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I. INTRODUCTION

In this final scientific report we summarize the research completed under
AFQOSR contract number 85-0109. The general area of research involved finding a
means to improve the quantum limit sensitivities of ring laser gyroscopes
(RLG'S) tor use as rotation sensors.

A ring gyro sensitive to rotation rates lo'lotimes that of the rotation
rate of the earth (QE) would revolutionize experimental general relativity,
since it would be sensitive to a class of effects which have yet to be
detected. In particular, such an RLG could detect the so-called Lense-Thirring
etrect (sometimes called magnetic gravity). This effect has never been seen,
and alternate detection schemes involve launching a mechanical gyroscope into
orbit. A detection scheme involving a RLG has the great advantage that it
could be used on the surface of the earth. This is because envirormmental noise
tends to cancel in the output of an RLG, since this output involves
heterodyning two beams which have counterpropagated around a ring cavity.

Thus, the noise tends to influence both modes in the same way and so cancels in
the heterodyne output. In addition to probing metric gravity, such an
ultrasensitive RLG would push the measurement of many geophysical effects (such
as measurement of earth rate, azimuth sensing, and seismic disturbances) into a
new regime of precision.

In the most promising variant of the RLG (the active scheme) the limiting
nolse source is due to diffusion in the relative phase between the two
counterpropagating laser modes. This phase diffusion results from independent
spontaneous emission events into the two laser modes. These events add to the
individual modes with random phase and hence cause a diffusion of the relative
phase. We have developed a means to completely quench noise due to spontaneous

emission in the relative phase between two different modes. This can be done
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in a new type of laser which we call the correlated spontaneous emission laser
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(CEL). The concept is completely, new and we believe that it can be used to

‘
)

Y Y
b

improve the ultimate ability to measure the relative phase between two laser

AR

fields such as is needed in RLG's and gravity-wave detection. j?

In this report we describe the CEL concept (more detail is found in
reprints A-C attached to this report) and show how it may be used to increase
the ultimate sensitivity of gravity-wave detectors (GWD's). We believe that a
very similar scheme (indeed, we are currently developing just such a scheme)
can be used to improve the ultimate sensitivities of RIG's.

In addition to this fundamental research on the nature of the noise
present in a measurement of phase, and the consequent development of the CEL
concept ,we have carried out research in a number of related topics. This
includes acting as a theoretical support group for the (now defunct) large,
passive, resonant-ring gyroscope experimental effort which was carried out at
F. J. Seiler laboratories at the Air Force Academy. In addition, a preliminary
experimental RLG effort was begun at the University of New Mexico under the
auspices of this contract. Finally, we studied in a somewhat general manner
the quantum distribution functions. Techniques involved in this latter study
are very useful in calculations of quantum noise. (See for example attached
preprint B).

This report is organized in the following manner. In Section II we review
the quantum noise limitations to conventional RLG schemes. We show in Section

IIT that these schemes are not as yet, with current state-of-the-art

technology, sensitive enough to probe the nature of metric gravity. In Section

AN
S

.
.

IV we introduce the CEL concept, and in Section V show how the CEL can be

incorporated into a differential length-measuring device (the GWD) in such a

way as to improve the sensitivity of this device. Finally, in Section VI we
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describe the research done in related areas.
II. CONVENTIONAL QUANTUM LIMITS TO RLG SENSITIVITY

In this section we briefly review the operating principles of the RLG and
derive the quantum noise limits associated with two standard schemes.
Comparing the limits obtained in this way to the sensitivities necessary for
probing metric gravity (and improving geophysical measurements) allows us to
derive the technological requirements which the standard RLG schemes must meet
if they are to be useful in this regard. e conclude that these requirements
are beyond what is possible with present, state-of-the-art, techniques. This
is intended as motivation for considering the novel CEL concept to be discussed
later in this report.

There are essentially two standard RLG schemes., We call these the passive
and active schemes and depict prototypes of these in Fig's 1 and 2.

Both devices are based upon the Sagnac effect., The Sagnac effect is the
splitting between the etfective round-trip path lengths in the two directions
around a rotating ring cavity. It has been shown that this path length

difference can be expressed as

AL = L' - L ===, (1a)

where ( is the rotation rate of the ring, A the area enclosed by the light
path, ¢ the speed of light, L' the round-trip path length in the same direction
as the ring's rotation and L~ the path length in the opposite direction. The
active and passive schemes differ in how they utilize the Sagnac effect. Note
that in the detection of gravity waves (to which we have successfully applied

the CEL concept) the g-wave imposes a differential length i1n the two arms ot an

interferometer (see Fig. 3) given by [;_

s’ é

L ]

N



cqf TeTaTe ) 2 EEEE . LT EEER A N . e w k. e

o

' .
.l .A

Y.,

TAATATA

Y Ty M

.o,

By
LAY W

aL = BLE) o

> Ly - (1b)

¢
.

where L, is the length of each arm of the interferometer in the absence of the S

l"‘,-

PP

gravity wave and h(t) is the time-dependent amplitude which characterizes the
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strength of the g-wave. Typically the magnitude of h(t) at the surface of the

=0
earth due to astronomical sources of g-waves is ~ 10 “1. Cquations (la) and

(lb) emphasize the great similarity between RLG's and GWD's. Both are
concerned with measurements of extremely small length changes by optical means.
In the passive RLG the phase shift associated with the difference in path
length is measured by noting the phase shift between two portions of an
external beam which is split and counterpropagated around a passive ring cavity
see Fig. 1 and then recombined on a photodetector. This phase shift is given

by
Q = T = 7C_ M r (2)

where X is the reduced wavelength of the laser light. In a situation where the
light is bounced around the ring many times betore it exits (such as when using
a fiber coil as the cavity or a Fabry-Perot type of device) the phase shift
given by Eq. (2) is enhanced as

S
= —_— —— Q= = Q o= =
Vp YP “c XP v Y ! ()

where P is the perimeter of the ring path and ' is the loss rate of the cavity
{thus c/Py is just the number of bounces an average photon makes betore 1t

exits the ring to be detected). In Eq. 3 we have made the comon replacement

s, 8, 1
«

1‘.1’3‘,'{‘}-/."
LAY

S = 47A/7P.

TU
»

In the active device [Fig. 2] a lasing medium is placed inside the ring

cavity. Thus, the lasing frequency into the two directions around the ring is

R Nt A e Tt et e . et e e et e

L. e e . a e e e e T . Lt e T e e e, .. PR S e PR S .

NN A A N I T I A N S T T S R SR LN SN SN TS
TR VDR ST RA AR WA NG WG W WSS P L A PR R TR FE VR AT VRV W I A A R T W R R A R R R PO,




P
¢

TR S S S CAEN Y V.V, V¢

2 IS IR

AT TS I

T TIWF 8y s

"B AW ¥V TV T v
.

e e W
G TR PR
Nl 'l‘ Al A)i.:L M

LW UL LY, Tk e~
BT

determined by the respective round trip cavity lengths, That is, the lasing

frequencies, v'  and v , of the two counterpropagating laser modes are given by

+

Vo nnc
4+

L

. (4)

The frequency difference is then given by

+ A
Av = v - v = nme (l: - l;)% W0 gé ’ (5)
L

where 0

is the (degenerate) lasing frequency in the absence of ratation (i.e.
when 2L = 0) and P is the physical perimeter of the ring. Using Eg. 1 in Eg. 5

yields the well known result

=S5 0=s8n . (6)

It is convenient to re-express Eg. © as the phase shift accumulated in a
measurement time Tat SO that it can be compared to the phase shitt generated in

a passive scheme. That is, the active phase shift is given by

by = Sto . (7)

Comparison with the passive phase shift (Eg. 3) shows that the active phase
ditterence signal is larger than the passive one so long as the measurement
time Ty 1S longer than the inverse of the cavity decay rate y_l. The maximum
measurement time is strictly limited only by the period (or duration) of the
disturbance which causes the rotation rate . of the ring to change. For the
situations in which we are interested (probes of metric gravity, geophysical
effects) this period is on the order of one day (- 10 s). On the other hand,

typical cavity ring-down times are ; A 160" seconds. Thus we see that, under

- . ) A
these conditions the active RLG generates a signal some 101( times larger than

RN e el e e e L T (e S o L
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a passive device of the same dimensions.

In determining the ultimate sensitivity of a device, however, signal
strength is only half the story. The ultimate sensitivity depends upon the
signal to noise ratio. The limiting noise source in the passive device is
so~called shot noise which can be attributed either to the statistical
properties of the detection process or the intrinsic photon number uncertainty
in a coherent electromagnetic field. In either case the uncertainty in a phase
measurement due to shot noise has the well-known form

hv

#lshot =\ /B ¢ ®

where P is the laser output power, L the measurement time, v the lasing
frequency, and h Planck's constant. Note that the factor inside the square
root in Eq. 8 is essentially the inverse of the number of photons in the laser
tield. Equating this intrinsic noise to the passive signal and solving for
yields the minimum rotation rate which can be reliably measured with a passive
device. This procedure yields

_y hv

nin - S 5?; . Passive Shot Noise Limit (2)

Note that the limit can be lowered by using cavities with lower losses, higher
power, or larger scale factor (essentially longer perimeter). We will insert
typical numbers into this formula after demonstrating that the active scheme,
although it generates a much larger signal, also has an ultimate sensitivity
limit of the same form as Eq. 9 because it suffers from a larger additional
noise source due to spontaneous emission.

While the active device also exhibits an uncertainty due to shot noise,

1ts largest 1ntrinsic noise source is, by far, the independent spontaneous-

3\ .".-".-".:'..-\.q\‘ A S N -"_.-A - PR e B LN “ el N STt
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emission-induced phase drift of the two laser fields which counterpropagate
around the active ring cavity. The counterpropagating fields in a passive '
\"\.’\
3 I
device originate with a single external laser and hence any spontaneous :f;{;
emission-induced phase drift is common to both fields and cancels in a :{Ef.
heterodyne measurement. However, in an active device lasing action occurs '_‘f
o
independently into the two directions around the ring and so the phases of ?j}?:
N
ey
these tields drift independently due to spontaneous emission. The uncertainty RO
BN
introduced into the relative phase is given by o
S =‘[2Drm . Spontaneous Hmission Noise (10)
Here D is the characteristic diffusion rate of the phase of a laser field due
to random spontaneous amission events. It is given by
2
~“hy
p=Xt =12 , (11)
— 2p
2n
where n is the average number of photons in the laser cavity. Inserting Eg.
(11) into Egq. (10) gives the limiting noise in an active RLG. That is,
‘“v -
8§ =Y ﬁ . Spontaneous Emission Noise (12)

A more detailed account leading to Eqg. (12) is given in the attached reprint C.

Equating the active signal and noise and solving for yields,

/f- . . .
2 Active Spontaneous Bmission Limit (13)

Comparison of the active and passive (Eq. 9) limits show that they are

identical. In the passive schame the signel is small but it only sutfers trom

the relatively small shot noise. The active device %3 a much larger signal,
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but this is accompanied by a larger noise source due to the independent drift
of the phases of the counterpropagating gyro modes. This observation led us to
develop the CEL,in which spontaneous emission noise in the relative phase
between two laser fields can be quenched. Incorporating a CEL into a ring gvro
scheme might, then, allow for a device with the large active signal and yet
suffer only from the small intrinsic uncertainty due to shot noise. Such a
device would clearly have a favorable sensitivity limit over both conventional
active and passive schemes,

An argument precisely paralleling (see attached preprint D) the above RLG
discussion can be carried out for GWD's by starting with the expression tor the
length difference due to a g-wave (Eg. (1lb)), rather than that due to the
Sagnac ettect (Eq. (la)). The result is a limit on the minimum detectable
strength of g-wave which again applies to both active and passive devices.

That is,

’ Conventional G-Wave Limit (14)

We show in Section V that incorporating a CEL into the active GWD scheme leads
to a limit better than the conventional one given by Eq. (14).

III. TESTS OF GENERAL RELATIVITY

The principal motivation for the development of ultra-sensitive RLG's is

to probe metric gravity. It has been shown that a ring gyro on the surtace of

the earth should exhibit effective rotation rates due to purely

general-relativistic etfects. The frequency difference between the

counter-running modes of a rotating gyroscope on the surface of the earth is

bvo= Slap +og t

Et 0 I

. + . +
mach COSNos curv (15)

The tirst two terms on the right hand side of Eg. (15) are due simply to the
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X ,
o rotation of the earth and the rotation of the gyro with respect to the .
A .
v, o
= earthbound laboratory. The last three terms are due to the curvature of
d O
'n'_ . l."\,‘r-
o spacetime. NN
\.. "'-h-;' .
Y . . , . . e
~ The three gravitational contributions to the effective rotation rate of {i3¢
~. S
N A
the ring can be viewed as follows. The term Qmach is predicted to be nonzero
5: by Einstein's theory whenever the gyro is near a massive rotating body (such as ?3:1
“j the earth or the sun.) This term describes the Lense-Thirring effect, and is
o §
.
said to be due to magnetic gravity, in analogy to the wey in which a spinning i
o electron has a magnetic moment. On the surface of the earth quch is predicted :?2?
o 1o . s
v to be on the order of 10 Qg. This term is of particular interest because no
- e
.- experimental evidence for "magnetic gravity" exists. The existence or absence o
- of the second term Qcosmos is a test for a preferred coordinate system in the
‘f universe. The existence of such a term would indicate the existence of a R
e preferred frame. Einstein's theory does not have a preferred rest frame and o ’
jf predicts that Qcosmos should be zero. Other theories of metric gravity (such
;{
N

as that due to Ni) predict the existence of a preferred frame. A gyro

DaCalh

P )
\.

sensitivity of 10'“%¥3would be necessary to push the experimental evidence for

.
l- .
.

the absence of a preferred frame beyond the current limits set by lunar ranging o

1
.
a

.14 (‘
[T RN
.

experiments. The last term Rcurv is due to the static detormation of space by t?ti:
;' massive bodies near the gyro. Terms of this sort are predicted to give an ;;ﬁ;
i ettective rotation rate on the order of lO_E)LE- It is evident that a RLG
3
E sensitive to rotation rates on the order of 10'19i5is necessary to be useful as
:. a probe of metric gravity. This sensitivity is four orders of magnitude bevond
;- the capability of any existing RLG.
_i The RLG test has one great advantage over other proposed probes of metric
3 gravity which would be sensitive to the heretotore unseen magnetic gravity
; effects; the RLG device would be earthbound. Other proposced tests involve the
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use of ordinary mechanical gyroscopes in orbiting satellites (to eliminate
frictional noise).

Active ring laser gyros have been built by the aerospace industry which

have sensitivities to 10_69E in a 1000 second measurement time. These devices

are essentially already at the quantum noise limit. No other devices have bezn
built which approach this sensitivity. Further improvement depends upon
bettering the technological state of the art. We can make an optimistic
estimate of the best sensitivity which a conventional active RLG 1s likely to
achieve in the next few years by inserting the following state-of-the-art
parameters into Eq. 13. Consider a square cavity 10m on a side which utilizes
1 watt of stabilized He~Ne power., Let the decay rate of the cavity be 105 Hz
and consider measurements times of 1000 seconds. These numbers lead to a
minimum detectable rotation rate on the order of 10'9:2E .

Thus, even under the most optimistic (and to some extent unrealistic)
estimates an active RLG does not have the sensitivity required to act as a
probe of metric gravity. There are two routes to improvement. One can either
develop techniques which improve the state-of-the-art parameters employed
above, or one can develop a novel scheme which has a favorable quantum noise
limit. We choose the latter.

IV. THEORY OF CORRELATED SPONTANEOUS EMISSION LASERS

Here we summarize some of the results of the theory of CEL's obtained so
far (attached preprints A-C). Clearly, in order to establish a correlation
between the random spontaneous emission events which are responsible for phase

dittusion, the two lasers considered must have a common gain medium. In

addition to this, some applications (e.g., gravity-wave detection) require the

[y
LN
_a_v_

two modes to oscillate in different cavities. One must then be able to L

sl

A
5

separate them, which may be achieved if they have sufficiently different
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trequencies (by using dichroic mirrors) or different polarizations (see
Fig.4. This leads one naturally to consider three-level schemes such as in
Fig. 4, in which two different laser transitions share one common lower level,
The two transitions may correspond to different frequencies as in Fig. 4 or
polarizations or both.

Mutual coherence between the two modes will be achieved if one manages to
exclte the atoms into a coherent superposition of the two upper levels, i.e., a
quantum-mechanizal superposition of |a> and |b> in Fig. 1 with well-defined
coefficients. Then the spontaneously emitted photons will of course have a
random phase (since they are emitted at random times) but thier projections on
each of the two modes will have a well-defined relative phase (e.g., /2, if
the two modes considered are two orthogonal linear polarizations and the
spontaneous photons are circularly polarized). Such photons will not cause any
dittusion of the relative phase of the two modes provided that the two modes
already are oscillating with the right phase (and amplitude) relationship. I
the examples we have studied, we obtain, in fact, a diffusion coefficient for

the relative phase i given by

*
L1 2 2 2 Foepr
D(i) = g (x1/p] * ay/oy = o, S ) + c.c. (16)

where a;, o, are (amplitude gain coefficients (per unit time), xyp and xs,
linear mode coupling coefficients arising from the coherent mixing of the
atomic levels |a> and |b>, »; and n, the (real) amplitudes of the two modes, (in

units where »° = number of photons), and the angle v is defined in general as

S T St VLTS U SR (an

Here vl and v2 are the frequencies of the two modes, and v is the frequency of
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an external tield used to mix the atomic levels |a> and |p>. If the {J?}g
. . s AT
frequencies of the atomic transitions a> = |c> and |p> =+ |c> are w; and wy, i‘ -
. R

respectively, we require vi3 = w) - wy, i.e., the external field (perhaps a ;;:::;
PRGN

LA AN

microwave field) is resonant with the |a> > |b> transition. (This is the AT
e,

R

scheme we refer to as the quantum-beat laser.) In the case where |a> and |b>
are degenerate (Hanle-effect laser), the vi3 term is absent from Eq. (17). In
this case no external field is necessary, and atomic coherence 1s achieved by
the pumping mechanism, which must prepare the atoms in a coherent superposition
of |a> and |b>. Finally, the angle ¢ in Eg. (1l7) is a constant that depends on
the details of the coherent mixing/pumping mechanism.

In the cases we have investigated, it is possible to make o) = a; = a;; =
az; ¥ a, Then, if things are arranged so that the two modes have the same

amplitude (p1 = e2), Eq. (15) gives

D(:) = — (1 - cosy) (18)
2n

where n is the average number of photons in each mode. This is to be compared
with Eq. (11) for ordinary laser operation. As mentioned above, this can be
made zero when the two modes are oscillating with the right relative phase,

i.e., ¥ = 0. Not surprisingly, such a configuration turns out to be preferred

by the system, and the phase ; is found to obey a mode-locking equation,

v = - 20 siny . (19)

Now, Egs. (18) and (19) show that the diffusion in the relative phase

between two laser modes can indeed be made to vanish due to the CEL quenching .
of spontaneous emission noise., Note that this implies that »: due to ~}ﬁ\§,
T
spontaneous emission {see Eq. (10)) vanishes. !; LY
NN
The remaining question, then, is whether one can still extract some W
IR
AR
oy

»
.

P
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information from the relative phase of the system, despite the fact that it
tends to lock at the value ¥ = 0,
V. CEL G-WAVE DETECTOR
In this section we show briefly how the CEL concept can be applied to an
active g-wave detection scheme in order to improve the sensitivity of such a
device beyond the standard limit given by Eq. (14). A much more detailed
account of the system we envision is given in the attached reprint D.
Basically, we consider a system like the one shown in Fig. 4. A g-wave
is taken to be incident from the left on the doubly resonant CEL cavity. This
g-wave affects the length between mirrors M; and M; but leaves that between 1,

and M, unchanged. Thus, the resonant cavity frequency seen by the v, lasing

1

transition remains unchanged, but that seen by v, is modified. This effective

detuning changes the CEL mode-locking relation (Eq. (19) according to

<.
n
Nof =

vlh - y siny ., (20)

Here, we note that the intensity cavity loss rate v is equal to twice the
amplitude gain o and %ﬂ)lh is the detuning caused by the g-wave. (Recall that
h is the dimensionless amplitude of the g-wave,) This locking equation has the
steady state solution,

\)1}1
Ves = T v (21)

so long as v;h << y, which is always the case in practice. Using this in the

expression for D(4) (Eg. (18)) and expanding the cosine leads to

D(v_) = v (=2)° , (22)
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"::: operation given by Eq. (11). In fact, the limiting noise source becomes shot

'.,'l...‘.
AN

noise in this CEL case and the phase diffusion noise characterized by Eq. (22)
can be ignored. O
N Thus, we have demonstrated that we can have effective noise quenching (Eq. K
(22)) and still retain a phase signal (Eg. (21)) proportional to the g-wave
disturbance. However, considering shot noise (Eq. (8)) as the new limiting e

noise source, Eq. (21) leads to el

_2y [hy
hmin Y PT ’ {23)

N which is the conventional result given by Eq. (14). The problem is that the

> CEL coupling did eliminate spontaneous emission noise but at the same time it Do
e

; reduced the signal strength to essentially the same size as in a passive ::::f.zj
EAEN

device. An active signal is given by Eq. (20) without the CEL locking term. "';“-

This active signal phase is ‘

1 vih

Va =71 > Ves T3 - (24)
How then can we retain the noise quenching and regain some of the active ;.:
-. signal strength? The key can be found by examining Egs. (20) and (21). Note ':._;:
that, if we could reduce the effective locking coefficient y the steady-state ;::
' value of the phase would be enhanced. We find that, by extracting some light ,
. from the mode with frequency vi (by letting some light leak out of mirror M, &
,” in Fig. 4 and injecting it with the right phase into the other mode (through 9:
i' mirror M.) and vice-versa, we can modify the locking equation to read §
: R
2 1 _ T
v =3 9h=-( -R sin ., (25) ‘

where R is the rate at which light is extracted from one mode and coupled into

'''''''''
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the other, This leads to a steady-state phase

Vlh
Vss T 2(y - R '

(26)

which is clearly larger than the simple CEL scheme without the extra-cavity
conpling. Phase diffusion is still negligible so that eguatinag Eq. (26) to the

shot noise phase error (Eq. (8) gives the favorable limit,

=26 =R fhy _y =R, (27)

h . .
min P min .
cel v m Y conventional

Just how small can we make this CEl enhancement factor, y - R/y? In principle,

the modified locking coefficient must be larger than the frequency .., of the

L@

i
.

gravitational disturbance (we envision a sinusoidal g-wave of the form

h(t) = h, sinmgt), so that the system has time to lock to a steady-state phase

value during one g-wave period and so insure noise quenching.

In this case,

w,
=3 pn . . (28)
Y

h .
i .
min min conventional

cel

Now, w_ is typically 100 Hz and Y 10° Hz. Thus, we see that the CEL has a

g
potential sensitivity some three orders of magnitude greater than conventional
devices. (A more detailed analysis given in the attached preprint D shows that
the enhancament factor @g/y should be replaced by v;;?T_for the scheme we have
proposed). This result is very interesting for several reasons. First it is
interesting from a fundamental point of view, It shows that the fact that the
conventional active and passive detection schemes have the same quantum limit
does not mean that this limit cannot be bettered by a clever system such as the

one we have developed. Second, this improvement by several orders of magnitude

is not purely academic. G-wave detectors are rapidly approaching the state of
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development where they will be quantum noise limited. The conventional quantun
limit (with current technology) places them just on the verge of the
sensitivity required to detect g-waves of the expected strength. Thus any
reduction of the quantum noise limit may prove crucial to the eventual success
of these detectors. Finally, we believe that a similar CEL scheme can be
successfully applied to ring laser gyroscopes., In tact, we have carried out
some preliminary research in this regard and find that the enhanced sensitivity
of an RLG may be even larger (since the frequency associated with the
general-relativistic effects which affect the gyro rotation rate are typically
of order (24 hrs) ! ~ 1075 hz, rather than the 100 Hz signal associated with
g-waves) .
V1. RELATED RESEARCH

In addition to the development of the CEL-RLG, we accomplished some
research in related areas. One of us (L. Pedrotti) spent a summer at F. J.
Seiler research labs at the Air Force Academy in Colorado Springs collaborating
with the group there working on the (now defunct) large passive resonant ring
gyroscope. Indeed, while this project was in existence, close collaboration
existed between them and our group at the University of New Mexico. We advised
them on the nature of the quantum noise limitations to their proposed device
{which has the same form as the other conventional devices as given in the text
by Eq. 9) and carried out several calculations involving the susceptibility of

the large passive ring to envirommental noise.

At the University of New Mexico some preliminary RLG experiments were

setup towards research into novel RLG schemes involving the introduction of a

L

"!'/',,.n PO

nonlinear element into a ring cavity. Such a scheme had been suggested as a N
Lo
possible way to enhance the Sagnac effect by making the difference in the -

s
v’ .

-

round-trip cavity lengths in the two directions around the ring depend
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»i: nonlinearly on the rotation rate of the ring. This preliminary experimental }-LQ
- LA
-~ a7

l' effort was intended to lay the necessary ground work for both independent RLG

ii research at the University of New Mexico and as a means of supplementing the

iﬁ research effort at the F.J. Seiler laboratory.

()

N

Finally, in collaboration with Prof. Cohen of Hunter College, work was

|“;

done involving generalizing the quantum distribution functions commonly used in

sy
B

guantum optics. An example of this research is attached as preprint E. While 0
this work has no direct bearing o ring laser gyro physics, the techniques

f: involved in handling the quantum distribution functions (such as Glauber's

- P(x)) are very useful in calculating expectation values of quantum noise
™
® operators. These sorts of calculations are one way to perform a rigorous

quantum-mechanical treatment of the quantum limitations to the measurement of
the relative phase between two laser fields (see preprint B). This of course

has direct bearing on the ultimate sensitivity of ring laser gyroscopes.

& S
VII. SUMMARY e
% Here we summarize the major research contributions accomplished under Eﬁi
) KOS

this contract. We divide the work as follows:
A. Quantum Limited Sensitivity
n (1). We performed a thorough investigation of the quantum limits to
conventional ring laser gyroscopes and gravitational wave detectors. We found
that both active and passive devices have the same ultimate signal-to-noise

ratio, even though the signal of an active device is much larger than that of a

passive device of similar construction. The active scheme suffers from a large >
< L . . N
. additional noise source due to spontaneous emission. NN
N NS
: (2). Ve developed the correlated spontaneous emission laser with ;;;:'
", :
~ -

PR
»

which it is possible to quench spontaneous emission noise in a measurement of

the relative phase between two laser fields. This remarkable result
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constitutes the major contribution performed under the auspices of this
contract.

(3). We showed that the CEL concept can be incorporated into an
active g-wave detection scheme with a better potential sensitivity than the
conventional schemes. We anticipate that a similar scheme could be used to
produce a ring laser gyroscope with a similarly enhanced sensitivity. Such an
enhancement might make feasible an RLG probe of metric gravity.

B. Related Topics

(1). Theoretical support was provided to the large passive resonant-
ring gyroscope effort at F. J. Seiler laboratory.

(2) . A preliminary RLG experimental effort was initiated at the
University of New Mexico.

(3). Research into the general nature of quantum distribution
functions was done with future applications to better understanding the precise
way in which guantum mechanics limits the precision with which measurements can
be made.

We conclude by noting that the question of ultimate quantum noise limits
is one of great fundamental and practical importance. If the sensitivities of
g-wave detectors and RLG's could be improved (for instance by using the CEL) to

the point where gravity waves and the Lense-Thirring effects could be detected,

experimental astronomy and astrophysics would be revolutionized. In addition,

" e

this experimental evidence should provide great clarification of the

consequences of general relativity and the nature of astrophysical events. .
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Fig. 3. CEL G-Wave Detector

Laser consisting of three-level atoms coherently mixed by external
microwave signal at v:., Dichroic mirror causes light to be deflected in
vertical direction for frequency v- but transmits light at frequency ‘.

Three-level atomic medium. Microwave signal, .., coherently mixes the
upper, |a> and |b> levels.
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Correlated Spontaneous-Emission Lasers: Quenching of Quantum Fluctuations
in the Relative Phase Angle

(B4
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Marlan O. Scully

Max-Planck-{nsttut fiir Quantenopuk, D-8046 Garching bei Munchen, West Germany. and Center for Advanced Studies c nd
Depariment of Physics and Astronomy, Universin: of New Mexwco, Albuguerque, New Mexico 87131

.::_ (Received 26 September 1985)
X In quantum-beat and Hanle-effect experiments, spontaneous-emission events from two
, : coherently excited states are strongly correlated. A doubly resonant laser cavity driven by such
’ atomic configurations can have vanishing diffusion coefficient for the relative phase angle.
.
Ty PACS numbers: 42.50.+q. 42.55.Bi

In many areas of modern physics ultrasmall displace-
ments are measured by placing a lasing medium in an
optical cavity, and sensing a frequency shift associated
with the change in optical path length caused by vari-

differentially affected by the external influence of in-
terest (e.g., a gravity wave or a Sagnac frequency
shift).

However, the atomic transitions driving the two op-

O

ous effects, e.g., the motion of a mirror. In such ex-
periments the frequency shift is typically determined
by beating or heterodyning the light from the
variable-frequency laser with that from a companion
reference laser. Examples include the laser gyro-
scope,! the precision measurement of thermai-

tical paths are strongly correlated when the upper lev-
els |a) and |b) are prepared in a coherent superposi-
tion as in quantum-beat® or Hanle-effect® experiments.
In the quantum-beat case the coherent mixing is pro-
duced by a strong’ external microwave signal as in Fig.
1(a). In the Hanle-effect example, the levels la) and

0
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e
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‘- .
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expansion coefficients,” and proposed variations on
existing laser gravity-wave detectors.’

The limiting source of quantum noise in such exper-
iments is often spontaneous-emission fluctuations® in
the relative phase angle between the two lasers. In this
Letter we show that diffusion of the relative phase an-
gle between two such laser modes may be eliminzted
by preparing a laser medium consisting of ‘‘three-
level®” atoms, and arranging that the two transitions
@) = l¢) and [6) — |¢) drive a doubly resonant cav-

[6) can be taken to the “‘linear polarization’ states
formed from a single “‘elliptical polarization™ state as
shown in Fig. 1(b). The fieids 1 and 2 emitted by the
atoms of Fig. 1(a) will differ in frequency while ficids
produced by the atoms of Fig. 1(b) will differ in poiari-
zation.

In both cases discussed above the heterodyn2 beat
note between the spontaneously emitted fields 1 and 2
shows that they are strongly correlated.® To see this,
consider the atoms of Figs. 1 interacting with a quan-

ity; see Fig. 1. In this way the optical paths may beJ

tized field. The state vector is given by

- lg) =ae”"*1a,0) +8e"*|5,0) +ylc. 1)) +y3lc 1,), 0))

. -t - - . - . .
where |1,) is the state 4, |0), i =1, 2, and a,t (d,) are the creation {annihilation) operators for photons having fre-
quency v,. Now the expectation value for the electric ficld operator £,

o~ - (ky-r=w,1)
< E|(r.()=€|a|e' e N

)

iy calculated using Eq. (1) is easily seen to vanish since the states |a), [b), and l¢) are orthogonal. Similar zrgu-
ments show that (£;) likewise vanuishes. However, the cross term’ does not vanish:

X (¢|E:53|w)=e,e;y{y;(clc)exp[—/(kl——kz)'r+i(vl—v2)rl. ()

o That is, the spontaneously emitted photons at vy and »; are correlated.

® Motivated by the preceding arguments we are led to investgate diffusion in the relative phase angle when such
(three-level) lasing atoms are prepared in a coherent sup2rposition of tne upper 1wo evels, and are placed in a
doubly resonan: cavity as in Fig. 1. The quantum theory of such laser confizurations may be conveniently cast in
terms of the following equations of motion invoiving Langevin quantum-noise operators® for the systems of Figs.
1. In both cases the operator equations of mouwon are found to be

s,

.’-.; di= = (0, = v))d, +agd +agde® P =y @ B0 L) = 8 (dd ] dnd ) = By + G0, (4a)
-Z;i a,= —((Q:—uz)(};+a:(}:+a“(}i4’~'°“)'—7:&2+ﬁ3:(&3'&; )+ 8 (6345360630 )+ Falr) +G,(1). (4b)
::‘ When the coherent mixing of levels [a) and [5) is produced via a microwave signal having frequency wg. the
N 2802 © 1985 The American Physical Society
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phase angle & is given by
@(l)=(l’|-l"2—wo)l-¢. (5a)

where ¢ is the (microwave determined) atomic phase
difference &, — 5. In the case of polarization *‘label-
ing™ of fields 1 and 2 as per Fig. 1(b) the phase angle
is

&) =(v)—v))t -0, 61))

where ¢ is again the relative phase between levels {a)
and |b) but determined this time by the state of ellip-
tical polarization of the pump light used to excite the
atoms.

The frequencies Q;, i=1,2, are the empty-cavity
frequencies while v; denotes the actuaf lasing frequen-
cies. The detailed form of the linear gain constants
(a; and ;) and the cross-coupling coefficients (a;
and a3;) need not concern us here; however, we note
that they are determined respectively by the diagonal
and off-diagonal elements of the atomic density ma-
trix.

The nonlinear self-saturation and cross-coupling
terms are denoted by @), and B,; and will not be
necessary for the purposes of this paper. The linear
loss rate is y,. Finally, the quanium Langevin-noise
operators F; and G, are associated with the gain, cross
coupling, and loss for mode 1. Identical definitions
apply to mode 2 with the interchange of the indices 1

Quantum Beot Laser

Ey e 19>
. i o)
Laser ' £, £,

v,

Doubly Resonant Mcrowave Induced
Cavity Coherence
(a)
Hanle Effect Laser
T lo—— by ——
N ’ \O /
aser O -~
\ /
’J—{ ley =X~
Doubly Resonant Polarization Induced
Cawty Coherence
®)

FIG. 1. (a) Active medium consisting of coherently excit-
ed three-level atoms drives doubly resonant cavity. Simuilar
atomic configurations are prepared in quantum-beat experi-
ments. Coherence is generated by, e.g., an external mi-
crowave field. (b) Active medium is prepared in coherent
excitation of states [a) and |5), which decay to state ic) via
emission of radiation of differing polarization states as in
Hanle-effect experiments. A polarization-sensitive mifror is
used to couple a doubly resonant cavity.

and 2. The noise operators are defined by their diffusion coefficients

(G,’(r)@,(z’)) =2y n;8(t—1),

(6a)

where 7; is the thermal photon number for the ith cavity.'® For the active medium

(FTWF()y=2D,3(:=1),

(6b)

and the diffusion constants are determined from the generalized Einstein relation

(G- 5

(6¢c)

The Einstein relation!! (6¢) is evaluated by use of the equation of motion for the density matrix describing the

laser radiation field p(4,,d, ;a,.@; ), that s,

dp 5 .
—d% = zlj-{ljp'

m
where the linear gain and cross-coupling Liouville operators are given by'?
ZLobp==1lapdd +a’dd p—(a, +a))d, pé,l, (8a)
Fup=—+tlappd:d; +aldd; p- (ayp+a3))d, pdale'®, (8b)
Fup=—tlanpdidy +ai:d1dlp—(ay +aly)dl péyle "2, (8¢)
With use of Egs. (6), (7), and (8) we find the diffusion coefficients as they appear in Eq. (6b) to be
=1l +aj), =12, (Sa)
and
D= +(ay +ai)e™® Dy=Dp, (9b)
2803
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We may now proceed to calculate the phase diffusion
time for our heterodyne average (a{az) with use of
Egs. (4)-(9) in the usual way (see, e.g., SSL* Sect.
20-3). We associate @;(r) with the complex signal
p,expl —i0,(¢t)] and write

(@) (a,(1)) =pprexpl— L(18,(1) = 6,() 1)),
(10)

The phases in Eq. (10) are determined from Egs. (4)
to be

0= foar s E ™= Fl (™. ap

Inserting Eq. (11) into Eq. (10) and using Egs. (9), we
find

(&1 ()a,(1)) =pipyexp( = Dt), (12a)
where
p=-Ll&L a_;' _lontai)en® +c.c.
16 || pi  p} P1P2

(12b)

and ¢ =® +6,— 60, with 6, being the phase of the ith
field.

Now in deriving Egs. (12) we have made use of the
fact that the phase angle ¢ will (under normal operat-
ing conditions) lock to a constant value. This constant
phase angle is determined by the locking equation of
motion for w{7) as obtained from Egs. (4), namely!?

G(1)=a —bsinu(s), am»

where the locking parameter b is determined (in part)
by a;; and aj;, and a is a small frequency difference
which can be made to vanish by a proper choice of
Q- Q, In that case ¢ locks'* to zero and the rate of
phase diffusion as given by Eq. (12b) vanishes; tte
terms in curly brackets cancel. Detailed analysis, to be
published elsewhere, shows that this can be satisfied
for a variety of laser parameters. For example, when
all a's were equal and py = p; then D as defined by Eq.
(12b) would obviously vanish when w=0. Further
discussion of this point and expertmental arrange-
ments designed to maximize signal-to-noise ratio will
be given in a future paper.

In additicn to its intrinsic interest within the field of
quantum optcs, the possibility of noise supprc:ssionls
via correlated-emission lasers holds promise for appli-
cation in several areas of research. The analysis of
such potential applications will be presented clsewhere.
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Sluwidiry, edited by M. Chretien er al. (Gordon and Breach,
New York, 1966), Vol. 2; H. Haken. Handbuch der Physik
(Springer-Verlag, New York, 1970); M. Sargent, l1I, M. O.
Scully. and W. E. Lamb. Jr., Laser Physics (Addison-Wesley,
Reading, Mass., 1974) (hereafter referred to as SSL).

5The pionecring work in quantum-peat experiments was
carried out by G. Series and co-workers. The author thanks
W. Sandle for sumulaung discussions in this regarg. The
atomic-beam experiment of S. Baskin provides a dramatic
example of this effect. Papers especially relevant to the
present work are W. Chow, M. Scully, and J. Stoner. Phys.
Rev. A 11, 1380 (1975); R. Herman, H. Grotch, R. Korn-
bith. and J. Eberly, Phys. Rev. A 11, 1389 (1975); I. Sen-
itzky, Phys. Rev. Lett. 35, 1755 (1979).

6W. Hanle, Z. Phys. 30, 93 (1924). An account of this
problem oniented along the present lines 1s given by M. Scul-
ly, in Atomic Physics 1, edited by B. Bedersoa, V. W. Cohen,
and F. M. Pichanick (Plenum. New York, 1969), p. 81.

TThe microwave field must be a strong field since states
la) and |5) cannot be coupled by a dipole transition, since
the transitions {a) to lc) and 16) to Ic) obey aipole selec-
tion rules. One would theretore anticipate 2 weaxer couphing
between the upper two levels and would compensate for this
by, for example, driving the transition with a strong external
field. Alternatvely one could use, e.g.. a molecular sysiem
in which parity 1s not a good quantum number.

8The notion of corretated spontanecus emisston 1s dis-
cussed 1n Ref. 7 and aiso more recently in M. Scully und
K. Druhl, Phys. Rev. A 25, 2208 (1982). Sze also the in-
teresting recent paper by [ Semitzky, J. Opt Soc. Am. B 1,
8§79 (1984).

9For a discussion of optical correlation theory see
R. Glauber, 1 Quanwum Optes and Eiectronies. cdited by
B. DeWutt er af. (Gordon and Breach, New York, 1964). We
are here using the Onsager regression theorem as applhied 1n
Chap. 18 of SSL, Ref. 4.

OWe may take the number of thermal photons 7, to be
zero for the optical transitions here considered.
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HThe parual derivatives in Eq. (6) remind us that the Ein-
stein relation is found from mean dnft only (ignonng dif-
fusion). Thke Einstein relation measures the extent to which
the usual product rule of differenuation does not apply Lo
stochastic processes.

12The exact form of the a's need not concern us here and
will be given in the quantum-beat laser case in a forthcom-
ing paner by M. Scully and S. Zubairy. The Hanle-laser
parameters wil be published in a paper by J. Gea-
Banacloche and M. Scully.

13 A discussion of mode locking as it appears in the present
problem can be found in SSL (Ref. 4}, orin Ref. 1.

4although the phase locks, information associated with
path length differences can still be extracted by various strat-
egies. For example, the relative phase between the two
beams will be shifted by the frequency differential of in-
terest according to the expression 3¢ = a/b for the small fre-
quency shifts we wish to measure. Other measurement

CIP)
P

strategies using correlated spontaneous-emussion lasers will
be discussed elsewhere. .

15In conversations with my colleagues it has been neces-
sary to point out that this work is unrelated to the beauti-
ful ‘‘two-photon-squeezed state™ studies of C. Caves,
J. Shapiro. D. Walls, H. Yuen, and co-workers. However,
upon completion of this paper it was pointed out to the au-
thor that there is an interesting connect:cn between the
present work and the cross-correlation stud:es of B. Dalton
and P. Knight, J. Phys. B 15, 3997 (1982), and Opt. Com-
mun. 42, 411 (1982); and of T. Kennedv and S. Swain, J.
Phys. D 17, 1751 (1984). In their studies they consider the
noise reduction effects of nonimear (third-order) cross cou-
pling whereas our coupling is first order. Thev lind that the
finewidth can be reduced by a factor ot one-nait through this
nonlinear coupling effect whereas our results !ead to a van-
ishing linewidth. The author is indebted 0 S. Zubairy for
pointing out these references.
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1. INTRODUCTION

In a recent paper [1], it was shown that the linewidth and the atten-

dent uncertainty of the difference frequency between two laser modes may

be eliminated by preparing the laser medium in a coherent superexposi-
tion of two upper states as in quantum beat experiments [2,3]. Such a "quan-

tum beat laser" has potential application in many areas e.g., gravitatio-

nal wave detection [4,5] and tests of metric theories of gravitation [6].
The arguments of Ref. [1] were of a general nature but expressions
for the various laser parameter e.g. gain and cross coupling coefficients L
were not given. In this paper we develop a more general Fokker-Planck ap- -
proach to this problem and derive an explicit expression for the diffusion
constant for the relative phase angle of the two modes. The conditions un-

der which this diffusion constant vanishes are given. ﬁ::}

2. EQUATION OF MOTION FOR THE DENSITY MATRIX

We consider a system of three level atoms, as shown in Fig. 1, which

are being pumped in the state la> at a rate r, - The laser cavity is ar-

ranged such that it would resonantly contain both modes Uy and U, The

A xSl

transitions between levels la> - Jc¢> are assumed dipole allowed. The di-

pole forbidden {a> - Ib> transition is induced by some external means

(such as, for instance, by applying a strong magnetic field for a magne-

YRR
S
YN

voel

tic dipole-allowed transition). The corresponding Rabi frequency is deno-
ted by Qe-1¢ where Q and ¢ are the real amplitude and phase. We shall

treat the la> - |b> transition semiclassically and to all orders in the '
Rabi frequency. The Ia> - J¢> transitions will be treated fully quantum }iﬁ:
mechanically but only to the second-order in the corresponding coupling
constants.

The Hamiltonian for the system is

H= H, +V , - r
a Tl
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V = 3, (o, 1a><cl + ot 1edCat) oY
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+ 83 (2 (65Kl + 0, 1c><e1) S
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Roo
'ﬁﬂ -o¢—lV t ;4>+0'V3t P
(e 1e><b] + € Iby<ol ), S
where a, a‘{, a,, aZ, are the destruction and creation operators for
the fields in modes of frequencies Yy and U,y respectively, 8, and g, are
the coupling constants associated with the la> - tc¢> and Ib> - |c> transi-
tions respectively, and Uy is the frequency of the field which induces the
transition between levels la> and Ib> and it is assumed to be at resonance
with the 1a> - | b> transition, i.e., Ug S W, - Wy
In order to derive the equation of motion for the reduced density oA
matrix for the field fF we first obtuain an equation for the off-diagonal :::::<::::::
matrix element: 2 _“::.j::.
AR
<Y\|’nzl gF' n, ’n;.> = <o~;,n,.n;|g|0~,r\.',n:> -'..-'-
+ < b,n.,'\; I g l b,ﬂ:.ﬂ;)
+<Canl'“llglc,nl'in{>) (2)
where § is the atom-field density matrix and a trace over atomic states
is taken. Let us define the following atom-field states.
11D = lo,n-1,n>) , (3a)
'2> = ’bin"nl-") ) (3b)
l3> = ’C, nl:"l> . (3C)
AN _\,_, .-"-'-'-'-‘ Qe T L N L TN . N . T
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The Schrddinger equation for the matrix element
<ngnat§ | n,nl> is therefore

.
< n. n,; l fF ln. » nl.) = -_%_ (V|3 g3ll - 513’ vst" )“.-’n.'_.
/> nri

- _;" (st g,,_' - gn’ vs'z’ )n;—)ﬂ;*'
ny PN
- i_ (VB\ g|3i + V}l g13’
(4)
g3t’ va’a’ - gsz’ V, 5 ) .

We must now evaluate §,,., ¢ 13" f32. » and § o0,
The wave vector {4 > can be expanded in terms of the eigenstates of
the atom-field system:

lw> =2 2 A L, mu ma) (5)

tm,m
tzo,b,¢ mMm;,m, s

where Aim m is the probability amplitude for finding the atom in
. ' z . .

state 1 ¢ > and the fields of modes 1 and 2 1in the states Im1> and

| m2> respectively. We first treat the |a> - |b> transition semi-

classically to all orders in Q. The equations of motion for the amplitu-

and A are
des Aan,nz bn‘nz
ca . (6)
- ;s . -~ 1y, t
. Y in 3
pmn.nz. = =i (Wa =z )n““'“1+ Y ¢ Avor, ’
° H 1V, t (7)
. I—;Y -a ¢+'v3
b, — (s _’:) Ab"'“*+ '_T ¢ n"”‘-"x >

where wi =w, + gt o, (i = a,b,c) and y 1is the decay constant
for the levels a,b, and ¢ (for simplicity we have taken them equal).
If the atoms are injected at random initial times t, in level {a>, the
solution of Eqs. (6) and (7) is
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- (W~ 3_} Y(E-t5)

Aonn ()= ¢ cod (%(&—t.)) n:m ,

rw et

L ip-iw b iwt, - X (t-¢)

ﬂb,,.,,k (¢) = sin (2 (¢-¢.)) R:.M ,(8b)
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Fy

F are the probability amplitudes for the field only. The

=

. where An
r. equation™8¥*motion for the amplitude A is
v cn,n,
i .
. 4 ; . -
RATR AN = -t (uc - —: )Ac“'“!--. a‘m‘ A“"u"' Ny 311—;‘ R" nyn-t .(9)

Here we treat the Ja> - I¢> and Ib> - 1¢c> transitions to the lowest

! order only. It follows, on integrating Eq. (9), that

. t -;(w:—i_;)(f-‘r)

:.: n‘_n‘n’. (*) _— = s J’l’ C [ a.m. nﬂ-n.—lﬂ‘ (-r)
[ f.

2 (10)

+ 3,_ In, an.n,_-l () ] 5

YT

where Aan;.n,and Abn.n;-l can be obtained by appropriately shifting
n, and n, in Eqs. (8a) and (8b).

We can now determine § 137 by summing the contribution

G YOS IR ) PO

- ) . .

Aan'_lnl (t) l\cn:ni (t) of all atoms which are injected at random times
at a rate L., i.e.,

. t .

" S5 = M S dto A in, (8 Acnin (V) (11)

- - —o0

P’-

2 On substituting from Eqs. (8a) and (10) we obtain after some straight-

? forward algebra:

- gls’ = T, (r\,-:‘n,_lfF ,n.’—c.nL')

» . . (12)

- "'_rn. <n,—l,'\,.l f,,-l'h.'\."') »
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¥-ia (Y+i(a,-2))
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Irin Y l(yei(aam)) 0!
1:1 = =t 3 In, r [ (-L—- - !
R - 7— 1~ A
p 5 [ Y=tfL : § (*‘ *'(01—9—;)) (13b)
_ ( f _ ._) ' ] L d(¢)
vva Y rie,eayy J ¢ ’
with Ay = wa-we-v, A,=w,-w,_-vu_, and ¢(t) = (u, - v, - v, )t - 0.
In a sin'lilab manner we'obta"in y € 2 ' * 3 ?
i = T <Muumamt 180 Il inini?
+ _rzl <n|:nz"' I g‘: l n:"’“:) P (14)

where

. [] -—
_rzz = ngml /Lm[<x_5n. _"-> : (15a)

(‘ + ‘(A;-‘-—}'))

) S '
+ (?T_h ¥ )(yf;(a,_fsl;))] ’

T o= t3.{n, [(;'_—..a*";—)m,)

[ ] -
(1+;a+"~¢—)(m ] e 3 . (15b)
Also :

w7
)

e . . %
" T-ll <n|-')nll gF l nc- ')"l> + 1:2, <ﬂ|,ﬂ1_"|'g(_-"\:".n-;>)(16)

*
g ¢ = -’;2 <Ny, ny-d |f; ,r\.'- n-1D+ TJ {Nn,-y, N, lf,_. In/, r\,_'-87.)

It then follows, on substituting for gl}" 9”.,3 3prs and §23. from

Egs. (12), (14), (15), and (16) 1in Eq. (&), that
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6,31 (18)
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L,
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where
L. == [o('-'- o ot wai §p 0ot (i) «
wif T 7 te ¢ 3¢ F ¢ ‘e L (19a)

+
kO gF Of ] )

LS

. * 4 + *
e T -7 (€0 070, 8 + & § 000, = (Kt 1)) = (19b)

-
X O'Tgc a’z.] e

»
i’u gr = -—;_‘ ["n. O'Iat gF t+ «,, g; Q'.Q't -(“zl t d;)'
. (19¢)
*, -
x o, f, 0, )€

with

} % ’ [} _L 1 ' -(203)
= 8 [ (+ 35 qrarm * (3 vam)aream,
2

O‘ll = 3 3"‘“ [( ‘ ,-cn)("-:t(ﬁa n')) (—-1’.{‘) (veile, +nn18b)

dll a 3 Mo [(_ ARy "--ﬂ (11.‘A {1)) (.’.;- * Y.¢311>(~[f's'(A|+%))},
. (20¢)
- 3 LN ] AL '
S 7 (TTRr S M AR v rervy) B
(20d).

In Eq. (18) we ignored the cavity loss terms because they do not contri-

bute to the diffusion constant of the relative phase angle.
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3. FOKKER-PLANCK EQUATION AND VANISHING OF DIFFUSION CONSTANT FOR
RELATIVE PHASE

We now derive the Fokker-Planck equation for the coherent-state repre-
sentation for the field P(&l, 82) which is defined by

S, = [ P e I8 EICEL B d¥ e A%, (2n)

Here |£1, E2> is the coherent state which is an eigenstate of 3, and
a, with eigenvalves El and 52 respectively. By using the relations [7]

o g, &Y= g 16,8,) - (22a)

+ gt
o] 16,67 = (& + Z) 16,8y,

22b
€, (22b)

we can reduce the density operator equation (18) to a c-number equa-
tion for P. The resulting Fokker-Planck equation in terms of the vari-
ables ?l, $,, 8 and y, where

]

&1 (i=1.2)

gl.. > (23&)
6 = 6,-6. > (23b)
B = 5 (6+6), (23¢)

9; = ({n (%) (* =1.2) ) (23d)
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and Y = 8 + ¢,
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f We are interested in finding conditions under which the diffusion con-

i: stant D(B) for the relative phase angle 6 = 61 - 62 of the two modes vanish. X
I".- . . - ™
; Here we mention two such conditions. o

When ¢ = o, Sl=32=fthen D(B) = o if

Re ( «u + gy — Ay =&t ) = O,

(26)

A

R
N This equation is satisfied (with gy = gz) when ARG
< AR
Ii A, = 2,20 ) (27a)
o 2 L0
,'.‘ L - 3 a ( 2 7 b )
> - B, = -

; This gives a condition on the detunings, the Rabi frequency of the dri- »

N ving field that conples levels |a> and |b>, and the decay constants of -

f;Z the atomic levels. o

::: Another interesting condition under which the spontaneous emission :'.:-_

. " . . . .!-.

; in the two-modes gets highly correlated is (with 8 8 = 8 - g
e _ _ ) :.:‘-':-;:-
" Py =Py =P j.-:.::
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o o> %, (28a)
A, =08, = &1 , (28b)

i.e., the field detunings from the corresponding atomic lines are equal
to the half the Rabi frequency of the driving field that coherently
mixes the level [a> and | b> and they are much larger than the atomic

decay constant. In this case (For details, see Appendix A)

"qul ) (29)
where
: 8
— 4 e
R (30)

When 1 = o, the vanishing of the diffusion constant takes place.

In order to establish the stability of these conditions, a nonlin-
ear theory of the quantum beat laser needs to be formulated. The present
approach, however, shows in a simple way that it is possible for a two-
mode laser to have a vanishing diffusion constant for the relative rhase
angle. It is interesting to note that the conditions under which D(2)=0
does not lead to a vanishing of D(u) where p = (81 + 62)/2. Physically
we can understand the quenching of the spontaneous emission fluctuations
in the relative phase 6 by referring to Fig. 2. Here we consider the
"random walk" of the tips of electric field phases of the two modes in
the complex a-phase. If we ignore the amplitude fluctuations, the phase
fluctuations in the field associated with the spontaneous emission
allows the tips of the field to diffuse out around a circle in the com-
plex plane. When D (8) = O, the spontaneous emission in the two modes
becomes highly correlated so that the relative phase angle 0 is "locked"

to a particular value (say OO). The average phase variable p has however

nonvanishing diffusion.
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4. CONCLUDING REMARKS ' ; | {

L4 LIP ]
Ca f‘\__:.
- We have shown that in a "quantum beat laser" the spontaneous " :ﬁ
j emission noise in the two modes can be made highly correlated under cer- ;;3
tain conditions. It is worthwhile to mention that in a recent paper, 3‘1}%
A Kennedy and Swain [8] show the high correlation between the two modes e
e . . .
& well above threshold in a coupled two-mode laser [9]. A careful analvsis .
% of their results however indicates that the diffusion constant for the A
relative phase angle of the two modes D(8) (4 (1,-1) in the notation of et
L -
o Ref. [8]) in the coupled two-mode laser is equal to C/2n, independent of
- how far above threshold the laser is operating. (Here C is the cavity
~ . -
. loss parameter and n is the mean number of photons in either mode). An
i alternative derivation ~f their results using a Fokker-Planck apprcach
is given in Appendix B. Well above threshold (a >> C; o being the gain
j: coefficient) there is therefore a reduction of the order C/a. This is
9 in contrast with the results of this paper where we show a cancellation
Y of all the terms proportional to a/n (since a = C near threshold) in the
> diffusion constant D(8).
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APPENDIX A: SIMPLE ASSYMTOTIC FORM FOR aij WHEN A1 = =Q/2 AND Q >> Y :".'
v . ",,; .
. -
X It follows from Eq. (20a) that, when 1.\1 = A2 =Aand A=Q/f2, .

_ 9 onn _._ yoin ) y-ia o
Ly = “[( " r (5 year! J5ar ) o G

I‘ -
S 2
N We have assumed g, =g, = g. It follows from Eq. (A1) that e
1 \ .'--
; .
Ry} r T 2 ':-'i'
‘ Redy = dPa [ ¢ 2 + ¥ -2 "
” " -2z [ > year (yrea®)d o (42) .
o when Q >> y, Eq. (A2) simplifies considerably and we obtain
4 . . -
s r S L L ~
Re &y = — [ .‘x.+ 0 (n‘)] . (A3) o
+

Similarly :-,:::::

. & l' l. .l' 'l.

Re o3, = IS (& + o(=)) . (A4) ,;

P " 1 i
- Also =
A N . .
“ ot A = D a[_z__zm-n) _ouia¥ g
.~‘ 12 29 Y , Y (*“* n._) (Y L+ a;) _'t-
Y
> R
- -+ 0 ( ) ] (A3) e
- .-‘ .~l
‘- e
- N
< It follows, on substituting for Re dy Re Uy and dyo ¥ Uy from Eqs. !
(A3) - (A5) in Eq. (25f), that D(8) is given by Eq. (29). g
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APPENDIX B: DERIVATION OF D(6) IN THE COUPLED TWO-MODE LASER MODEL OF -
REF. [8] USING FOKKER-PLANCK APPROACH 2
: \'.,\..
2
Here we dreive the diffusion coefficient for the relative phase }ﬁ‘ﬂ
angle of the two modes in the coupled two-mode laser model of Ref. [9]. R
The equation of motion for the matrix elements p(nl,nz;ml,mz) = N
SaTe.
<n1,nzlﬁklm1,m2> of the reduced density matrix for the field is (8]. SN
. ':'\:I.‘:'
§ (e ) = = [B (urremr e & (mem s ) 2
. R
x H (“un:.', my,m) + H] nm H (“a","'z.; M-, ) g
- E_ (nit my) f(n.,n,,; mu’“l) -:-:

2

v, B
+ C [(n,+-)(m.+-).) f(n,fl,n,_;m,ﬂ,"n.)
+ ( lHl]r (B1) :
where A, B, C are the gain, saturation and cavity loss parameters respecti- ﬂ;é?
vely for either mode and ti}f
\:,\J'
PR
P (nna;mem.) = [l + B (mien+amuenceu) 4 8% A
2A J6A* T
- '\.'::':‘
g b
x (m.’“\"' mL-"a) } f(“n"z 7 '“.»'“\-) . "-‘:4_-
(B2) S
LAY

This equation for the density matrix can be translated into an equivalent

equation for the coherent-state representation P(El,Ez) via the relation

S - 15041600

g(nllﬁ’-;ml»ml)z P(EIJE‘L) e x

L e EST e e

[ nyr mit g g g
(B3) S
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"' The resulting equation for P(El,Ez) is ;’ ¥
: . A O
; 2 ¢ ot, ?€, et 2LIEL  FEES A
(] _-.',\:
v
B _?__ 8 + 2 EL - a £‘ - 3 ] M s> "
: * wA (72: BRI 2 Gl ) RSy
. -.'.-\.-
..-f '_":"':'
: Cl2er 262 ¢ e ) N
- + > L + = + L & 4 2 'y R
I T T Y B Y (B4) N
:'_‘- where - -
s B (2 2 I ot D T
M - [ | = — —— 13 + —_— EL + El + — EL T
2A (a&, ' 2e AEr oet 3
R4 R PORS
- - 24 161+ 1600F +-'—-..B_ de, v 2¢ -
x 2 ( + [ (R ) 16 A* ( 3¢, 5E. 2
o -1
s * *
N —_ '?—., g, — —2—;, € ) ] P
.. ) él a C‘ [
::_ (BS) .
:t‘ We now change the variables from Ei’&{ (i=1,2) to pi(i=1,2), 8, and '-"
L p in accordance with Egs. (23a) - (23d). It can then be shown, in a J
. straightforward manner, that the diffusion constant is ~r‘
s ik
N A ek
> D(0) = S
& yn (1+ 224) (B6)  ©E¥
> -
N . 2 _ 2. - - .
;, . In deriving Eq. (B6) we assumed P = Py 2 n and n >>1. Since 9]
B SR
-y A~C
2 A= A(A-C) @ e
-. 28C . e
- R
':j it follows that :::-;:f:
A C SRR
- D (6) = —_ (B8) NOCH
s an r
- AN
~ This result, which is independent of how far above threshold the laser is ::::"_'
. :.\.$v.
:: operating, is in agrcement with the results of Kennedy and Swain [8]. ::Qf
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A PHYSICAL PICTURE FOR THE QUENCHING OF QUANTUM FLUCTUATIONS :;?*:
IN THE RELATIVE PHASE ANGLE IN THE QUANTUM BEAT LASER ®
AR
Leno M. Pedrotti ::':.
Center for Advanced Studies and Department of Physics and i“i' K
Astronomy, University of New Mexico, Albuquerque, NM 67131, _ii -
U.S.A. Tl
and
Marlan O. Scully
Max-Planck-Institute fur Quantenoptik, D-38046 Garching
bei Munchen, West Germany.
Abstract. We provide a physical picture for the quenching o

of spontaneous emission noise between two laser fields
which share the same, three-level, atomic medium but occupy
different optical cavities. We call such a configuration

a "quantum beat laser".

1. INTRODUCTION

It is well known that the laser has an intrinsic frequency
linewidth due to spontaneous emissionl-B. This finite linewidth is often
responsible for limiting the sensitivity in certain types of experiments
measuring changes in the resonant frequencies of optical laser cavities.

. . . 4 .
Interferometers of this type include the ring laser gyroscope and a new

. . . 5 . . .
variety of proposed gravitational wave detector . The expected change in
resonant frequency induced by, e.g. gravitational radiation or the general

AP R o Cos
relativistic Lense~Thirring effect 1is so small that the spontaneous emission

linewidth of the laser light could mask the signal.

l

1

J

E i In such experiments the frequency of a given laser is often inferred by
S| beating the "signal' laser against another, stable "reference" laser. The
electronic current produced by such a heterodyne scheme oscillates at

the frequency difference of the two lasers and so can easily be resolvea

by conventional electronics. In the devices mentioned above, the frequency

! of the signal laser carries information concerning gravitational radiation

Work supported by the OHR and the AFOSR.
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280 Quantum optics

rotation rate, etc. If the random drift, due to spontaneous emission, of
the laser frequency has a larger amplitude than the deterministic signal
then no reliable information about the physical parameter of interest

can be obtained.

In a recent paper we have shown that spontaneous emission noise in the :

. . 7 . .
relative phase can be made to vanish' . 1In this paper we provide a

» . 272772 AL Ty s Y 2 T R NV L SR

physical picture for this ''quenching' of phase noise. In the quantum

beat laser (see Figure l) a lasing medium of three level atoms is prepared

clalt 2

. such that two of the atomic transitions (in the notation of Figure 1,

V the |a> to |e> and |b> to lc> transitions) drive a double resonant

\

- —

3 Ms

s

)

L‘ V 2 l G) T V 3

| ~ N\ e d
o ~,

- b PO

.‘ l > b."-"i‘\.' ]

. <ot
A

.'; V I V | V 2 v-.'.":.\'

| M 2 \ N RS

i ) :

. H

. Fig.1l(a) Fig.l(b)

Figure 1. (a) Laser consisting of three-level atoms coherently mixed

by external microwave signal at Vq- Dichroic mirror causes

light to be deflected in vertical direction for frequency
vy but transmits light at frequency vy

Figure 1. (b) Three~level atomic medium. Microwave signal, V3

coherently mixes the upper, |a> and |b> levels.

laser cavity. These two laser fields are taken to oscilliate with
' frequencies vy and v, respectively. By using such a doubly resonant

cavity the two laser modes can be differentially affected by external

SN
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y 2o

influences and yet, the noise in the relative phase angle between these

T or g g

modes can be quenched.

In the next section we discuss the model corresponding to the physical

system shown in Figure l. The equations which govern the mean value of,
and spontaneous emission noise in, the relative phase angle between the
two laser fields are also displayed and discussed in that section. Finally
in section III a physical base for understanding this noise quenching is

presented.

) II. THE QUANTUM BEAT LASER
} In this section we present a more detailed description of the
"quantum beat" laser shown in Figure 1. The central mirror, My, in the

configuration is a dichroic mirror which transmits light of frequency vy

; and reflects light of frequency Voo In this way the transition between '

! the atomic states, |a>, and |e>, can be used to drive a laser field s
E of frequency vy which occupies the cavity bounded by the mirrors Ml - 'Ef
. and Mz. Similarly the transition between the atomic states |b> and :,:;~f

; le> can be used to drive a laser field of frequency vy which occupies :i?{:%

I the cavity bounded by the mirrors Ml and M3. The three level atomic ﬁf-\

: medium is confined to the region bounded by the mirrors Ml and Mo i

and is fully illuminated by an external microwave field of frequency Vg,

) which is nearly resonant with the |a> to lb> atomic transition. It ok

; is this microwave field which prepares the |a> and |b> states into a o

; coherent superposition which ultimately makes the noise quenching possible. -

) Since the two cavity modes occupy two different cavities the beat note ! .

? between the two modes could carry information concerning external effects .

K (such as gravitational radiation) which change the two cavity lengths o

) - ; . -2
differentially. The details of how this svstem could be used to obtain et

. e

" information concerning the changing lengths of the two cavities is the }}:

. ) subject of another series of papers. Q;} G

: N

. . . ANTAS N

) i In Reference (7] the quantum theory of such a two mode configuration was T

g developed using the Langevin noise operator method. It was shown t.aere

: that the phase diffusion, in the appropriate limit, could be made to '

l- !

4

i ! - -
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vanish. Specifically the equations which determine the mean evoluticn

of, and the noise in, the relative phase were found to be,

¥ = 60 -y sin V¥, "signal" (1)

and

 rarersta s~

D(w) = ;E-(l - cos y¥) . “noise™ :
4n

where, ¢ 1is the relative phase between the laser modes and the microwave
field, and D(v) 1is the diffusion rate of this phase. DNote that when
v =0, D(y) vanishes. The parameters y and n are, respectively, the
bandwidth of, and average number of photons in each segment of the doubly
resonant cavity of Figure 1. The quantity, &, represents the difference
in the cavity frequencies minus the microwave frequency. The relative phase
has the specific form,

¥y = (v1 -V (3)

- v3)t + al(c) - ez(t) - ¢a

2 b ?

where the quantities el(t) and Bz(t) represent the slowly varying phases
of the lasing modes. The phase ¢ab is the vrelative phase between the

atomic levels [a> and [b> and in the present case is determined by the

AU Bt A 4 St

phase of the microwave field, éu. The electromagnetic fields, corresponding

to the two laser modes and tine microwave field, respectively, would be

represented classically as

-iv. .t - iel(t:

_ 1
E, = € , (4a)
-iv_t - ie.(t)
E, = e,e 2 g s (4b)
and
—iv3t - 1
L3 = 4 . (4c)

ERE A PN R RN Y
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The quantity, D(y), given by Equation (2) is the diffusion rate of the
relativistic phase angle ¢ due to spontaneous emission. Equation (1)

is the deterministic equation for the evolution of the mean value of .

For the present purposes it is sufficient to note that £quation (1)

governs the deterministic behaviour of ¢ and Equation (2) the noise

(NN A RPN  FIIIICIFRL RSN

in ¢ due to spontaneous emission. Equation (l) implies y ~ 0 for

.

small 6Q and therefore, from Equation (2), the spontaneous emission

i

I

mkn ot

AN

- noise, D(y), vanishes. This is the "punch line". Indeed, so long as %
o 8Q << y, ¢ reaches a steady state value given by k
. §
~ .
W, i!
» v = 4 (5)

2 = |
“ N
o i
}- and the diffusion rate has the approximate value, ‘
-~

., (202)

) 8

s p(y) = L i:_ﬂ_ (6)

- 4n | YZJ

. which is drastically reduced from the spontaneous emission diffusion rate

-~ -

:x between two independent lasers which goes as y/n. To summarize: Equations

.

(1) and (2) comprise our main point which is that the quantum mechanical
diffusion rate, D(y), for the relative phase in the quantum beat laser

can be quenched when ¢ = 0.

IIT. PHYSICAL DESCRIPTION FOR THE NOISE QUENCHING

g

v,
'

It is our purpose here to provide a simple physical picture

for understanding this vanishing of spontaneous emission noise in the

relative phase. To this end, we consider the following two questions:

ryvwvvvy
A'I'A'l'..l

I. Why might one expect the noise in the relative phase could be quenched

in a quantum beat laser?, and 2. Why must the phases of the two modes

be locked to zero before the quenching becomes complete.

Concerning the first question we recall that in quantum beat experizents

-._
-
.
.-u

spontaneous emission events invelving photons of frequencies vy and v, :
-
are correlated due to the preparaticn of a coherent superpositicn of s
upper atomic states, a4, and  b>., A spontaneous emission event from
.
i
]
T e A RPN
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such an atom consists of a superposition of spontaneously emitted Vi and

8-10

v photons. This is the so called quantum beat phenomenon . That

2
such a correlation is possible is demonstrated by the experimental

, 11-14 R
observation of quantum beats . A typical experiment set-up is
depicted “n Figure 2. Atoms are impulsively excited into a superposition

of two closely spaced upper levels and a lower level by passage through

ATOMIC BEAM

SPECTROGRAPH

FOIL

Figure 2. Experimental geometry and apparatus for a beam-foil type of

quantum beat experiment.

a carbon foil. The light resulting from the decay of the upper levels

is recorded by a spectrograph in such a way that spatial intensity varia-
tions in the spectrograph imply time-dependent oscillations (quantum
beats) in the emitted light intensity. These quantum beats (which are
observed in the light emitted from a single atom) imply a correlation
between the spontaneously emitted photons from the two upper levels. As
we shall see this correlation can be exploited to quench the noise in a

relative phase between the two modes of a quantum beat laser.

This existence of correlated spontaneous emission can be argued on
physical grounds as follows. Consider the state vector which describes
the atoms of Figure 1l(b),

-i¢ —iob —i®L
a> + Je [b> + ye fe> N

IX"J> = ae al
Equation (7) implies that the (semiclassical) spontaneously emitted fields

would go as,

A s e
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-i(¢_ ~ ¢,) -iv. t

_ a b 1
Eis = e,e (8a)

and

-i(¢, ~ ¢ ) -iv,t

_ b c 2
EZs = e,e , (8b)

where € « uyxa and EZ « Byxbc, with Xab and Xbc being matrix

elements coupligg the respective atom states via dipole interactions. The
phases ¢a and ¢b of the upper atomic levels can be fixed by preparing
the atoms in a coherent superposition of |a> and |b>. The phase of

the lower level, however, is a random variable so that the average fields
<E1> and <E2> vanish. However, this random phase, ¢c’ does not
appear in the heterodyne cross term,

i(e. - ¢,.) + i(v, = v,)¢t
EFE,> = epe,e O b 12 (9)

which consequently, does not vanish.

Similar conclusions obtain when the field is quantizedls. The fully

quantized version of Equation (7) is,

lv> = a]a,0,0> + g[b,0,0> + y;[c, 1,05 + y,[c,0,1> +v,]c,0,1>

(10)

where the second and third "slots" in the kets on the right hand side of
Equation (10) refer to the number states of the field containing photons
with frequency vy and 2 respectively. The expectation value of the
electric field operator El’

iizl.? - i\)lt

(11)

= a.e
Bl T 51% :
is easily seen to vanish due to the orthogonality of the atomic states.
However, as in the semiclassical treatment, the expectation value of the

heterodyne cross term,

e

R

0
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>
+ % —i(kl-kz).r + i(vl-vz)t

<lel E2)v> = £1£2y1y2<c]c>e . (12)

does not vanish again showing that the spontaneously emitted photons at

v, and v, are correlated in the sense that a spontaneous emission event
from any given atom consists of a superposition of spontaneously emitted

vy and v photons.

2

This discussion shows that the spontaneous emission into the two modes of
a quantum beat laser is correlated but, as per the second question we have
provided no insight into the requirement that the relative phase (between
must lock to zero before

This

the laser modes and the microwave field), ¢,
the noise due to spontaneous emission can be quenched completely.
last requirement is a result of the manner in which spontaneous emission
causes a diffusion in the phase of a laser field. Before considering the
problem of correlated spontaneous emission we briefly review spontaneous

emission noise in an ordinary laser,

The effect of spontaneous emission on the phase of a laser field can be
understood by considering Figure 3 which is a phasor diagram of the

electric field vector for a laser. The length of the vector, E,
represents the amplitude of the laser field. The frequency of the laser
field is represented by the rate at which the vector E rotates about
the origin. In Figure 3 the phasor diagram is drawn in a frame rotating

>
with the laser frcquency so that the vector E is at rest (except for

>
noise "jitter'") relative to the x-axis. Hence the angle which E makes
of the laser

E would be

with the x-axis represents the instantaneous phase, 0,

field. If not for spontaneous emission, the vector

completely at rest in the rotating frame (corresponding to no drift in
the laser phase) since all stimulated photons add to the field with the

same phase. However, spontaneous emissicn occurs with random phase which

leads to a drift in the laser phase. This process is depicted in Figure

3. The small vector, ES, represents a single spontaneous emission

E' =E+E.
] - > 5
Since |E, »- }Esl (and since the magnitude of E is constrained by the

event which changes the laser field vector from E to

laser's steady state operating condition) the dominant contribution which
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N
Es

x> v

>

Figure 3. The vectcr E represents the laser field. Es is the
contribution due to a spontaneous emission event. Note that
>

ES changes the phase of E by an amount GS when the

> >
angle between E and ES is LI

spontaneous emission makes to the laser field is to change its phase.
That is, only the portion of Es in quadrature with E makes a
significant contribution. From Figure 3 it is evident that the effect
of this projection of Es perpendicular to E is to change the phase

of E by an amount,

8, = — sins_ , (14)
[E]

where os is the relative phase between the laser field and the spontaneous
emission event. Since spontaneous emission occurs with random phase, Bs
has a vanishinz average value. So, in order to make an estimate of the
effect of many spontaneous emission events on the laser phase we consider
the mean square contribution to the phase made by each event. Using Equation
(l4) we find

— S sin?s = =, (15)
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288 Quantum optics o

In Equation (15) we have used the fact that ratio of the intensity of one
spontaneous photon to that of the laser field is 1/n. The diffusion rate,
D), of the phase of the laser field can be interpreted as the rate at
which the square of the uncertainty of the laser phase grows due to
spontaneous emission events. Since es has zero mean, D1 can be written

as,

P e

’ (16)

where Yy 1is the rate at which spontaneous photons exit the laser cavity16.
This discussion gives a physical picture for the diffusion of the laser

phase.

A similar phasor diagram adapted for the quantum beat laser can be used to -
demonstrate the necessity of locking the relative phase of the quantum
beat laser modes to zero before correlated spontaneous emission will

result in complete quenching of noise in the relative phase. In Figure 4,

y

¢‘s=d’,—oc—(0.—09)

B

e
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Figure 4. Contribution to the phases of fields, E and EZ’ of a

1
quantum beat laser due to a spontaneous emission event.

When els = BZS, spontaneous emission does not change the

relative phase, 92. This occurs only when

81 -
Ol - 62 - (Qa - ¢b) = 0.

WO e
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laser (see Figures (4a) and (4b)).

the vectors E represent the two modes of the quantum beat
We consider the physical situation
in which the laser modes are locked (but not necessarily locked to zero)
so that the relative phase angle, Y, (see Equation (3)) has the constant

value,

¢0 = 91 - 62 - (¢a - ¢b) . (17)
The angles which El and EZ make with the x-axis of Figure 4 correspond
to the phases of the two laser fields, 8, and 62 respectively. We

will see that if WO = 0, then D(wo) can be shown to vanish by a

construction similar to that leading to Equation (16). A single spontaneous

emission event makes the contributions Els and EZS to the respective
fields. In the following discussion we take, for simplicity. the magnitude
of these vectors to be equivalent and also take IEII = ]Ezl.

In the notation of Equations (7)-(9) the phases of the respective spontaneous

contributions are ¢a - ¢c and ¢b - ¢c. Then, from Figure 4 we see that

N
and E

1s’ and that between EZ and EZS’ are

the angle between El

given respectively by,

¢1 (18a)

n
<
|
©

S a c

and

¢Zs = 0y T %L (18b)

These result in contributions to the overall phases of the laser fields

of (compare to Equation (l4)),

e

i e AR
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e e,

IE, | BN
] = sing (19a) . -
is > 1s - s
[E | S
1 . (%
and “ﬁ" ~
>
g . !
s £ | Sifvrs (19b)
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290 Quantum optics

In order that a spontaneous emission event does not contribute to the

relative phase the condition 8 must be met. From Equations (18)

1s ¢25
and (19) we see that this condition is met if

Wo = el - ez = (¢a = ¢b) = 0. (20)
We have thus recovered, heuristically the requirement that the relative

phase, ¢, must vanish in order that correlated spontaneous emission
results in a complete quenching of the relative phase noise.

e
and EZ

In this case,

"diffuse" together so that 6, -~ 8

the pair of vectors E 1 2

1
remains constant.

The precise form of the diffusion rate, D(wo) of the relative phase for
the general case (wo # 0) can be obtained by defining (in analogy

with Equation (14)),

1

= = - 2
D(wo) = 3 (els 925) Y - 2D

Using Equations (18) and (19) we write

- Zsi i - - - $ - 2
(els eZS) - 51n(¢a ¢C 61 + 62) 51n(¢b ¢c) .

(22)

The factor of one half appearing in Equation (22) reflects the fact that

each spontaneous emission event results in a contribution of "one half

photon' of frequency vy and " 9

A little trigonometric massaging transforms Equation

one half photon" of frequency v, to the
respective fields.

(22) into

1

)

_e 32 =L o 2[1 - 9e -
(els 625) - (1 coswo)cos Lg (oa + o 2¢C 81 + 62 .

L=

(23)

The last factor in Equation (23) has a mean value of one half since it

contains the random variable, $.s as an argument. Thus, by using

Equation (23) in Equation (21) we find,
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Y A AAA

4n

This is the same result as Equation (2) which was obtained via a detailed

o s e T

quantum noise calculation.

AN

We note that, were it not for the microwave field which correlates the

phases of the upper atomic levels, the angle, V¥ as given by Equation

0,

H
i D(vy) = —Y: (1 - cosyg) . (24)
!
[]
]
i
i (17), would be a random variable. In this case cosxpO = 0 and Equation

(24) would take the value, D(¢0) = y/4n, which is precisely the result

. s
DA

for the diffusion of the phase of an ordinary laser. This emphasizes the

crucial role which the preparation of the upper atomic levels, |a> and

[b>, plays in the quenching of the phase noise.

A brief summary of the arguments of this section: The noise in the

LY

relative phase between the two laser modes of the quantum beat laser
can be made to vanish when the microwave pump field locks the phase of the
two laser modes such that the correlated spontaneous emission noise adds

to each laser mode in the same fashion and hence makes no net contribution

R EKENE

to the relative phase. This argument is intended to suggest the basis of

a physical understanding of the central results of the previous section

| (Equations (1) and (2)).

IV. CONCLUSIONS

In this paper we described a model which allows for the

creaticn of two laser fields of different frequency which have vanishing

spontaneous-emission-induced noise in their relative phase. Such a system :

may be of interest in new schemes for devices such as the ring laser gyro

I
P R T

and a certain type of proposed gravitational radiation detector. Both

systems depend on an accurate measurement of the relative phase between

two laser fields and are fundamentally limited by the spontaneous emission

drift in this relative angle.
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I. INTRODUCTIOH

The current generation of laser interferometer gravity wave (g-wave)
detectors! operate as passive phase-measuring devices, see Fig. la. In that
figure a laser source drives two arms of an interferometer and the phase
difference between the light propagating in these two arms is a measure of the
intensity of the gravitational radiation. The shot noise limit of such a

passive system yields a minimum detectable gravity wave given by

- Y\fﬁ:L_ (passive device
héﬁl Y Pt shot noise limit) , O

where v is the cavity decay rate, v is the laser frequency, hv is the energy
per photon, P is the laser power and to is the measuring time.

On the other hand, putting the lasing medium inside the cavities as in
Fig. lb yields a much more favorable sensitivity to gravitational radiation in
the shot noise limit. Such a device is said to be active because of the
presence of an active medium inside the cavity. The shot-noise limited
sensitivity of such a device is given by

(a) _ g ’hv (active device
hmin = ptm shot noise limit) (2)

where Y is the gravity wave freguency.

The shot noise limit of the active system is interesting in that it is:
(1) potentially more sensitive than the passive device, since wg may be much
smaller than v; (2) the envisioned device may be of laboratory (rather than
kilometer) dimensions. In this context it is worth noting that a similar
situation is encountered in ring laser gyro interferometry:- There when one
makes a passive laser gyro device based on measuring the phase difference
between the counter propagating waves (with the laser external to the Sagnac

interferometer) long path lengths are required. This is accomplished by

( '
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o winding a fiber optical wave guide many times around the perimeter of the N
art

! optical circuit. On the other hand, gyros based on measuring the frequency ‘."'

S -':n\".h

:7.:: difference (with the laser inside the optical cavity) between the DN

Of A

R . oo : . S

. counter-propagating laser beams do not require the many windings approach and ?'::'.',:
LU

achieve high sensitivity with modest optical paths. N

e ':\.";;

ﬁ:‘j However, as discussed below, the two-laser active interferometer device of j.:-:.:-.'_

oy Fig. 1b is limited not by shot noise, but by the spontaneous emission noise _‘:ﬁ:‘
PR

. assocciated with each of the independent lasers of that figure. The phase

fluctuations associated with spontaneous emission lead to a minimum detectable
gravity wave of amplitude

b (active device spontaneous

;.": h(a) ~ Y r.g-— . . . - "“

.‘,::: min v thm emission limit), ) :

N o

a s

Lﬁ i.e. the same limit as that associated with the passive device, Eq. (1).

o In recent research associated with correlated emission lasers (CEL), e.g. :;:'L"-—.

A Ay

" the quantumn-beat laser, it has been shown that uncertainty in the relative RN

. S

i phase angle due to spontaneous emission can be eliminated. This device holds NN

o promise for a system in which the g-wave detector could operate as an active

LY -

r. 3 . . -.‘

'( interferometer but without spontaneous emission noise. For such a system we o

o . o

- find the sensitivity >

-.fl =

h. =¢X ,’FYD’- (active detector (4) N
min v tn based on CEL), .

N

: where € is a function of wg/Y. As discussed in Section IV, < is around 10 .

I‘:f

.: assuming reasonavle values for mg and Y .

I:f- It is the purpose of this paper to inquire as to whether a "correlated

e

' spontaneous emission" g-wave detector might in principle improve the active
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system limit of Eq. (3). An example of such a scheme is offered herein. It is
emphasized that there are many subtleties involving such a system, and the
questions associated with measurement strategy for such a device require care
in their analysis. It is hoped that this paper will provoke critical
discussions, in particular concerning the extent to which such devices might

useful in future generation g-wave detectors. It is clearly worthwhile to

investigate examples which challenge the accepted quantum noise "limits" and
sharpen our understanding of these limits.
II. PASSIVE VERSUS ACTIVE GRAVITY WAVE INTERFEROMETERS

For a gravity wave propagating in the x direction the correction to the

metric from flat space time may be written? as

o O
R tot) = |

o

hix,t) , (5a)

-1
where

h(x,t) = hg cos(wgt - kgx) (5b)

In the above hy represents the strength of the gravity wave, wg its frequency

and kg its wave vector. From the covariant Maxwell equations we obtain a
modified wave equation for an electromagnetic signal propagating in the y- and
x-directions of Fig. l. Noting that the gravity wave frequency is much smaller

than the optical frequency we find

1"-

9%, 92E;

1+ hix,t) - o (6a) -
3y? c2 3t2 ’ -
32E, ) 32E,
- — :O
ax2 " ¢? ar? (6b)
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Equations (6a,b) lead %o the following simple dispersion relations for the

laser fields E; and B>
2 h)/c2 =0 ,
k2 - i )
(7a)
k2 - vZ/c? =0

2 2 : (7b)

We may view the above dispersion relations as implying a change in wave
vector or frequency depending on whether the light source is taken as external
or internal to the optical cavities under consideration. In the case of the
laser external to the Michelson gravity wave detector (see Fig. la), Egs. (7a)
and (7b) yield

1 M
ky - kz = 5 —hp cos(w_ t - kx
2 ¢ 0 (g gO)

»

CC
‘-

(8)

L

l i

while for the case of internal laser(s) (see Fig. lb) the wave vector is viewed

7/4

.

as constant and Egs. (7a) and (7b) imply a frequency difference

4y T
M

.y .y,
.v“n
.

)

vy ~ vy = % ckihg COS(mgt - kgxo) . (9)

In the case of the passive device of Fig. la, the signal cue to a gravity
wave translates into a phase shift obtained from Eq. (8) by multiplying by the
effective path length't, which is essentially the number of bounces times the
length of the arm L. 1In this case the g-wave induced phase shift is given by

(p)

. . . . .
a¢ = 27Lhg/A. In such an experiment the fundamental guantum limit is given

by "photon shot noise". Denoting the average number of laser photons by 0, the

T R SN
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power at the detector by P and assuming unit quantum efficiency for present
purposes, one has the phase uncertainty due to shot noise for a measurement of
duration t

m

= hv/Pt
Bo = [hv, ]

='\u»-

(10)

Equating A¢(p) to A¢n one finds the minimum detectable g-wave amplitude for

such a passive system to be
h (p) h\) Y ’fl\)
9oL V Pt B Pr (11)

N
where we have introduced the cavity decay rate vy = ¢/L.

Consider next the active system of Fig. la. The tiny frequency separation
given by Eq. (9) implies a phase difference accunulated during a time tm of
magnitude

= 2 in( -k _Xg) - sink >
8¢, = o~ holsin(u ty %) i gYO]

g g
(12)

Now if we take the phase uncertainty to again be given by the shot noise limit,
equating (10) to (12) the minimum detectable gravity wave due to this active

configuration is found to be"

h(a) g

(shot noise limit) . (13)

This result differs from the passive result of Eq. (1l1) in two ways. First the

sensitivity is improved by the factor (wg/Y)-l'\‘lo3 - 10%. Furthermore we note

-1

that the sensitivity of the passive device goes as L and therefore large
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systems are implied in order to reach maximum sensitivity. No such dependence

accrues for Eg. (13). 1his suggests that the active system may involve only

laboratory (meter) dimensions. IRy
oA
However in the analysis of an active device such as indicated in Figure Ry
AN
EACKE
. . . i LN
1b, we really have two independent lasers and there is therefore an additional '

source of frequency uncertainty due to the independent spontaneous enission

fluctuations® of these two lasers. This implies an uncertainty in the

frequency® between the two lasers of magnitude Av(spont.) # YVliV/Ptm.
Equating this frequency error to the g-wave induced fregquency difference given
by Eq. (5) we find the spontaneous emission limit for the minimum detectable

gravity wave signal

n(@ . x by

min - vVFL (spontaneous emission limit).
m

(14)

We see that this result is the same as that given above in Eg. (11) and
therefore the two systems have an identical sensitivity and dependence on
cavity length.

In recent studies stimulated by the above considerations, we have
investigated a method for quenching spontaneous emission noise in the relative
phase angle between two laser signals-7 We found that the spontanecus emission
linewidth and associated uncertainty of the difference frequency between two

laser modes could be eliminated by preparing the laser medium in a coherent

uperposition of two upper states (via e.g., a microwave field coupling |a> and

tn

]

3 3 3 ; el

|p>) as in quantumn beat experiments, or by coherent pumping, as in the Hanle SRR
X

.\ ) h\ -

effect) as in Fig. 2. The heterodyne beul note of the radiation emitted from RN
:\J'_:J‘.:.'

these states can, under the appropriate conditions, be freed from spontaneous e

emission noise. We here apply these considerations to the detection of
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gravitational radiation. In the next section we develop the theory for such
experiments and apply it to a possible experimental scheme.
III. THEORY OF A CORRELATED SPONTANEOUS EMISSION G-WAVE DETECTOR

Consider the g-wave detector of Fig. 2. There we depict a quantum-beat/
Hanle laser driving a doubly resonant cavity having frequencies @) and Q2. The
frequency 2 is independent of the g-wave, while the other cavity mode
frequency Q; is dependent on the gravitational radiation according to the
relation

nyne

Ry = —— (1 - %'hn cos(u_t - k xq)).
¢ <L) < 5 &

(15)

Now the heterodyne cross term may be written in terms of amplitude p; and phase
ei(t) parameters as

(alay) = 010y 70V v
(16)

wnere the relative phase difference 8(t) = 8j(t) - 82(t) undergoes random
fluctuations due to spontaneous emission and Vie i=1,2 is the actual lasing
frequency of the i-th mode having amplitude pso It is expression (16) which is
of interest experimentally since the frequencies appearing therein are
dependent on the g-wave amplitude through Eg. (15).

As in Ref. 7 we define the overall phase angle ¢ (t) as

p(t) = (vi - vz - va)t + 81 - 82 -9
(17a)

W(t) = (V) - vadt s By -8, - b, (17b)




O

where Eq. (17a) is appropriate to the quantum~-beat laser (¢ is the
crowave-induced phase difference between atomic states ‘a) and jb> and v3 is
the microwave frequency) and Eq. (17b) applies to the Hanle-effect laser, with
¢ determined by the choice of pump~radiation polarization. It follows directly
from Ref. 7 that the amplitudes o;, i = 1,2 and the phase angle y obey the

equations of motion

P 31/2(1101"'"%(11202 cCosy ‘%Y],Dl ’ (183)
62=%0202 +1/20,2102 cosy - %ys05 »
(18b)
‘L =a-> Sin\') .

(18¢c)

In the above the linear gain and cross-correlation coefficients are given by
a, = rg%/yézand 4, =0y, = rglgz/y§ where r is the rate of excitation to state
|a>, gi is the atom-field coupling constant and Y, is the atomic decay rate

which we take as the same for all atomic levels. The cavity decay rates are

denoted by Y, a is given by Eq. (23}, and the "locking"” freguency b is given

by
° e2
= X, —_— i -—_
b 2112 92* =121 01 .

(19)

Finally, in Ref. 7 it was shown that th= ensemble average of the heterodyne

signal (l6) can, in the appropriate limit, be written as
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at -D(w)t + i(vy-vy)t
ay(tas, (t =
< 1(t)az(t) )= pyo, e , (20)
where
b o 1 -iv
D(v) = 15 {ar/of + aa/od - (a12 + azpde  /pyoy) + coc. (21)

The equations of motion (18a,b,c) and the phase diffusion coefficient D(y)
as given by Eq. (21) provide a description of our coupled laser system. Let us
consider the physically reasonable case of g; = g, and p; =p,; then all a's
reduce to a single rate, o, and Eq. (21) assumes the simple form

D(y) =— (1 - cosy)
(v I (22)

where n = 012 = 022.

The other essential ingredient in our analysis is the equation of motion
for ¥(t) provided by Eq. (18c). From Egs. (15, 17) we see that the frequency,
a, appearing in Eg. (18c) is given by

1
a=A+=vihgcos(wt - k x
2 0 ( g g 0), (23)

where 4 = v, = v, - v, for the guantum-peat and v; - v, for the Hanle-effect

-
3

lasers. Note that vi = v, * v3 for the first and vy - v2 = 0 for the second.
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IV. A MEASUREMENT STRATEGY

Now from Eq. (18C) we see that when a = 0 the relative phase angle locks

X
: d
~

Y T S N

o

o

to the constant value ¥ = 0. In this case D(¥), as given by Eq. (22},

x

RN
A
‘r"p‘-

I‘.
“( 2

vanishes. We must now address the problem of extracting g-wave information

,..l
e
P

while taking advantage of the "noise quenched" configuration occurring when
D(v) = 0.

To this end consider the superheterodyne signal as per Fig. 3. Note that

when we are locked the beat frequency contains no g-wave information but the

relative phase angle 8y is given by (see Appendix A) Rty

sy = [A + %‘Vlho cos(mgt -kgxo)]/b s

® (24) A
2 g
: S
. which does depend on the g-wave. RN
o R
. ._',.-'*.
Thus when we are locked such that A = 0, Eq. (24) yields vﬁ-z
' 1 Vi
~. §¢ = = — hyg cos t -kxg),
- b=z o coslugt m i) (25)
-
. where we have noted thatv; hy/b << 1 and are considering times t <mg_1 .
- Equating (25) to the shot noise error (10) we find
AR BN L
min V] Pt m ( 26 )
; and since in the above b = a(compare Eg. (19)) this reduces to the familiar :ﬁf*ﬁ
. F

result given by Eg. (1ll), since 2 = v,

SRR

N
f
.ll

In order to improve the sensitivity, we introduce a mode-mode coupling
designed to "reduce" b. In other words, we want a mode coupling that will

result in the addition of a term ¢ siny to the phase equation (18c). e do
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5 this by injecting some light from one of the cavities into the other. To this :: .
N o
: . . . R . LR
end it is convenient to replace the resonator of Fig. 2 by two coupled ring ‘*-*i
. Ll
o cavities as in Fig. 4 and 5. The outside loops are necessary to be able to :n“:i
. Ak
et
1. control separately the injection phases. Other schemes lead to a RN
- LY
= coupled-cavity problem which does not produce the ¢ sin. term in the phase
‘jj equation (see Eg. (35c) below). This is discussed further in Appendix B.
:j Consider first the Hanle-laser system of Fig. 4. There we couple the
-, . . .
(running wave) fields by taking the light which is transmitted through a mirror
';: of one cavity, changing the polarization, and injecting it into the other
Zi cavity. This we do with an efficiency «.
;' For the case of the quantum beat laser, we remove light from one cavity
:; and inject it into the other while using a nonlinear element as a parametric
'Sj frequency converter, see Fig. 5. The parametric process is described® by the
(; interaction Hamiltonian
- aga -~ ~JI. * NS
N H = ga,a + dajana JeN
~ P gajaza3 *+ g 313203 ’ 27) RN
S SRR
AN
~ where aj is the (classical) microwave field strength and g is the purely ﬂf“?
:3 imaginary coupling constant g = i|g|. The equation of motion for the f}
“ S
3 conversion process® is then given by S
Sy
2 - -‘_:.
~:1 2 s (28a) o
S — [+} "-‘_ e 4
, 5t gix38 , :1-"1
® F
. -~ S
:C‘, 932 _ , [ *at
.‘: ot gix3a) s - ...:
> (28b) T
) . e e
\. . " e ’-
~ R
’4
.; again we denote the conversion efficiency by «.
-".

r;
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In either the Hanle or gquantun-beat case, we note that in counling the
field out of, say, cavity 2 we have
E,(out) = t3E,(in), (29a)

where t ; is the transmission of mirror m,, and passing through the polarization
or frequency converter yields

AE, (out) = thEz(in)e-1¢ - 18 s (29%)

where AEB is the field with the appropriate polarization or frequency generated
with an efficiency x. The phase shift along the outside loop is written as

$ + 8§, with ¢ as in Egs. (17). Finally we note that this couples into cavity 1
through mirror 4 to yield

AE1(in) = ¢ t.kpp(in)e *02 ~ 10 - 161 (30)
y 3

where t* is the transmission coefficient of mirror 4 (going in). Now light is
enitted from cavity 2 according to the round trip time At = ¢/p,, where ;; is

the perimeter of the second ring, so that

ct ts . N 1 .
AE, v 0 -i(92 #9})-i8; =, -i(%44)-18y (31)
= e
At pz 02 /2Y12028 ,
where we have defined
ct' ¢t
B, = —2 3 (32)
P2
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Similarly removal of field from cavity 1, frequency converting and injecting
into cavity 2 leads to
AE~ - - i 33
= 4000 i(81-9) + 162 , (33)
where now
ctete
By = —— i . (34)
P
The injection rates as given by Egs. (31) and (33) alter the time
evolution of the cavity amplitude and phases so that when 6; = 6§, = =
Eqs. (18a,b,c) become
by =10y + %3170y COSU Y10y - BY o0y COSV (352) TS
- 2 ~Te. ).
2
Joone,
. e
-2 1 boo L 1 , . 2
Py = %ay0, +750y) 01 COSY - Hy,0, - %y,,0, cOSY (35b)
V= a - b siny + ¢ siny
(35¢)

Here v represents the total loss rate of cavity 1, and v, that of cavity
2. The coupling mirrors m, and m: introduce losses 1n cavity 1 at a rate
(l-r)c/p, (where r = r,, rg), SO that one may write, for the amplitude loss
rate /2
Yy = (1-1y) — + (l-15) = +k
21 L P1 ( 5) YR

‘other s (36)




where v represents any other losses for cavity 1. Egq. (36) assunes that

other
r,, r; are real and positive. In this case, the reflection coefficients r. ,

r? , for light of frequency/polarization 1 incident on the mirrors from the

!
other side, must be equal in magnitude, but negative. The various transmitted
and reflected waves at mirror 4 are shown in Fig. 6, assumning ts = t,, real

and positive, and taking into account the fact that$; must equal m in order to

have the correct sign for c in Eg. (35c). Note that, then, the light leaving the

system at that mirror has amplitude

-1 -i
out = -I‘L'; taF-e T+ tuEy = r,t:E-e v + toE (37)

=y oy

[

(and frequency or polarization 1). This is important, as will be discussed

later.

s

‘rh.‘v N % Y

Let us now for simplicity assume that all the coupling mirrors have the

same transmission and reflection coefficients, and that %. = % . We have then

c = xy {38)

when p1 = pj, where Yoo the loss rate for each cavity associated with the
coupling mirrors (m. and ms; for cavity 1, m; and m; for cavity 2) equals
Yi2 Yoy

=%
K 2 ¢

(39)

2
t2c
By, = 20Ler) o 5k

glo

(compar=s with Egs. (32) and (34)). The total loss rate vy, assuned again to be

the same for both cavities, is then simply

-‘..; T
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Y= Y * Yother ’ (40)
as in Eg. (36).
Now we can see that Eg. (35c) gives the g~wave induced phase angle
1 V1
v = 3 5o hy cos(wgt - kgxo) , (41)

(as shown in appendix A, this is true only if t >> (b—c)‘l, and b-c > wg;
however, Eg. (A.3) shows that Eq. (41) still gives the correct order of magnitude of

¥ when b-c v mg and t l/wg.) The shot-noise limit (26) now reads
a-y \/‘h__
~ ¢ LA A
hmin Y Pt_ ’ (42)

since b-c = o - Yo when p; = pp and ¥ = 1.

lNow the gquestion naturally arises "how small can o - Yo be?'" From the
results in Appendix A (with b replaced by o - yc) it may be seen that nothing
substantial is gained by letting it be smaller than about Wy if the
measurement time tm < wél. If indeed a - Y. © wg, Eq. (42) becomes once again
the active-device shot-noise limit of Eq. (2).

A problem arises, however, because, as a result of the phase-matching
necessary to achieve our purposes, the light leaving the system (at mirrors m,
and my; in I'ig. 4) is in a superposition of modes 1 and 2 with a relative phase
equal to v, which is very close to zero (see Egq. (37), and Fig. 6). They
therefore interfere to give a "bright fringe" and under these conditions the
very small phase difference y cannot be detected with the precision assumed in
Eq. (42). This point is discussed further in Appendix C.

To be able to combine the fields b; and E, with a relative phase suitable

for detection (7 + ¢ or * /2 + y; see Appendix C) we need to extract some
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: e , i
s additional light from the cavity (indicated at mirrors m, and mg on rigs. 4,5) IERNEN
N AR
A F', ,:
' so that we can combine it with the appropriate relative phase. But any .
. , RTINS
. additional loss {beyond that associated with YC) is going to require larger ;:;?;‘
o’ gain to bring the system above threshold, so that o - Ye will increase. :(:E:
. EOEALN
DRV

Clearly, then, if we still want to have a - Y. = wg' the losses introduced by

the extraction of a "signal"™ beam must be kept small enough that one still has

(43)

SO LA LS Y Y -

where Y is the total loss rate for each cavity (including Ye and the
signal-beam extraction losses). As a result of this we find that the power in
the signal beams Ps (coupled out at m;, mg) is related to the actual power of

the laser Py (e.g., the power escaping at mirror my) by

KN ) AR ARAN N

o P_= Y

: s = (wg/ Y)Fo : (44)
N

I It is this Py that must be used for P in Eq. (42). 7The result is then seen to
ﬁ be of the form (4) with an & given by ¢ =\} wg/Y ; l.e,

b

v ©, o hy

b h =,/—-%YL fiv (45)
e min VY Vv \/Potm

- thus if we assume w, n102 and ¥ ~ 105 we see that e~ 10° . At this point we
'l

» do not discount the possibility that a more efficient coupling mechanism might
[f be found to reduce ¢ even further. The important point is that ¢ can be

2 substantially less than unity. Some insight into the origin of the new limit
i (45) is provided in the following section.
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V. INTERPRETATION OF THE RESULYS

The new limit (45) has a simple interpretation in terms of the fundamental
physics involved in the correlated spontaneous emission laser. Such a laser
may be understood as actually operating in a single generalized mode of the
radiation field when the relative phase angle v is locked to zero, i.e., in the
absence of a gravitational wave. The gravitational wave may then be envisioned
as exciting another mode (orthogonal to the original one), and detection of the
gravity wave requires the detection of at least one photon in the new mode.
This condition leads to the limit (45).

For definiteness, consider the Hanle-effect laser (similar results obtain
for the quantum-beat laser). &s before, we define annihilation operators
associated with the modes of the two cavities as 31 and 52 (corresponding, for
instance, to orthogonal linear polarizations), but when the locking condition

v = 0 is satisfied, the laser is effectively operatiny in the single mode

a = (51 + e-1¢;2) (46)

1
* vz

{(which may correspond to circularly-polarized light, for example). In fact,

from the semiclassical equations

. .
Ey =%(a - Y)Ey +4ae Mg, | (47a)
E2 = 1/2((1 - Y)E: *%1e+1¢E1 R (47b)

and the definitions,

,“ r/ " v
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E. =L (g, + e Mg, (48)
t
one proceeds, by multiplying bBg. (47.b) by e *? and adding (subtracting) the
resulting equation to (47.a), to obtain
% -
,=20a - Y) E , (49a)
E=- YE (49D)

(note that & is time-independent, being determined solely by the pumnping
mechanism to levels |a> and |b>, as mentioned 1in connection with Eg. (17.b)).
Equations (49) are decoupled, and in fact it may be shown that this
decoupling holds also when nonlinear terms are taken into account, (i.e., when
a is the saturated gain). This will be shown in a later publication.
Equations (49) also show that the mode E+ (;_+in the quantum theory) is above
threshold, while the mode E (5_) is damped. The damping of E_ turns out to be
equivalent to the locking of the phases §(t) and 8, (t) of E_and E to the

particular value 8;- 8 -¢ = 0, This may be seen as follows: from bg. (48),

we have

[e2]
o)
1

(B, + E)/ v2 , (50a)

Ey = e (E, - E)/VI (50b)
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Then when E - 0 we are left with just
Ey (t) = E, (1)/V2 (51a)
Ex(t) = e "B (1)/V2 (510)

so that Ej(t) = Ez(t)e'i¢’ . This implies ¢y = p, and 8; (t) =6, (t) +¢, or
v = 0.

Also, one can see from this argument why when E_ =0 (i.e.,p = 0) the
relative phase diffusion due to spontaneous emission is zero. Equations (49)
show that the atomic medium contributes gain to the Bi_mode only. Therefore
the spontaneous emission takes place only in this mode. The spontaneous E+
photons have of course a random phase, and will cause a random change in the
phase of E+(t), but when Egs. (51) apply this random phase change will be
common to E,(t) and E, (t); hence the relative phase g,(t) - 8, (t) will not
change.

Consider now what happens in the presence of a gravitational wave. It

will modify the frequency of mode 1, which may be represented by adding a term

-ih(t)vE;/2 to the r.h.s. of Eg. (47a). This leads to the coupling

E, = (+-%y-ih(t)9/DDE, - ih(1) VE /2T (52a)
E =-Cay+ ih(0)v/2/3) E_ - ih(t)vE /22 | (52b)
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Since hgv < <arysw , and |E | « |E.J if we are never very far from the
g -
locked~in regime, the modifications to kg. (49a) may be neglected, but Eq.

(52b) will read

E=-%E - ih(t)vE /2V2 (53)

which shows that the gravity wave acts as a source of photons in the "E " mode.
If we want to detect a signal proportional to sin v (operation halfway between a

dark and a bright fringe; see Appendix C) we will combine E; and E, at the

detector in the form
s * %* 3 * *
e'EJE, - Ej Ese *® =EE -E E - (54)

Hence, in order to detect any signal at all, at least one photon of the “E
type must reach the detector. The same is true for operation at a dark fringe
(in that case the power at the detector is proportional to just |E_|2.)
Suppose that all losses are transmission losses, so that the v in Eq. (53)

gives the rate at which the "E " pnotons are leaving the cavity. "Then we have

n' = ¥Yn (55)
where n' 1s the number of photons outside, and n_ the number of photons inside

the cavity. If E_in Eg. (53) is taken as constant, and the observation time

is large enougn compared to 7, one will get the st-~ady-state result

E o= ~ithv E (56)

or

v
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= h2.2
n = n, . (57)
- 2,2
2y N
e
Vhen substituted in Eg. (55) this gives, over a measurement time t , .'-f.
TS
_ hZ\)Z .
n' = 3 nto (58)

AT T Tl S S S A S A e i -t G bt S/A A D far £ An Jade Bt

for the number of "E " photons reaching the detector. The condition that this

nuroer equals at least one gives

N hD ~ .l;

.' Vv n+tm . (59)
Zj Now suppose that we may arrange for the E, and E modes to have different decay

rates, given by v_ and v_. The nominal power of the laser is ¥ j\v, SO we

w have

e,

L8

N 1 ho

: ho = IS \/W— (60)

- m

-::'_ where we have noted that the vy that appears in Eg. (59) is now y_. GHote that

<_ if Y~ wg' Eq. (60) gives the limit (45). —
:: It is in fact possible to show, from a more careful analysis of the system ‘-A:',,'. ‘
e (53) and (S5), that the maximum signal is obtained when y_ =~ w, (the analysis ‘;:j'.;-“_"
= . . DRI
® above is an approximation valid only when Yy_ > wg) . To do this, one must a
‘ :: actually integrace #gs. (53) and (55), assuminy a definite ftorm for n(t); for f';:'::;:
o BN
X . < ) . 20
. instance, Eq. (5b). I 1n EQ. (53) may still be treated as approximately _'.-2.-\‘
ot A
) . . - . . , e

censtant in steady state. Then £ (t) is obtained by integrating bkg. (53), and T

,. used to obtain n_(t); this is in turn substituted into Eq. (53) which is then R

- B el
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integrated between t = 0 and t = tm to give the total number of E photons
leaving the cavity (and reaching the detector) in a time tm. The calculation

is straightforward, but lengthy; the result for n'(tm) is
L —_— 1 I 9 - 3 N !
n ( [tm + (51n(_ugtm + 2%) 51n24)/3dg

-y_t /2
- {cos§ - e m cos(mgtm + 6))//7:-+4wé

+21 - e T ™ cos?(x)/ v ] (61)

where § and x are unimportant phases. It is easy to see that, for given tm and

w_, the factor Y_(Yf +4w§ )'1 1s maximum when vy _ =2mg, and that the factor
o

y_(y? +4u§)_°/2, occurring in the third term, is maximum when y = S V2. BAs
‘7\( t
for the last term, it goes as (1 - e )/(y~-+4u2), and it is maximum also

around y_ v wg or l/tm. Hence we see that n' is maximum when y ~ wg' in
which case its order of magnitude is
hgv3n+tm
n v - (62)

= W

8

which is like Eg. (58) with yly ) = g ° The limit (60), then, with y = g ? is
seen to coincide with the result (45).

In effect, then, we may say that what the extraction-reinjection technique
discussed here accemplishes is to make T, different from y_randy W * This
can also be seen directly from bgs. (35), specialized to the case a3y = ap = oy,

2210 Y1 S Y2 =7y Y12 T Y21 = YC; for the complex amplitudes E;, E, one then

has (in the absence of the gravity wave)
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. 1 1 -i¢

Ey=7(e - VIEp +%5(a - v e E; (63a)

é7=}§(a - T)EQ *1/2(3 - Yc)ellr Eq (635)
Then, using the definition (48) again, one finds the equations for E ., E_,

., ) i

E_._ =%(2a Y YC)E+ (64a)

E_=- (v - YJE_ (64b)
so that Y, =y + Yer and y_ =y - Y. = Yother ~ wg, as per Egs. (40) and (43).

IV. CONCLUSIONS AuD FINAL COMMENTS

In this paper we have discussed the passive and active-cavity approaches
to interfercmetric detection of very small displacements. We have shown how,
with an appropriate measurenent scheme, a correlated spontaneous enission laser
may be used to achieve a sensitivity surpassing (in principle) the conventional
schemes.

We note in conclusion that the "nonlocal" or "tidal" nature of the g-wave
interaction with the detector takes a very different form in passive and active

devices. In the passive case the signal goes as

e’

at?) = 2 g (65)




NECOCYEN TS

‘I

..
SO

ataals

25

n N .
where L eguals the number o¢f bounces times the cavity length, whereas in the

active scheme we have

2@ o Xy (66)
g

Thus, for a passive device, it is clear that gravity wave detection is a
nonlocal effect and measures deviations from Lorentzian spacetime only when T
is appreciable, For an active detector the factor of A/E is replaced by v/wg.
In this case the nonlocality is to be understood as a comparison of the g-wave
amplitude at different points in spacetime, i.e. comparing the g-wave induced
phase difference between detectors at different points in space, or comparing
the phase shift of a single detector at different times. In this sense we are
viewing the effect of the g-wave (according to Eq. (6a)) as leading to a kind
of time-dependent "red shift'". We recall that red shift experiments as carrizd
out by Pound and Rebka involved the emission of radiation from nuclei localized
at one point in space and the subsequent compariscon with an absorber at another
point in spacetime. In their experiment, we note that the atoms have vanishing
physical extent as compared with the gravitational parameters, just as in our
case the size of our "Quantum beat g-wave detector" may be small comparad to
the gravitational wavelength Ag.

Finally, we note that the largest useful t, as it appears in Lkq. (65), is

Ag, and in that case
A¢(p) = == (passive) (67)

But, since v = ¢/& and g = c/%é, Eq. (66) may be written as
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APPENDIX A: CbkL RESPONSE IN THE LOCKED REGIME

Consider the locking equation (lsc) with a given by Eg. (23). By
Eq. (19), b is of the order of magnitude of «,,, which will be equal to a, the
gain rate; this in turn will be of the order of w.gnitude of y, the cavity lecss

rate. Assuming that both the detuning 2 and hhv are much smaller than y we

have a << b (typical nmubers might be v ~ 10°Hz for the cavity loss rate,

’-

h‘-‘
/-
d-.

e
.

u" .

v ~ 10154z for the laser frequency and hg ~ 107 2! for the gravity wave). Then
we expect the scolution of Eg. (18c) to be very close to the stable steady-stats
solution that obtains when a = 0, namely, v = 0, Deviations of vy from 0 will

be of the order of a/b, so one may expand the sine function to first order, and

obtain
v=a(t) -by . (A.1)

With the initial condition that ¢y = 0 (the steady-state solution in the absence

of the gravitational wave) the solution to Eg. (A.l) is

t '
v = f e Pt ) e (A.2)

0

Substitution of Egq. (23) for a(t') gives

_ vhyg
st == el [b cosu t - k xg)
“ b2 o4y 2 g g
g
+ 4w sin(., &t - kgxo) - bt(b coskgxO - w_ Sink x5)] (A.3)
> g
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I1f the cavity decay rate y is much larger than the frequency W of the
gravitational wave we will have b >> Wor and it is easy to see then that Eq.
{A.3) approaches Lkg. (24) after a time t >> 1l/b (which may still be much
smaller than one gravitational wave period). In this case, the phase of the
field inside the cavity follows "instantaneously" the gravitational wave. The
case in which the effective b is of the order of Wy is treated in detail in

Section V.

APPENDIX B: RING CAVITIES VS. LIWEAR CAVITIES

The transition from the system illustrated in Fig. 2 to the one
presented in Figs. 4 and 5 may appear to involve a "quantum jumnp" in
complexity, for which the motivation provided in the body of the paper may seem
insufficient. We have explained how the system may be unlocked by extracting
some light from one cavity and injecting it into the other one, and shown in
detail how this works for our proposed cavity arrangement. What we wish to
address in this Appendix is why we have chosen this particular arrangement
(specifically, two ring cavities) to illustrate our scheme, rather than the
linear "doubly-resonant" cavities of rig. 2. The main reasons are as stated in
Section 1V, namely, to avoid feedback along the injection loops, and to retain
control over the phase difference between the extracted and the injected signal
(the £'s in Egs. (29) - (33), which as discussed 1in the text, should be equal
to ). We will elaborate on these points here.

It may at first seem thaet the extraction-reinjection technique proposed in
Section IV to reduce the locking might by used with the linear cavity of Fig.
2. In fact, with reference to e.g., Flg. 2b, assume that the top mirror is
used to extract an amount of.l7jht from cavity 1 which is then rotated in

polarization and injected into cavity 2 via the mirror on the right. If the
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length of the path between the mirrors equals a half-integer number of
wavelengths, the term added to the field E, in cavity 2 is

BE; = - t7Ey , (B.1)

every round trip, if both mirrors have amplitude transmission ccefficients t.
This may be seen by writing the standing-wave fields in both cavities as a sum
of traveling waves and looking at how these traveling waves are coupled by the
extraction and reinjection of light. In the same way, the same circuit would

lead to an amount AE, = -t?E, being added to the field in cavity 1. This is

actually more than is needed to unlock the system, since the cavity losses per

prekd
wrae
.,"4’

round trip are only

H £ r oy
’_" ':'r':'-"-ﬁ
XA

(4B) e = - (1 - T)E == E . (B.2)

This reasoning, however, fails for the following reason. Wwhen light from
cavity 1 reaches the right-hand side mirror in Ffig. 2, it is partly reflected
and sent back on itself together with the transmitted field from cavity 2.
what is then added to cavity 1 is not just some field from cavity 2, but a

superposition
- t(tE; + rtEy) . (B.3)

Again, some of this light will be reflected at the top mirror, and sent back to
cavity 2. Ve find then tnat there is no simple way to estimate the magnitude -
and, most importantly, the phase - of the field added to either cavity. In

effect, we have set up a coupled-cavity problem, the solution of which is not «%agq
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trivial; and it is not obvious that when equations of motion for E; and E, are
written, that take into account the multiple reflections within the outside
circuit (now a cavity in its own right), they will have the form that we want
them to have.

Compared to this, we believe, it may be appreciated that the scheme
illustrated in rfigs. 4 and 5 has a greater conceptual simplicity, since (1)
there is no possibility of feedback along the injection loops and (2) the
phase-shift of the injected light may be easily controlled by choosing the
optical path length of the injection loop.

Note that feedback appears to be unavoidable as long as we use the same
mirror for extraction from, and injection into, a given cavity. One could
easily think of schemes, based on the linear cavities of Fig. 2, with two
separate injection loops, involving beam splitters, and one-way isolators to
prevent feedback. The simplest of these schemes do not work, because they lead
to losses larger than the coupling they provide; this is understandable
intuitively, since light must be apsorbed or otherwise lost at the one-way
isolators.

We are still considering the coupled-cavity problem, and do not rule out
the possibility that a useful coupling might be achieved in that case, but we
believe that at the present time the scheme presented in this paper is the
simplest "proof-of-principle" demonstration of our ideas. 7%his point is argued
further in Appendix D, which considers an alternative solution to the problem

of how to extract the signal bezams.
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APPENDIX C: THE OUTPUT FIELD.

We mention in the text that the field leaviny the system at the
mirrors m, and m: is not in a state useful for detection purposes. Since this
is an important point it should be made as clear as possible.

Recall that the success of the extraction-reinjecticn "unlocking"
technique requires that the injected field be out of phase by nmradians relative
to the phase difference with which the system tends to lock. That is, if the
system, as indicated by Eq. (18.c) tends to lock at ¥ = 0, the injected light
should tend to lock the system at ¢ = w., This results in phase relationsnips
between the waves at, e.g., mirror 4 as shown in Fig. 6. There the phase of
the cavity field (proportional to E;) relative to the injected wave is
8y ~8,- ¢ -7 =y - 7. As a result of this, however, the output waves
(bottom part of the beam splitter) have a phase difference of y. As shown in
Eg. (37), the output field goes as

E = rutskse 2% + toE; . (C.1)

out
where r,, t,, t; are assumed real and positive for definiteness. The basic
result discussed here does not arise from any particular choice of phase shifts
at the beam splitter, but from general properties of (nonabsorptive) beam
splitters; in particular, time reversal invariance requires r, = - r;.

The g-wave information is entirely contained in the phase difference y.

We normally measure y by ccmbining the fields E; and L. and looking at the
interference term. The output field (Eq. (C.l)) contains both E; and E., but
their relative phase is such that they add almost in phase (since y << 1),

That is, on the outside of the mirrors m, and m. the beams interfere to give a

"bright fringe". We emphasize that this results solely from the fact, pointed
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out aoncve, that on the opposite side of the beam splitter they must add "almost
out of phase", i.e., with a phase difference v +7 , for the "unlocking" mode
coupling to be effective.

Essentially, then, to try to measure ¢ by lcoking at the output of mirror
4 (or mirror 6) would be to look at a bright fringe, which is an unfavorable
condition. Favorable conditions are at a dark fringe (beams combined with a
phase difference v + 7) or halfway between bright and dark (beams combined with

a phase difference v + r/2). In the fist case (dark fringe) the power at the

detector would go like

= B = ploy2
Pdet = 2Py (1 - cosv) = Pyw® (C.2)

(assuming equal power in both beams, for simplicity) while halfway between

bright and dark one would have

P = 2P; * 2Py sinv = 2P; * 2PV . (C.4)
det
The first case has smaller photon counting noise and a smaller signal, the
second one larger photeon counting noise and a larger signal. If we write the
equivalent photon counting power as

ho s (C.5)

t
m

Pnoise - Pdet

. N V- . ~
tm/hv is the total number of photons reaching the detector in the SRS
YL S

LD

A

(if n = Pdet

Teasurement time tm' Eq. (C.5) is simply Phoise

= »E'hv/tm), we see that for

the dark-fringe detector Ehe = Pgéz, so

t

R e e T,

AR SIS ISP BPIL R N N I PP AP SR L-.A.{L{&-JA_{M. SRR N SO NS SRS SRR T o, WIS oW




q " oy vy -l o, " T v — -
it e it A L A A et S AR YL SEMEGES EARS SN OAACEREARAR AR AL AN A A AN A St M A A AR AR A

.
LR

i
i

33

P e

I I

}Pch\ . 2
SR M = Poy® (C.6)

. noise YTt signal '

m AT
: '-'.‘.'..\:
- X
y while for the detector halfway hetween bright and dark fringes Pier = 2P0 {the -
Ca

dominant term) and so
iy
b = {2 . = !
2 Proise J' Ot * "signal Pov - .7
N We see that Egs. (C.6) and (C.7) give the same signal-to-noise ratio (aside
N from a factor v2). On the other hand, at a bright fringe
(
, _ = 52
; Pdet' 2Py (1 + cosv) = 4py - Pgv* , (C.3)
so that

: Pohy )2
- noise - 2 t i Psignal = Po” (C.9)
f which gives a much smaller S/N ratio than either Eg. (C.6) or Eq. (C.7), since
' U << 1.
o The only way to combine E; and E; to obtain either a dark fringe or a
N half-fringe is then to extract some additional light from both cavities, since ﬂft:
8 the light leaving the two output mirrors m, and m; is a superposition with the
Py wrong phase difference (v, "bright fringe"). Hence the introducticn of the

beam splitters m; and mp. A possible alternative arranygement to operate on a

dark fringe is discussed in the next Appendix.
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APPENDIX D: OPERATION AT A DARK FRINGL?
We have considered the possibility, for the Hanle-effect laser, of
extracting the. field from the cavity in a way that would not make use of the

beam splitters m_ and m, and would lead to operation "at a dark fringe" (see

.
Appendix C). In this scheme (see Fig. 7), mirror m, would be an ordinary 50/50
beam splitter. The polarization of the field in cavity 1 would be rotated just
before it reaches m;, to align it with the field in cavity 2, and the path
lengths of both cavitiles would be chosen so that in the absence of a gravity
wave one would have destructive interference (a dark fringe) between E; and E,

at the "out" port of m,; that is, no net field would leave the cavity at my,

and the field inside cavity 1 would change from E; to

E e-le | (D.1)

Immediately behind m,, @ quarter-wave plate would convert this field to
the appropriate circular polarization to interact with the gain medium. After
passage through the gain medium, the beam would cnce again be split into its x
and y polarization compcnents at the dichroic mirror m,.

With this arrangement no light would leave the cavity unless the phases of
E, and E, were mismatched, so that the interference at the out port oﬁ the beam
splitter were no longer entirely destructive. If a relative phase difference v

developed, the output field would be propertional to
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“u if py =pp =p and y = 8; - 6, - ¢. The total output power would therefore be ,‘Ik.,:'
i N
proportional to w2, as in the dark-fringe detection schemes discussed in e
::\ . ':::::
~ Appendix C.
N .'_-.:'_'q
::: We have concluded, however, that this approach is not satisfactory for the e
o, .{‘:..1
: - . ] . 3 - ’. ’.-
following reason. Equation (D.l) implies a very strong coupling between the ‘
S
o~ modes. The change in E; in one round trip due to the beam splitter m; would be RN
AE, = —1 Eze—ltb - (1 - —1‘ )El . (D.3)
A5 V2 V2
o
-."
3
::j The first term leads to an equivalent mode-coupling coefficient
9. ~
< b' =2 [, (D.4) o
- T
. :-:‘f “,
r after dividing by the round trip time L/c. This is larger than the usual ‘
'-\.;:1 mode-coupling coefficient b (Eg. (19)) which, as discussed in the text, would .’-',:,:i
- be of the order of magnitude of 2y ~ t2 ¢/L, where t is the mirror "\
\.'-' . .r:'}\:
4 transmission. The phase difference between the modes E; and E, would lock to S
. AL
.r::. the value ROy
oY S
Y 1 L
1 bvgzhy oo, ®-3) A
o AR
N =
< which is smaller, by a factor t2, than the usual locked result hv/2y. Note el
- R
a2 that 1/t2 is essentially the number of bounces. The strong coupling between T
o o
° the modes therefore reduces the size of the signal to that which would be :‘
. obtained with just a single-pass cavity. Also, the locking coefficient is so :'“;
-'_\ ‘\-'.,4
L .
ho- large that our extraction-reinjection technigue would be ineffective in trying :-"
YO . Y
@, to unlock it. We therefore conclude that this approach is not useful for our ",“
N o
system, at least in the simple form discussed here. A
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™ FIGURE CAPTIONS
- Fig. la. Passive system: an external laser drives a Michelson interferometer wre
: which is influenced by an incident g-wave denoted by hpv , traveling g&;i
ya in the positive x direction. g&és
> rig. lb. Active system: an incident g wave drives two independent lasers, :EQQ?
S which emit fields E; and E, . These fields are heterodyned in order ‘éﬁa§
\ to observe the temporal beat note. {,‘E
- Fig. 2a. (uantum-beat-laser gravity-wave detector. Gravitational radiation

E perturbs frequency Q; of doubly resonant cavity. Laser consisting of
;3 three level atoms coherently mixed by external microwave signal at

‘4
1‘ frequency vi drives cavities Q; and Q;. Dichroic mirror causes light

? to be deflected in vertical direction for frequency v; but transmits

S light at freguency vs.

- Fig. 2b. Hanle-effect-laser gravity-wave detector, similar to quantum beat

35 system of Fig. 2a in that coherently excited atoms emit light of two

iz polarizations which drives doubly resonant cavity via polarization

A

’ sensitive mirror. Frequency of vertical arm is affected by
’E gravitational radiation whereas horizontal laser radiation

.5 (copropagating with gravitational waves) is not affected by
Ci gravitational radiation.

; Fig. 3. Schematic illustration of experimental setup for guantun-beat laser.

3 Radiation at v; and v, from quantun-beat laser influenced by g-wave

o
\d is heterodyne detected by photomultiplier. The current at the
.i beat~note frequency v, - v, is superheterodyned with the external

,.

:: microwave signal at freguency vi. The signal exiting the mixer is at

frequency v; - vo - v3. When gravity wave is present a small phase

N angle developes, as indicated in the figure.
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Fig. 4. Running-wave Hanle-laser gravity-wave detector consisting of two

coupled ring cavities. Lasing medium is ccommon to both cavities.,

Mo X

Mirrors m; and m, totally reflect polarization of cavity 1 and totally

YY)

transmit polarization of cavity 2. Gravitational radiation incident
from left influences frequency of cavity 1 whereas cavity 2 remains
essentially unaffected. Running waves propagate in the indicated
directions. Light of polarization 1 leaves cavity 1 at ms, its
polarization is changed and it is then partly coupled into cavity 2
via the mirror mg. Similarly light is extracted from cavity 2 at the
mirror mj3, polarization-rotated, and partly coupled into cavity 1 at
mirror m,. Mirrors m; and m, remove a small fraction of laser
radiation for purpose of heterodyne detection.

Fig. 5. Frigure illustrating the ccupling of E; and E, via parametric frequency
conversion in order to increase system sensitivity in quantum beat
system. Analogous to Fig. 4 except that now light is
frequency-upshifted or downshifted in the outside loops, and the

mirrors m;, m, discriminate between frequencies rather than

r e
LS

s

.

o
-
a

Ey

polarizations.

"2t
.' .l l! .' .l
l' L '.‘"’.'

Fig. 6. Incident, reflected and transmitted waves at mirror m,. Not that one

‘.
o
.l

ré

must have r', = - r,. A similar picture is obtained at mirror Mgy in
Figs. 4 and 5.

Fig. 7. A possible scheme for operation at a dark fringe. Part (a) of the
figure shows the arrangament to be used in the insat (dashed box)
shown in (b). "he optical elements 1n (a) are as follows: A.
polarization rotator by 90°. m,, ordinary 50,50 beam splitter. B.

yuarter-wave plate., C. gain medium. m:, polarization-sensitive

mirror.
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: EPRB and the Wigner Distribution for Spin 1/2 particles jj‘
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' Abstract
It is shown that the wigner distribution for spin 1/2 particles provices a
different perspectlve to the EPRs problam. Z
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> In recent work we have applied Wigner type quasi~probability distributicns
. & :
1,2,3 “

theory to the problem of spin 1/2 systems. We nere relate those resul:cs

. G
- to the Zinstein, Podosky, Rosen Sohn (EPRB) problem. The (EPRB) "exper:ment NN
. RSN
X . U
- may De summarized or spitcmized Dy asking: What 1s the probability for .t.:}";:
AASC

*1

- 1

simultaneous passage of both spin partners through Stern-Gerlach apparati (SGa)
at angles +3, and -3, raspectively? If the state of the spin singlet is
>

denoted by |y> then this is clearly given by

v, .\‘}'J P

2) : ey o2
PO (b2, - = <oz jeo2 0

(933

<V|*91>|~53><+€'l|<-5“]’.’J) = <'.'J|TT(+'31)'Y(-55)] >, (1)

=3z S oi= a3 (2)

.I " " \ ." ... l‘-. * " ." .‘. ." ... ". [l

Since T(3) and -(2,) cormute we may choose to write Eq. (1) in the

~ symmetrric form
.
S
S
N (2) -y 2 - - 1' v - S - B3 - o5 - -
: ) \4.,3,-;5) = <. | = (#3)7(=7) + (--5) (+.1)]|,>. {3)
- Takirng ;> to de in an antisymmeric “S" state Eq. (3) ylelds the usual rasul:: !
& P (43 -2y =2 (1 - cosiz - 2. (4) o
: b1 Z 4 X 3 :
3 Next we ask: wnat co we g2t if we naively extend Eg. (3) to one nart:cle !"""'
physics? To answer this we calculate: j:‘-j?-:}?
4 Ay
1 ) , l ’ ) ) ) _ _ -.\ e
_'_ p! )(*:l.-fz) TR A S R A P i Dl “(+72)‘(-~Tl)},-> (3) ’g‘ !
-: ’? - .
: where 1 and 2 signify two arbitrary spin directions for the single ',\‘
5 particle. After a little algebra, Eq. (5) reduces to AN
.n"._"'l'
3 ,-: = L . ; - . . LY
) P+-(+‘l' 2) 1 1+ <,1> - <,2> - C:OS(,l - 12)], (o) ‘.:,_-
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3
and likewise we find
21 - - - 3

P-+(-al'+92) = Z‘ [l - <Ul> + <32> COS(el -Z)lo (7)
whera the state information appears only in <°l> and <az>.

Now we see that if we take the average of (6) and (7) we find the usual
EPRB rasult

1 (. +P ) =1 (1 - cos{3, - 8,))

2 - -+ 4 1 2 (8)

Thus we see that the inconerent average of the single particle ";oint
passage" expression, BEq. (8), equals the EPR3 simultaneous passage prcoability
Eq. (4).

A (1)

But what is the physical and/or mathematical meaning of P (
given by Egs. {6,7)2. We give two answers to this question as follows:

A. Wigner joint count probability for spin 1l/2:

aAs discussed in detail elsew'nere1 we define

-igs,-i<s
P(l)(s +5,) = L f e 1 2 A, )ddx , (9a)
1’72 4”4}
where the characteristic function 1is
izgy itz iz, 1z7
M(z,~ =-% {2 1 e 2 + e 2 e l>. (9b>

Evaluating Eq. (5p) and :inserting Incd (92) 3as in Ref 1 we find

(l) . - = oy < - N -
P 8y ,8,y) = P, (¥7rt75) 715 l).(52 1)

++

e 2 _(+5rey) i) = Diigsy = 1)
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+ P__(+el,+e2)6(sl + 1)5(52 + 1)

(10)
where
l - - N 11
p++ + I (1 + <“l> + <u2> + COs?) (lila)
=1 e S - e > - ensd
P+- = E (l + <u1> <v2> cosé) {1l
p = L (1 - <o,> + <c,> = coss) (Lic)
-+ 4 1 V2
=1 - . 5 :
P_ = z»(l <31> <~2> + cosj) (l1c)
and where 8 1is the angle formed by directions ! and 2.
We note that Eg. (10)~(ll) may be written in the compact form
p(l)(s S,) =31 (1 + 5,<5,> + 5,42.,> + s,5, C0O33) $,, 5., = =1 (12)
172 4 171 2772 172 1’ e T
Thus, we see that Pi}) and Pii) of =Zgs. (5,6) are just the joint propapility

distributicens (llo) and (llic).
B. "Physical" intergretation for P

Considar the state resulting from passing our particles (in:z:ially
described by |v>) tarough a SGA tipped at angla 3: and accepting only these on

the + path, this is given by

(13a;

‘4'91)(4":'1 i D,

and likewise the garticles awerging ¢n tha -~ path of 2 sGA tipped at “- is

“he overlap between (l2a) ana (l3b) 1is
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<T[=3,04=9,{#3 DCHE [U> = K| T(=2,) T(+3)) | (14)

Hence we see that, physically, the (symmetrized) overlap matrix element (14) is
the same as Eq. (4).
In conclusicon, we see chat the two particle simultianeous passage

5
propbaollity p(')(e‘,e:) of BEq. (4), is reproduced by the incoherent average of

single particle joint quasi-distributicn.

(L

-+

(L)

.

2 . .
PP ,2) =3 (20D wap-y + 1Y (25,0001 (15)

The umportance of conerent and ilnconerent mixtures 1n the EPRB problem nas

. . 3
been stressad elsewnera.
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