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IST OF SYMBO

exchange coefficient

characteristic length

concentration difference, c = c(x,y,t}

time mean concentration difference, ; - ;(x,y,c)
absolute concentration difference at a field point
concentration of dissolved gases in the free stream
concentration on the permeable surface

Co - Cu

source strength distribution function, frequency of
oscillation, Hertz

Laplace transform of function f

modified Bessel’'s function of zeroth crder, second kind
J1

modified Bessel’s function of zeroth order, first kind
reduced frequency

non-dimensional cavity length, % = (t)

steady cavity length

cavity gas pressure

partial pressure of gas in the free stream
non-dimensional radial coordinate

non-dimensional number

Laplace variable

time

instantaneous velocity fluctuation in the x-direction

velocity in the X direction
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SYMBO continuation

instantaneous velocity fluctuation in the Y direction
instantaneous velocity fluctuation in the Z “irection
non-dimensional X coordinate
non-dimensional Y coordinate

non-dimensional Z coordinate

dissolved gas content ir pom

Henry's law constant

amplitude of cavity oscillation, ¢ = ¢{w,0)

phase angle between body motion and cavity motion
molecular mass diffusivitvy

turbulent eddy mass diffusivicy
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density

. R ’
cavitation number \\_,//
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INIRCDUCTION

Recent experimencs on cavity pressuie measurement [2,3] have
demcnstrated that the cavity pressure inside a cavity varies with cavity

o

in

2illarions and that the cavity pressurz fluctuacions are significant at

fay

cw irequencies. The gasecus diffusion across a -avity surface naturally
influences the cavity pressure and hence the characteristics of the
cavity (viz., size, shape and behavior) to a great extent. Whiie
previous imreztigations have addressed the steady gaseous diffusion {1,4]
across cavity surfaces, a corresponding anaiysis for unsteady diffuzicn
in an unsteady cavity f£low is, to the best of our knowledge.
non-eristent,

Unsteady gaseous diffusion into a cavity may result from two
distinct mechanisms. First, since the cavity length fluctuates, the
gaseous diffusion into the cavity fluctuates correspondingly. Second,
since the cavity gas pressure itself fluctuates, thz concentration
gradient across tnea cavity suvrface is a function of time. In this
manuscript, w2 formuiate and snlve analytically, the unsteady gaseous
diffusica across a two-dimers:onal unsteady cavity surface. The results

of this anaiisis will give a better understanding of the parametels thz~

affect the unsteadyv gaseous diffusion across a cavity surface.
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Assumptions

It is assumed in the foregoing analvsis that the fiow is
incompressible, two-dimensional, isotropic and turbulent., [Turbu.ence is
irherently three-dimensional in nature. Nonetheless, a two-4imensicnal
flow field with unit depth may be considered for diffusion analysis.]
Boussinesq’s hypothesis [4] is used in turbulence mecdelin and
G. I. Taylor’'s [5] statistical theory of turbulence is used in estimating
the mass diffusivity for the flow field. 1Ic¢ is assumed thar the
mechanism for turbulent momentum traasfer and turbulent concentration
transfer are identical, It is also assumed that the gaseous diffusion
occurs instantaneously across the cavity surface and that the
concentrarion gradient on the cavity surface fluccuates in phase with the

pressure fluccuations inside the cavity.

Theoretical Analvsis

Gasecus diffusion will occur wher there exists a dissolved-gas
concentration difference between the free stream ana the liquid on the
cavity surface. If ay denotzs the dissolved gas content in the free
stream in parts per million, by moles, then by Henry's law, the maximum

partial pressure c¢f gas in the free stream Ppg is

Prg = @8 8)

4
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where 3 is the Henry's law constant. If Pp(t) is the instantaneous
partial pressure of non-condensable gas in the cavity, then the mean

concentration differrnce c(t) expressed in moles is

e

B ) . (2)

c(t; = (al -

We assume, &3 15 customary, that the mechanism for turbulent

diffusion of gas in <he liquid and across the wall and the turbulent

3

)

momentum transfer are similcr and that gradients in mean velocity can
be neglected. Then, the turbulent diffusien is due solely to the
gradient of the mean concentration c(x.y}. Consider a turbulent flow
field having a uniform mean velocity U, in the positive X direction,

. as shewn in Figure 1. Let the instantaneous concentration at a point
(x.y) be C(x,y,t). Also, let C, be the concentration at large distances
from the origin and €, be the saturation concentration on the cavity
wall. Let 2 - C - Cy be the concentration difference. From Fick’'s law
of diffusiuvi. and conservaticn of mass (see, for example, Batchelor [6])
it follows that

(U °» T + %% - anc (3)
where V2 denotes the Cartesian Laplacian operator ard x is the molecular

diffusivity.
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Let the instantaneous velocity components be represented by
(Ug + u'), v’ and w' in the three orthogonal diresctions and let
¢ = ¢ + ¢’ where ¢ is the time mean concentration difference., The
components u’, v’ and w' are the instantaneous velocity fluctuations

and ¢’ is the instantaneous concentration difference. Then, Eq. (3)

becomes (see, for example, Goldstein [7])

de de 2. 8¢’ de’ , de , det , 8¢ I
ac * U Ix V¢ + ac " (Y, ax T st Y oa TV ay + v ay
, 8¢ ., 8¢, o2, ,
two hw ] - k9% 0 . {4)

Time-averaging the above equation, we obtain
8¢, de _ 3, 3 Ty .8, dc T .4 c T
gt " Vs ax Tax (Fax " W) 3y (x ay ~ %€ Y * gz (5 gz - WeD)

(3

where the overbar indicates time averaging. Eguation (5) shows that in

turbulent flows the eddy concentration transport terms - u‘c’, - v'c’ and

: e’ ac .
w'c’ add to the molecular concentratioa transports « ax ' " 3y and
éc :

e respectively. The eddy transport terms are large compared to

%

molecular Cransport terms (7). Ther.ore, the latter are neglected and

Equation (5) reduces to




8 31 July 1986

KR:1lhz
ac 8 _ B STy LA LTIy L LT
ac * u_ 9% o (u'c’) oy (- u’'c’) 3z (- w'c') . (6)

We now restrict our study to tro-dimensional flows. We represent

the turbulent shear stress pu’c’ and pu’c’ using Bouscsinesq’s hypothesis

as

- pu'c! = AT gﬁ R (7a)
and

- pve! - AT %5 , (7b)

where A1 is the exchange coefficient or eddy mass ~onductivity. Let v

denote the eddy mass diffusivity. Then,
v o= At/p , (8)

where p is the density of the iiquid. Substitution of Equations (7) and

(8Y in (&) yields

- U . 2. -

ldge =3 Jd¢  de

v ac T U ax 2t 2 )
ax ay

We normalize the distances along x and y directions by a

characteristic length b and the time by a reference time b/U,,

such that




X' - % )
Do X

y b ]
' - -t
ey

Then, Equation (9) may be written as

i, 0L 2%, 2
dt  dx 2R 2 2
g dy

where the quantity R is a nondimensional number given by

and the quantities x, y and t are now nondimensional.

31 July 1986
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(10a)

(10b)

(10¢)

(11)

(12)

The boundary conditions pertinent to the two-dimensional unsteady

diffusion are:

g§ -0 ; y=0 ,x<0 , x2 ()
and !
f:-co(c) . y=0 ,0<x< &)

(13a)

(13b)

where g (t) is the unsteady cavity length normaiized with respect to the

characterictic length b and is given by

(L) = lo + ¢ sin(kt + ¢)

(14)
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In Equation (14), 2, is the steady cavity length, ¢ is the amplitude
of :avitatior ~__.1llation, ¢ = ¢(k,0) and k is the reduced frequency

defined by

k- @rHb/L_ (15)

where f is the frequrncy of body oscillation in Hertz. ¢ is the phase
angle between the body motion and the cavity motion, ¢ = ¢(k). The
solution of Equation (11) subject to the prescribed boundary conditions
{13) is obtained in stages. First, a point source solutior that has
the proper radial symmetiy and behavior is obtained. Second, the pnint
source solution is used to formulate an integral equation relating the
concentration at a field point and the mass flux per unit length along
the cavity. Third, the concentration difference at the cavity surface
is used to solve the integral equation.

The fundamental solution to Equation (11) for an escillating unit

source at the origin is {see Appendix C-1]

é(x'yvc) - E:];;- Ko‘\u’\ 3{2 + }r‘)ep‘er \kc+¢'wx>
T

(16)

Let f(x,t) be the instantaneous mass flux per urit length between x = 0
and x = L(t) The the function c(x,y,t) can be expressed in terms of

f(x,t) as follows:

L, (e
: 3 o .
i
0

(17)
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If we now require that c(x,0,t) = co(t) in the interval 0 < x < i(t),

3 the source strength is determined from the integral equation
| jleesg) 7

e (x- Cik(x-£

€~ : [f f({.t)eR‘x e)}( (R(x - E))eJ (x s)dE
o 21rAT o
0
2(t) -
v 1 £60e Rk e - x)e¥EPag )
X

where the positive branch of the square root has been taken. The
fun-tion c(x,y,t) also satisfies the conditions that ¢ ~ 0 as
(x2 + yz) + « and that ésé?*gl = 0 when x < 0 and x > £(t).
In order to determine f(x,t), we shall make use of the fact that
R is a large number for the present study. Therefore, K, in
b Equation (18) can be replaced by the first term of its asymptotic

expansion,

N

‘N 4
KO\Z, e (19)

A further simplification can be obtained in the second integral in

Equation {(18) by noting that the strong negative exponential will

cause f£(£,t) to be a siowlv varying function compared to the term
-R(£-x}, . s . -

e Ko(k(f - X)), so that £(£,t) contributes to the integration
>nly near £ = x. Therefore, we replace tie second integral in

Equatiocn (18) by the approximate value,
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.8
= f(x.r)
2R /2R - 3k

With these approximations, Equation (18) may be

. . X iy el
eJ(kt+¢; ) f(;‘tyeJx(x &) i
C = {4 ds

(&) 2R ZKAT o j;'—j"g >

Equation [20) to find

2ATJEE coe-j(kt+¢)
. 1 1
St a2t .
(s + ik) (2R - jk)

F(s,t) =

1/2)
On the cavity surface, from Equation (C.1.2),

co(t) - cl(x,O)ej(kt+¢)

Equation (21) may be rearranged to read

F(s) = 24 J2R ¢) _L2R - jk Js + ik
s[J2R - jk + /s + jk;]

result

b2

a

£) = Q (2 -

where

e-axerfcb/; - bfé erfJZ;}

31 July 19%:
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written as

Y

[} /_
o, (20)
JR - ik

If the Laplace Transform of f(x,t) is denoted by F(s,t), we can transform

(22)

The inverse of this transferm gives {see Appendic C.2) for £(x) the

(23)
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Q = 2A; /2R c; JR - jk (24b)
a = jk (24b)
b~ J2R - 3k (24¢)
a = (2jk - 2R) (26d)

and erf(x) and erfc(x) denote the error function and complimentary error

function respectively. We note here the fact that the function £(x)

which represents the mass flux per upit length is independent of time.
The rate at which the mass is diffused per unit widt. along the

entire length of the permeable interval is obtained from

2(t)
an _ .
dt J f(x,t;dx (25)
0
i.e.,
(e 2 -
%ﬁ -Q f (& - ¢™erfeb/x - bla erf/ax)dx . (26)
t = [+ 4 a
0

The integral in Equaticvn (26) has been eva'uated in Appendix C.3 and

the result is

N

y) 3
B2 k., 7, ! 7. 2 b/ ere/at
%% - 2 [al + . © e erfchb/L + Rf: erf/al - ;— - b/ag erf/al

a/a

- b'\/ LI L e . (27)

2/a

TS
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Equation (27) gives the instantaneous mass flow rate across a two-
dimensional cavity. In order to utilize this equation, the variation of
cavity length as a function of frequency of oscillazicn must be
established [see, for example, Chapter 3 of Ref. (3}j. In the limit,
when the reduced frequency k is zero, it can be shown that the expressicn
for mass flow rate reduces to the steady state mass flow rate established

by Parkin (1).

Conclusions

We have developed an analytical model for the prediction of gaseous
diffusion across a two-dimensional unsteady cavity surface. This model
takes into account the change in cavity length as well as changes in
cavity pressure in predictin~ the gas diffusion across the cavicy
surface. The exprecsions for mass flux per unit length and mass
diffusion rate across the entire cavity length reduce to those obtained
by Parkin {8) when the reduced frequency k is zero. Ue reiterate here
the fact that this unsteady gaseous diffusion analysis is valid only for
barmonic variations in cavity length and cavity gas pressure.
Nonetheless, this analvsis can easily be extended to encompass a general
norharmonic motion of the cavity by Fourier representation of the cavity

length and cavity gas pressure fluctuations.
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APPENDIX C.1

Fundamental solution to Equation 71l) for an oscillating unit source

at the origin:

Equation (4.11) is

2- 2-
a_c de L. 3¢ dc

ac Tax T 2% 2l (€.1.1)
3x ay

Since (t) is periodic, we assume E{x,y.t) to be periodic and write

c(x,y, t) = cl(x,y)ej(kt+¢) , (C.1.2)

where ¢ is the phase angle betwien the motion of the body and the notion
of the cavity and j = /- 1. It 1s to be noted that onlv the real part

of the anmalysis that fecllcws is pertinent. Substituting Equation (C.1.2)

in (C.1.1), we obtain

dc
: i 2
2c13kR + 2R I Ve . (C.1.3)

|
&
To solve Eyuation (C.1.3) we replace the Laplacian on the right-hand
side by its counterpart in plane polar coordinates when variations only

in the radial directicn are permitted. Then,

2
dc d ¢
4 _ 1,142
2c1ij + 2R I ‘rz + r ar , (C.1.4)

where
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X = r cos § 1
3 !
t y-rsiné | (C.1.5)
¢ |
I 4 - L J
b tan "
.
.
h
; By letting

X .
E R s . (C.1.6)
N

Equation (C.1.4) can be written as
* dc 82c
. L _%°% 14

‘ ZCleR + 3s arz + r ar (C.1.7)

We now use separation of variables to solve Equation (C.1.7). By

substituting

cl(s.r) - S(s)X(r) ., (C.1.8)

Equation (C.1.7) may be written as

7]

: e, 1x 2
2ikR + R T O (C.1.9)

“|

2
where <y is an unknown constant. Therefore,

v 2
o+ ;“ -k, X =0

1 , (€C.1.10)

and
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st _ 2, 11
S <y 2jkR . (C.1.101)
Squation (C.1.10) may be re-written as
24% & 22 o (C.1.12)
T 2 dr Kll y .4
dr
and the solution for ni >0 is
X(r) = Allo(nlr) + AZKO(xlr) , (€.1.13)

where Ay and A, are the constants ana Xo ana Ig are the modified Bessel’'s
function of zeroth order of first and second kind respectively.

Note 1- Negative values of xi yield {uncricns Jo and Y (Bessel'’s

function of zeroth order of first and second kind respectively) which do
toot satisfy the boundary conditions.

Note 2: ni = 0 yields a logarithmic function which again does not satisfy
the boundary conditions.

For large distances from the origin, the function ¢y(s,r) should varisn

Hence, we set A} = 0 in Equation (C.1.13). Therefore,

X(r) = AX (x,1) . (C.1.14)

The solution of Equation (C.1.1l) is easily written as

2-
1

(=

2jkR)s

S(s) = Be , (C.1.1%)
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where B is an unknown constant. iHeace from E-y

(ni-ijR)s
Cl(s,r) - Ble Ko(xlr) (C.1.16)
where By = BAj is a new unknown constant. rom Equation (C.1.2),
2

1% 5 (keg-2kRs)

c(s,r,t) = Blko(nlr)e (C.1.17)

The constants B; and xj evaluated usirg the boundary conditions zre found

to be

- and x, = R

5 2nA 1

Hernce

S(x,y,2) = x2 4 y2yeR¥ed (kewé-uwx) (C.1.18)

1 2
ZWAT KO(R
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APPENDIX C.2

To obtain the inverse Laplace Transform of the function

Q/s + jk
s{J2R - jk + /s + jk

F(s,t) =

a = jx

b = J2R - jk

Qfs + a
s{/s + a + b]

F(s,t) =

F(s,t) = Qf Js +a+b ) b

s{/Js + a+b] s[/s+a+ b]j

1

F(s,t') = Q[2 - — —2——
s{/s + a + b]

H(s) = -
s{/c + a + b]
b + - bl
H(s) = (/s + a -

s{s +a - b"}

31 July 1986
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(C.

(C.

(Cc.

(C.

(C.

(C.

(C-:

.2)

.3)

Ny

.5)

.6)

.7
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Denote
2
a=a - b" . (C.2.8)
]
Then,
]
. hie + a b 2 c.2.9)
fls) = s(s +a) s(s + a) (c.2.
]
t venote
N
72(sy - DlEta (C.2.10)
5{5 + a)
Z(s} - s + a + b2
b s(s +a)/s + a
2
Z(s) - 1 . b
b s/s + a s(s + a)/s + a
2(s) 1 2 1 1
: o m T (e - 2 (€C.2.11)
s/s+a & s/s+a (s + a)/s + a
Substituting Equation (C.2.11) in (C.2.9), one has
b b> b2 1 b’
Hes) = + T a ) s(s + a)
s/s + a as/s + a (s + a)fs + a
(€C.2.12)

Substituting Equation (i;.2.12) in Equation (C.2.6), one gets
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b b3 b3 b2

’ ' ' — st
s/s+a asfs+a a(s+a)ls+a °5TE

F(s) = Q

0 s

(C.2.13)

Taking the inverse Laplace Transform on both sides, one finds

N

£ = Q2 - -b——ae‘”erfcb& ; b“!'éaerf,/;;} . (C.2.16)
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APPENDIX C.3

Integral cvaluation

Equation (4.25) is

()
- J f(x,t)dt .
0

a
dt

where

2 -a

f(x,t) = 8 (a - b7e xerfcb,/; - bJ; erfj;;)

Substituting Equation (C.3.2) im (C.I.1),

2(t)
[ J adx - b2
0 0

L(t)

I ~aX

a9 e erfch; dx - bJZ

dt @

Let
(L)

Il - e-axerfch; dx ,

and

The integral in Equation (C.3.4) may te evaluated by

31 July 1986
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(C.3.1)
(C.3.2)
L)
[ erf/ax dx]
0
(C.3.3)
(C.3.4)
(C.3.5)
parts.
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o ex (L) ) 2(t) ax N -b2x
I1 = lerfcb/x = - + Soe  (-l) T T dx
0 0 Jr Jx
2 — (t) ax
e % erfeb/s
o-l.e—etbln by e— gy (C.3.6)
@ @ al/x 0 Jx
By setting ax = n2 in Equation (C.3.6), we can show that
1 e-agérf bjz b —
I, == - 2= | 2 erfjal (C.3.7)
1 a a
a/a
The integral in Equation (C.3.5) can be obtained by parts,
r __‘l(t) 2(t) 2 e
I, - |x erf/ax - f — T dx
2
o o T
i.e.,
_ 2(r)
I, - ferf/al ’Lf roJx e Fax . (C.3.8)
1
iy

The integral in Equation (C.3.8) may be evaluated again by parts and

the result is

- '3 .al —
I ~ ferf/al +V R I (C.3.9)

2 na 2a

Hence from Equation (C.3.3),
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2 2 . 3

& Q . . b b e LT —
at PSR N I ‘ T+ ,
e e ta e e feby erf/al

a/a

1=
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