e ° )1 exists for each t » 0 and is a C%semigroup of bounded linear

operators with infinitesimal generator -D, Therefore,

BN
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]
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w
]

Dt -D.t
V(t)=c°,t>o,V(t)=@ °]-l,tso

»
3
‘
N
- defines a CCgroup on YUY2 x Y (see Pazy [23), p.62). This notation is
D.t
cumbersome and we let e ° = V(t), for all t € R If we define
~
3 S(t) = V(t) W Bt
] then the estimate (3.3) holds.
v Since Dg - Dy YY? x Y - YV?2 x Y is compact, it follows from S.G.
. Krein [17] that Dg defines a Cy-group on YY? x Y. If we apply the
'“ variation of constants formula to the equation
:: dw
g (_i-t-— = D,w + (DB - Do)w,
then
“
: Dgt t D,(t-s) Dps
: ch0= v0+f 0 (DB-DO)chods
o
v
:: Since Dg - is compact, the later integral is compact. Using the fact that
o
, I)BW e t, one completes the proof of the Lemma for the space X,
- The proof for X,» is similar and, therefore, omitted.
N
“
. Equation (1.1) can be written as a system
N
- dw c F(w)
_—= w + F(w
_ a B
. u 0 I 0
X w=|[] Cg= , F(w) =
. v -B? - 28I f(u)
0

- - -~ - - -.. -'-'- ...........
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or, in integral form

CB (t-s)

w(t) = cCBtwo + I; e F(w(s))ds

. t CB(t-a) .
For given wg, let Uyt)w, = Ioc F(w(s))ds, suppose that B is a

bounded set in X, such that (w(s), 0 ¢ s €t, w(0) = w, € B} is bounded.

Then, for each w, € B, the function u(-,wg): [0,t] ~ Y2 is continuous and
{u(s,wg) , 0 € s € t, w0) € B} is bounded. Thus, g: [0,t] x B = Y, g(s,wg) =
f(u(s,wy)) belongs to WoI([0,tY). The function U,(t)w, is the solution of

the differential equation
d
‘—z = CBZ +
dt g(t,-)
z(0) = 0

From Hypothesis (H2)(i), it follows that the set

(Uy5)B; 0 €5 € 1)

belongs to a bounded set in X, and is therefore precompact in X, From

Lemma 3.1, this implies that

T(t) = S(t) + U().

where S(t) satisfies (3.3) and U(t) is conditionally completely continuous.

N Y

4

€T O

Ay

Y o

RN

“y

L Fa)
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) repeat the same argument as above on the space X,, then

17

! - (2.7) and conditions (i) and (ii1) of Theorem 2.1. Now Theorems 2.}. and

2.2 complete the proof of Theorem 1.1.

' -i/".'- -

s

‘o0 Ml R e R R

- . Since w < B, we can choose € > 0 so that w - B + € < 0. If we

T(t) satisfies (2.1)
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4. Proof of Theorem 1.2. (wave equation).

Equation (1.4) is a special case of (1.1) with Y = L), A = -A If

A = B the eigenvalues of A and ¢ are the normalized

n

cigenfunctions, then each ) > 0 and

¢ =L (¢9)9, ., ¢ €L?
n=1

2 _u? 1
Ag = L )\ (99)9,, ¢ € D(A) = H* n Hy
n=1

Be = I ) (¢.9)¢, ¢ € D(B) = H}

n=1

Bl =X N!'(he)e, ¥e€L’

n=1
If » € p(B), the resolvent set of B, then

(4B - D™ = T (#3-0)" (hiop)op, ¥ € L2

n=1

Using this expressions, one easily sees that B! is compact on L2? and, for

any w > 0, » < -w, we have ,(tiB - XI)‘“ILz < |x + wl’“. Thus, =iB

generate CO%semigroups on L? and, for any w > 0, |c*iBt| < e t 2 0

Analogous reasoning shows that %iB generate COsemigroups on H(‘)
with the same bound on e%*Bt

If we choose w < B, then
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generates a C%group € on X, = H} x L? and X, = (H® n H)) x H}

and there are constants x > 0, & > 0, such that
(4.1) [€%x. € ke t30, j=12.
i

Let us write (1.4) abstractly as

d -
E:—v =Cw + f¢w) - §
(4.2)
u - 0 0
w = , Fo(w) = , g =
v fe(u) g
with f%¢)(x) = f(¢(x)). The variation of constants formula for the initial
value problem for (4.2) is
(4.3) w(t) = ew, + U(t)w,
(4.4) Utw, = j';cc("') [f {(w(s)) - §)ds

To prove Theorem 1.2, we need the following lemma whose proof can be

found in O.A. Ladyzhenskaya {15]), p. 156-165.

Lemma 4.1.

(i) For any h € LY0,T;L?), there is a unique solution W(th), 0 €t s T,

in X, of the initial value problem:
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(4.5) — =Cw+h, h =

Furthermore

(ii) all of the following maps are continuous.
W : [0,T] x LY0,T;L?) ~» X, = H} x L?
W : [0,T] x WMY(O,T;L?) = X, = (H? n H}) x H}

W : [0,T] x WhYO,T;HY) ~ (H® n HY) x (H? n H))

By standard application of the Sobolev embedding theorems we can prove

Lemma 4.2.
If (1.2), (1.3) are satisfied, then
f¢: Hy =~ L? is a local C'-map
fe: H* n H} ~ H} is a local C%'-map.

Lemma 4.3.

If (1.2) is satisfied and

lim f(u)/u € 0

ful—®




-19-

then (1.4) defines a Cj’l'l-semigroup on X, and X, Also, orbits of bounded

sets in X, are bounded in Xz.

Proof. The proof is an application of energy estimates and follows Babin and
Vishik [2). Under the above assumption on f, one can show (see for example

Henry [14], p. 119) that, for any € > 0 there is a constant ¢, such that

F(u) € € u? + ¢,

u
F(u) = [ f(s)ds
0
If (1.2) is satisfied, then there is a constant ¢, > 0 such that

[Fu)| € co(|ul* + 1), for all u

For any (¢,¥) € X,, let

Vo) = [ [1/2]%e(x)|? + 1/20x)? - F(e(x)) + g(x)e(x)]dx
0

Then there is a constant ¢ > 0 such that
Vig.) 2 clle|?, + ¥, - 1)
H, L

Vied) € clleffy+ [¢]2,+ 1]
0

Babin and Vishik [2] show hat a solution w(t,-) = (u(t.-)u(t,-)) satisfics:
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"
c:
(4.6) V@u(t, ), u (t,-) - V(T ), uyT, ) = -2aj;£ uXs,x)dxds. )
A
: From the inequalities on V(¢,§), one easily obtains the global existence of
" solutions of (1.4) in X, and that orbits of bounded sets in X, are bounded
J in X, Thus, T(t): X, = X, is a Cllsemigroup. If (¢¥) € X, then the
solution remains in X, as long as it exists. But, X, C X, implies the
X solution exists for all t > 0 in X, Hence, it exists in X, for all t 2 0
and T(t): X, = X, is a C%'-semigroup.
_. Lemma 44. If  satisfies (1.2), (1.3) and U(t) in (4.4) is completely
:;'. continuous in  X,, then T(t) is point dissipative in X, and there is a compact
:;' connected attractor J in X,
Proof. For any (¢,) € X,, we know that Y*(¢,¥) is bounded in X,. Since
T(t) = €St + U(t), et satisfies (4.1) and U(t) is completely continuous,
o Y*(¢,¥) is precompact (see, for example, Hale [10]). Furthermore, if (u(t), v(t))
= T(t)(9,$) and V(u(t), v(t)) = V(u(0), v(0)), for all t € R then (4.6) implies
.‘ that v(t) = 0, for all t € R. Since v(t) = uy(t) this implies that u is an
N equilibrium point. Thus (1.4) is a gradient system (see Hale [10), Babin and )
:. Vishik [2]). Therefore, w(¢,) C E, for every (o) € X, where o) 1is
:: the w-limit set of (¢,¢). To show that T(t) is point dissipative in X, wc
. show that the set E of equilibrium points is bounded if f satisfies (1.2), )
'. (1.3). A point (¢,0) € E if and only if ¢ € Hé and ¢ is an extremc
.
+

value of the functional

a_a_sa
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. o) = [ [1/2]9¢|? - F(o)ldx;
Q

that is,

(4.7) J;[vq, vy - f(¢)d] = 0, for all ¢ € H}.

Since f satisfies (1.3), for any € > 0, there is an M > 0 such that

PR N

]u] 2 M implies f(u)/u € e. If ¢ € E, then choosing ¢ in (4.7) to be ¢,

we have
IQ|V¢|2dx = J;., f(e(x))e(x)dx

= Inlfw(x))co(x)dx + Ingw(x))cp(x)dx

where 0, = 0 N {x:|e(x)] 2 M), 4, = O N (x:lqa(x)l < M). The first integral is
bounded by cCM,Q) | o |1§ 1 and the second is  bounded by
2

a constant C(M,Q). Thus, |<p|H1 € C(M,) and the set E 1is bounded.
0

Therefore, we have proved that T(t) is point dissipative. So by
i: Theorem 2.1 we get that there is a compact attractor J in X,
. Remark 4.5. If f € CY(R) and there are constants ¢ > 0, ¥ > 0, such that
X |f'(u)| € ¢(Ju|*7 + 1) for all u, then the Sobolev embedding theorems i

imply that f% Hé = L, is compact. This implies that U(t) is completely
. continuous. Thus, the conclusions of Lemma 4.4 are valid. This coincides

N
> with the result obtained by Haraux [13], Hale {10]. The above proof is the

. same as the one in Hale [10]
\
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Lemma 4.6. If (1.2) is satisfied, then, for any T > 0, 0 € t € T, we have:
(i) UM): X, = X,, is continuous
(ii) If B and U@M)B, 0 €t € T are bounded in X,, then U(t)B,

0 €<t £T, are bounded in X,

Proof. Suppose B C X, is bounded. Then, by Lemma 4.3, {T(t)B, t 3 0} is
bounded in X,  Let T(t)(¢,¥) = (u(t,p¥), ult,e¥), (o,4) € B, and let

g(t,o,9) = f(u(t,p,¢)). Then by Lemma 4.2

g(o‘Psd)) € wl,l(o,T;Lz)

and g(-,9,¥) is uniformly bounded for (¢,) € B. Lemma 4.1 implies that
U(t)(y, ) is in X, is continuous in (t,,4) and is uniformly bounded for

0 €t €71, (p,¢) € B.

Proof of Theorem 1.2. We know that (2.4) - (2.6) are satisfied. Furthermore,
Lemma 4.6 implies that (2.7) is satisfied. Theorem 2.2(i) implies that U(t) is
completely continuous in X, Lemma 4.4 implies that there is a compact
attractor J in X,

To prove J is in X, and also an attractor in X, let’s first observe
that Theorem 2.2 part (ii) implies that T(t) is bounded dissipative in X,
We next observe that U(t) is completely continuous in X, To show this,

there is no loss in generality in supposing that f(0) = 0 since we can

replace f(u) by f(u) - f(0) and g by g - f(0) in (1.4). Then U(t) is

completely continuous in X, if and only if:
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_ 0
Ut)(ed) = I(: ettt [ f'(u(s))]ds

is completely continuous in X, Let

g(t,o,9) = fu(t,p9)) , 0 €t € T,

Since T(t) is a semigroup on X; and takes bounded sets into bounded sets,

the function

g(-.0,9) € WH(0,T;HY)

Lemma 4.1 (ii) implies that fJ(t) takes a bounded set V in X, into a
bounded set in (H® n Hl) x (H? n HY). Thus UV is precompact in X,
Now since U(t) is completely continuous in X, and T(t) is also bounded
dissipative in X, theorem 2.1 implies there is a compact attractor J in X,.

Since U(t) 1is completely continuous in X, and X, Theorem 2.2(i1)

implies the attractor J in X, belongs to X, and is a precompact

invariant set in X,. Thus, J C .T But obviously 3 CJ;, that is J = :f

Remark 4.7. Since the solution operator T(t) of (1.4) as well as DT(t)(¢,$)
are a-contractions the results of Mallet-Paret [18] and Mafie [19] imply that the

limit capacity (and thus the Hansdorf dimension) of J is finite. Similar

results have been given by Ghidaglia and Temam [9].
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Remark 4.8. Since e® is a group on X, it follows that T(t) is also a
group on J. The results in Hale and Scheurle [12] imply that the flow
restricted to the local unstable sets foc (#¥) is as smooth in t as the
function f‘, even up to analyticity. Since T(t) is a group on J and these

sets are finite dimensional, it follows that T(t)|J is as smooth in t as

fe.

Remark 49. From results of Sola-Morales [26] one can show that J coincides
with the globally defined bounded solutions of (1.3). In fact, replacing t by

-t, one has the radius of the essential spectrum of the corresponding semigroup

outside the unit circle for any t > 0.

i el D e,
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. 5. Proof of Theorem 1.3.
L]
‘l
: The beam equation (1.5) may be written as an abstract evolutionary
] .
; equation
. dw
- 5.1 — =Cw + g°¢
- (5.1) I g5(w)
+
‘ u 0 I 0
w = , C = A=—, 8w =
. v -aA -8l Ox g%(u)
N
2
2
4 . % 2 Buy2 ]a u(x)
= = k —| d
o g = gfuta) = B+ k [ (57) 985
P
: or, in integral form,
’
' _ .Gt t Clt-s) ge
t) = e¥'w, + [ s)|ds
w(t) o+ [ g (W)
&
N
N For a given w, in either of the spaces X{ or X}‘, j=1,2, let
.: t
. 52 Ut = C(t-s) ze d
. (5.2) (Owy = [ %) ge(w(s))ds

]
.

To prove Theorem 1.3, we need the following lemmas.

. Lemma 5.1. The operator C generates a linear Co-group e® on XJ? or X;’,

j=1,2, and there are constants k > 0, ¢ > 0 such that

a8 8 4 Y 3

|c°“ $ke®, t30
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The proof follows along the lines of the proof of inequality (4.1) using

the results of Ball [4, Sections 3-5], [5, Theorems 3 and 11}

Lemma 5.2,
(i) For any g € LYO,T;L Q) there is a unique solution w (t,8) (resp.

wp(tg) 0 €t €T in Xj (resp. X‘z‘) of the initial value problem

dw - . 0 ]

— C =

dt wre g [g
(5.3)

wy =0

(ii)  Furthermore, all of the following maps are continuous

o« clamped ends:

o«  wg [0T] x LNOTLY) -~ Hf x L? = X§
o, w; [0,T] x WHI(0,T;L?) - (H3 n H*) x H2 = X§
o w: [0,T] x Wh1(0,T;H?) » (H? n HP) x (H2 n H?)

B. hinged ends:

B,. wy: [0,T] x L}0,T;L? = (H} n H?) x H? = X}
B,. w.:  [0,T] x WHYO,T;L?) = (H} n HY) x (H} n HY) = X} )
Bs. wy: [0,T] x Wh (0, T;H? N HY) -~ (Hy n H®) x (Hj n H3).
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Assertion (i) follows by ([15], Theorem 3.1, 3.2 p.157-161) and ([4}],
Theorem 4.1, p.119).

Let us now prove (ii) under the condition of <c¢lamped ends. Let
"." =d/dt, "' = d/dx and let w, be the solution of the linear

nonhomogeneous equation

(5.4) W+ B W+ aw. = g(tx).

Suppose that g € LY(0,T;L?). Multiplying (5.3) by w_ we obtain

. d
2 8 = 2 "o
vg__le + 3 a0 wcle + alwclLz = (g(t,x),wc)Lz .

Integrating over t in [0,T], T € [0,T]), we obtain

T - 9 "o 8 2
J'o('chL2 + a|wc |L2)dt + 3 |wc|Lz

LIRS LA JIACTIA

Thus,

Tl w2 " og
Io Uwcle + a|w, |L2]dt + kl|wc|:‘2 £ el|g|:2 + €,

where k,, €,, ¢, depend only on T. From here, it follows that w,_ € Hg,
w, € L? and the mapping is continuous.
To prove the assertion in (ii)(a,), differentiate (5.4) in t and substitute

u = w_ to obtain

~ - e W N\ D . . T e e . LT e e e T
AT IO A *\{ ORI IR ~ ' T N
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o
' . . "o .
U+ 8u, + au, = g(t,x)

From the proof of (iif«;) (u,i) € H? x L% Thus, (w,%) € HZ x LZ

R, ARty & A

From (54), w_ € H.  Since part (ii)(«,) implies w_€ H, we have

(W,w,) € (H}nHY) x H2 The continuity of w_ is obtained as before.

A
To prove (ii)(eg), let w = w_ and first differentiate with respect to x
to obtain
:: (5.5) Wi + BWe + aw(®) = 8, -
"
If u-= w,, then

- u, + 6u, + aul® =g |

) From the proof of (iifa,), we have (u,0) € HZ x L? and so
- (Wow,) € H3 x L% that is, w € H® n HZ and w, € L? with these
:ﬁ functions being continuous in g.

. For the next step, we differentiate (5.4) with respect to x and t, let
- u = w_ and observe that u satisfies

'.l

o u, + 6u, + aul®) = g

- Thus, as before, (u,u) € H2 x L? and (w,,w_,) € H3 x L2 This implies that
. w, € H® n H. From (5.5) and the fact that w_, € L% we have w(® e L2
. From (ii)(oy), we know that w € H* n H2 Thus, w € H® n HZ This
, completes the proof of part (ii). An analogous proof can be given for (ii)(B)
N

1 and is omitted.

7

4

/
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Lemma 5.3. For the map
e ' 2 "
g(u)=(B+k|u|)u

we have the following:
(a) (clamped ends)

a,) g% HZ ~L? is a local C''-map.

a,) g% H*n H} -~ H} isa local C*'-map.
(b) (hinged ends)

g% H? N H} - L? is a local C*'-map

g% H'nN H] - H n H] is a local C®-map.

Proof. We’'ll prove the lemma for case (a). The case (b) is similar.

a,) (i) We prove first that g% HZ - L%

Since u € H3, we have

uff < ep fu' P <oy uy?

So

85w |2 = |(B + kju' "2

€ 2 B%y + 2kcleg ® 8%u) € L2

<

(ii) We now prove g% is continuous:

Let u_, u € H3 with u =u in H2 ie

n’
"un - u"H2 n-® 0
0
o oo PPN IO T o

< CS'

.........
..............
* »
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We have:

|8°(u,) - 8°(w)|

|(B + k|u‘:|2)u: - (B + k|u'|2)u"|

1Buy - u") + k(jug[2uy - [u')2u")]

N

" " ) ' " " n" '
18 Jun - w'| + k| Jug]® - Jun | pun 4 g w g

N

for some constant k,. This proves the continuity.

¢

(iii) We next prove that g% is differentiable.

g'(wyv =1imE[ (B +kjiw+ev) )+ en) - B+ kju Pu')
€0 !

. " " ' " ' "
lim Y[ Bu + €Bv + k|u |2u + k e2|v |2u
€~ ¢

2ek|u'v'|u" + k e3|v'|2 v 4 € k|u'|2v" + 2k€2|u'v'|v"

+

B u" - k|u'|2u"] =B v'+2 k|u’v’|u" + k|u'|2v"

= (B + k|u'|2) v+ 2k|u'v'|u".

(iv) Finally, we show that (gc)' is Lipschitz.

18" (v - & (upv|

= k|2|ul’v'|ur+ |ul'|2v"~ 2 Iu;v'lu:- |u;|2v"l

YRR S S O R S S AT IR N Y A T e e e e e e e T e T e
"\{\’s{u{d\{c\: \"1.‘\."‘.':\"-.‘ AR RSP BN e 3 ¥ MR W
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Nn

" ' ' won woon
KV [ug]® - Jug| |+ 2k] fug]-v7 ur - fue] [V ]u|

o)

" ' ) " "
kp v [juy - ug)? + 2 vy fuy - |u2|u2!]

" ’ ] ] n
kv [ - ug)?+ 2fuy)juy | + 2)uyug)?]

A

" ] ' ”" "
S A N L T L P L P L T

N

" ] ) 11] 1"
A T Y R A N L R |

This implies that (g€)' is Lipschitz.

a,) It’s an immediate consequence of Ball ([4], p. 136, Lemma 6.2).

Lemma 54. The equation (1.5), (1.6) (resp. (1.5, (1.7)) defines a Ci-Ylsemigroup
T(t) on Xji, X3 (resp. X?,X;‘). Also, orbits of bounded sets in X35 (resp.

in X;‘) are bounded in X3 (resp. X'z‘).

Proof. The existence of a local Cll.semigroup T(t) on X§ (resp. Xb})
follows from Lemma 5.3 and Segal [25] (see also Ball [4] p.119), where
T(t)(¢,) = w(t,9,§), the solution through (¢,). Moreover, the solution w(t) =
w(t,@,) in both cases, satisfies the energy equation:

(5.6) V(1) + 8ft |u(s)|%ds = V(0)

where

B J ]
Vwe) = 3 jum)? + F P s g e o2 < e o)

is the energy function.

SIS
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A formal calculation shows that the following inequalities are true:

(5.7) V(w(t) 3 KIw()l® - B?/2k)
4
(5.8) Vone) € K1+ L) i 4 kLt

Using (5.6), (5.7) and (5.8), one easily obtains

g? 4
WO € —+ (1 + AR g 4 LA vt

From here we deduce the global existence of solutions of (1.5) in X; (resp.
X%) and that orbits of bounded sets in X§ (resp. XI) are bounded in X§
(resp. Xb)

Hence T(t) : X§ - X§ (resp. Xb - X} is a Cllsemigroup. If
(ugu,) € X{ (resp. X'l‘), then tne solution remains in Xi (resp. X'l‘) as long
as it exists. But X§ C X§ (resp. X! C XD}) implies the solution exists for
all t 30 in X§ (resp. XB). Thus it exists in XS (resp. XP) for all
t 3 0. Therefore T(t) : X§ = X§ (resp. X! -~ XP) is a C%!-semigroup.

For a given (¢¢) € X{ (resp. x;*), j=1,2, let  T(t) e, ¥) = (u(t), v(1)

where  (u(t),v(t)) is the solution of (5.1) through (¢,¥). Also, definc

U(t)¢, ) by (5.2).

Lemma 55. If U(t) is completely continuous in X§ (resp. X3), then T(1)

is point dissipative and there is a compact connected attractor in X3 (resp.

X3
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t Proof. The proof is similar to the proof of Lemma 4.4 and is therefore

omitted.

Lemma 56. Forany T > 0,0 ¢t £ T, we have
[ (i) U@ : X§ = X§ (resp. X5 - XD
(i) if B and UMB, 0 €t €T, are bounded in X (resp. X5,

then U@)B, 0 €t € T, are bounded in X"i (resp. X}I’).

The proof 1is essentially the same as the proof of Lemma 4.6 and is
therefore omitted. The same remark applies to the remainder of the proof of
the first two parts of Theorem 1.3 on the existence of the compact attractor.

- : To show that the attractor has the form stated in part (iii) of Theorem

1.3, we need to show only that the energy function V(w(t)) defines a

Liapunov functional in the space Xj (resp. X‘z‘) (for a definition, see [10]).

j From (5.6) and, for a sufficiently smooth dense set of initial data, we obtain
-
> . 1
(5.9) V() = -8f @*dx €0
;j This implies that V(w(t)x) is nonincreasing in t for each x in Xj
(resp. X‘z‘).
From (5.7), we have V(x) = = as x = + « Also, V(x) is bounded
below. Furthermore, if V(w(t)x) = V(x) = V(w(0)x) for all t in R, then,
g by (59), we have 8ff u(tx)’dx = 0, for t € R. Thus, u(tx) = 0 for
. -
- t€ R and wu(t,x) = uw(0,x) for t € R. That is, u is an equilibrium point

2% s’

of (5.1). Hence, V is a Liapunov function for (5.1) in the space X (resp.

Xh).

e
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Remark 5.7. The equilibrium states of the beam equation have been studied
by, for example (Reiss (24], Ball [4), [5]). The set E° (resp. EP) of
equilibrium points of (1.5), (1.6) (resp. (1.5), (1.7)) consists of the points (u,0)

€ X; (resp. X;‘) such that:

(5.10) au ' =B + k|u'|2)u"

subject to the clamped (resp. hinged) boundary conditions. Any non zero

equilibrium point v; is an eigenfunction satisfying:

subject to the relevant boundary conditions, where,

)

P (B+ ),
Vil = - —

The positive sequence (xj} is strictly increasing and has no finite
accumulation point.
So, if -B ¢ ), the only equilibrium point is v = 0, while if

A\, < B¢ M4, there are 2n + 1 equilibrium points given by

Hence the set of equilibrium points for either boundary condition is finite.
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After this paper was written, the authors became aware of some related
and, in some cases, more general, results of O. Lopes and S.S. Ceron. [Existence
of forced periodic solutions of dissipative hyperbolic equations and systems.
Annali di Mat. Pura Applicata, submitted]. In this paper, Lopes and Ceron
were concerned with nonautonomous evolutionary equations which were
periodic in time. We summarize their results for the autonomous case and
relate them to those stated above. Let 0 be a bounded subset of RS3

Consider the equation

(1) u,, + h(u) - 8u = f(u) in Q
u=4¢0 , on aQ
where h(v) satisfiess h € CYR,R), h(0) = 0 and there exist positive

constants B 2 a« > 0 such that
0<a‘h'(v)$B.

Also, suppose that f € CYR,R), |f'(u)| £ c(|u|"7 + 1) for some positive
constants ¢,y and Igf, uf(u) are bounded below for u € R. Lopes and
Ceron proved that the solution operator T(t): H} x L? - H} x L? is an

a-contraction and the system is bounded dissipative. Thus, there is a compact

attractor for (1) in H) x L?* from Theorem 2.1. This improves on the result
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)
* of Haraux [13], Hale (10] by allowing a nonmlinear damping term h(u,). The
result of Lopes and Ceron does not include part (i) of Theorem 1.2 since he
assumes the stronger growth rate on f(u).
' For the beam equation and the damping term 6u, replaced by h(u)
, with h satisfying the conditions above, the results of Lopes and Ceron imply
: part (i) of Theorem 1.3,
: ¢
.Y
{
1
1
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