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PHASE SHIFT ERRORS ASSOCIATED WITH THE
WKB APPROXIMATION

I. INTRODUCTION

In tnis paper a numerical technique which yields an exact solution to
the one-dimensional scattering problem is presented. The method is easy to
implement in computer code and it is completely general in that no special
assumptions concerning the scattering potential have to be made. Although
the procedure 1s describea in.terms of a scattering potential, it will be
shown that problems dealing with electromagnetic propagation in inhomogeneous,
stratifiea plasmas or dielectrics which are described in terms of an index of
refraction can be reformulated in terms of potentials. ?or the case of wave
propagatlon in plasmas, 1t turns out the associated potential is proportional *
to the electron density. The usual method which is applied to general
scattering problems is the well known WKB method and the associated connection
formulas. A statement for the validity of the WKB approach is that the change
of tne local wave number over a distance equal to the local wavelength must be
small in comparisoa to the wave number. To apply the connection formulas it
1s assumed that in the neighborhood of a point where the local wave number is
zero the potential can be represented by a linear function with a non-zero
slope. There are many interesting problem; where these conditions are not
satisfied. Given an inhomogeneous plasma or dielectric, as one moves to lower
frequency electromagnetic waves, the wavelengths become comparable to the

scale of the variation of media properties. If the frequency of the wave 1is

Manuscript approved June 29, 1986.



such that the index of rerraction is approximately zero over a significant

path length, tnen the assumed conditions for the WKB approximation and the

connection formulas will not be satisfied.

The orientation of this paper is to investigate the phase error associated
with the WKB approximation. It is common in the literature to introduce an
additional phase shift of 7/2 for reflected waves over and above the phase
shift resulting from tne geometric optics approximation (see [1]). It has
been found that this approach can be fairly accurate even if some of the
assumea conditions of the WKB approximation are only approximately satisfied.
Conversely, there are also interesting problems for which the WKB approximation
introduces a significant error even when the potential is slowly varying
relative to the wavelength. One situation for which tne WKB method results in
Large phase errors is a "potential ledge". Ledge type potentials can often be
associated with HF propagation in the ionosphere, since the daytime index of
refraction for the top of the E-layer is frequently approximately counstant
for distances up to 50 kilometers. It has also been foumd that when the
scattering potential is in the shape of a well for which there are resonance
(metastable) states as discussed by Bohm [2], then the phase error may be
quite small except within a very narrow range about the resonance frequency
and within this narrow band the phase error fluctates rapidly. For the case

of the lonosphere, a potential well corresponds to a local minimum in the

electron density.

The problem to be solved is that of a plane wave incident on a scattering
potential. For the corresponding one dimensional problem, the potential is

non-zero only in a neighborhood of the origin. The amplitudes and phases of



the reflected ana transmltted waves are described by the complex reflectiomn
coerricient R and transmission coefficient T. The basic situation 1is a
two-sided problem with energy being reflected and transmitted. A one-sided
problem can be definea as one in wiich the scattering potential is such that
tne transmission coefficient is zero. The technique initially developed 1is
restrictea to two-sided problems in that it requires the existence of a non-
zero transmission coefficient. However a ome-sided problem can be comverted
1nto a two-siaed probliem by '"truncating' the scattering potential on the side
opposite to tne incident wave in such a way that the transmission coefficient
1S very small, 1.e. ITlZ ~ 100, 1n fact, numerical results have shown

Lor this case that R 1s essentially unchangea as long as the truncation poilnt

LS chosen such that 'T'z <1073, :

Since the scattering of a wave by a known potential is described by a
airfrferential equation it seems natural tc apply a numerical scneme such as the
Runge-Kutta method to obtaln an exact solution. A prqblem arises because the
reflection and transmission coefficients are initially unknown and thus the
initial conditions necessary for a numerical integration are not available.

It 1s shown tnat for the original scattering problem there is an associated
probiem for wnich the initial conditions on the far side of the scattering
potential can be specified. By soiving the associated problem and then

trans forming back to the original problem, one obtains R and T.

If. ELECTROMAGNETIC PROPAGATION FORMULATED IN TERMS OF A SCATTERING POTENTIAL

Assume that in a plane stratified meaium, the index of refraction is given

by ni{x) for - ® < x< ® | For an isotropic plasma, the expression for n(x)



Ls

n‘\x)
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-

- Xx)

wnere X(x) _iO. For a aielectric n(x) is taken to be

né(x) = 1 +ud(x)
with p(x) >0. poth cases can be described by writing
né(x) = 1 + r(x). (1)
The wave equation Lor propagation 1n this medium hasAthe form

VWix,y,2) + k?n2(x) Wix,y,z) = 0. (2)

Here K 1s tne wave number and is related to the free space wavelength ()\) by

K =2 T A.
The incident plane wave is given by

Wix,y,z) = u(x)explik(ycos B + zcosvy )] (3)

wnere tne direction of propagation is defined by the direction cosines (cos a,

cos Rcos Y ). If (3) and (1) are used in (2) we find

d—g + [E—V(x)] u =0 : (4)



wnere
E = kl¢osl a

Vix) = -k2r(x).
Except for the comstraint on the potemtial, equation (4) is the
one-dimens 1onal Schrodinger equation. For a plasma the scattering potential

satlisties
Vix) Z.O all x,
while for a aielectric
Vix) E_O all x.
III. SOLUTION OF THE SCHRODINGER EQUATION

The equation to be soilved is

2 -
du [kz—v(,x) ju=o. (5)
dx

For simplicity normal incidence of the plane wave is assumed. It is also
assumed tnat Vix) > 0 and V(x) = 0 outside the interval (0,L). The system to

be soLved then becomes



ul(x) = ei.kx + Re—ikx’ x< 0
(6)
u(x) = Telkx 51
where R and T are the unknown reflection and transmission coefficients. A
system which is equivalent to (6) is
u(x) = pelkx 4 ve'ikx, x <0
(7)
u(x) = elKX a1 =>L

Comparison of (6) and (7)

can be separated into its

shows taat T = 1/u and R=Y/u . The solution ulx)

real and imaginary parts ut(x) and ui(x). Both

U (x) and u;(x) are solutions to Schrodinger equation with

ur(x)

Ui (x)

The initial conditions for the solutions ur(x) and ui(x) at x =

u_(L)

-

u (L)

cos{kx), x>L

sin(kx), x>L.

cos(kL)

= L are

-k sin{kL)



and

4. (L) = sin(kL)

-

ui(L)

k cos(kL).

Both solutions can be projected backwards into the interval ( -2T/%,0).
Using the orthogonality of the sine and cosine functions in this interval, the

coefficients W, Vand thus R, T are obtained.

IV. NUMERICAL COMPARISON OF EXACT AND WKB SOLUTIONS

Consider the problem of a plane wave incident from the left om a potential
parrier V(x). As shown in Figure 1, V(x) is zero for x < 0. The complex

wave amplitude u(x) satisfies equation (5). In terms of the free space wave

numper k, define

pix) k2 -V(x)]l/z, for x <a

qix) LV(x) -k2jL/2, for x >a

where

via) = k2



in urefl

Pt

e rms P X

Fig. 1 — One-sided scattering potential where incident and reflected waves have
free space wavenumber k. The classical turning point is a.



The variapie a 1s callea the classical turning point. According to the
connection rormulas of the WKB method, solutioms to the left and the right of

X ¥ a are given by

2 a TT]
Yi(x) = \/p(x) cos L p(x)dx - TJ , X<a
(8)
1 a
u, — — S
2 x) = = exp[-f q &x)dx} , X > a.
Va(x) r
Consiger tne region to the left of x = a and set
a
A "‘f () [k (9)

o

The function UY1(x) can be expressed as

S ee)) = uinkx) + urefl(x)

where for x < 0, the incident and reflected waves are

3y (%) = — exp BT -8)] exp (1ke)
vk

Yrefl(x) = L,
vk

Thus the pnase shift of tne reflected wave relative to the incident wave at

exp [i(A - -%:—)] exp (-ikx)

x =0 1s



Ine final resulct is tnat the total pnase shift éw preaicted by the WKB

me tnod 1s tne geometrical optics term 2A minus 7/ 2.

The exact vaiue . of the phase saift can be obtained from the approach

described 1n section III. The WKB phase snift error

E = ¢W“®e

nas been computed for several potentials. The first two examples presented

are cases wnere the WKB method 1s rairly accurate. The first example is a

reiatively broad quaaratic potential barrier of neight Em = 16. The barrier

width W at nalf energy value is lU free space wavelength that is

W =10 A

where

2
4T

KZ
Q

1
=32 B
Ine potential 1s snown in Figure 2 and the phase shift error is given Figure
3. It can be seen tnat the error 1s only a few degrees over a significant
range of wave numbers. Since the quantity A defined by equation (9Y)
approacnes 0 as the wavenumber goes to zero, the WKB predicted phase shift is
YU@ for infinitely small wavenumbers. Since the true phase shift approaches
180° for small wavenumbers, the limiting value of the phase shift error is

909 as the wavenumber goes to O. This lLimit has been observed in this and

other examples.

10
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Fig. 2 — Broad quadratic potential barrier with half energy width equal to 10
free space wavelengths at corresponding wavenumber
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Tne nexc example considerea 1s the linear potential

Vix) = x.

As the wavelength become small, it can be seen from Figure 4 that the phase
snl1ft error goes to O. This can be expectea since for short wavelengths in a
Llnear potential the assumea conditions tor the WKB method and the connection

rormuias are satisfied.

SeveraiL examples where the WKB method nhas a much larger error will now
be aescripea. The first example is a simple modification of tne quadratic

barrier. The quadratic barrier of Figure 2 is reduced in width so that

wnere
4".T2
)\2
(o]

Then, as is shown in Figure 5, the pnase snift error becomes significantly
larger. Tne 1ncreasea error can be expectea since the potential 1s a more
rapialy varying function of position and also the exponentially decayed form
of tne waverunction for x > a as assumed 1n equation (8) becomes a poor

approximation for narrow barriers.

The potential weil shown in Figure 6 has unique pnase shift properties.
Tne pnase shift error as given in Figure 7 exhibits the typical trend of
becoming smailer with aecreased wavelengtn with two exceptions. The

exceptions are narrow regions where tne phase shift error is an extremely

13



14!

phase error (in degrees

80 -

60 —|

P

B —_—t '____.-“".I_._.-___._L"'.__‘ __'_/"-' = n__,_,—r B e S e
\ e
. -
=28 — 71171 } [ s | | T 1% |T T ‘|I it il | I| | L T L
8.0 8.5 1.0 2.0 2.5 3.9 3.5

o
wave number

Fig. 4 — Phase shift error for linear potential V{(x)=x
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Fig. 5 — Phase shift error for a quadratic barrier with half energy width equal to 1 free
space wavelength at corresponding wave number
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rapialy varying function of frequency and are associated with the existence
Of metastable or resonance states in the terminology of Referemce [2]. A4s
dliscussea 1n Reference 2], the conditliom for the existence of a resonance is

X

2
i
J/P [kZ—V(x)]2 dx = (N+L/2)7, ror N = 0,l, 2, - - -, (10)
1l

Here X  ana X, are che clLassical turning points at the two siaes of the

potential well for winich

V=) = v(xy) = k2.
lhe condition rfor resomance as specified by equation (10) is again based onm
the WKbB metnoa. It 1s worthwnile to compare the accuracy of the WKB
prediction agalnst an exact solution. The exact solution method employed is

pasea on a rinite element scheme &applied to the Eig2nvalue problem

d2
- ; + V(x)u = Eu
dx
using Hermite cubic potynomirals as basis functions. Here V(x) is the poten-—

tiali well snown in Figure 6.

Figure 7 has two "points of discontinuity" where the phase shift error is
essentially a discontinuous function of wave number. Since the WKB predicted
phase shift 1s for this example a relatively slowly varying function of wave

number, one woulc expect that these points are wave numbers for which the true

18



pnase shift nas a discontinuity. That this 1s the case can be seen from

Figure 38, wnich snows tne true phase shift in a neighbornocod of the first

point of aiscontinuity. Using a similar expansion at the nigher wave number,
tnese points are qgetermined to four significant figures. The table shown

beiow compares the predicted with the actual location of the points of

discontinuity .
5T B3
Actual 1.608 1.936
WKb Resonance Conaition 1.690 1.942
Eigenvaiue Solution 1.608 1.933

It 1s 1nteresting to note that Ior tne higher energiles and wave numbers one
can expect the WKB condition for resonance to become more accurate while
tne energy eigenvalues determined &, a numerical scheme tend to become less

accurate. This observation 1s consistent with results presented above.

Tne potential obtalned from the first hump of the potential well is shown
in Figure Y ana the corresponding phnase shift error curve is given in Figure
L0. It snould be noted tnat except for narrow regions about tne two points of

aiscontinuity, tne curves in Pigures 7 and 10 overlap.

19
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The last two examples presented are ledge type potentials. The ledge
sfnown in Figure ll nas a small constant negative slope past the first
maxilmum at x = 4 and the width of the ledge is one frese space wavelength at an
energy corresponding to the ledge height. The phase error shown in Figure 12
decreases with wave number except in the neighborhood of the point of discon-
tinuity at the wave number value k = 2 which corresponds to the height of the
potential at the beginning of the ledge. The graph of the phase error for a
ledge wnose width 1s two free space wavelengths i1s given in Figure 13. For
tne wider ledge, the corresponding index of refraction is approximately zero
over a longer path length and this results in a more wildly oscillating phase
error near the point of discontimuity. The oscillations in the phase error is
associated with a discontinuous change in the location of the classical
turning point as the wave number crosses the ledge <mhpm of k = 2. Figure 14
snows the true phase response rfor the three cases of: (1) linear potential
with no ledge, (2) linear potential with a one wavelength ledge and (3) linear
potential wica a two wavelength ledge. As expected the true phase shift is a
smoother function tnan the phase shift error. However, it can be seen from
Figure 14 that as the length of the ledge increases, the phase response

approaches a step function diliscontinuity.

V. CONCLUSION

In this paper a general technique was presented for computing the complex
reflection and transmission coefficients for a plane wave obliquely incident
on an isotropic and horizontally stratified plasma or dielectric. For a one-

sided problem the amplitude of the reflection coefficient is of unit magnitude

23
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and the rerlection process 1s characterized by the phase of the reflection
coefficient. The numerical approach 1s about as easy to implement as the WKB.
approximation and eliminates the pnase errors typically associated with the
WK3 method. OUne novei result obtained is that there are commonly occurring
index of refraction functions for which the true phase shift of the reflected
wave has one or more points of discontinuity. The implicatiouns of this type
Of pnase response ou communication channels can be explored by doing numerical
simulations of pulse propagation taking as the medium transfer function one of
unit amplitude and with a discontinuous phase term. As an example, the lower
point of discontinuity of Figure 7 is very narrow and in general could not be
expected to have any noticeable effect on pulse shape while the upper point of
discontinuity is sufficiently broad to significantly change the shape of
communication signals. For HF communication, one would want to select a
signal bandwidth which avoids the step function discontinuity in the phase
response assoclated with ledges in the election density profile. As can be .
seen tfrom Fig. 14, this effect 1s present even with a relatively narrow ledge

corresponding to a width of a few wavelengths.

There are some implications of this study to the plasma inverse problem.
Since the phase responses of the potential well and the corresponding single
nump potential coincide (see Figures 7 and L0) except at the resonance points,
1t 1s apparent that in general no formal solution to the inverse scattering
problem can in a practical sense infer the existence of secondary maxima of
electron density based on reflected energy. However, in the special case
where ‘resonance states occur, the existence of secoundary maxima can be
investigated by sweeping through a range of frequencies with a narrow band

signal and recording the phase shift.
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