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e ABSTRACT

s Average mutual information is studied for nonGaussian
fﬁ% measures of two types: spherically invariant and Gaussian

R mixtures (a generalization of spherically-invariant).

@E A complete answer is obtained for finite mixtures. These
0
™ results are applicable to communication channels perturbed
,
»

by nonGaussian noise processes described by these measures.
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On average mutual information for spherically invariant
measures and some other mixtures of Gaussian measures

1. Introduection

The actual transmission capacity of a given channel is a parameter of ba-
sic importance in any communication system since it limits the rate at which
information can be transmitted reliably. There has thus been an effort which
started with Shannon (1948) to compute the capacity of transmission for dif-
forent channel and transmission models. In the case of a continuous channel,
most results have been obtained for a Gaussian noise (Ba.ker‘(m‘ls); Hitsuda
and Thara (1975); Kadota, Zakai and Ziv (1971)). Some attempts to steer away
from the Gaussian case have also been made (Gualtierotti (1980)) and these
indicate that new methods may be required. Indeed, in the Gaussian case,
most quantities of interest can be explicitely obtained, whereas these com-
putations are almost always impossible in other instances. Furthermore the
computation of mutual information requires that the joint law of the message
and the received signal be absolutely continuous with respect to the product of
the marginals and that the Radon-Nikodym derivative be computed : though
the Gaussian case is well known (Baker (1978)), this knowiedge is again un-
available for most other models.

Spherically invariant distributions, when the mean is zero, are mixtures of

Gaussian ones and through mixing a number of well known distributions can

be obtained, such as the double exponential and the Student distributions
(Keilson and Steutel, (1974)). There is also some evidence that some real life
noises can be described through spherically invariant probabilities, particu-
larly in underwater acoustics. It is thus natural to investigate the problems
of absolute continuity, of calculation of mutual information and channel ca-
pacity for spherically invariant noises and mixtures of Gaussian probabilities.
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This is the subject of the present paper. Spherically invariant distributions
are abbreviated as “SIM’s * and Gaussian mixtures as “GMM’s *. We start
by studying admissible transiates of SIM’s and GMM’s for two reasons : the
first is to assess the difference betwen the two cases and the second is that the
computation of channel capacity can in certain cases be achieved by a reduc-
tion to a family of translates (Baker (1979)). The conclusion is that admissible
translates for GMM’s are harder to come by than for SIM’s : the mean of the
Gaussian measure being mixed must belong to the range of the square root of
its covariance operator. We then consider the equivalence problem for certain
Gaussian measures when one of these is a product of marginals : they arise
when one studies the equivalence problem for joint SIM’s and GMM’s with
respect to the product of their marginals. It turns out that joint measures and
products of marginals are most often orthogonal, so that one is lead to be-
lieve that joint SIM’s and GMM’s must be orthogonal to the product of their
marginals. This is indeed the case when the mixing function is smooth. So one
is left with the problem of finding an “explanation * for this orthogonality. By
restricting attention to a finite mixture, one can find a formula for the aver
age mutual information : it is given by the average mutual information of the
Gaussian measure being mixed to which the entropy of the mixing function is
added. The latter can be made as large as one wishes by having the discrete
mixing distribution approach a continuous one. The framework within which
the problem is addressed may be found in Baker (1978).
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R 3. Notation, definitions and useful results

nel 2.1,

Wh

{!g Hy and Hg are real and separable Hilbert spaces with respective inner
' products < A}, A} >) and < A3, 43 >3. B is Hy x H3 and has elements

Vel k = (41, 43). The inner product

<hy,Ry> = <hl,hi>; + <hd ni>g

b
:;é makes H into a real and separable Hilbert space. The Borel sets of H, Hy, Hg
RAX are connected by the equality

8(H] = 8] ® 8|Hs].

0 (Partharasarathy (1967) : p.6, Theorem 1.10.).

é ' Let py and pg be the projections of H with respective ranges Hy x {f2} and
{61} x Hy, Jy and Ja be the maps Jy(h!, 4%) = 4} and Jy(al, 43) = a3
g:.: From “first principles® one has :

i JPh! = (A1, 03), J3A2 = (8, A%),
JlJl.=£dH|s J’H”idﬂp JTJI=Pl: J;J3=P3a

y $ -
< J1J3 =0, J3Ji =0, and py +pg = idg.

o 2.2

Let P be a probability measure on 8{H]. P! = Po.ll-l and P? = PoJ;‘
are the marginals of P, defined on 8[H;] and 8[Hj3] respectively, and P®
ot stands for P! @ P3,
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§ 2.3.

;,:: Let K be a real and separable Hilbert space. A Gaussian probability measure
;;:" Q, defined on B(K], is denoted Q ~ Nx (mq, Rg).

a For P~ Ng(#p, Rp) write:

-f' 1 . ®

> Rp=Jy RpJ}, Rp =J3RpJ3, R =p Rpp1 +p3Rpp3.

’J‘o,

" Then (Baker (1978) p.280 : Proposition 2) :

3

é? P~ NH; (m;” R;’)! Po-“' NH(’“P: Rg)s

: and 2{(Rp)l/’} c R(‘/Rg) where R(T) denotes the range of the operator
2 T. Furthermore, p € 2{(Rp)l/ 3} implies

ﬁ (amb, Amd) € z(,/ng), @20, 20, andllp€ z(,/ug)

1.‘

1

§ if and only if mb € R({(Rb)Y/3}) and m € R({(R})!/3}). Indeed,

ki < (Bmb, 1md), k> < (B+7)* (< mb, Al >] + <mb, 4? >3}

b

W

i and <sip,h >3<0-< Rph,k > (Baker (1970) : p.5, Corollary 2,¢)). So,
;" choosing for A the element Ji Al for example, one has

29

b <mb, Al >3< Cc- <RbAY, AY >, .

";33 Pinally, < RSA, & > = < RLA!, Al >; + < REA3, 43 >3 (Baker (1973),
"E p-280 ). Thus :

g <(Bmp, ymp), K>? s 0(8+7) < RBE, K>,

v 4
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which is enough to prove the first claim (Baker (1970) : p.5, Corollary 3,¢).

The second is proved similarly. For example,

<ip, h>2 <2(<mb, A >} + <md, 42 >}}

< 2maz{C}, C3}(< R}:hl, A! >1+< R;h’, A3 >3).

2.4. Gausssan misture measurcs (GMM’s)

Let @ ~ N (mg, Rg) and Tx ok = ak,k € K, a 2 0.Set Qo = QoTx ),
and ¢g(a, B) = Qa(B), B € B[K], a 2 0. Then, through the explicit form of
a Gaussian measure (Parthasarathy (1967) : p.179, Theorem 4.9) and Fubini’s
theorem, one has that |

Qa ~ Ng(amgq, o* Rg) and gq is a transition function on IRy x B[K].
Let F be a probability on B[[R;]. A GMM is a probability of the form :

Qr(B) = jo ~ 4q(a, B)F(da), B € B(K]

2.5. Spherseally snvariant measures (SIM's)

Q and Tk , are as in 2.4. Furthermore Qa ~ Ng(mgq, a’Rq) and
dq(a,B) = Qa(B), B € B[K], a 2 0. jg is again a transition function
and a SIM is a probability of the form :

Qr(B) = j:, * 4o, BYF(da), B € BIK].

2.0. Second order properties of GMM’s and SIM s

Let A be a random variable with law F. One may check that, provided EA3
exists,

i) Qp bas mean EA-mg and covariance EA%. Rg +VA-mqg @mq,

ii) Qp has mean mq and covariance EA? ‘Rq.
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Purthermore, R{(Rg)'/3} € R{(Rq,)"/3} , with equality if and only if
mq € R{(Rq)l/ 2}. This may be seen as follows. The square root of mQ®mq
is {mq/\/Imglix}®{mq/\/Mmgllix} , so that R{(Rq, )'/?} is the linear
manifold generated by R{(Rq)'/3} and mg (Baker (1970) : p.6, Corollary 2;
Sytaya (1969) : p.507, Lemma 2) .

2.7. GMM’s and SIM’s on product spaces
Let P ~ Ng(#p, Rp) and F be a probability on B{[R] . Pp and Pp
are defined as in 2.4 and 2.5 respectively. Using again the explicit form of the

characteristic function of a Gaussian measure (Parthasarathy (1967) : p.179,
Theorem 4.9), one has that :

i) (Po TI-I,la)‘ =Po Tl;;l,a’ the result begin written Pf;,
i) Pleoprd=p9, T,;:,, the result begin written P9 .

The following notation shall be used :
Pi=Pyot !, P =Plob]

P2, =Plor}, P2, =P 0P},

3
R2 ;= a’py Rpp1 +6%paRpps.

Then one has also :

h) P2, ~ Ng((am}p, Amp), R 5),
i) P2, ~ Ng(#p, RS ),
» Ph) = [ Fi(B)Pa), B; € IR
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e ) Poe)= [ b iP5 < Bl

0 rR@= [ [ rosr e piia, dp) 5 e b,
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i) P2(B) = j; “/;) °° P2 ;(B)F ® F(da, df), B € B{H].

t 4
P

2.8. Translates of GMM’s and SIM’s

TEY Y
> 2

LS

Let Q ~ Nx(mq, Rg) and Sk gk = k+a, k € K, a € K. Then one writes
8 for (QoTE’L) os;,,‘a = (QoSI}’la) oTE"a. One has :

FEVONNY;
1 i d
Z. e g

LAy

G3(8) = (@p o 5B = [ QL(BIP(da), B € K]
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3. Equivalence and singuiarity results
3.1. The case of transiates of GMM s and SIM’s
a) Let Q ~ Ng(mg, Rg) and Rg have the representation
RQ = X_; pie; ® ¢;, where Rge; = pie;, p; > 0,
the ¢;’s are orthonormal and ). p; < co. Set :

¥n(k) = (1/n) ) _{< k,&; >k /a5,

=1

¥(k) = lim sup ¥n (k).
Then,

i) if mg € R({/Rg),
Qa{k€K:9(k)=a®}=Qa{k €K :9(k) =a?} =1,
it) if mg ¢ R({/RqQ), nothing can be generally asserted about the behaviour

of Ym.
Indeed :

i) Let \; =< mq, ¢; >k /VP; and X;(k) =< k - amq, ¢; >k //p;-
Then:

¥n (k) = v (K) + ¥ (k) + ¥ (K),
¥n (k) = (1/n) Y X7 (),

=1

va (k) =2a(1/n) D X;X;,

=1

va (k) = a?(1/n) 2,\,’

$—=
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Let pn = E =1 ¢ ®¢;. Then

}:'\ ¢ = (v/Rg) ' pamg,

=1

so that

2"}\? = lI(vRQ) 'pnmqlik-

=1

Since mq € R(\/Rq), I(\/Rq )-lanK < 00, 80 that 32 lAz < oo and
limn ¢n (k) =0.
With respect to Qpn, {¥;(k) = 2;X;(k)} is a sequence of independent ran-

dom variables, each of which has mean equal to zero. Furthermore,

o0
VY; = MVX; =a®)], so that ) (VY;/i?) < 0.

=1

Thus limn ¢,z. (k) =0,Qa — a.s. (Neveu (1965): p.146, Proposition IV.6.1).

Finally, limpn ¢,l, (k) = az,Qa — a.s. by the law of large numbers.

ii) Let now X be (3,Z; be that element of /3 which has components equal to
3ero, except for the i-th, which is equal to one. riig has components m; and
g ¢ 2(\/@ means E;.;l (m?/p,) = 00. Choose for m; the value \/-p,_/-;
Then ritg ¢ R(\/Ea). However,

E,\? = f:(l/t') = logn + C + 0(1)

=1 =1

(Pisot and Zamansky (1959) : p.528), so that
limn ¥ (k) = 0. Now (VY,-/:") = az/is, which has a convergent sum, and
thus
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limn ¥3 (k) = 0,Qa ~ a.s.. So, ¥(k) = a?,Qa — a.s.. Choose now for m;
the value 8,/7. Since

-3
x\‘.: n
o > (m}/e;) = B*n, g ¢ R(/Ry).
DY =1
P Furthermore, limn ¥ (k) = a?83. Now (VY;/i3) = o383 /i3, which has still
SN
.';}3 a convergent sum, so that limp %3 (k) = 0. Consequently, (k) = a3(1 + #%).
oy
I8 Finally, if m; has the value \/p,--iB ,0< <1,
s dmile) =3¢ 20t (g +1),
e =1 =1
L |
RE so that limp ¥ (k) = co. But (VY;/i3) = a3/i3~8, which is the term of a
SE:- convergent series, so that, still, limp ¥3 (k) =0.
Wi Consequently, limn ¢¥n(k) = 0o,k € K.
o b) QF L Qp or Qf L Qp implies o ¢ R{(Rg)Y/?).
”'fr. Indeed :
vy
;’ Let B € B[K] be such that Q% (B) = Qp(B°) = 0. Define :
\, |
% C={a20:Qu(B)=0),Ca = {a 2 0: Q4(B) =0}.
L5
N -] C and Ca may be assumed to be measurable. Thus, since F(C) = F(Ca) = 1,
‘:,3-_?'_ F(CNCa) =1 and consequently C N Cy # 0. So there is some a for which
‘*.':’E Q3 1 Qa. Now, since Qo ~ Nk (amg, a’RQ) and
“’ Qs ~ Ng(a + amgq, aqu), one must have a ¢ 2(\/1?3) (Rao and
:‘::l Varadarajan (1968) : p.305, Remark; p.308, Theorem 4.1; p.312, Theorem 85.1).
§§§'§
OO
¢) ) a ¢ R(\/Rq)implies Q3 L Qp
1y
SN
R 10
iy
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i) ag¢ R(\/ﬁz) and mq € 2(\/83) imply Q% L QF

Indeed :
Let Xn(k) =< k,kn >x and Bp = {k € K : Xa(k) > ¢cn}. Then:
Qp(Ba) = f:° Qa(Bn)F(da) and, with respect to Qa,

Xn ~ Ng(a<mq,kn >K,a’ < Rg kn, kn >K)-

Thus, for @ > 0 and < Rg kn, kn > #0, Qa(Bn) = 1— ¢(sn), where ¢ is
the distribution fonction of a random variable which is distributed N(0, 1), and

n=(cn—-—a<mgq,kn >K)/““\/E"""K- Similarly, Q3(Bn) = 1— ¢(tn),

where
th =(en —a<mQ,kn > ~ < a,kn >k )/all\/Rgknllk -

So, if en can be chosen so that limn #n = co and limn tn = —~oc0, one has
Q% L QF. For SIM’s, one need only drop the « in front of < mq,kn >k.
The corresponding constants shall be denoted én and ip.

The assumption mg € R(m implies that

<mgq, kn > /l\/Rgkslix

is bounded, and o ¢ 2(\/@ implies that kn can be so chosen that
< a,kn > > dn- < Rg kn, kn >y, with dn arbitrarily large and
liknllx == 1 (Baker (1970) : p.5, Corollary 2,¢)). Thus, choosing for GMM’s,
en =< a,kn > K /3, and, for SIM’s,

on = (< a,kn >x [2)+ < mq, kn >k,

11

e A N SR L L ST RO AT
A A A AR EASAR RNV LTy
LR N R AN A O et A .Qt-.'tx{s‘f-,ﬂ



L WYV TR T WG T TP YV T T T W R W W W e
T YT RN WY W R T T FE TR T WL W T v Y Rghr okt aPA mie gth & ot 8 G b SoR SLb )

one has limn on = limn dn = 0o and limn tn = limn in = —o0.

So, one is left to consider the cases @ = 0 and < Rq kn, kn >g= 0,
some n. Suppose thus that kng = ko is such that < Rgko, ko >g=0. Let
X(h) =< k,kg >x . Since mg € R(m implies < mq, ko >gx= 0 (Baker
(1970) : p.8, Corollary 3,¢)), X is, with respect to Qa, concentrated at 0, and,
for the same reason, at < a,kg > > 0, with respect to Q3. In the case of
SIM’s the respective points are < mq, k9 >g and

<mq,ky >x + < a,ko >x . Thus

QF(X =0) = QF(X =< mQ,ko >k)=1

and
QF(X =0) = O (X =< mq, ko >x) = 0.

Now, if a = 0, Xin, with respect to Qg is concentrated at 0, and, with respect
to Qg, at < a,kn >g . Thus, since

< a,kn >x> 0,Qo(Xn > en) = 0 and Qs(Xn > ¢n) = 1. In the SIM’s
case, the values are, respectively,

< mg,kg >x and < mQ, kn > + < a,kn >k, with < mq, kn >
bounded, and the same argument applies.

Remark 1: The argument used fails in the case of GMM’s for which mq ¢
R(\/RG) . In fact, if k is such that < RQI:,I: >k=0, < a,k >x> 0,
and mq = a, let Ts be the map Taax = 0, o € IRy and S be the map
Sa=a+1, a€ I[R;.Then, Qp(B)=FoT, }(B) and

Q#(B) = FoS™1 o T;1(B). Thus Q% L Qp implies F L F o S™!. But
the distribution function of F o S~} is that of F shifted to the right by 1,
and in general, the supports of F and F 0 $~! overlap. This also shows that
Q% = Qp does not obtain either.
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f%‘ The argument used in proving singularity can be found in Pan ((1973): p.13)
_ . where it is applied to the Gaussian case. Its application to SIM’s induced on
%' IR! by real processes is to be found in Huang and Cambanis ((1979) : Part
'*:f-" 3.). The zero mean SIM case has been addressed in Sytaya ((1969) : p.508,
“ Theorem 1).

= d) If a € R{(RQ)"/?} and F has no mass at the origin, @b = Qp and
: QF =QF

For a > 0, one has Q3 = Qo and Q3 = Qo (Rao and Varadarajan (1968):
p.312; Theorem 5.1). For a = 0, Q3 is concentrated at a and Qa at 0, Q% at
a +mgq and QF at mg, so that the assumption on F is required.

¢) Q% = Qp implies ¢ € R{(Rg)'/3} and both Q% = Qp and

m € R{(Rg)'/?} imply « € R{(Rq)/?}

f) Using a) and (Skorohod (1974) : p.99, Theorem 2), one has :

i) if a and mg belong to 2{(Rq)l/ z}, then

i [4QF/dQFi(z) =

A

LL "= ”n .

s eap{lp(@)] " lim Y o7 <z - VHEImg,q >x< o6 >k

=t i=1

s _

o ~lltv/Rg) " alix /2},

‘» ii) if farthermare a belongs to R(Rg), then

¢ "" ;
'y _ _ ‘
] [4QF/dQF](z) = eap{l¥(2)] ™! < 2~ V¥(a)mq, Ry'a >k ;
> - 1{(Rg)"/?} Y ali /3}.

2

[ The formulae for SIM’s are obtained by dropping the \/¥(z) in front of mq.

ht Remark 2 The latter can be found, for the sero mean case, in Sytaya ((1969):

A:': p.509, Theorem 3).
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3.8. The csse of joint measures and messurce which are

products of merginals : the Gaussian case

The notation is that of 2.3, 2.4 and 2.5. The basic assumption is that P ~
Ng(dp, Rp).

a)fla=~4>0o0r|f-§| >0, Pgﬂ .LP,?". Connquently,P:ﬁi né
impliesa=yand A= §

Indeed :

If Q ~ Nx(mq, Rg) and |~ 8| >0, Qu L Qp, for then

Rq. = \[Rq, idx +T)\[Rq, snd T = [(a* /%) - tfidx,

. which is not Hilbert-Schmidt (Rao and Varadarajan (1968) : p.312, Theorem

5.1). So, in case |a~7| > 0 but §=§, choose B = A X Hg, with A such that
Pla) = P%(A’) = 0, and in case | ~ §| > 0 also, choose

B = (Ax H3)U(H) xC), with P(C) = P}(C°) = 0, to obtain P2 4(B) =
P,%(B‘) = 0.

b) Let a, 8 and 7 be positive and assume P L1 P® Then P, .LPg,’ and
Pa LPg,,

Indeed:

Since all the measures considered are Gaussian, if the result is false, one
must have, for example, Py = Pg,, (Rao and Varadarajan (1968) : p.308,
Theorem 4.1). The proof consists in showing that the latter implies P = P®.
Since P and P® have the same mean (2.8), one must only check that

R? = /Rp(idg + S)\/Rp,

S Hilbert-Schmidt, self-adjoint, and such that ¢(S) > ~1 (Rao and Varadara-
jan (1968) : p.312, Theorem §.1) : this condition will be referred to as the “H-S
condition® henceforth.

14
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18 Since Pa ~ Ng(ahp, o Rp) aud PJ, ~ Ng((Bmp, m}), R},) (34
g and 2.7) and since it is assumed that Po= P?,,, the H-S condition obtains :
Ak ’

R

. ) RS = a*{(Bp)'/?}(idg + T){(Rp)'/?),

!

TN

e T Hilbert-Schmidt, self-adjoint, 0(T") > —1. By 2.7 one has that

y P1 R@' 473 = 0, or, equivalently, using ¢),

e

2 1/3 1/3

o #) 1 Rpps +p1{(Rp) /2T {(Rp)/?}ps = 0.

Cr

p ::f, Similarly, using 2.3., one has that Rg - Rp = ~p1 Rpps — psRpp1, so that,
«E from it), one gets :

o

R %) RS ~Rp = p1{(Rp)/*)T{(Rp)*}pa+ral(RP) /)T ((RP) 1.
L 2.7 also yields

-

i <nRpprh, B> < <RE K K> /8,

RN ’

:\E:: so that, by i),

X < lepplﬁ, k> < TI-< Rpﬁ, £>,

:",;EE' for some appropriate I. This, in turn, implies (Douglas (1966) : p.413, Theorem
$:, .

R 1) :

o4 iv) pyRpp1 = {(Rp)/3)U{(Rp)Y/3}, U : H — H bounded, seif-adjoint
b and > 0. One has similarly :

'S0

3 v) iaRpps = {(Re)'/*}V{(Rp)'/3}, V : B — H bounded, self-adjoint
f' and > 0. The polar decomposition (Weidmann (1980) : p.197, Theorem 7.20)
o8 now yields :

3
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R vi) {(Rp)'/2}p1 = A(p1 Rpp1)"/2, A partial isometry with initial set Ly
. which is the closure of R([p1 Rpp1]'/3) and final set Ly which is the closure
"§§ of R({(Rp)Y?}py). Similarly, one has :

vii) VO{(Rp)/3} = B({(Rp)'/*)U {(Rp)!/3})1/3.

.' Hovever A®A is the projection p, . onto Ly and AA® the projection 2K,
;g onto Lg. vi) thus yields A*{(Rp)}/3}p; = (p; Rpp1)1/3, and, similarly, vii)
. yields B*VU{(Rp)"/?} = ({(Rp)"/*)U{(Rp)*/3))M/2. It follows then from
o iv) that A*{(Rp)'/3}p; = B*VU{(Rp)!/3}, which can be rewritten as

W

§ viii) 1{(Rp)'/3} = {(Rp)"/*}VTBA".

;.. Similarly, one has :

" ix) p3{(Rp)"/?} = ((Rp)'/*}V¥ DO".

,,éw So, using viii) and ix) in iii), one has, setting T = VUBA*TCD*V/V,

’ x) R = {(Rp)"/*}(idg + T + 1*){(Rp)'/?)

o3 One must finally show that o(T +T*) > —1, or, equivalently, that \/R®
g;; and {(Rp)l/ 3} have the same range. Now \/ Rg and Rg o have the same

, range, since
B 0 < min(6’,7*)RY < RY < mas(g?,7*)RB
‘3' (Douglas (1966) : p.413, Theorem 1). The H-S condition due to Py = Pg 1
1‘ insures similarly that a/Rp and qu have the same range. Since a/Rp
: and \/Rp have the same range, the H-S condition on P and P® obtains,
o X leading to a contradiction.

%; c) Let P & P® and assume that the closures of R(y/Rpp1) and R(+/Rpps)
o have infinite dimension. Then Py = PP, if and ‘only if @ = § = 7 (thus
' y otherwise Py L P?; )
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Remark 8: That the closure of R(\/Rpp)) has positive dimension means

' that the range of Rp is not contained in {¢)} x Hj : indeed, if the dimension

3 is zero, the kernel of \/-R; contains Hy x {#; }, and, since Rp and \/E have
: the same kernel, Hy X {f1} is contained in the orthogonal to the closure of
R(Rp), so that {#1} x Hg contains the closure of R(Rp). Infinite dimension

}Ei is obtained by choosing, for example, Rp to be an injection.

;. Proof of c)

i Assume thus that P = PP . The H-S condition for Py and PJ, implies
‘Z in particular that \/TIZ and \/I?g: have identical ranges, so that there exist
" positive constants, I'; and I'3, for which

i

'- ry-<Rp kK> < <R KEE> < rs-<Rp h k>

' Choosing for k, plh" one gets :

oI IRpp KIIE < BliRpn R < o’hallRpsi R 113

Since there exists at least one &' such ||Rpp1A']] > 0, one has

Oy < A < 3Ty, s that A = 0 if and only if @ = 0. The same
is true for 7. One may thus assume that o > 0.
» Let Kie be the closure of the range of the square root of 1132711‘, Lie
: be that of the range of Rg;,’Jf, Uj be the partial isometry with Kie as
initial set and Lio as final set. Similarly, K) corresponds to J1 Rp, Ji, Ly to
V/Rp, Ji and the related isometry is V;. The polar decomposition (Weidmann
(1980) : p.197, Theorem 7.20) yields :

XX LT LT,

.. =

ﬁt?;,lf =U) (/)R] I} /3, /Rp, 7} =Vi(S1Rp, I} )3,

17
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But Jﬁ?},—’f = A2 RpJ7, so that \/32, = fU(Si RpJ} )1/3, Similary,
VERP.J® = aVy (1 RpI})V/3. Since (J1 Rp, J7)}/3 and (J1RpJI})Y? bave
the same range, (Jy RpJy )l/’ = Vy'+/Rp, Ji /a, and , consequently,

VRS, = (BanVi VRe, 5.

Let Sy = (8/a)U;1Vy . Then

\/Rg.,ﬂl = S]\/Rp_ P1. Similarly, \,Rgﬂm = S3v/Rp, r3.

Thus \/qu = S)/Rp, p1 + S3/Rp, r3-
The H-S condition on Py and Po; - can thus be rewritten, letting
bz = ﬂ’/az and cz = 13/03’

Rp - 3p  Rpp; - >paRppy =

(P1VRpST +p3\/RpS3)T(S1v/Rppy + S3+/Rppa),

which yields, after pre-and post-multiplication by gy,

a—t))liv/Rporhll? = < SETSrv/Rpprh, Rpprh >
which becomes in turn, by continuity,
(1 - )R = < S{ TSR,k >, KeL,,

for /RpJ? and +/Rp_Ji have the same range and JT Hy = p1 H .

Assume now 1~ b3 3% 0. Then either (Sy T51)Y/3 & (=51 TS )1/3 hag the
same range as the identity on L; (Douglas (1966) : p.413, Theorem 1), that
is, cither (SPTS;)1/3 or (~S$T5;)!/3 has closed range. But these operators

18

Ex 0 L AC M ) . CANRM] IROAITSIING | v
PRI B ‘|‘6 1,"’,‘;"6*.’ "1t "ﬂ-",‘i‘ﬂh.' .ﬂ I e ,'i' ‘\' !Q q'_l‘gﬂ‘g,h‘a l\‘i‘@.f"ﬂlk!h‘*eils...lill.‘!’:"v?l‘afﬁ"g,i‘a,“t?.‘t!ﬁ'

¥
ey



T T T T T e e W T W T VW

T T

are compact and can only have closed range if L) has finite dimension. Thus
1-b% = 0, that is @ = 8. & = 7 is obtained similarly.

3.3. The case of joint measurcs and measures which are products

of marginals : the case of GMM’s and SIM’s with smooth mising.

Let F be continuous and without mass at the origin. Assume further that
Rp € z(ﬁﬁ). Then Pp L PR and Pp L P2 .

Proof :

By 2.3, m}, € R(\/R—},) and m} € R( R},) . Define successively,

Rbe; = X;ei, Rp f; = wif;,
%= (YRY) e, K = B (RS,
Xi(2)=<2,§; > YD =<2k >,

on (@) =(1/n) Y X3@D), (@ = (1/m)Y_Yi(@),

=1 =1

#(2) = lim sup ¢n (), $(2) = lim #p ¥ (2.
Now, with respect to Pa, X; has mean equal to

a<lp, §; >m< (\/R,l,)-lm},, & > .

Furthermore, cov (X;, X;) = ad < Rpd;,d; >= A < 65ye5 >1= “365.1"

Cansequently, as in 3.1,2), $(Z) = ¢(Z) = a3, a.s. . Similarly, with respect
to PP, $(2) = p* and $(2) = 13, as. . Let now A be the diagonal in IR3
and set B = (¢, ¥)~1(A). Then

Pp(B°) = /o°° Po(B°)F(da) =0

e N W W Y W W N WO TR T OO T Cadn ars |
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and

P2(B) = fo °°/o * P (B)F ® F(df, da) = F ® F(A).

We are thus left to show that F ® F(A) = 0. Fix an integer p and let Ap =
{(z,2) : 0 < z € p}. Let B; be the box centered at ([2¢ + 1}/2n, [2i + 1]/2n)
and equal to Ji/n, (¢ + 1)/n]x]i/n, (§ + 1)/n]. Then Ap C Ug=oB;, where
g =np—1. Then

q9
F@F(ap) < Y_(F(i +1l/n) - F(i/m)}?

=0

SF@) e (P(i+1)/n) - FG/)
Since F is continuous, it is uniformly continuous on {0, p] and, consequently,
lim n;p . g}g p{F([c' + 1}/n) - F(s/n)} = 0.

Thus F ® F(A) = F ® F(UpAp) =0.

3.4. The case of joint measures and measures which are products

of marginals : the case of GMM’s and SIM’s with finsic support.

Let 0 € a1 < ag < - < ap be the support of F with mass p; €0, 1 at
a;,1 £ ¢ < n. We write P; and }’3 for, respectively, Py; and Pg,‘, e

a) Let Py,---,Pm and @Qy,:-+,Qn be probability measures on (0, 4) such
that P; L. Q;, 1<i<m, 1< ;< n.Then there exists a set A € A such
that P;(A) = Q;(A°)=0,1<i<m,1<j<n.

Indeed :

For measures A,y and vsuchthat A\ Lv and A1l Adp+v

\ (Ash (1972) : p.67, 2.2.8 Lemma). By induction, one obtains that




and A is a set such that

n
(i‘ P)(A) = ()_q;)(Aa%) =o.
=1 =1

b) P = P® implies Pp << Pg, but never Pp = Pi.e whenever 2(\/1-3;?1)
and 2(\/1-2;”) have infinite dimension.

Indeed :

By 3.2,¢), P; 1 I-';a, 1
P;€{Py,---,Pa} and

< i,j,k € n,j # k. Choose B such that, for

PS, € {P5, i # k1< ),k <n,},P(B) = P§(B%) =0

which can be done because of 3.4,a). Then Pp(B) = 0, but

P,}?(B) = Ej;tk ?; 9k > 0. Absolute continuity follows from the assumption

P=P® and 27

¢)if P L P® and a1 > 0, Pp L PR. If a1 = 0, neither Pp L P, nor
Pp = Pg obtain.

Indeed :

If @y = 0, Py is concentrated at the mean, which is 7, and similarly for Pfl‘
So, if Pp(B) =0, B® 2 {f} and PR(B°) 2 93 > 0.

" v >0, from 3.2, b), we have that P; € (P;,---,Pa} and

P,%G{P,%,,ISL'!SM}

are orthogonal, so that the assertion follows from 3.4,a).
d) ¥ Pp L P2, PLPO
Indeed :
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Pp(B) = P?J (B®) implies P;(B) = PS(B‘) = 0 and then one applies 2.7.

e) If Pp <<P?§ and oy >0, P = P®.

Indeed :

IfP #P® P L P® (Rao and Varadarajan (1968) : p.308, Theorem 4.1).
But, by 3.4,c), we then have Pp L Pg . So, if

PPttt e

Pp(B) = P2(B°) =0, Pp(B®) =0

_ and Pp(H) = 0 which is impossible.
2 f) If oy >0, R(\/Rpp;) and R(1/Rpp3) have infinite dimensional range

and Pp << P?, there exist Borel sets B;, 1 < ¢ < n, such that
5
2]
: [4Pp/dPRV(R) = }_(1/pi){1 - Ip, (R)}dP;/dPS(F).
i=1
Indeed :
For each fixed ¢, 1 < ¢ < n, choose a Borel set B; such that
P;(B;) = P5,(Bf) =0, 1 < j,k S n, (5, k) # (i, ).
; This is possible because of 3.4,d), 3.2,c) and 3.4,a) successively. From 2.7, we
’ furthermore have
‘ P; =P%,1<i<n. Let thus
J y
. n
3 A=) (1/p)1 - Ig,(R}HdP;/dPRI(R).
s =1
4 Then, for B € B[H],
{
. n n
‘ [ 24r2 =33 nir; [ aar®.
N B i=14=1 B
; 2
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ey
A

But

[ aee® = Y a/m) [ i P APEIEIPE )

Now, P?;’.(Bi) = 0, except possibly when ¢ = § = k. Thus, for ¢+ # j,
Q _
Jp adP{: =o.
Furthermore,

f AdPE = (1/p;) / (4P; [4P}(R)PE:(dF)
B b} Br\B.? L) b
= (1/p;)P;(B 0 Bf) = (1/p;)P;(B).

Consequently,

[ a4e@ = Y- s2asrirp8) = Pr(o).

=1

Remark 4: The case of Pp and Pg is treated in the exact same way so that

in a)-f), one may replace Pp and P?i by, respectively, Pr and Pg.




*
“*3', 4. Average mmtual information
0 4.1. Caleulatson of mutual snformatson n the case of 3.4
'_) If Q is any probability measure on B[H], Q® the product of the marginals
5 of Q, one has that the average mutual information of Q is given, provided
2 Q << Q®, by the formula I(Q) = [ log{dQ/dQ®)dQ. The entropy of F is
e
u the quantity H(F) = -3, p; logp;. One has :
|}
i under the assumptions of 3.4,f), and the assumption #ip € R(\/Rp),
y
b t) I(Pp) = I(P)+ H(F)
3
%‘
b i) I(Pp) = I(P) + H(F)
L}
3
o Indeed :
B
. Let &; be the eigenvector of Rp associated with the eigenvalue p;. Let also
Y
'i: -, id - -, -,
B ¥n(R) = (1/m) 3_{< £.2 > /VAY?, $(R) = lim sup Yo (F)
' =1
and A; =y~ 1(a?), 1 < i < n. Asin 3.12)
&

P,’(A;)=l,}’,'(Aj)=0, t#7,1<4,7<n.

One may thus assume that dP,/dPS is 3ero outside of A;. Consequently,

. ” .
/H log|dPg/dPR)dPp = ) p; [H logldPp /dPE)dF;,
=1

- e

o

; = [ tosiu/polarsfariee;
_ H

b = —logp; + I(F;).

| »
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:;::v But, because of Lemma 4 in (Baker (1978) : p.76), I(P;) = I(P). Consequently
. n

58 I(Pp) =) _ pi{~logp; + I(P)} = I(P) + H(F).

" =1

E‘O .‘

WA 4.2. The case of a more general mizing functson

e
y Every measure on the Borel sets of a separable metric space can be weakly
N, .
i approximated by a measure whose support is a finite number of points (Partha-
. rasarathy (1067) : p.44, Theorem 6.3). One may thus try to use 4.1 to obtain
:'.?_ bounds for the case of a mixing F which does not have finite support.
o - - . - .
:C'j.\ )Lt B={heH:||A-3<a}and I={t:th€B},h€ B. Then Iis
{2 an open interval.
o

oo Indeed :

_,,'- Suppose t) € I, t3 € [ and t; <t < t3. Let A = (t3 —t)/(t3 — t1) and
. 1-A=(t—1t1)(¢t3—121). * Then ¢ = A¢; + (1~ A)tg and
-

= lith = @l = |lxty + (1 = Neglh = all < Mity& = @lf + (1= M)ltak - 3] < o,
'.I!‘ :

: 8o that I is an interval. Let now t € [ and A = a — ||tk — &]|. Then, for
o
*-.":
0% ¢ < BRI NI £ o) = 31| < [|¢R - | + of|A]] < o,

o so that I is open and contains points other that 1.
W
¢ : b) Suppose F converges weakly to F, that Qr, (B) = f(;” QF (B)Fn(da)
& and that Qp(B) = [° Qa(B)F(da), B € 8(K]. Then QF, converges weakly
::::‘: to Qp .
i
NN Indeed :
W
‘i::. Let

b 0o .

7 w) = [~ 1 (@h)Fda)
. 0

o
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; and o

gn(F) = f I (ck)Fn(da).
‘ 0

R Then

& Qf(B) = fK g(R)P(dR)

by and

o Qr, (B) = /K gn (R)P(dR).

" Let B be open : it is a union of open balls, so that, IB(al:), as a function

f:tn of a, is the indicator of an open set on the real line. Consequently, by weak

';;:' convergence
! 9(R) < liminf gn (R),

g‘ and thus, by Fatou’s lemma,
ey Qr(B) < liminf Qp, (B).

oy c) Let the assumptions of 4.1 hold for P and Fn, where Fy, is a sequence of
- probabilities with finite support converging to F weakly.

P Then
I(Pp) < lim ing(Fn) + I(P),

! since I is lower semi-continuous for weak convergence (Bretagnolle (1979) :
) p.36, 2.3).
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