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Ea - In this paper we-etudy -the system (1.1), (1.3), which describes the
(A
K stationary motion of a given amount of a compressible heat conducting, viscous
“ £fluid in a bounded domain R of R', n > 2. Here u(x) is the velocity
D) P
:\_ field, p(x) 1is the density of the fluid, 'E(x) is the absolute temperature,
15: f(x) and h(x) are the assigned external force field and heat sources per
‘Y .
5&8 © unit mass, and p(p,;) is the pressure. In the physically significant case
4 ! one has g = 0. We ptove that for small deta (f,9,h) there exists a unique
f,' solution (u,p,%) of problem (1 1, (1. 3)1, in a neighborhood of (0,m,;q4);
e
3 3 for arbitrarily large data the stationary solution does not exist in general, ’
)
G - (see section 5). Moreover, we prove that (for barotropic flows) the
) stationary solution of the Navier-Stokes equations’ (4 15) is the
B '
ﬁs- incompressible limit of the stationary solutions of the compressible Navier-
¥
}gr Stokes equations }j 14), as the Mach number becomes small. E&gﬁl{y, in
sl ) section 5 we will study the equilibrium solutions for system (4.1). PFor a
g more detalled explanation see the introduction.
o
éf&% AMS (MOS) Subject Classifications: 35G30, 35M05, 35Q10, 76D05, 76N10.
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,r#; fluids, Incompressible limit, Navier-Stokes equations.
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AN LP-THEORY FOR THE n-DIMENSIONAL, STATIONARY, COMPRESSIBLE NAVIER-STOKES EQUATIONS,
AND THE INCOMPRESSIBLE LIMIT FOR COMPRESSIBLE PLUIDS. THE EQUILIBRIUM SOLUTIONS

H. Beirao da Veiga®

1. Introduction

In this paper we study the systenm

[ —ubu - VY aiv u + Vp(p,g) = p[f = (uV)iu] ,
div(pu) = g,
(1. 1) ﬂ - XAL + €pus9L + Cpi(p.L)Aiv u = ph + ¥(u,m), in 8
“'r-ol clr -Co ]
\

in a bounded open domain f in R, for arbitrarily large n » 2. It is assumed that

R lies (locally) on one side of its boundary ', a C2 manifold. Here,

n . du
(1.2) Ylu,u) =xg ¥ (#+51) +x,(aiv w?
1,9=1 °%y i

and (v*V)u = z vi(aulaxi)- System (1.1) describes the stationary motion of a
i=1
compressible, heat-conductive, viscous fluid (see Serrin [10]). In eguation (1.1), u(x) =

i'.a' . (u,(x),uz(x),...,nn(x)) is the velocity field, op(x) is the density of the fluid, {(x)
iy

3 is the absolute temperature, f£(x) and h(x) are the assigned external force field and

O]

\o heat sources per unit mass, and p(p,l) is the pressure. In the physically significant

"

P

case one has g = 0, however, it is not without interest, from a mathematical point of

;'."' view, to study the general case.

' : In order to avoid technicalities, we will assume that the coefficients § > 0, v > <,

D4

::::: X > 0, ¢, Xgr X4y, are constant. A dependence of those coefficients on u, p, L, as well

AS

— as the introduction in equation (1.1) of other kinds of non-linearities, does not give rise

* al

U

j to suhstantial Aifficulties. For the same reason, we assume that [, > 0 is constant. - —
\. : b M—.
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Since the total mass of fluid is given, we impose the condition
(1.3) -‘%‘— [q ptx)ax = m, or equivalently Tﬂlffﬂ o(x)dx = 0 ,
where m > 0 is given, and 0(x) 18 defined by setting p(x) = m+o(x).

The function p(p,;) is defined, and has Lipschitz continuous first order partial
derivatives 95 and pi in a neighborhood (m~t m+2}] x [co-!1,;0411) of (n,co), vwhere

0 <t <m/2, 0< l1 < ¢0/2. Consequently, we can write
py(m+o,Lo4a) =k +w,l0,a)

(1.4)
pé(mM.com) = wz(O.a) .

where k = p&(m,co), wy(0,0) = 0, and w,, w, are Lipschitz continuous in I(l,l,) H
[=L,2] x [—l‘,l']. We assume that k > 0 (in fact, k ¥ 0 would be sufficient here).
By setting
F =m0 , § =fq+ta ,

we write system (1.1) in the equivalent form

~pAu = VW div u + kVo = P(f,u,0,0) ,
mdivu + uVo +0 divu =g ,
(1.5) —xAa = H(h,u,0,a), in Q@ ,

u“.-O,ulr-O ’

where, by definition,
meﬂﬂ)-(wmﬂf-(wvml-m#aﬂWa-uﬁc&Wc R

(1.6) z 4

H(h,u,0,a) = (o+m)h = cv(m+o)u-Va + $(u,u) + i%;—cnz(o,c)(u-Vo -qg) .

Note that equation (1.5)2 is used in deducing the expression H.

tet p > n be fixed. We prove that problem {(1.1), (1.3) has a unique solution
(u,0,2) € W2'P x w''P x w2/P 15 a neighborhood of (0,m,54), provided the data
(£,9.,h) € LP x 361’px 1P belong to a suitable neighborhood of the origin. See theorem

3.1. This result can be generalized as follows:

Theorem 1.1. let p e ]1,4[ and j§ > -1, verify 3j+2 > n/p. Assume that T ¢ 03*3 and
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¥,
e b
‘-':tg plp,T) € ca*j(!(l.h))- 1t (f,9,h) € withP i;j:z.p x wittp verify the condition
¥ ' L
AN .
. £1 + 1 + Iht < ¢!
get,p 'y, p t My € ST
4
| then there exists a unique solution (u,p,l) € wg*a'!’ x wit2/P x wItIP ¢ problem (1.1),
d
. (1.3) in the ball
L4
&3¢ - N . |
‘&) “lj+3,p + 0p nlj+2' + 1= '3*319 c 1 |
‘;- In the above statement c'o, ¢'y are suitable positive constants depending only on Q,
&
-" Ny Pr 3 U Vs Ky By B, Gy Xo Xge Lo Ry, Ty, S;(1=1,2), vhere T, = suplmi(o,u)l for
. +
.» (o,a) € I(!.,l.,), and 8y is the norm of mi(a,a) in the space C2 j(I(!.,!.1)).
;.'
¢ The LP-theory enables us to treat the n-dimensional case by handling only derivatives
“..q of order less than or equal to two (case 3 = -1). Nevertheless, our proof applies as well
e
-g to the case j > =1, without further difficulties or technical calculations, as shown in
+
‘.:5 the last part of section 3; the details will be given in a forthcoming note, by
‘ot
A. Defranceschi. To be more specific, here we will concentrate our attention on the case
‘ 4 j = -1, since our proof turns out to be (slightly) more complicated just for this case.
n
'&: Section 4 is concerned with barotropic motions, described by system (4.1). The main
"\ »
~:. » goal of this section is the study of the incompressible limit of a family of compressible
e barotropic flows. We assume that the state function p)(p) depends on a parameter i,
W\ .
h .‘ such that the Mach number becomes small as A goes to 4». We refer to (5], (6] for the
)
t physical justification of our assumptions. We will prove that the solution of the
)oY
Uy
N incompressible Ravier-Stokes equation (4.15) is the limit of the solutions of the
) compressible Navier-Stokes system (4.14), as A + +». A similar result was proved for
,{'l'n
N i'
:; n<3 4=1, p=2, in reference [2]. The proof given here applies, without supplemental
Az
:::. difficulties, to the case WP, if 442 > n/p, I € c3*), pip) € c3*I. The details will
X
he given in the forthcoming note, referred to above.
V Pinally, in section 5 we will study the existence of equilibrium solutions (solutions
,\: such that u(x) = 0, ¥ x € ), for arbitrarily large external forces f =VF. 1In
’{ particular, we will show that if p(p) = R, R> 0, Y > 0, Y # 1, the equilibrium
— ' . solution does not exist in general (even for a constant external force f). If y = ¢,
q
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)
‘:: U tnen the equilibrium solution exists for every bounded potential PF(x).

{

() g'i
*;b‘_:" For small external forces, it was proved in [11] that the stationary solutions are 1
- stable (for the equilibrium solutions this was proved in [7]). It would be interesting to
D

(]
:'l' study the stability of the equilibrium solutions for large external forces, even if n = 1. 1
PUAY
‘.:l.': It is worth noting that the core of this paper is the study of the linear system

*of

oot
)
SO (2.1); see theorems 2.1 and 3.3. In this system the unknowns are u and o, the vector
Q:ll; field v being fixed. Due to the term v°Vo, system (2.1) is not an elliptic system in

\J
RN
"::.!‘ the sense of Agmon, Douglis, and Nirenberg (1; part II], except if v(x) vanishes
‘6‘ ()
‘::;Ot‘ identically in §. In fact (assume, for simplicity, that u =k =m =1, and v = 0),
AN X
nh

' consider in 1 the system =4u + Vo = F, div u + v*Vo + a(x)0 = g. By using the notations
. s
;“'.;‘ of [1; part II] one has: L(x,E) = v(x)+£|E|® 1if v(x) # 0; L(x,E) = (1+a(x))|E]|® if
f:l':: v(x) = 0. Consequently, the ellipticity condition (see [1]), eq. (1.5)) "L(x,£) ¥ 0 for
:“' U
.::l:\l real £ ¥ 0", cannot be satisfied unless v(x) = 0, for all x ¢ {.
o
- If v=0 and {f a is small enough (for instance, if |al, < 1), the system is
st
;'.n:. elliptic. However, this last property cannot be used to treat the term wvVo as a

-

N perturbation term. In fact, by assuming that 0 € W!''P, the term Vo belongs just to
. 1
L tP. In this situation, equation Aiv u + v*V0 + a(x)0 = g yields div ue LP, and
,‘ equation «=Au + Vo = F gives u ¢ w"P, o € IP. Hence, from the point of view of )
:'ya reqularity, we lose one derivative.
) : We also point out that the evolution problem is easier to solve due to the presence of

(Lt

the term (30/3t) + v*Y0 in the evolution counterpart of equation (2.1),.
3R
." Let us briefly explain the main ideas utilized in the sequel (see also [2]) to solve
o
[
',::g the linear system (2.1): By applying the divergence operator to both sides of equation
i
5
‘;l: ? (2.1), one shows that (u+v)A div u = kAo - div F, and by applying the Laplace operator to
[}
. both sides of equation (2.1)2 one gets
W
(AX) . -
.;::' (1.7) ll+ Ao + veVao G(F,g,0) ,
IMO
ig) where G{(¥,q,0) is given by (2.5). 1In order to be able to solve equation (1.7) for Ao,
e
=1

:‘.l': we replace G(P,q,0) by G(F,g,t), where T ¢ W P is an arbitrary function. This
-t yields equation (2.4), where (heuristically) A should be regarded as A4c (actually
o —a-
W
o
;'2\\
‘..
A
l.|
1..’1
[
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A =A0, if Tt =0 is a solution of (2.1)). Once A is known, we want to determine div
u. By applying the divergence operator to both si‘es of (2.1)4, we get equation (2.10)‘,
where (heuristically) A should be regarded as div u (we will show that 0 = div u, in
the event that we have a fixed point 0 = t), The remarkable property divu =0 on

P(‘) suggest us to impose on 8§ the boundary condition (2.10)2. Once © is known,
equation (2.1)y gives u and O, by solving the Stokes linear problem (2.13). 1In
equation (2.13) we replace 0(x) by Oo(x) - f(x) - 3, where 8 is the mean value of
9(x), since the compatibility condition 58 = 0 is required here.

FPor each fixed pair (F,g) the above sequence of maps define a map T + 0. We will
prove that this map is a contraction (in a suitable ball), and that the pair (u,0),
corresponding to the fixed point ¢ = T, is a solution of (2.11).

We end this section by calling the reader's attention to the following papers, in
which results directly related with those of section 3 can be found: M. Padula [8],

A. Valli [11), A. Valll and W. Zajaczkowski [13], H. Beirao da Veiga [2], A. Vvalli [12).

The corresponding evolution problem has been studied by many authors. Here, we
mention only a sequence of papers by Matsumura and Nishida (see [7], and references) and
the interesting Valli'’s paper (1t].

To readers interested in the incompressible limit of compressible fiuids, we suggest

papers by Xiainerman and Majda {5], Majda [6], and Schochet [9].

(') Equation (1.5)2 implies that every atationary solution u must verify the equation
divu=0 on T.
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2. The linearized system

In this section we study the linear system
-pAu = v¥ div u + kVo = F(x) ,

(2.1) mdivu+ vV 40 dive=g, in @ ,
ulr =0 ,

by adapting to the 1P-case the method introduced in [2]. We start with some notation. We

denote by wi P, jJ an integer, 1 < p < +, the Sobolev space wj'P(m, endowed with the

usual norm | 'j,p' and by | Ip, 1< p ¢ 4, the usual norm in [P = IP(R). Hence,

] lo'p - | 'p’ For convenience, we also use the symbol Wj'p to denote the space of

vector fields v in f such that vy € wj'P(n), i=12,...,n. This convention applies

to all the functional spaces and norms utilized here. For j > 1 we define

wg'p «{vew'™ :vao0 on I'}). wote that Hg'p = wi'Pn WC}'P, is not the closure of

D(R) = c;(m. Furthermore, we set W P st ewd? T . 0}, v—,oj'p - wg'pn w j,p'

3 > 1, where in general § denotes the mean value of é(x) in Q. Finally, for vector

fields, we define Wg:g = {v e wg'P :divv=0 on T}, 3> 2.

With the only exception for section 5, c, €4, 1 2 0, will denote positive constants
depending at most on £, n, p. The symbol ¢ may be utilized (even in the same equation)
to indicate distinct constants. In section S, ¢ will denote an integration constant.

We denote by q = p/(p-1) the dual exponent of p, and by et the Sobolev embedding
exponent r' = (n-r)/nr. Recall that w"P + L", if p>n, and wl'eP Lp', if

1<p<n.

Now we state the main result in this section (see also theorem 3.3):

THEOREM 2.1, let p > n be fixed, and let F ¢ LP, g¢ ?v'o"". There exist positive

constants ¢ and Y, Y defined by equatjon (2.22), such that if v ¢ Wg'g verifies the
Longants anc Bucl Sans 4 ——===22S 22
assumption
(2.2) lv'2,p < Yk .
2,p, = 1/p

then there exists a unique solution (u,0) ¢ Wo:d xw of problem (2.1). Moreover,

. Tul + klal < + utlv]: rl + “_ﬂ-\’—l-l .
(2.3) uia 2,p 1.p C(1 TR ) ' |P ¢ m 9 1,p

~-6-

'
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Proof. let 1T ¢ ;’1,9' and consider the linear problem
L3
(2.4) ““'+ A + veVA = G(F,q,t) ,

where by definition

(2.5) G(F.,g,T) = Ag + E-':-J aiv P = [(29v : V21 + AveTT + AT div v)] .

Here, Vv : Vzt = L(3v /axk)(azt/axiaxk). Note that G 1is a linear map from

LP x ;b"p P jnto wleP (the dual space of w;'q), and that

2.6 161 < Igl . 2 F + clivl (R4}

(2.6) a9 e IFl 2,p 1,p
In [3] we prove that there exists a positive constant ¢, such that if

i, p € c, mk/(u+v), then there exists a linear continuous map L : w1P s w¥WP guch
,

that A = LG is a weak solution of equation (2.4), for every G ¢ w-1P. Moreover

mk
. — < .
(2.7) B+ '-1,p C'G"1:P

By a weak solution of (2.4) (see (3] for details), we mean a distribution X € w-tep

such that
(2.8) ML o - alviev), A> = <9,6>, Vo € () .
B+
Here, <*,*> denotes the duality pairing between wa'q and W~ 'P, The above result
yields
mk
. < — .
(2.9) Y lll_1’p <:(“W [r[ + Iql1’p + |v|2’pn|1'p]
Now let 0 ¢ w;'P be the solution of the Dirichlet problem
(U+v)A0 = kA - Aiv F in Q ,
(2.10)
e|r o .
Clearly,
. +v)io1 < Pl +c i +1 1 .
(2.11) wevyien, o cl |p c 5 Uaty o vlz'pl‘r 1,p)
Next, define
(2.12) 8,(x) = 8(x) -8 .
Since Fo = 0, there exists a unique solution (u,d) € wg'p x @ "P of the linear

Stokes problem
-yAu 4+ kVo = F + vveo B

(2.13) divu =86, in 0 ,
. =0 .
Ir -
-“'Vl‘m?h-(‘”"'. l& - :’-J,' 'ﬁ-:"."" ', l'\r). Ny j_, ‘, AN 'l.-g“.. T “_ '~~ .‘,\.‘
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':a'l Moreover (see (1], [4])
1.“::
Ik .
wat'h 2.14 Tut + 1 < .
" ( ) ulut, o+ klol, c(l?l + o+ vl 1,p’
~ ga- Since (2.2) holds, and 181 < clOI , one easily gets
ol 0 1,p P
D (2.15) wlul, _ + xlol, < X R "—*—L"—anl utlvl] gt . ’
N2 2,p 1.p 2 2 m 1,p
N L]
iy \\, At this point, we call attention to the sequence of linear maps
X
(F,g,T) > (F,G) » (F,A) » (F,0) » (Faeo) + (u,0) ’
.
where F 1is left unchanged, and the elements G, A, 6, 6843, (u,0), are defined by equations
L]
\':' (2.5), (2.4), (2.10), (2.12), and (2.13), respectively. The product map is linear and
-~
-,
-:‘ continuous, by (2.15). Hence, if (u4,04) 18 the solution corresponding to the data
(F,g,74), it follows that (u-u1,o-o1) is the solution corresponding to the data
4 (0,0,7-T4): Consequently, Io-o1l1 < (1W/2)t=x ! , and the map T + 0 is a
; P 17 1,p
A contraction in W 1,p. Hence, it has a (unique) fixed point o = 1.
3
:. Now, we prove that the pair (u,0), corresponding to the fixed point o =71 is a
i. solution of (2.1). The main point i3 to prove (2.1),, since (2.1)4 and (2.1)4 follow
.-' .
:'-j’ immediately from (2.13). From (2.10), we get
.-‘J
oy
X (2.16) x-“*"Adivu+—cqu .
et since Af = Aeo = A div u. On the other hand, by applying the dAivergence operator to both
"L"‘ sides of equation (2.13)1, and by using (2.13)2 and (2.16), we show that )\ = A0. Now, we
-
- Y
“ replace 1 by the right hand side of (2.16) in the first term on the left hand side of
:.5 (2.8), and by Ao in the second term on the left hand side of (2.8). This yields
) <o,mA div u> = <div(ev),A0> =
o (2.17)
: :-: = <p,Aq - 2Vv : Vzo - AveVa - Ao div v)>, W € D(Q) .
‘% We claim that
0 - <div(ev), 80> + <p, v : V0 + AveVo> =
!. e (2.18)
= <p,A(veV0)>, Vo € D(Q) ,
Y
J._\ where the pairing on the right hand side denotes the duality between D(1) and D'(R).
A
",
’ }: Let o € 3y, o,* 0 in wl''P(Q), as n + 4o, The identity (2.18), for the functions
>
! LN o, follows from the formulae A(V'Vcn) - wVAcn + Vv Vzon + Av-Vcn- By passing to the !
limit as n + +», we prove (2.18) for o. -
“ |
.' |
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From (2.17) and (2.18) we get
(2.19) A(m Alv u + md + veV0 + 0 div v - g) =0 ,
in {i. Assume that one has
{2.20) MAlv u +mB + ve¥0 +0 div v = g = 0
in Q. Then, by integrating in © both sides of this equation, one easily concludes that
? = 0. Hence (2.1)2 holds, as Adesired. Let us prove (2.20)(2). Set
a, = {z ¢ 2 : Alst(z,T) > €}, r. = {z ¢ 9 : Aist(z,') = ¢}, where € > C is assumed to be
enough small so that Pe is a regular manifold. Let g_(x,y) be the Green's function for
the Dirichlet problem in Q_, and let x € @ be fixed. We want to prove (2.20) at x.
For € ¢ )0,(1/2)aist(x,T'){ one has suprge(x,y)| €K, for yeTl., where KX does not
depend on €. Let U denote the left hand side of (2.20). Since U is harmonic in

a one has U(x) = [ (3ge (x,¥)/3n,) U(y)dl (y). This shows that Jux)| < Kflu(y)ld"e.

cl
Consequently, if we show that 1lim inf f|U(y)|dI‘e =0, as € *+ 0, it must be that
U(x) = 0. Moreover, it is sufficient to verify that

(2.21) 1im inf ess fr [vevolar, .
e+0

since the function m div u + mé + 0 div v - g€ w;'P(n) converges uniformly to 0 as
Aist(y,l') + 0.

Assume by contradiction, that there exist positive constants €, and § such that
the integral on the left hand side of (2.21) is greater than §, for a.a.e ¢ }0,,4(.
Denoting by K, the Lipschitz constant of v in 5, and recalling that v vanishes on
T, it follows that [ |Va|dl‘e > §/(Rse), for almost all € € 10,e4(. This contradicts
the estimate

I:o (fre|Vo|d1'e)dc |voldy < = .

- fn/ne
0

(2) In case that j > 0 (see theorem 1.1) the proof of (2.20) is immediate, since the left
hand side of (2.20) is harmonic in Q and vanishes on T (since div u = 5, v= 0,

div v=g=0, on ). However, if J = -1, ¢this arqument has to be carefully handled, since
the function Vo has not a trace on T.
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The existence part of theorem 2.1 is completely proved. As in {2], section 2, we show

that there exists a constant cq such that the solution of (2.1) is unique if

vl < (muok)/[co(u+|V|)2], where i, = min{u,u+}.

2,p 0

For convenience, we set

c.m n NUO

(2.22) Y = min{—, . —1 .
+V +iv 2

! 2c, utlvh courlv )

Then, inequality (2.2) includes all the assumptions on lvl2 utilized in proving theorem
’
2.1,
—-10-
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3. The non-linear problem

In this section we prove the existence and uniqueness theorem 1.1 in case that
j =~1, 1l.e. we prove theorem 3.1 below. We close the Section by showing how to adapt the
proofs, in case the j > 0.

Recalling (1.4), we set
|wi(o,a) sw B

Moa) = (.60 +=12 -

T, = sup lui(a,a)l ¢ S, = sup
I(l.’»‘) I(!:l1)

Moreover, we set 51((:,3) = auplu»‘(o,a)l, for o] < t, |a] < s. We denote by c, a

positive constant such that

1 1
. |8|~<°3'3'1,p ,vtew ‘Powoew?

(3.1) |t], < c,tt8 0

3 4p

Por convenience, in this section we denote by c', ci', i1 > 0, positive constants

depending at mogst on 2, n, p, u, v, Xk, m, :o, Cyr Xe Xge Xqo L, 1.1, Tye Sy The symbol
c' may be utilized, even in the same equation, to denote distinct constants.

One has the following result(’):

L]
Theorem 3.1. ILet p > n be fixed. There exist constants c:). Cyr such that if

fe1lP, ge ;,-01.p' h e 1P, and

{3.2) 1£]  » lgl"p + |h|p <ch oo

P
2,p = 1,p 2,p
there exists a unique solution (u,0,a) ¢ Wo x W x Wo of problem (1.5), in the
hall
. Fual + ol + lal < ¢! .
(3.3) u 2,p g 1,p a 2,p <y

Hence, there exists a unique solution (u,p,;) € H%'P x WP x w2/ ¢ problem (1.1},

(1.3), in the corresponding neighborhood of (O,m,co).

In order to prove theorem 3.1 we state some auxiliary results. The verification of

the following statement is immediate, and is left to the reader:

Lemma 3.1. let Tt ¢ W 1,p' [ W;'p, verify the assumptions

(3)WO assume here that p(p,;) has Lipschitz continuous first order derivatives. However,
theorem 3.1 still holds if p(p,;) is only assumed to he continuously Adifferentiable.
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Q;val
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.Ar"
QY
J‘“"
4
R
B t *
ok (3.4) (BY ] <= , I8 < — , i
P 1.p e, 1p  cy
TAN 2
l.;:' and let v ¢ w4'P, fc!P,cho P hertP. Then .
.
: 'Y
) |P(£,v,1.,8)]_ < lm(lfl +an? ) +a el .08 + T_181
R p 2 P 1,p) O Ul IBINTR, o ¢ TM8 g v
]
3
. < =
. (3.5) ¢ lH(h,v,t,B)lp 5 mlhlp +tcc, mlvl1'plBl1'p +
)
! L T,
+ + vl Ivt + vl itl + .
;:\v:?;; gt IV, pIVlap * € vty ot Thy,p + lalp)
15,
W Theorem 2.1, lemma 3.1, and classical results for the Dirichlet problea (3.7), yield
S the following statement:
\‘.\
::':' 2,p
,{(,: Theorem 3.2. let v ¢ Wo a verify (2.2), and assume that the hypotheses in lemma 3.1
A - 4
)
.?5' hold. Then, there exists a unique solution (u,0) € w:';’ x W 1P of problea
PR Y ’
N =pAu = vV div u + kVo = P(f,v,T,8) ,
iz (3.6) mdivu + vV +0 dlvv =g, in Q ,
_‘ -
1 Up=0 .
[ M}
“3 and a unique solution a € W%'p of the problem .
A
L -xAe = H(h,v,t,8), in 0 ,
’(\: (3.7
_-”‘_‘ G'r =0 .
' Moreover ,
1.,'
'.y‘ u+lv 2
A + Ivt +
;:u‘, ululzlp + klol”p < c(1+ —L-Luw ) (n|t|p AL
W (3.8)
;'| ~ u4- v
‘i‘:;: + m1(|t|.,‘8l-)lt|1’p + T8 1 4c —-U-u Yty v
2
e/ + vl +
,‘,_..' xlalz'p < clh'p +c cvmlvl1'plﬁl"p clx y*x ) 2.p
3? (3.9)
Tt LoT2
N + vl Itt + .
:n:é ¢ (v 2,0 " 1,p 'glP)
i3y !
-
XN
[ -]2=
s
l.‘,
)
[V,
)
$‘ {
) * i
&, I
|
)
Ly
,‘b‘, <, .(\}f )ﬂ “{ "".1\"‘ &-u-.-» \“N'\r “\i . -* -F'-'
AR
W \\\- "y's n (e '\.'\.-. ‘\'\\
‘t . .,_1'..'.‘}’ &-a«.s(( " v’ \ {:c ‘
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In the sequel, the solution (u,0,a) of problems (3.6), (3.7) with data (v,t.,8) is

denoted by (u,0,a) = T(v,7,8). Ulet us write (3.8), (3.9) in the abbreviated form

2
L}
( '“'2, + lol < c2(|t| + Igl + vl

+
1,p 1.p 2,p

2 2 .
(3.10) { + I‘l’l"p + IBI"p) + c3I8l1'p .

2 2 2
1al € cl(lh + Igl + Ivl + It + 181 .
L 2,p 2(| ‘P 9 1.p v 8 1IP)

2,p 1.,p
Set
[} V.
L 1 2 1 1
(3.11) r, = min{yx, —, (7——) R rrr s
0 c3 S c2c3 25 S 5 c2(1+c3)
let r ¢ )o,ro), and assume that
2 2 2
(3.12) |!|p < 22, |h|p <zfoag, <t
and that
2
L]
(3.13) Iv'2,p <r, |t|1'p <r, IBI"p <5 5 r .

Under these assumptions, the conditions (2.2), (3.4) are fulfilled. Consequently,

from (3.10) it follows that (u,0,a) = T(v,T,8) verifies

(3.14) i, <r,0of, <r,faf, <5cfr?

2,p 1,p 1p 2
Consequently T(B ) C B, where B_ is the subset of wg'g x W
r

1P w%'P defined

by equations (3.13). 1In order to accomplish the proof of theorem 3.1, we will show that

T 1s a contraction in B, respect to the norm Hg'z x 1.2 x ";'21 if r is sufficiently
small. It follows then, by the contracting mapping principle, that T has a (unique)
fixed point (u,0,8) = (v,7,8) in B. (we could also use the Schauder's fixed point

theorem, since B, is a convex and compact subset in respect to the H;'z x L2 x W;’z

topology).
Lat (u,0,a8) = T(v,7,8), (\11101'“1) - T(v1IT1IB‘)I ¥ =rf,v,8), P' -

F(£,94,74,84), H = H(h,v,7,8), By = H(h,v,,T4,B,). One has, in R,
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L
BN - - - - -p -
r"vl‘t 14 (u u,) vl div(u u1) + kV(o-o‘) | 4 P1 '
‘;". ‘,‘* (3.15) m div(u-u1) + v1-V(a-o1) + (v-v1)-Va +
o
Sy
k" +0, Avlv-v,) + (00 ) Alvv =0 ,
A
and
TN
gt (3.16) X Ma=,) = H - H, .
g
:‘:f:t: Here, we use the notation 1 'k 2 = 1 'k' By multiplying both sides of equation
L3 .
v W
)
ot (3.15)4 by m(u-u,), both sides of equation (3.15)5 by k(o-04), by integrating the
‘1".‘;; resulting equation in R, and by adding them side by side, we show that
IR
1 - - 2 ¢ -
:..': m(u=|v]) W(u u Mg € mP-F I lu-ud o+
.:s: , (3.17)
o)
ol - 2
(IO + ckla1l1,plv v“l1la-<7‘l0 + ckivl 2'pla-o‘lo .
',.' In proving (3.17) we utilize some well known Sobolev inequalities. WNote that if
i§ 2" = 2n/(n-2), one has (1/2") + (1/2) + (1/p) < 1.
0 Arquing as on proving equation (3.12) in reference [2), we show that
{ 120 )
tu-u 02 4 c' (1 = eltvd, ) 0= 12 ¢
W 11 4 5 2,p 10
o 3 (3.18)
el <cro 4?2 av-v 12 4+ cur-ra? .
#.4 1t,p 11 1 -1
ARAC
'. () ‘ Moreover,
. - .
s (3.19) ta-a f < c'IH-HO_,
el
o 3 Straightforward calculations show that (see appendix)
L A
C’gl
l“' - . 2
i 1P-F 1 _ < (Iflp $Av iy ter s
. “: (3.20) +c' (Y + "li,p)(lv'1,p + lv"l‘I )lv-v,l‘ +
Y
ey . _
:':' +c (lrl1’p + l‘\'1|1'p + mlhp + IB1I1’p)(lt t1l° + IB-61lo) '
b
Al
w
and that
B
. \j
. z,‘ -14-
HWey
RO
k’t )
6"
WAL
‘ 4
.,' .
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- ' -
 }:! H‘I_1 <c ('v'hp + lv1l1'P + "Ii,p + IBI1'p) 1v: v1l1 +
%y
+ ct + + (188 + 11! ]

- c [|h|p |q|p (18 1.p Ty MVEy o+ (14 Mgl ot 18,0, ot
.{‘ (3.21)
$ g 3
4 + It 0 + ! I v 1 1 1 ' + 1 itl
N 1 hp B ) v, ,p] T+ (|g|p 1v 1.p T 1.p +
"Q'
;.v
¢
* + lv1l1'plt1l1'p + Iv1l1'p)l8-6‘ll0 . .
" By using (3.12), (3.13) it follows that the coefficients of Iv-v1l 1’ IT-‘[1I°,

IB-81I°, in the right hand sides of equations (3.20), (3.21), are polynomials on r,

) vanishing for r = 0, and with coefficients which are positive constants of type c°'.
" Similarly, the coefficients cglvlz P and c'lo1lf (that appear in equation (3.18)) are
'01 ’
::: polynomials on r of the above type. Since the exact form of these polynomials is not
1“
:n:: important here, we will denote them by the symbol ¢ = e(r).
T
:3 By using the above notation, the estimates (3.18), (3.19), (3.20), (3.21), yield
A {3.22) lu-u1lf + (c'-c)lo-o‘lg < clv-v,lf + elt-t ‘I: + eIB-61lz ’
" 2 2 2 2
E:‘ (3.23) Ic:-<x1l1 < o:lv-v1l1 +cl1-fr'lo +el8-61lo .
P Hence,
. 2 2 2
Ay - Y
. Tu u‘l1 + (c -e)la-o,lo + la«:1l1 <
" 2 2 2
:’ < elv-v‘I1 + slt-t1lo + :Is-61lo .
. Hence, for a sufficiently small value of r (depending only on Q,n,p,+..,Ty,8;), T 1is a
ﬁ::: contraction in Bre with respect to a suitable norm in w;‘z x 1.2 x w3,2. The proof of
¥
R/ theorem 3.1 is accomplished.
u
: a
o
- Proof of theorem 1.1. The changes to be made on the proof of theorem 3.1, in order to
Y
b
“u. adapt it for all values of 94, are quite obvious. We start by showing it for theorem 2.1,
“‘ ”, which is the main tool in our proofs.
i v
0, The proof of theorem 2.1 was done by solving the sequence of linear problems (2.5),
-8 (2.4), (2.10), (2.12), (2.13), and by getting suitable estimates for the corresponding
$~n&
\,y
'o) :
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solutionas. Let us show that the proof goes on, in case that J > 0, exactly as for
3 o= -1,
Problem (2.5): The following estimate for the solution of problem (2.5) is easily
obtained by using Sobolev's inequalities:
161 < igt + 2R + ctvl it .

j.p j+2,p [TRa4 j+1,p j+3,p j+2,p
Problem (2.4): The following result is proved in [3]: There exist positive constants

c and cy (here the constants depend algo on Jj) such that if lvlj+3 p < c1 mk/(uw),
,
and v = 0 on I, then there exists a solution 1 of prohlem (2.4), moreover one has
mk
- 1 < clot .
2(u+v) j.p j.p

Problem (2.10): Por the solution 6 of the Dirichlet problem (2.10) the estimate
+v) 181 < c(IFt + kit
WOy e € S 5000 3,0’

is well known.

Problem (2.12): Obviously, the function 00, defined by equation (2.12), verifies

10 1 < clél .

the estimate 0o'5+2,p clé J+2,p

Problem (2.13): The solution (u,0) of this Stokes linear problem (see [1], [4])

verifies the estimate

ulul + xlol + (u+]v]yre

j+3,p j+2,p j+t,p
By putting together the above estimates, one easlly gets (c.f.r. (2.15)) P

< c(irt o' 42, p) .

x
Tal + kioh < = It +
I yes,p j42,p 2 3+2,p

u+iv u+|v
+ el +—U-uw LT DVOR —L—Lm "o -

By arquing as in section 2 (recall the footnote (1)) one proves the following result:

proposition 3.3. Let p, j, and T be as in theorem 1.1 and let F e wi*1P,

ge ;bj 2’p Then, there exist positive constants ¢ = c(Q,n,p,3), Y =Y ,n,p,j v ,m),
such that if v ¢ Wa*g’p verifies the condition 'v'j+3 p < Yk, then there exists a
Such that 1t . ,

3 2
unique solution (u,0) € wj d'p x wit2.p

uiul + kol < c(t + “-?-M)ln +c “—%"-L 191

j+3,p j+2,p u t,p

of problem (2.1). Moreover,

j+2,p

-16-
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] f
r,‘:g The rest of the proof of Theorem 1.1 (the "non-linear part®) closely follows the proof
v [
’ of Theorem 3.1, For an arbitrary 3 % ~ 1, we define the set B, by the inequalities

:: (cefore (3.13))

2 2

L] .

- vlj+3'p <r, "j+2,p <r, 'Blj+2,p < c'r '

U

A and we prove that (for sufficiently small values of r) 'r(ar) C Br' and that T is a
KN contraction in B, with respect to the norm w;' 2% 12 x H;' 2, The proofs of these two
Y
.;‘é' statements in case that j > =1, differ from the proofs given above only by the particular
t
E‘,:. Sobolev's inequalities to be used. .
‘\;,l&‘ i

Y Before ending this section we remark that in Theorem 1.1, if h e WP (instead of
‘,: i) he Ilj”'p) then [ ¢ wj+2,p' and if h e wi*2/P then T e witdep,
l' "
E‘ :
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Y,
In this section we study the system
:';:,',; ~plu - VW div u + Yp(p) =p(f - (uV)u] ,
"'02';' Aiv(pu) = 0, in R
:;&!f: (4.1) vieu ¢ In ’
:’:9:':: Ulp =0 .
Fan 3
hZA)
describing the barotropic motion of a compressible, viscous fluid. Since we are interested
R XY
RO
:.‘ :; on studying the limit of the solution u when %k = p‘; (m) » , it is necessary to state |
"‘tl.'
\:::I‘ an existence result for prohlem (4.1) in which: (i) the dependence of some suitable
)
N4
tt,'::e‘ structural constants of the state function p(p) in terms of k is given; (ii) the
s dependence on k of the constants appearing on the estimates, is shown. This is the ainm
\"‘(. )
l:':l" of theorem 4.2 helow.
¥ty
wht
J:::y: Let p(p) be continuously differentiable in [m - (2/k), m + (£/k)], where
"! l“
Sl 0 < t/k < m/2, and write pc', in the form p&(mw) =k +w(0). We assume that there
${ exists a € ]0,1] such that
T (4.2) lutor] < sla|® , vo e (~t/x,2/xl ,
»
z ! and we denote by ¢ a positive constant for which
b
(4.3) s < ¢x'*® |
n:’,;s" .
¢ '?h Arquing as in proving theorem 3.2, we show
.l
::':": Theorem 4.1. Let the ahove assumptions on the state function vp(p) hold, let
sl 2,
* v € Wo : verify (2.2), and let
f.r',“f‘ lle < _!__
Sy (4.4) 3 — .
'.'::. 34 3
()
! 6 2,p, g tep
,” ) If fe 1P, there exists a unique solution (u,0) € wo a x W of the problem |
’ |
:*:0.:: -pdu = VW div u + kVo = P(f,v,T) ‘
:’-':‘;’ (4.5) mAdivu + vV +0 dlvv=0, in Q@ , :
"::& \llr =0 , j
e
o
)
:\:? where F(f,v,t) = (T+m)(f = (v*V)v] - w(r)Vr. Moreover , ‘
i'; ‘
o 2 14a
1] A []
N (4.6) Iulz'p + lkol1'p < c1|f|p + czlvl1'p +cy ¢ Mxrl 1o °
fhe ¥
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‘ Here the positive constants c!|, c'z, c'3, depend at most on &, n, p, 4, v, m (and
’ are distinct from the constants c;, ci. ci, in section 3). Following section 3, we
Y denote by (u,0) = T(v,T) the solution of system (4.5). Define
y L 1 1 1/a
. (4.7 r, = min{Yk, =g (5 = Il B
. 3 2 3
%
and assume that f ¢ LP is fixed, and verifies
[}
‘
o (4.8) |£|p< r/(3 cy) .
a9
;1' One easily shows that T(Br) C Br' where B is defined by the inequalities
M)
M (4.9) ""2,p < r, Iml1'p <r .
Moreover, there exist positive constants c¢', ci, c.'s, depending at most on 9, n, p, u, v,
N m, such that
:: lTu~u I2 +ct(1 - civ Wk(o-0 )|2 <
W 11 4 5 " 2,p 1’70
i (4.10)
2 2 2
(] . -
9 ‘cl)¢71l1'p lv-v1l1 + c'IF F1'-1 .
¥
;: where (\11,01) - 'r(v1,1' 1), P =P(f,v,T), F1 = F(f,v1,r1). Inequality (4.10) is proved as
X
2 i inequality (3.18). Straightforward calculations (see (3.20)) show that
- <
. PPl € cle] trrng +ctr 4 TE, VR vy vl b
A
) 2
: (4.11) + clv1I1'pI1 11'0 +
l
¢ a [ a
' + c3.(lk1l1'p + Ik11l1'p)lk(r-ﬂ'1)lo .
A )
k)
) Arquing as in section 3, one easily verifies that there exists a positive constant
'
:: ry € ry, depending only on Q, n, p,u,v, m 2, ¢, kg, such that for r< ry, T is a
i
¥ contraction in B,, with respect to the Wg'z x L2 norm (for convenience, we denote by
ko & positive constant such that % > kg ). The above result proves the following
N
: theorem:
»
(L
” Theorem 4.2, let p > n be fixed, and let the above assumptions on the state
v function pi(p) hold. Then, there exist positive constants c¢, ¢j, depending only on
AN
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@, n, p, b, v, m L, & and x4, such that if f ¢ LP verifies |f|p < c§, then there

exists a unique solution (u,p) € Wa'P x W''P of problem (4.1), (1.3)y, in the ball

'“'2,p < c&, loﬂml1'p < c;/k.
From now on we assume that p;(p) is a family of state functions depending on a
parameter X ¢ [X0,+~[, and such that k; + + as A * 4@, Our assumptions on P ()
are the following:
Let Dpy(p) denote the derivative dpl(p)/dp. We set kx = Dpy (m), we assume that
kx > ko > 0, and we suppose that px(p) is defined and continuously differentiable in the
interval [m - £/k;, m + l/kx], where 0 ¢ 2 < (kon)/z. Moreover, we assume that

lopy () - Dpy(m)| € s, l0-m|®, for a €ixed & € 10,1]. Hence, by setting Dp, (mi0) =

ky + wy(c0), one has w,(0) = 0, and

(4.12) luytor] < 10|, wo e (-t/K, t/X] .
We assume that there exists a positive constant ¢ such that
1+a
(4.13) RN R vx>xo .
These quite general assumptions contain the physically interesting cases described by
Xlainerman and Majda in {S). 1In particular, if %X, a and S are the parameters relative

to a given state function p{(p), and if we define py(o) = sz(o\. then 8, < (S/R)K,

Hence, S, < Ok{*a, where ¢ = s/(A%“k'*“). In that example we may view

M = 1/X as the Mach number (see [S5]). One has the following result:

Theorem 4.3. let p > n be fixed, and let the above assumptions on the family of

state functions p;(p) hold. Then, there exist positive constants cé, cg, depending at

most on @, n, p, U, v, m, £, &, k,, such that if f ¢ LP, |f|p < c§, then the following

statements hold:

(1) for each A > Xo, the problem

~ubuy, - VW div u, + Vpx(px) =p,If - (ux'V)u)‘l v
(4.14) div(oxux) = 0, ﬂ Q ’

(“x)lr =0, p—x =m .,
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SN 2,p 1,p
x
_.! has a unique solution (“A "’A) € "0 w in the ball '“A'z,p < ¢,
, on - -l < cg/kx'
14508
:3: (1) y_ lim ky = += as A + 4=, then u, + u, weakly in Wa'P, div uy + 0 weakiy
E:\ in w;'p, Py * ® strongly in wip, Vp (py) * Vr  weakly in P, where (y,,7%) is the
ﬂg( unique solution of the incompressible Navier-Stokes equations
}} -udu, + In(x) = mlf - (u Vo ] ,
Ny
S (4.15) div ll.-o ¢ _13 Q ’
S
Yol
AR (u.) = 0 -
- Ir
o
0
3 . Proof. Part (i) follows from theorem 4.2. Moreover, the estimates show that there
(L
‘:_ X exists u, € wg'!’ such that ) + u,, and p, * m, in the topologiea indicated in the
Y '
J:‘. statement. The convergence of all the sequence u, to uw, follows from the uniqueness of
N
Q:q the solution of (4.15), which holds if c§ is sufficiently small.
) "I
:"t: Prom equation (4.14),, one easily verifies that div wy, + 0 in 1P. Since
'va‘
1aiv “X'i P < c;, one gets the weak convergence in w;'P. Clearly, div u, = 0.
’r
b ,.::: Finally, we pass to the limit in equation (4.14)4. One has Vp, (p,) *+ uly, +
o .
o s mlf - (u*V)u_], weakly in TP, since: Au, + Ay, and =WV div uy + 0 weakly in
D
,_ tP; o, * m strongly in wl*P; ana Py (uy*¥)uy + m(u,V)y,, strongly in 1P. obviously
-1
: the limit of the sequence va“’x’ must be of the form Vn(x), for * ¢ W P
(Y
":!‘. a
\‘r;!.
L]
1)
i
§
2
'p."'
A
R "i.-'
LY
L)
A5

-
»
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- S. The equilibrium solutions

M

g The results described in this section are obtained by using very elementary methods.
A The proofs are independent of the results of the preceeding sections.

By an equilibrium solutions (e.s.) of system (4.1) [resp. (1.1)] we mean a solution

:_& A (u,0) ([resp. (u,p,f)] such that u =0 in Q, and
(5.1) 0 < ess inf p(x) s+ ess sup p(x) < = .
xefl xeQ
\',“-..
\_;.::_, If h=g=20 the two problems are equivalent (set p(p) = p(p.,L,) in system (4.1)).
NN
AN
)-_:;_A.j In the sequel we will consider the system (4.1). We call equilibrium solutions the
3
f b
i functions p(x), in the class (5.1), such that (0,p(x)) solves (4.1). It is easily
LY shown that a necessary condition for the existence of the equilibrium solution is that
S
:}-f f = VF, for some potential F. Moreover, the equilibrium solutions are the solutions of
%'l:*.'
LY the equation
D= b
 * (5.2) Up(p(x)) = o(x)VF(x), x €N .
)
x / Here, we are interested in the study of the e.s. under the effect of arbitrarily large
W
Sl
s‘ external forces f = VF. We will present useful necessary and sufficient conditions for
"’ the existence of the equilibrium solution for an arbitrary F € £'m).
- In the sequel, p is a continuously differentiable real function defined on r
N
S
-.:,-..:E {se€e R: s8> 0}, such that p'(s) > 0, ¥ 8 ¢ R*. We look for equilibrium solutions
“~
Lo
e verifying (5.1) and (1.3),, for a fixed = > 0. We define
RS
e (5.3) n(s) = [2 t='p'(erat, weser .
i' We denote by Ja,b{ the range of =, la,b[ = r(R*). One has = < a ¢ 0 <bg¢ =,
Y since *(m) = 0. We define & = =\ Clearly, ¢(la,b[) = R'. We set 4(a) = 0, ;
ks Ny 4 1
:r'.' - P(b) = 4=,
b
let o0 and F be defined and measurable in i, and let p verify the assumptions
N
::% (5.1) and (1.3),. Then » is salid to be a weak-equilibrium solution if there exists a
1 ‘&J' real constant c such that
.
" (5.4) n(p(x)) = F(x) + ¢, a.e. in O .
oo Moreover, p 1is said to be a strong-equilibrium solution if o € w'' ana 1f (5.2)
g 24
)'.'-P
; -22-
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holds a.e. in @. A weak-equilibrium solution is a strong e.s. if and only if p ¢ w'r',

Purthermore, p ¢ W'*1 1f ana only if F e w'''., Hence it is sufficient to take in
account the weak formulation (5.4). Note that equation (5.4) shows that p and F have
the same reqularity, if p 1is sufficiently smooth. For the sake of convenience we will

concentrate here on the L. case.

Definition 5.1. let F ¢ L . A function p is called an equilibrium solution of

system (4.1) if p e L” and if (5.4), (5.1) and (1.3), hold.
We set my = ess inf F in f, Mg = ess sup F in 0. One haa the following result:

Theorem 5.2. Let P ¢ 1?, be given. There exists an equilibrium solution p(x) i€

and only if there exists a constant

(5.5) ce la - mg, b~ Mgl
such that
(5.6) T‘%TIQ ®(c + F(x))dx = m .

If such a constant exists then the (unigue) equilibrium solution is given by

(5.7) p(x) = &(c + F(x)), ¥xef .

Proof. The condition (5.6) corresponds to condition (1.3) 4. Uniqueness is shown by
noting that the left hand side of (5.6) is a continuous and increasing function of ¢ in
the interval (5.5). The details are left to the reader.

u]

Theorem S5.3. Under the assumptions of theorem 5.2, there exists an equilibrium

solution p(x) i€ and only if

(5.8) a-mo(b-Mo,
and
1 1
(5.9) Trﬂ'fn $la - m + F(x))dx < m < Tﬂ’fﬂ $(b - M+ F(x))dx .

In this case the e.s. p(x) 1is given by (5.7), where c is the (unique) solution of

(5.5), (5.6).
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Proof. Condition (5.7) follows from (5.5). Moreover, (5.6) holds for some

c € la-mgy, b-My( if and only if

1
(5.10) lim TTf $(c + F(x))dx < m ,
c*(a-mo) e 8
1
(5.11) lim T_Tr ®(c + F(x))dx > m .
c*(b-Mo) &

These two conditions are equivalent to (5.9), by a well known generalization of Beppo
Levi's theorem to functions taking values in [0,+*®]. Note in particular that the integral
on the right hand side of (5.9) is well defined, since 0 < O(b-Mo + P(x)) < #, a.e. in

Q.

|s]

Corollary 5.4. If a ~= [resp. b = +°] then the conditions (5.8) and (5.9)1 (resp.

(5.9)2] hold, for every F € L. In particular, if Ja, b(=] ~ =, +=[ the equilibrium

solution exists for every F ¢ Lr”.

Corollary 5.5. Let F e L°. Then, the equilibrium solution exists if

(5.12) My - my < min{-a,b} .

In particular this holds if |F|, < (1/2) min{-a,b}.

Proof. If (5.12) holds then a - my + F(x) < 0, and b =- My + Fi{x) > 0, a.e. in Q.
Hence O(a—m0 + F(x)) < m < O(b-Mo + F(x)), and assumption (5.9) holds.
o
Remark 5.6. The lack of condition (5.9)1 {resp. (5.9)2] corresponds to the formation
of vacuum (resp. points of infinite density]. If a = - (resp. b = 4] the first [resp.

second] phenomena does not occur, under the effect of bounded potentials F.

Let us now consider the one dimensional case I = JO0,L{, £ > 0,. in the presence of

external forces f ¢ L', The potential

F(x) = [¥ f(t)at
is then an ahsnlutely continuous function in [0,L]. Consequently, the equilibrium

1,1

solution o (if exists) belongs to W and verifies (5.2). The sufficient condition
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(5.12) can be written in the equivalent form

o - -

{5.13) I/Y t(erae] < min{-a,b} , ¥ x,ye [0,4] .
) B
é In particular, Itl‘ < min{-a,b} is also a sufficient condition for the existence of
:. the e.s.
L)
f‘ Examples. As shown before, the existence of the equilibrium solution under a given
5 potential P, strongly depends on the values of a and b. It is of interest to consider
)
Py the classical case p(p) = mY, R>0, Y > 0. It follows immediately from our results that
4
-\ if v > 1 [resp. ¥ < 1], vacuum (resp. infinite densities]) may occur. On the contrary,
)

if Y = 1 the e.s. exists, for every bounded potential F.
Let us give an example, corresponding to the main case Y > 1. Por convenience, we
consider the one dimensional case f = ]10,1(. Let m=1,Y =2, R= 1/2. Then plp) =
¥
Y, (1/2)02. ¥(p) = p=1, ¥(s) = 145, a = ~1, b = 4», In the light of corollary 5.4, we have
)

only to check the first condition (5.9), which corresponds to the formation of vacuum. By
: assuming that f£(x) = 8 is constaant, this condition is |B| < 2. Formulae (5.6) and (5.7)
; yield ¢ = -8/2 and p(x) = 1 + 8(x ~ 1/2), respectively. If B > 0, the forces act on
:‘1 the positive direction, and the point x = 0 is subject to the largest decompression.

Por 8 = 2 the vacuum is attajned at the point x = 0, since p(0) = 0.
[}
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Appendix. For the reader's convenjsnce, we will prove here the estimate (3.21)., The
proof of (3.20) is easier, and is left to the reader. Recall that undsar the assumptions
made in section 3 one has |tl. < 2, |tyle <2, 18], < £y, [3,]a < t,.

In the sequel we use freely the inequality

M W¥al < clbyltvigle,l o

which is easily proved hy using the Soholev's inequality lvlz. < clot 1 Veoce w:,'z. One

P has

r
)Q (2) PH(h,v,T,8) = H(h,v, T B )0 _ < I(T=t )Wl _, + c B(T=t )w78I _, +

A
- 5
v

+

I(MT1)(v-v1)'VBI + I(m+T1)v1'V(B-61)I_ +

-1 1

”"i + - ¥ " + 1(8-8 ) ﬂ')“m (t,8)(veVt=g)l +
;’ vev) ML R )= 2t M4
Wy
:"‘"';3 + (g H8 )(T -T)(m+‘l’)-1(mﬂ )-1w (t,8)(vVt~g)! +
iy MR RARE! 1 YRt -1
LG

3 -1 - -
i + NG 48 ) (miT ) T(w,(T,8) W, (T /B (v VT=g)l _ +
Moo
)2 + 0GB ) (m+T )-1w (1,,8,)(v=v ) V11 +
b 'f.‘, 01 1 2170 1 -1
e

) -1 )
Aol + T8 ) meT ) 0, (T8 v eVt 0 .
1; oy By using adequately the inequality (1), one gets

N

:,..:: 3 TH-H, b _, < clhlplf-ﬂ'1lD +ec dvly 181, #Tet i, +
e
[ + C(m+!)l8l1'plv-v1lo + I(mﬂ1)v1°V(8-81)l_1 +

)
\,,\ﬁ + c(xo*xi)(lvl,’p + vt p)lv-v1l1 +
\5)Q1
Ay .
U ]‘
3;." +el2/mm, (e ATl s Iglp)ns-e1|D + |
3

2

o +cl(g +t ) (4/m )Tz(lvl1'plrl1’P + |g|p)|T-’T1|° +

+ c(c°+l1)(2/m)(|vl1'pI1l1'p + |g|p)sz(|1-«1|° +188.1,) +

+ c(Co+l1)(2/m)T2l‘l’lhplv—v‘llo +

X »
bt + 1@ 4B meT )70 (T 8 v eVt N
: q

N3

$ =26=
1

v \1\ 'v.n‘. -(‘,,VJ‘ ~ ‘- CJ
- s $ \ “ 1S3 4
\;t«‘: <Ixfs "‘t w\.-sx%\ "y

e 5

O () ‘. .';.‘l.“h‘." '\“‘! h‘:‘ U} Y . . (N " ‘h .O;‘. ¥, > “c(

R G ‘ 5 e \‘P Ry TN Y R Y 1‘ F"Y\'
SRS
\ ISR
IR ,h?e;'w”a.i S Tshuh }v"'v " SN,



P Y W T T T ey

—r M dae A-a s 4 ) ]

. We remark that each term on the right hand side of (2) is bounded by the term on the
right hand sjide of (3) that occupies the same relative position. In order to estimate the
fourcth and the last term on the right hand side of (3) we will use the estimate

(4) uwu_'<cuﬂ_+ih mfﬂp"“o .
’

Hore w is a vector field and ¥ a scalar field in Q. This inequality is proved by

noting that

qtwe¥reax! < ctlaiv wlplwlol.l + vl wr ter )

2%

By using inecuality (4), one easily verifies that the fourth and the last term on the

right hand side of (3) are bounded by c(m+l + It ", )Iv ] I8-81I0, and by

1 1 4,p :
2 4
= —_— + 1 |
c(co+£' + IB'I"p)(m + mz it 1 ,’p)(r + s,"n-,I,'p szl81l1'p)lv1l1’plt~r1 o ' |

respectively. By using these estimates together with (3), one gets (3.21).
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