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NONPARAMETRIC INFERENCE IN ADDITIVE RISK

MODELS FOR COUNTING PROCESSES

by

Ian W, McKeague

ABSTRACT

/
Nonvarametric estimators for the hazard functions in an additive risk
=) -

[ e

model for counting processes are studied., We establisha functional central
limit theorem for the integrated estimators and show how this can be used to

find the asymptotic null distribution of a maximal deviation statistic for

3
T

Kolmogorov-Smirnov type testing. In addition, .we provide confidence bands

for approximations to the integrated hazard functions and show that certain

smoothed versions of the hazard function estimators are uniformly consistent.
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1. Introduction.

The proportional hazards regression model of Cox (1972) for the analysis of
censored survival data has had considerable influence on the theory and practice
of biostatistics, This model can be described as follows. Let A(t) = A{t;Y(t)}
denote the "failure'" rate at time t for a subject with covariate history
Y(t) = (Yl(t),...,Yp(t))‘, i.e., A(t)dt is the probability that the subject dies
in the small time interval from t to t + dt. Cox's model assumes that A(t) has

the multiplicative form

A(t) = ao(t)exp{,EIBij(t)}, (1.1) .';:\-:1.'-:
j= DFRS

where Bl, ..., B_ are constants to be estimated and ag is an unknown baseline

P
hazard rate.
An alternative model, introduced by Aalen (1980), is the additive risk model

given by
)
A(t) = § a. (DY, (1), (1.2)
i=1 J ]
J
where @15 .., G aTe unknown '"hazard" functions. Although statistical methods

for Cox's model are well developed (e.g. Andersen and Gill, 1982), this has not

been so for Aalen's model, except in the case of one covariate (Aalen, 1978), The

object of the present paper is to provide techniques which can deal with any number
of covariates in the Aalen model,

Aalen's model provides a useful alternative to the Cox model when the sample
size is large and more detailed information concerning the influence of each
covariate is needed. It could be used in epidemiologic studies involving large
cohorts of individuals, such as those studies cited by Breslow (1986, pp. 110,111),

and in situations where the proportional hazards assumption of the Cox model is
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poorly satisfied. Methods for assessing the goodness of fit of the Cox model are
discussed by Arjas (1986). oy

Aalen (1975,1978,1980) formulated his model in the framework of counting - A
processes as follows. Let X(t), t € [0,1] be a counting process which counts e
observed events in the life of the subject observed over the time interval [0,1]. :}:$§

So the sample paths of X are step functions, zero at time zero, right-continuous

."(.-‘ﬂ,
S

with unit jumps. We assume that X has random intensity process A(t) given by (1.2),
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where Y., ..., Yp are predictable covariate processes. By "intensity' we mean <.

¢ z

that the process M(t) = X(t) - [ A(s)ds is a square integrable martingale. Writing !
0

X in differential form, dX(t) = A(t)dt + dM(t), we may regard dM(t) as additive

réd
“
'
A A

s
¢
A

"noise." The basic model equation is :cif'
t .
X(t) = [ A(s)ds + M(t), (1.3) \-'f;;i
0

where A is given by (1.2). S
The statistical problem is one of estimating the hazard functions Bps eees ap
on the basis of n iid copies of X, Yis oens Yp observed over [0,1].

Our initial approach is to treat the hazard functions Qys oo ap as though

they are piecewise constant functions. This reduces the problem to the estimation

.}

N

*: of finitely many parameters. It would be possible to use the method of maximum

'.u

E; likelihood at this stage, as has been done by Buckley (1984). However, we are

!h interested in obtaining asymptotic results which do not implicitly assume that the
2,

E‘ hazard functions are of a piecewise constant form. Under these circumstances the
-

a

'} mathematics of maximum likelihood becomes intractable, except in the case of one
%' covariate (Karr, 1983). A way out of this difficulty is to use a quasi-least-squares
\

i‘ estimator for the parameters in the piecewise constant hazard functions. Quasi-
E least-squares estimators for this model were introduced by McKeague (1986a), and in
EE a related model by Christopeit (1986) and Le Breton and Musiela (1986).
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The final step is to allow the mesh size of the piecewise constant functions
to tend to zero at a rate tied to the sample size n, obtaining asymptotic results
as n -+ », This amounts to a use of the method of sieves (Grenander, 1981)
involving the so-called histogram sieve. Let &gn)(t) denote the estimator of o5
obtained in this way. We shall obtain a functional central limit theorem for
Kgn)(t) = gt&§n)(s)ds. This result is used to find the asymptotic distribution of
a maximal deviation statistic for testing the hypothesis HO: ay = ag, where @ is
a known function. In addition, we shall provide confidence bands for the best
approximation to the integrated hazard function Aj(t) = étaj(s)ds within the
histogram sieve and provide a uniformly consistent estimator for o

Our results are not restricted to counting processes. Indeed, processes
satisfying equation (1.3) and a technical condition known as left-quasi-continuity
are included. We have previously treated the functional central limit theorem for
ﬁgn) in the case that X is a continuous process (McKeague, 1986b) using orthogonal

(n)

series sieves. An L2- consistency result for &j was established in McKeague (1986a).

2. Histogram sieve estimators,

(9,F,P) will denote a complete probability space and (Ft,te[O,l]) a nondecreasing
right-continuous family of sub-o-fields of F where FO contains all P-null sets in F,
All processes are indexed by t ¢ [0,1]. The process M = (M(t),Ft) is assumed to
be a square integrable martingale such that almost all paths of M are right-continuous

on [0,1) with left limits on (0,1]. Write AM, = Mt - M, the jump in M at time t.

A stochastic process X = (X(t),te[0,1]) is said to be left-quasi-continuous (see
Dellacherie, 1972, p. 85) if for all predictable stopping times t taking values
in [0,1], XT = XT_ almost surely. Here a stopping time T is said to be predictable

if there is an increasing sequence (rn) of stopping times such that t <t a.s.
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for all n 21 and T, ttas. IfXisa counting process with a continuous
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compensator then it is left-quasi-continuous, see Liptser and Shiryayev (1978,
p. 243).

Let (xi’Mi’Yij’j=1’°"’p)’ i=1, ..., n denote n independent copies of the
., j =1, ..., p which satisfy the model (1.3), where

J
X given by (1.2) represents the intensity in the case that X is a counting process.

generic processes X, M and Y

Let (dn) be an increasing sequence of positive integers and define the histogram

sieve estimator &§n) by
~(n) . r-1 T
ey =g, if ot =, Iy
o (t) BrJ i e | T )

where the vector (Brl,...,srp)‘ = B, is given by

B = D;lcr, (2.1)
D. is a pxp -matrix with entries
n r/d,
Dok = 121 Yij(s)Yik(s)ds, (2.2)
(r-1)/4,
and Cr is a column vector with components
n (r/d,
Cps = izl Yij(s)dxi(S). (2.3)
(r-1)/d,

Note that the computation of the histogram sieve estimator involves the inver-
sion of dn p X p matrices Dr’ r=1, ..., dn (if Dr is singular then a generalized
inverse will do) in contrast to the iqversion of a single much larger pdnxpdn
matrix in the computation of orthogonal series sieve estimators studied by McKeague

(1986a, 1986b).

The estimator &gn) belongs to the set of functions S, = {a: o is constant on

dn

-1 =1,...,d,} and the sequence Sy , n 2 1 is called the histogram sieve.
n

2 Iy r
dy "dp "’

The best approximation to aj (in the Lz[O,l] sense) by a member of S; is given by
n

r/dy,
asM (v - dn,( a5(s)ds if T [’—d'i’i) . (2.4)
n
(r-1)/d_
4
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. {n} _ (t {n} . . . . )
Write Aj (t) = [ as (s)ds. A function f is said to be Lipschitz of order v,
0

A

where 0 < y < 1, if there is a constant C such that for all s, t in the domain of f,

I

|£ct)-£(s)| < C|t-s|Y. 1If £ is Lipschitz of order 1 we simply say it is Lipschitz.

-~ t“
We first state our functional central limit theorem for A§n)(t) = f a§n)(s)ds
0

in the counting process case,

Theorem 2.1. Suppose that X is a counting process, the histogram sieve is used,

1
2

conditions (Cl) - (C4) (stated below) hold and dn + o, dn = o(n?). Then

R D
/n (A§“)-A§“}) —m; in clo,1],
where mj is a continuous Gaussian martingale with mean zero and covariance function

SAt
2 2
Cov(mj(s),mj(t)) = J Lj(u){kglak(u)E[Yj(u)Yk(u)]}du,
0
where Lj(u) is the jth element of diag[K'l(u)], in which K'l(u) is the inverse of

the p x p matrix K(u) having components Krl(u) = B[Yr(u)Yz(u)].

Conditions.

1

(cn “j is Lipschitz of order vy > % for j =1, ..., p.

(c2) inf EY2(t) >0 forj =1, ..., p.
te[0,1]
sup |EY; (£)Y, (t)]
te[0,1] J 1
(C3) 3 - > - < 51
inf EY$(t)] 2 inf EY; (t)] 2
te[0,1] 7 ] te[0,1]
for all 1 < j < k £ p, applicable for p 2 2.
(C4) sup E|Y.(t)|° <® forj =1, ..., p.
te[0,1] J
5
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Remarks.

(1) In the special case of a single covariate (p=1) we have that the

asymptotic variance of the estimator R{n)(t) is Q?Q:
F\-' ::

Qo

2y - ¢ NG S,

Emj(t) = [ ——————ds. (2.5) .

0 [EY{(s)] I

However, a natural estimator for A1 in the case p=1 is the well known

Nelson-Aalen estimator given by

AR

L IR I
. R R 4

~(n) t ax(™(s)
A () = —_n, (2.6)
1 g y(M (5)

n n
where X(n)(t) = Z Xi(t) and Y(n)(t) = Z Yil(t). Here 1/0 is defined to be zero.
i=1 i=1

Aalen (1978) showed that /H(X{n)-Al) converges weakly in the Skorohod space D[0,1]

to a continuous Gaussian martingale mg such that

-~

o s
.

2
2
[ 4

2 t () :

E t) = —_— . . W
() = [ gy 9 (2.7 A

0 1 O

5 ) DESAS
It is interesting to compare (2.5) and (2.7). Note that Emo(t) < Eml(t) by Holder's o n o
~ ~ - .‘_’:\'_:
inequality. Aalen (1980) has extended A}n) to give estimators A}n), cees A;n) of N
NG
Bl AL

Aps eees AD when p > 1, however it has not been possible to obtain consistency or ?rﬁ?
hs "

s

asymptotic normality results for these estimators.

(ii) McKeague (1986b) showed that (C3) implies K(t) is non-singular for
almost every t, so the covariance function of mj in the statement of Theorem 2.1 is
well defined. It seems reasonable to conjecture that Theo;em 2.1 remains true
when the quite restrictive condition (C3) is replaced by the condition that the
minimum eigenvalue of K(t) is bounded away from zero. We could have replaced (C3)
by a weak condition of this kind, but to avoid technical distractions we have
refrained from doing so. From the point of view of applications it would be safe

to disregard condition (C3).
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Theorem 2.1 is a consequence of the following more general result. <M> denotes
the predictable quadratic variation process of M, i.e, the unique increasing predic-

2 . .
table process such that M, - <M>, is a martingale.

t

Theorem 2.2. Suppose that X is a left-quasi-continuous process, the histogram

sieve is used, conditions (Cl) - (C3), (D1) - (D5) (stated below) hold and dn-fw,

1
- 4
d =on ). Then

/EIR§“)-A§"}) A m; in C[0,1],
where mj is a continuous Gaussian martingale with mean zero and covariance function
SAt 2 2
Cov(m, (s),m.(t)) = E LY (u) Y. (u)d<M>
(m, () ,m; (£)) (f) HORHCOLELS
where Lj is defined in the statement of Theorem 2.1.

Conditions

(1) sup EY%(t) <o for j=1, ..., p.
tef0,1]

(D2) The predictable variation process <M> has absolutely continuous

sample paths (a.s.) and there exists y > 1 such that

2 [d<M>t Y
sup E||Y.(t)] Y T <o, for j=1, ..., p.
te [0,1] J L dt

(D3)  The process 2 (AMs)2 and its compensator have finite second
O<s<t
moments at t = 1.

(04) EC Y Y(s)(aM)?) <= forj =1, ..., p.

0<s<l J
(D5) The function
ta
8.(t) = E[f Y.(s)dn_], t e [0,1]
j o J s

4
where 7 = (ns) is the compensator of the process Z (AMS)
O<sst

is Lipschitz for j =1, ..., p.
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3. The maximal deviation statistic.

g(n)

and ﬂ(n) by

Define p x p matrices

k§£%t) =l Zly (DY, (1),

i=

s(m) .. -1 % 2
W (9 = n iZIYij(t)Yik(t),

and let £§n)(t) be the jth element of the diagonal of a generalized inverse of ﬁ(n).
In order to test the hypothesis HO: %5 = ag, where a is a known function, we

propose the use of the statistic

~(n) {n}
5 A () - alnd iy
Tgn) = v/n égn)(l)2 sup 1

j j tef0,11] &M @) + ng)(t) '
where Aén}(t) = é {n}(s)ds, qé“} is the best L’-approximation to a, from within
54 and |
8™ (o) - ét[ﬁjgn)(s)]z{ao(s)ﬁg?) (s) + kzja{“) ()8 (5)1s.

The following result gives the asymptotic null distribution of T(n)

Theorem 3.1, Suppose that the conditions of Theorem 2.1 are satisfied, the sample

paths of Y, are left continuous with right hand limits, inf |det K(t)| > 0 and

te [0,1]
fork =1, ..., p,
3
E[ sup IYk(t)I ] <=, (3.1)

te [0,1]
Then if H0 holds

lim P{T(n) o=

N>

where 0<a<l, <y is the upper a quantile of the distribution of sup |B0(t)|
te [0,%]
and BO is the Brownian bridge process.
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Using arguments in the proof of Theorem 3.1 it can be checked that T§n)

provides a consistent test against all alternatives in the sense that T§n) +> ® a,s, y
under any alternative. A table for the distribution of sup (Bo(t)[ has been = %
te[0,%] NN
given by Hall and Wellner (1980). For instance c o5 = 1.273. DAY
' AT
,\:;. -_\:
N
[ e 2

4, Confidence bands. "

Under the condition

/n sup IA.(t)—Agn}(t)l +0 (4.1)
te[0,1] J J
Theorem 2.1 holds with A;n} replaced by Aj‘ So under (4.1) we may obtain confi- é\ifa
dence bands for Aj' Unfortunately the class of functions aj for which (4.1) ﬁ;i;ii
holds with d, = o(n%) is too small to be of practical interest. We are obliged ;:ﬁ ;?
to make do with confidence bands for A}n}. ;:2?%2
First estimate Gj(t) = Emg(t) by ﬁ§n)(t), as in section 3 but with a, replaced ::§?;A

by &gn). Then under the conditions of Theorem 3.1 we see that an asymptotic

.00(1-a2)% confidence band for A§n) has upper and lower limits given by

(n) N
G. ()
A _L 1 ‘
AW £ e n? 6Mayas Iy, te [0,1] resed
J a J am) (1) PRARAY
ISR
R
where Cy is defined in the statement of Theorem 3.1. }:}:ij

"y
¢
‘

»

o al_

5. Kernel estimators for the hazard functions.

""m}ﬁl
’.
N

Cala? v 0L

; The functions of real interest are the hazard functions Ay eees ap rather
; than the integrated hazard functions Ay eves Ap' It would be difficult to

éa obtain an adequate picture of oy by visually assessing the gradient of K§n).

i The estimator &§n) itself has only been shown to be consistent in the Lz-sense:
? él[&§n)(t)-a5(t)]2dt 4 0, see McKeague (1986a), and experience shows that it

has very rough pathwise behaviour., However, in the following theorem we are

Tetats AW 4 €.V,
i
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(n)

able to show that a smoothed version of aj provides a uniformly consistent
estimator of o5 This result was obtained under the assumption that X is a
continuous process by McKeague (1986b, Theorem 3.2). Let K be a (kernel) function

having integral 1 and support [-1,1]. Define

2™ o L lytzsy g
3 ) = g [R5 e,

where bn > 0 is a bandwidth parameter.

Theorem 5.1. Suppose that X is a counting process, the histogram sieve is used,
conditions (Cl) - (C4) hold, a; and K are Lipschitz, b = n"® where ¥ < 8 < %
and d_ = [n°] where %(1-8) < § < 4. Then

~(n) -
sup |otj (t)-aj(t)l =0

te{0,1] :

P

In future work we shall study the performance of the above estimators and

test statistics using simulated data and discuss their application to real data,.

6. Proofs.

o . .
\i: The following lemma is needed for the proof of Theorem 2.2.
\'-.
S
&
A Lemma 6.1 Suppose that M is a left-quasi-continuous square integrable martingale
tﬂ’ satisfying condition (D3). Let 2 < q £ 4. Then there exist constants Cl’ c,
|.. (N -
tj: such that for each predictable process (H,,te[0,1]) satisfying
-
1
?_'.4 Ej Hid<M>t< © (6.1)
o 0
2
r;',. 2 2
e E( ] H(AM)T) <=, (6.2)
-~ 0<ts<l
{4
A the following inequality holds:
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where = = (m.) is the compensator of ) (AMS)4
O<s<t
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w4, 4,
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%
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~* Proof. Decompose M into the sum of a continuous martingale M and a purely dis-

! continuous martingale Md such that <Mc,Md> = 0, see Dellacherie and Meyer (1982,

h 1
'Y 'l
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AR O o bt

S
'l{'-

VIII 43). <Md> is the compensator of the square bracket process [Md]t Z (AM )
O<s<t
which is left-quasi-continuous. Thus by Dellacherie (1972, p. 111), <M > is contin-

uous. The process Q = [M] - <M> = [Md] - <Md> is a square integrable martingale .

o
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y (by (03)),
N [Ql, = (-5 = 11 = T ), o

0<sst AR

and <O> =T, where Ty is defined in the statement of the Lemma If LY

Ef H d<0> = » nothing remains to be proved, so assume that Ef Y ¢d<Q>, < =. Then o

the stoehastlu integral f H th is defined. Conditions (6.1) and (6.2) ensure DN

e A

that Ef H |dQ | <=, so by Kopp (1984, Theorem 4.3.18) the stochastic integral

'-"‘},",‘.{ ;
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and StleltJes integral interpretations of f H th coincide. By the Burkholder-
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Davis-Gundy inequality (see Dellacherie and Meyer, 1982, p. 287) there exists a

e
)
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constant C such that Eizxw
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|q/2 o~
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12 q/2 12
< cls(é Hod<M> ) + CZEI({ HydQ,

%-1
where we have used [a+b| < 2Y'1(|a|Y+|b|Y) for y 21, and C; = C, = 2 C. Finally, e

by Lyapounov's inequality, P g

E|J' B $dQ, |q/2 < [E(J' H2 +9Q,) ]q/4 N
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which completes the proof., [

o
L)

Wy

: 11

fllf/’v‘-‘f- e et T T
" ‘\v'v\'-\"l' "'-'. \f-’.'ﬁl\'\’

N
:

~ R
T

J“-’-'EI‘-SIJ‘-'J

\'.<~q.- SR T P R T TG R T RO



Proof of Theorem 2.2, It is clear that for each n 2 1 the histogram sieve esti-

~(n)
j

mator a can be written in the form of the orthogonal series sieve estimator

i considered in McKeague (1986a, 1986b), where the orthonormal vectors ¢jr’ T =1,

cees dn used to define &§n) are replaced by

4 if te 5L, 3,
‘ 6™y ={ ™ )

0 otherwise,

r=1, ..., dn. Now a formal rewriting of the proof of Corollary 2.3 and Theorem
2.1 of McKeague (1986b), expanding &§n) in .crms of ¢§n), r=1, ..., dn’ shows
{n}

that the finite dimensional distributions of /ETR§H)-Aj } converge weakly to

those of mj, the required conditions holding when (C1) -(C3), (D1) and (D2) are

satisfied, Moreover, we have the representation
NS ORI O RENG IR AON (6.3)
p
where sup |U (t)| - O,
tef0,1] ™
, 1
" n 121 n
- ¥ tum ™
z;(t) = [ w7 (s, )Y, (s)aM, (s)
k=10
dy
CRICLIEIPEN (6™ (5)
r=
vec[A(n)(t)] = R(n)'lvec[h(n)(t)]
1
. - él[o’t](s)q:l(.n)(s)ds for k=j,r=1,...,d
' hkr (t) =
0 &rktj,r=h..”dm

where R(n) is the pdnxpdn matrix partitioned into the p2 submatrices Rﬁ;), k,m =1,

P TR Y

..., p with entries

1
Riare = [ 4 g7 (1) B (Y, 0).
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The proof of Lemma 4.3 of McKeague (1986b) shows that R(n) is invertible for all

n 21 and
sup IR || < o, (6.4)
nz1

where || » || denotes operator norm. From (6.3) it remains to show that the sequence

of processes {Vn,nzl} is tight in c[0,1]. If we can find constants q 2 0, v > 1

and C such that for all n 2 1, ty, t, € [0,1]
EIV.(t,)) -V (t) |9 scle, -t |7 (6.5)
n' "2 n'1 271 ’

then, by Billingsley (1968, Theorem 12,3}, {Vn,nzl} will be tight, In what follows
C denotes a generic positive constant which is independent of n. By the

Marcinkiewicz-Zygmund inequality (see Chow and Teicher, 1978, p. 356) for q 21

q 1 7 2,q/2
E|V (t,) -V, (t))|% = CE{ ithznictz)-zni(tl)] }

(6.6)

IA

q
CE|Zp)(t)) -2, (2]

IA

1
Ckgll‘?lg M (s, 1) - ™ (s, 10y, (s)am |

Since ¢£n) is a bounded function so is u{n)(°,t) (for each fixed t) and it follows,

using conditions (D2) and (D4}, that for fixed k, n, t, t, the predictable

(n) (s

process H5 = v(s)Yk(s), where v(s) = uﬁn)(s,tz) -y ,tl), satisfies conditions

(6.1), (6.2) of Lemma 6.1. Thus, for 2 < q < 4

1 1
Bl ™ (s,t,) - W (s, 1)y, ()am | < cE(J V2 (s)¥2(s)daw> )2

q/4 (6.7)

1
" & Vv sran)

Now choose y satisfying (D2) and 1 < y < 2, Then setting q = 2y we have
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1 1 d<M> /2
B[ V232 (s)aa )V 2 < B[ [vis) |2y, ()]? (—=2)" as
0 s 0 ds
1
< Cg [v(s)|%ds (by (D2))

IA

cofvisyas) V4
0

so that,using condition (D5) on the last term in (6.7),
1 (n) 2y
B[ o (5,1 - w e |

1 dn
< C(£ | Zl[xg)(tz) ')‘152) (tl)]¢1(.“) (s)]%as)Y/? . (6.8)
r=

From the definition of ¢£n) we note that for Tis eeey Ty S dn’

1 ifr1=r2=r3=r4

0 otherwise.

1 (n) (n) (n) (n) -
(I) <br1 (S)¢r2 (s)4>r3 (S)¢r4 (s)ds = {

It follows that

1 9n dn
1 0 P @it - F ol e
0 r=1 r=

A

dn
{ thxﬁﬁ)(tz)-xﬁi)(tl)lz}z
=

lvee (2™ (£ 2™ e 1)t

in

¢ [lvech™ (£,)-n™ e 111* oy (6.4))

IN

1 2,..2
c{] (s)-1 (s))“ds}
P Qpo,e 10,0 )

(by Bessel's inequality)

IA

2
Clty-ty 1",

is satisfied with q = 2y, vy > 1. 0O

Combining this with (6.8) shows that (6.5)
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Proof of Theorem 2.1, It suffices to check that the conditions of Theorem 2.2

are satisfied. By Liptser and Shiryayev (1978, p. 243) the counting process X

t
is left-quasi-continuous. (D1) is a consequence of (C4). Since <M>t = f A(s)ds =
0

t
J( § a; (s)YJ. (s))ds, (D2) holds with y = 2 as a consequence of (Cl) and (C4). In
0 j=1
the counting process case z (AMS)2 coincides with X(t) which has compensator
t O<sst
J A(s)ds so that (D3) is implied by (C1) and (C4). For condition (D4),
0
2 2 1
EC § Y3s)(aM)?) = B¢ Y (s)dX(s))
0<s<1 J o J
1, P 1 2
= E(J Y.()A(s)ds) = ) [ o (SIE[YS(s)Y, (s)]ds < =,
o J k=10 J

by (C1) and (C4). O

Proof of Theorem 3.1. Condition (3.1) implies that

E( sup ]Y.(t)Yk(t)]) <w® (6.9)
te[0,1]
and
2
EC sup [YI(0)Y, (0)]) <=, (6.10)
te[0,1] -
]
RN
Foet W
for j, k = 1, ..., p using Holder's inequality. Applying the strong law of large RO
r_'.r::-"
numbers in D[0,1] (Ranga Rao, 1963, Theorem 1) in the reversed time direction, ::_".:
el
given (6.9) and (6.10) it follows that for all j, k =1, ..., p H—\-‘i\
‘::“t:$~:\'
ENOSN
sup [k () -k (0] 230 o (6.11) =R
te(0,1] J J R
(e
and s -
sup lﬁgﬁ)(t)-m.k(t)l 23 o, (6.12) o
te[0,1] J J BNy
2 L . (n) RN
where Mjk(t) = E[YJ. (t)Yk(t)]. By (6.11) and the condition on det K(t), K* 7' (t) _-.,i,:
is nonsingular for all t ¢ [0,1] for n sufficiently large a.s. so by the L"_:'!
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componentwise continuity of the matrix inverse operation we have

o v »

~(n) a.s. AR
sup |Ly7(t)-L.(t)| 0. (6.13) A
te[0,1] J b

Let Gj (t) = Em? (t), given in the statement of Theorem 2.1. Under the conditions :.r:»'.:iz
q

of the Theorem,

E

r % v
'II.- d
" .é

1
{ [aJF“) (t) - a 1%t B o, (6.14)
0

Y
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from a histogram sieve version of Theorem 2.1 of McKeague (1986a). Using (6.12)-

{
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(6.14) and the Cauchy-Schwarz inequality it is then easy to show that
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sup Iﬁgn)(t)-G.(tH %o, (6.15)
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2(n) {n} :
Gj (1)+Gj (t) .

Aty
a
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Z(t) = /& c;ju)li

.
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Ny 1
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A
1

P

and note that by Theorem 2.1 Zn converges weakly in C[0,1] to the process

G, (t)
B’ (G I TE ), t € [0,1], where B? is the Brownian bridge process. By the
j j

continuous mapping theorem (Billingsley, 1968, Theorem 5.1) siup ]IZn(t)I converges
telO0,1
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SRR
AU ) }&J

-
o
PR A A

)

in distribution to  sup IBO(t)|. But
te [0,%]

2(n) {n} -
_ AW (gy-alnt o
/a el ) [ J 0 J- z (t)’
j GJ.(“) W& () n

sup
te [0,1]

a(n) 41%
c;j (1) (Gj(1)+Gj(t)) 1’

!
| < sup |Z_(t)] sup . - 5
| te[0,1] ™ tef0,1] le.(1)F @™ (1)+&(™ () e
v J J J e
S ACAC
c s DO
which tends to O in probability since the first term is tight and (6.15) shows PO

b
| that the second term tends to zero in probability. The result now follows from NN
7 .

s

Theorem 4.1 of Billingsley (1968). 0
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Proof of Theorem 5.1. Define the following smoothed versions of °‘j and a, ": A
J .‘.-"‘

aa

- 1 =
c‘Jgn) (t) = bLI K(Eb_i) o (s)ds,

no n
«(n) 1 (o t-s, {n}
ar(t) = - [ K)o (s)ds.
) no n J 7
Since K is Lipschitz it is of bounded variation. Denote its total variation by EN <
- .
V(K). Then (c.f. the proof of Theorem 4.1.2. of Ramlau-Hansen(1983)), 't"."'*'.‘:
e
~(n) n 1 ¢. . N
s |50 -0t @] = s | TR sV AN 9] s
te[0,1] te[0,1] "n O n J J e
ot
e
PP
IO
< V(K) sup lA(n) (5)_;\{"} (s)l :.';5:\
n se[0,1] J T
B
1 N
AT
= 0_( ) (6.16) RN
P b,/ ‘..)._:.;::
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since {fn-(AJgn)-A:?n )}, n21} is tight in C{0,1] by Theorem 2.1. Next i
R
NN
1 \::\:Q:
a3 ™ (030 (@] = Ig- [ xED) 500 () 1ds | s
no n ‘_{‘\?
) )
1 - 1, 1 1 A
< bi' [f l(z(tb—s)ds]2 [,r [oz{n}(s)-ct.(s)]zds]’i ‘;‘;:
n 0 n 0 J TS
LA,
1 1 .:-".:.'-:
Ll
= 0(==)0(z) (6.17) S
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since a, is Lipschitz. The Lipschitz assumption on a; can also be used to show L
%
1Y
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that &
- (n) N

sup |a: (t)-a,(t)| = O(b). (6.18) o
te [OI,)I] J J | n 5
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Combining (6.16) - (6.18) we obtain
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sup |5€n)(t)-ﬁ-(t)|
te[0,1] J

- 1 - -
"p(nB % v 0?8 4 0™ '»"3355
= Op(n-%(l-zs)):

since %8 - & < 48 - %(1-B) = -15(1-28) and -8 < B - % = -%(1-28) when B > 4.
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This completes the proof of the theorem. [
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