AD-AL73 918 ON THE EGUIWILEICE BETIIEEI TRPPEI) DELAY-LINE AND FFT 1
PROCESSING IN RDBPT!VE RRRM’S(U) OHIO STATE UNIV
COLUMBUS ELECTROSCIENCE T COMPTON JUN 86
UNCLASSIFIED ESL 717253-3 NOOOIS-SS-C l




Y N Y Y N Y NANRY

Yot

S Py et 0o WS e TN B 00 0y et W S0 ExY et

HPIWING  AAAALr, EREINAr.  caREhes | ARSI FYPYYEE  CLARAP

TSI T NN
area Y R ATORE AR XXRAS
R AL AN | eI S

'1“
y s...."............w l

.vlJ-.

lll'h.l-Lll

16

==
=
—_—
]

ug
- 1=
kg
22 |

e

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS-1963-A

10
%
=y

4
»
’
£

[ | »- ..-4,¢.-,n.u v o= L)



The Ohio State University

ON THE EQUIVALENCE BETWEEN TAPPED DELAY-LINE

Ty T©OA Em NI wa

e te G | A

e
S -
o
R
b
E A
<
r
:
§
a
E S
Y
| N
S
;
!

~ .,\

FOERE, JJ;.AJML‘;AAL;_AL_MM_‘A.

AND FFT PROCESSING IN ADAPTIVE ARRAYS

R. T. Compton, Jr.

The Ohio State University

ElectroScience Laboratory

Department of Electrical Engineering
Columbus, Ohio 43212

Final Technical Report 717253-5
Contract N00019-85-C-0119
June 1986

APPROVED FOR PUBLIC RELEASE:
DISTRIBUTION UNLIMITED

Department of the Navy
Naval Air Systems Command
Washington, DC 20361

......
_______

NCRR NN

. o
A&.M‘.A‘LQ.L.!:._PANA

DTIC

ELECTE

NOV 1 2 1986,

D

A A A

ot
AU
NN

s
!‘.."'l".j

fi’.t‘l‘v'l'
| B 4
Pd .
GGy n a8
ey
I,

OV L
l-".

’l,’
L

.
Y

v,
L4
/7
’

........
Lire



DR AN SR L LAY RN M At I I At R Sl e 0, E DA A Yo e U AR TMADA 1 A St 3 B DA ML el Tt Al A AR ARV

. ' N . :‘: _.:__c'\
] - E.T';.;.

! h. \' .
s DrATS
» N '}.‘.r,
& e N4
(& e
’ _ :"'?'f:
r NOTICES N

' o
X R
RN Ot

" When Government drawings, specifications, or other data are el
> used for any purpose other than in connection with a definitely - b
N related Government procurement operation, the United States .5 e

'_‘-'.‘

Government thereby incurs no responsibility nor any obligation

.

A

. PN
R

- whatsoever, and the fact that the Government may have formulated, . ? “
23 furnished, or in any way supplied the said drawings, specifications, N g;ug
2 or other data, is not to be regarded by implication or otherwise as - AT
in any manner licensing the holder or any other person or corporation,
: or conveying any rights or permission to manufacture, use, or sell ™3
“. any patented invention that may in any way be related thereto. 3
% -
>, o
Ef «
- i
= 3
B S '4';‘
[ B R
¢ :"(_f:_'
) T el
; A
o e
a J.'.-\_
2 !
c.) ‘"'
\ ]
N~
“ .-
s 2
3 i
,":
; 5
-
> -
Cd 4
’ ‘
O
o -

. " A ‘.‘ ‘I ’.. —.. ‘.- o o . -~
S NN W

..
N
&

\ ‘.‘,'_.-,;.-\'.'-_:J ’.-;.r \'.\'.-. SR LS



“’
-
2
1

50272 -10) M_‘M
. P2
|

— N
REPORT DOCUMENTATION | 1. REPORT NO | 3. Recipents Access.on No : a_::_::\.
PAGE ] e T ,:-}:-,:,:.
4. Title and Subtitle . 5. Report Date ’:::“..';\-: .
On the Equivalence between Tapped Delay-Line and FFT Processing ! June ]986 .-'u-'-;& 3y
in Adaptive Arrays Jc b “A‘_' -
N I _] o roerenes
7. Author(s) 8. Pertorming Organization Rept. No » _-',:1::*\
b ..(‘. )\(“I
R.T. Compton, Jr, . 112253-3 | AN
9. Performing Orgsnizstion Name and Adnress | 30. Project/Task/Work Umt No 'qﬂ‘;:;\;\'
. . . . ~ y
The Ohio State University ElectroScience laboratory I . ] -g\‘#‘:}:.
1320 Kinnear Rad ! 11. Contract(C) or Grant(G) No ' ’.‘
Columbus, Ohio 43212 !(C) N00019-85-C-0119 TATETAL
) < .
| RS .
v 12. Sponsoring Organization Name and Addvess- o « _— - | 13. Type of Report & Peri0oa Coverec \ _-:: _\
: e -
. Department of the Navy iFinal Technical ! NI
v Naval Air Systems Command ‘ —_ o
, Washington, DC 20361 e RN
[ . N B ) S0
- 15. Supplementary Notes f:}':-":-'::-
- o ‘::\.‘:\‘;\.‘
- :-"a":-‘@::
- (a9 M WY
; _— — — e . 4 Y T
16 anatra~t 1 imit: 200 wordsy' IO
A . . . . . DN
4 This report discusses the relationship between FFT processing and tapped RoA N
Y delay-line processing in adaptive arrays. It is shown that the output SINR obtained DY .::fj 2:
from an adaptive array with FFTs behind the elements is identical to that of an ::’:S: :.5
equivalent adaptive array with tapped delay-line processing. The equivalent tapped r';;’,\.e'..‘.
delay-line array has the same number of taps in each delay-line as the number of ‘:';v‘,:v
samples used in the FFTs, and has a delay between taps equal to the delay between "{:3::-\.%
b . "
' samples in the FFTs. r.,f.,r“f\i
\
The main conclusion of this work is that FFT processing in and of itself does
not offer any improvement in array bandwidth performance. The bandwidth perfor-
mance of an adaptive array can be improved by using several time delayed samples
) of the signal from each element in the adaptive processor, rather than just a single
sample. However, no further improvement results from taking FFTs of these sam-
- pled signals. The same bandwidth performance is obtained by simply weighting
and combining the time domain samples directly.
_-' 17. Document Ansiysis 8. Descriptors > o V
0,
‘:" b. identifiers/Open-Ended Terms
*I
b~
7 f:
’ c. COSATI Field/Group
18 Availadility Statement - T“.- s:cu:;y—cu: h;n;_li:;oﬂ)— TZI—.- No o-' P—nle‘
L] '
, A. Approved for public release; distribution LMSM . .49
v is unlimited. | 20. Security Class (This Page) 22, Prce
) i Unclassified
(See ANSI-Z239.18) See Instructions on Reverse OPTIONAL FORM 272 (4-77
(Formerty NTIS-1%)
...' 1 Department of Commerce
R S A A R T AT




PIY -....q... ...
Ve DOAAINARE DR ORI M ...,.\....p...‘.....x......,!.... ERRCNAY A

] e ¥ Y e W
LAt I A Mo vn s s '..u.\).n.\...\;_. VeV A A AR L T e e e !
e -.uf\f - V)\Ui Pl ™ r\-\-\-n\-\-ﬂn-\l fu“ nc-af\bc.--\f\* 3 LT hJ .- R A A I ﬂ e AL

s L A AN Lol Mo Jr B ¢ . . .
-D -. !‘ l'l -! \ hl lll ..l \I .\ U R ' 4

Ty
1 1
H P
= 1l w m,m_r ; X
: 1= = "
\ _\r\. = ;
= 4 =Z2=® § 3 T8 88 3% 3 L
_ 518y T ] A
= SlEL 2, 2iE o2 g
o 3 IR B T L N :
Sloofzmy =0T
: 3 RIS 5 ox
) =, ANDUJ_BD_ _D n”L
g g
. «©
w o 9
w B £
[ =3
2 B
4 [ o N
'z = = o
» = B = M..
-5 142] [ - ]
s n 2 = -
o 2
) )] N = =] -
= C O > ) —
0 ] o
&) m w 5 3 2
E By o:
. B OB 2 $ % 8
s .8 m S Z 5 £ &
3 . < as M 2] vm o B
z O % & v S = 35 ¢ &
O B £ 3 = O w s & n
- as] M 8 W e s 39 . Z, )]
M ) [ < = v -] . o 23]
@) w7 P A g A & . — O
D B 2% & 9 5 & £ =2 E »w © gz
a == e~ = 2 8§ wm & & - )
o & 2 2 o B E 3 3 E 8 A g
E 2 & B < = od B & ¢ O g
b 4 & o < 4 < < - < O ~
- o~ o - n ©

AL LS W w2l SR NSy oo MU o R




| (R Ve ks At N e AR Y D AN Ty R T O R L TR T o o, RN S 4 SRR AL MEA AT S At
N IS
t] "5 ot
-
;‘ n.-*..-li
> NS
’ PR
() - NS
" List of Fi ";:.\;3"1‘
- ist of Figures -
iy "l': :‘\"ﬁi
p 4D
b ~5 %
A i B
M o A
:',; 1.1  SINR versus 6; < :’g"é:"j
) 2-element array, one weight per element *
6, =0°,SNR=0dB,INR=40dB . . ... ... ............ - SO A
~ RN
¢ P '-’,‘I'.
N 1.2 SINR versus 6; ':.\';
N One weight per element o N
; ~ Ll %
L 6 =0°,SNR=0dB,INR=40dB . . ... ... ... ......... - A
” 1.3 A 2-element array with 2-tap delay lines . . . . ... ... ........ < E'f_:
: RS
Y 1.4 SINR versus 6; L
] 2-element array, 2-taps per element " ::'.-'_'
= 8s=0°,SNR=0dB,INR=40dB ... ............... " i wie
- - -
N R
Rs 1.5 An array with FFT processing . . . . ... .. ... ... ........ - RS ekt
1] .'-.\ ..::"‘-"
i 1.6 SINR versus 6; ol ,:'.
f 2-element array, K-point FFTs - )'_
. B=02,0,=0°,SNR=0dB,INR=40dB . . . . ........... R
b o
R
‘ %
™ 2.1 An M-element Array . . . . .. .. ... - RGN,
h § \.& \-\‘ﬂi"
) 2.2 Tapped Delay-Line Array with Transformation T . . . .. .. ... ... :"_f
P z
rs 3.1 Sliding Window FFT Processing . . . . . ..o v v v,
‘
X
o 3.2 An Equivalent Tapped Delay-Line Array . . . . . ... ... ....... N
‘ .‘.
g 3.3 A Simpler Equivalent Tapped Delay-Line Array . . . . . ... ... ... . )
. N
. 4.1 The Transfer Functions Hy(w), ..., Hgx(w) . . . . . . ... ... ... :
-'.

-
d

N -
el
A

:l .l" - .f.:*
oy - EaRL AT ]
3 Mo ey

- S SILY
] .’,\f-‘f
-t

¢ AN

j 3 e )y

.. - .'.:.‘*\“
. iv BRSAS
8 AN
~ S LA
) . SR
A N e
" EEENAAN
R

>
>
-
-,

e e P Ay S .- - A
FI AT ST AT SR AT I " S . KRR
he T T T AL AU A SR Y, & ARG ) S S S




L A0

.

s

1. INTRODUCTION

An important problem with adaptive arrays [1,2] is that their performance de-
teriorates with interference bandwidth. The wider the bandwidth of an interference
signal, the more difficult it is for an adaptive array to null it [3,4,5,6,7|.

Figure 1.1, from (7], illustrates this problem. It shows the output SINR (desired
signal-to-interference-plus-noise ratio) achieved by a two element adaptive array
when an interference signal arrives from angle §;. The figure assumes two isotropic
elements a half-wavelength apart, a desired signal with a 0 dB SNR (signal-to-noise
ratio per element) arriving from broadside (65 = 0°), and interference with a 40 dB
INR (interference-to-noise ratio per element). The SINR is shown for several values
of B, where B is the relative bandwidth, i.e., the ratio of the absolute bandwidth to
the center frequency!. As may be seen, for B = 0.02 the output SINR has dropped
about 3 dB below its value for B = 0. Larger bandwidths cause increasingly more
degradation.

When the bandwidth performance of an adaptive array is inadequate, three
methods exist for improving its performance:

1. Using more elements in the array,
2. Using tapped delay-lines behind the elements, and
3. Using FFTs (Fast Fourier Transforms) behind the elements.

Let us compare the performance obtained with each of these approaches.

! Figure 1 and subsequent figures in this Introduction have been colaputed as described in {7}, and
all notation here is identical to that in |7|.
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First, suppose we add more elements to the array. Figure 1.2 shows the SINR
when the array has 3, 5, 10 or 20 elements, instead of 2 as in Figure 1.1. (In
each case the array elements lie along a straight line with a half wavelength spacing
between elements. All other parameters are the same as in Figure 1.1.) For each
array size, the SINR is shown for B = 0 and B = 0.2. As may be seen from Figures
1.1 and 1.2, adding elements does improve the SINR. However, it is interesting that
no matter how many elements are used, there is always a region for 8; near 64 where
the SINR for B = 0.2 is poorer than for B = 0.

The second way to improve bandwidth performance is to use a tapped delay-line
behind each element. (Figures 1.1 and 1.2 assume a single complex weight behind
each element.) Figure 1.3 shows a two-element array with a 2-tap delay line behind
each element. Figure 1.4 shows the output SINR vs. §; achieved by this array when
B = 0.2 and when each delay is a quarter wavelength long at the carrier frequency.
(The other parameters are the same as in Figure 1.) Comparing Figure 1.4 with
Figure 1.1 shows that the delay lines behind the elements have fully overcome the
bandwidth degradation. The performance for B = 0.2 in Figure 1.4 is just as good
as that for B = 0 in Figure 1.1.

The third method that has been proposed for improving bandwidth performance
is to use an FFT (Fast Fourier Transform) behind each element of the array, with
a separate weight on each frequency bin. This approach is shown in Figure 1.5. At
the output of each element, an A/D converter takes samples of the received signal.
When K samples are available from each element. these samples are transfor...ed
with an FFT. The FFT produces K frequency domain samples of each element

output. These frequency domain samples are each multiptied by a weight and then
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added to the corresponding frequency bins from other elements. Finally, the inverse
FFT (IFFT) is taken of the frequency domain samples to obtain the time-domain
array output samples.

The use of FFTs behind the elements has a certain intuitive appeal as a method
of improving array bandwidth performance. In effect, the FFT divides the signal
bandwidth into smaller subbands. (For this reason, this technique is sometimes
called frequency subbanding.) With a separate weight on each frequency bin, the
array can compensate differently for each frequency subband.

Unfortunately, calculations of array output SINR for FFT processing often in-
dicate poorer performance than that for tapped delay lines. Figure 1.6 shows a
typical set of results. It shows the output SINR from the same two-element array
as in Figure 1.1, but with a K-point FFT behind each element. The curves are
computed for the same bandwidth of B = 0.2 and for a sampling interval that
makes one period of the FFT frequency response equal to the signal bandwidth.
The SINR is shown for K = 2,4,8 and 16 samples in the FFTs. As may be seen,
the performance does improve with K, but even for K = 16 it is not as good as the
performance for tapped delay lines with only two taps, as seen in Figure 1.3. Thus.
in spite of the intuitive appeal of FFTs, their performance can be disappointing.

The present study was done in an effort to understand the relationship between
tapped delay-line and FFT processing in adaptive arrays. The study was motivated
by the fact that there seemed to be no apparent reason why FFT performance should
be poorer than tapped delay-line performance.

In this report we show that inserting an FFT between the delay-line taps and

the weights in an adaptive array in fact has no effect on the output SINR. The
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difference in performance between the two approaches noted above is simply due
to the different time delays between samples or different numbers of samples used
in each case. When a tapped delay-line array and an FFT array use the same time
between samples and the same number of samples, their performance is identical.
We proceed as follows. In Section 2, we first prove that inserting any linear,

invertible transformation between the delay-line taps and the weights in an adaptive

array has no effect on the array output SINR. We prove this theorem for both

|

e e

the LMS array and the Applebaum array. (For the Applebaum array, the proof

-‘ ! .": .(v"‘l'

holds only if the steering vector is also transformed in the appropriate way.) Next,

o+

A
PLI

in Section 3, we show that FFTs in an array simply provide a linear invertible

Rl
o

A

l- \ l‘ *

transformation of the signals. Taken together, these two results show that FFT

K

et

processing is entirely equivalent to tapped delay-line processing. Then, in Section 4,

we discuss how FFT processing affects the array weights and the covariance matrix
eigenvalue spread. We also discuss how tapped delay-line and FFT parameters

are often chosen, and point out how these choices result in performance differences

)

between the two methods. Finally, Section 5 contains the conclusions.

(X4
s
2

v"f'f"'.’ ¢
. .',":":' ‘

F

$
i

2

A
.
s
N
~va

o XA

(AN T h AR
JT AP AR AILAN

i

FREYNOP NN

)
D

Pl

10

4 .
LA
v e

.
e a
d

a v,
IA

)

X LE
X

hY
’
o
.

L4

"N e
'
o

.-\.-.".. .......

NG




PR |

L.l,.‘

o,

.. .;"-.:.ﬁ

.

r

X XA

{4
L

f ‘.w’.‘f

.y

P I
LI LT

oy

i M LE4 FE‘§
%

A

%

2. A SIMPLE THEOREM

In this section we present a simple theorem about adaptive arrays with tapped
delay line processing. We show that inserting an arbitrary invertible linear trans-
formation between the delay line taps and the adaptive weights has no effect on
either the output signal or the output SINR. We prove this result for LMS arrays in
Part 2.1 and for Applebaum arrays in Part 2.2. For Applebaum arrays, the steering
vector must be transformed in the proper way along with the signals for the theo-
rem to hold. We use this theorem in the next section to show that FFT processing

is equivalent to tapped delay-line processing.
2.1 The LMS Array

Consider an adaptive array with M elements, as shown in Figure 2.1. Assume
each element is followed by a tapped delay-line with K taps and a delay of T seconds
between taps. The output of the first tap behind each element is the element signal
itself, with no delay. Let Z,k(t) denote the (analytic) signal from element m at tap

k. Then Z,,(t) is the signal received on element m, and
Zme(t) = Zm(t — [k — 1]To). (2.1)

Let us suppose the Z,,(t) are used as inputs to an LMS adaptive array processor
[1]. This processor multiplies each Zni(t) by a complex weight w,.x and then adds
the weighted signals to produce the array output s.(t), as shown in Figure 2.1.
The processor uses LMS feedback loops [1] or an equivalent technique [8] to set
the weights to their optimal values. The LMS optimal weights minimize the mean-

square difference between the array output 5,(t) and a reference signal 7(t). as
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Figure 2.1: An M-element Array

described in [1]. Moreover, as long as the reference signal is correlated with the
desired signal and uncorrelated with interference, the optimal weights also maximize
SINR at the array output [9).

For a given set of tap signals Zmk(t), the optimal weights may be calculated as
follows. Let X (t) and Wy, (with 1 < m < M) be column vectors containing the

signals and weights at the K taps behind element m, i.e.,

Xm(t) = [Zm1(t)s Zm2(t)s -y Emic(t)]T, (2.2)
and

Wi = [Wm1, Wm2y «- -y me]T. (2.3)

(Superscript T denotes transpose.) We refer to X (t) as the element signal vector

and to W,, as the element weight vector. Then let X(t) and ¥" be the total signal
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S, = E|X"#(t)]. (2.8)

A

A

a2,
; i In these equations, * denotes complex conjugate and 7(t) is the reference signal \',“_;
Ny o~ A\."-""
o [1]. We assume the signals Z,,(t) as well as 7(t) are all jointly stationary random o~ :ﬁ:"
1} [N .
: Al
processes, so ¥, and S; do not depend on ¢. - ]
el ‘\ . -._'.
5 With the weight vector W given by (2.6), the array output signal is N :}:",.-'.‘
7 RSRY
-y . _ e .\_-
7, 5.(t) = XT()W = XT(t)®;'S,. (2.9) Lo
<. . . . . . . . ~ “—5\
- Now consider the following alternative situation. Suppose that, instead of using AT
i) S LGRS
2, . '-\ .
- the signals Z,,,(t) as inputs to the processor, we first combine them in some manner ::\:::
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> |'-' n‘\l'
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b DI
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e RN
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Figure 2.2: Tapped Delay-Line Array with Transformation T

where T is an MK x MK matrix of constants.
combination of the Zmi(t). Now let us use the ¥mi(t) as inputs to the same LMS
processor as before. Figure 2.2 shows the new arrangement with transformation T
between the Z,(t) and the Jmi(t). For this case, we denote the mk'" array weight
by wn,i, to distinguish it from w,,, in Figure 2.1.

With the signals §mk(t) as inputs, the LMS processor will produce optimal

weights given by
U=29o;s,

¥

where U is the new weight vector

U= [ulls Uz, ...y U2),

$in

3

T
<y UMK
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WEIGHT
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Thus, each ym(t) is a linear

(2.13)

(2.14)
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®, is the covariance matrix associated with the signals gm«(t), 1 AT
e
&, = E[Y"(t)YT(t)], (2.15) e
Voo IS
Vowr
and S, is the reference correlation vector for the signals ymx(t), Voo
7 Sy = E[Y*(t)7(t)]. (2.16) oo
:;. .—:::::
- Rt
::3 7(t) is the same reference signal as in (2.8). The array output signal for this case, ;E' T
! 3,(t), is TNF
b R ".h h)
N SR
3 5,() =YT()U =YT(t)®,'S,. (2.17) N
A .~ f-\-‘
" gt
Now it is easy to show that if T is invertible, 5,(t) and 5,(t) are in fact identical ¢
il
signals. Substituting (2.12) into (2.15) and (2.16), and using (2.7) and (2.8), we oo f_f::.-
find ™ ::.::.
LN
'.r‘ l.{;‘ll‘\
. T . e T . T - -
&, = ElY'()YT(t)) = E[T"X () XT()T"| =T ®.T", (2.18) = ;23»_:::
. ':J{:.r
‘\ :'\-"s.ﬁ
and DN N
NN
1)
S, = E[Y™(t)#(t)] = E[T" X (¢)7(t)] = T"S.. (2.19) e
T
If T is invertible (i.e., nonsingular), §,(t) in (2.17) reduces to o j.'::"-;'-
R AN
5,() = YT(t)9,'s, et
AR
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Furthermore, the output SINR is the same for the two arrays. Substituting

(2.18) and (2.19) into (2.13) shows that the weight vectors U and W are related by
U = [T°®,TT|"'T"S,
- [TT]—IQ;l[Tw]—lT*Sz

— [TT]—IQ;IS;

(TT)'w. (2.21)

Consider, for example, the output desired signal. Suppose X,(t) is the desired signal

part of signal vector X(¢) and Y,(t) is the desired signal part of Y (¢). Then

Ya(t) = T Xa(t). (2.22)
The array output desired signal in Figure 2.1 is

5.,(t) = XT(t)w, (2.23)
whereas the output desired signal in Figure 2.2 is

5,,(t) =Y]U. (2.24)
However, using (2.21) and (2.22) in (2.24) gives

85.(t) = [TXa(®)|T(TT)'W = &, (2). (2.25)

Thus, the arrays in Figures 2.1 and 2.2 have identical output desired signals, and
hence identical output desired signal powers. A similar argument shows that the
output interference and thermal noise powers are also identical for the two arrays.

From this it follows that the output SINR is the same in Figures 2.1 and 2.2.
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Thus, inserting a linear transformation T between the elements and the proces-
sor, as in Figure 2.2, has no effect on the output signal or the output SINR. The

only requirement for this result to hold is that the transformation be invertible.

2.2 The Applebaum Array

Now suppose the array processor in Figure 2.1 uses Applebaum control loops |2]
or an equivalent technique (8] to set the weights w,i. Applebaum control loops use
a steering vector instead of a reference signal to maintain the array response in the
desired signal direction. With Applebaum loops, the steady-state weight vector in

the array will be [2]
W = ud'v. (2.26)

where u is an arbitrary (nonzero) gain constant and V is the steering vector. The

array output signal will be
3.(t) = XTW = uXT(t)®;'V. (2.27)

Now suppose a transformation T is inserted between the signals Z,,(t) and the
Applebaum processor, as in Figure 2.2. Let the processor now have a new steering

vector ). The steady-state weight vector in this case is
U=ud,'Q. (2.28)

If (2.18) is substituted for ®,, (2.28) becomes

_ Ti—1g-1[p=1-1 ‘
U=ulT"|7'e ' T"]7"Q, (2.20)
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so the array output signal is

5,(t) = YT()U

pwXT(OTTTT) '@ T 7'Q

il

uXT(0)8:1T7] Q. (2.30)

Comparing (2.30) with (2.27) shows that 5;(t) and 5,(t) will be the same if

V=T -1Q, (2.31)

ie., if
Q=TV. (2.32)

Thus, inserting the transformation T between the elements and the processor has
no effect on the output signal (or, as with the LMS array, on the output SINR), if
the steering vector is transformed according to (2.32).

We have now shown the major result of this section: placing an invertible trans-
formation T between the delay-line taps and the adaptive processor has no effect
on the output signal or the output SINR. This result holds for the LMS array and
also for the Applebaum array if the steering vector is properly transformed.

It is important to note what this result says about array bandwidth perfor-
mance. Since the transformation T has no effect on the output signal or SINR of an
array, it also can have no effect on the bandwidth performance of an array. In other
words, the theorem applies no matter what signals are present in the array. What-
ever the signal bandwidths are, the array SINR will be the same with or without

the transformation T. Thus, there is no invertible transformation T that one can
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3. AN ARRAY WITH FFT PROCESSING

Now consider an array with FFT processing. Such an array was shown in Figure
1.5. An A/D converter behind each element samples the signal from that element
every T, seconds. The samples from each element are collected in the input buffer
of a K-point FFT [10]. When K samples have been stored, the FFT is taken. This
process generates K frequency domain samples from each element. These samples
are multiplied by weights and then added in corresponding frequency bins to the
weighted samples from other elements. The result is a set of K frequency domain
samples of the array output. Finally, the inverse FFT (IFFT) is taken to obtain K
time domain samples of the array output. This entire process is repeated every K
samples.

The process described above is called block processing, since the input time
samples are handled in blocks of K samples. After each block of A input samples is
collected, a block of K array output time samples is generated by the inverse FFT.
Each FFT cycle involves a block of K entirely new samples.

The FFT processing can also be done in a sliding window mode. In this case, the
FFTs are recomputed after each new time sample, using always the most recent I
time samples in each FFT input buffer. As we will see below, with this approach it
is not necessary to do the inverse FFT to obtain the time domain array output. The
time domain output is simply the sum of the weighted frequency domain samples.

Block processing has the advantage over sliding window processing that the
FFTs need be computed only once per block, instead of once per sample. However.
sliding window processing has the advantage that no inverse I'F'T is required to

obtain the array output. In this section we shall consider both forms of processing.
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We first define notation for the sampled element signals. To make the notation
here consistent with that in Section 2, we denote the signal on the m** element of
the array by Z,,1(t). Let us concentrate on a particular set of K contiguous samples
in each FFT input buffer in Figure 1.5. Suppose that, of these K samples, the most
reéent was taken at t = ¢o. Then the latest sample of Z,(t) in the m** FFT input
buffer is Z,n1(t,). The previous sample in that buffer is Zm(t, — Ts), and the earliest
1

sample is Zp;(t, — [K — 1|T,). If we define the signal Z,.(t) as

Emi(t) = Ema(t — [k - 1T3), (3.1)

we may write these samples as

5:ml(to) = Imil (to) )

iml(to"’Ts) = me(ta),

(3.2)

Emilto — [K = 1T)) = Zm(ts).

Now consider the FFT obtained from these samples. Let the K frequency do-

main samples produced by the FFT behind element m be denoted by ym1, Ym2, -+, Umk-

These ymn are given by?

!Eq. (3.1) has the same form as Eq. (2.1) of Section 2, with T replaced by T..

2 It is common in the FFT literature [10] to denote the time domain samples by zo, z,, ..., Tx -1
and the frequency domain samples by X,,, X, ..., Xx_1. In this case the FFT is usually written
K-1

Xo=)_ zEY, 0<n<K-1

k=0
and the IFFT is
xk=iKi:lx PPl 0<k<K-1
K nfpg SkEZ

n=0
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K
Jmn = 3 Emi(to) EX VY 1<n <K, (3.3)
k=1

where
EK = e"j%. (3.4)

The array processor multiplies each frequency domain sample §,,, by a complex
weight u,,,. We assume these weights are set to their optimum values, which max-
imize SINR at the array output. (The weights can be controlled with an LMS pro-
cessor, an Applebaum processor, or any other equivalent processor.) The weighted
samples are then combined, in one of two ways, to produce the array output. The
method used to combine the samples depends on whether block processing or sliding
window processing is used.

If block processing is used, the weighted frequency domain samples from each
element are added in corresponding frequency bins, as shown in Figure 1.5. This

step produces array output frequency domain samples ]",,, given by
. M
fa= Z UmnYmn- (3.5)
m=1

Then the inverse FFT of the ],. is taken to obtain the time domain samples of the

array output. If we denote the array output signal by 3(t), and its samples by 3,(t),
8(t) =3(to — [k - 1]T.), 1<k<K, (3.6)

then the inverse FFT of the f, produces the following time samples of $(t).

K
- 1 + p-(k=1)(n- : -
k(to) = = . JuERHENN 1 1<k < K. (3.7)

K n=1
However, to make our FFT notation correspond to that in Section 2, we instead write the FFT

as in (3.3) and allow the indices k, n to vary from 1 to K.
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In a practical array, the factor 1/K in (3.7) may be omitted. This factor is simply a
gain constant in the array output signal, and it has no effect on the output SINR3.
Hence we assume the array output is actually obtained from

K

Bk(to) = D faEgt 00,

n=1

1<k<K. (3.8)

Thus, with block processing, a block of K input samples is used in this manner
to produce a block of K array output time samples. The entire process is repeated
every KT, seconds, using for each cycle an entirely new set of  samples from each
element.

If sliding window processing is used, on the other hand, it is not necessary to
perform the IFFT in (3.8). Note that the most recent sample of 3(t), 5(to), is given

by (3.8) with k =1,

K

3(to) = 31(to) = len (3.9)
Thus §(¢o) is just the sum of the f,,. With sliding window processing, the other
samples of §(t) that could be found from (3.8) are not needed, because an entire
FFT cycle is performed for each new input time sample. Successive samples of the
array output are obtained simply by repeating (3.9) at each sample time. Hence
the total array processing in this case is as shown in Figure 3.1.

Note that the optimal weights u,,, in the processor are the same regardless of

whether block processing or sliding window processing is used. The optimal weights

maximize SINR, which is the quantity,

3 For an LMS processor, the weights are adjusted to make the array output match the reference
signal. Omitting the factor 1/ K just results in weights smaller by a factor 1/K than they would
have been. For an Applebaum processor, the optimal weights countain an arbitrary gain constant
anyway, such as u in (2.26).

24

5
A

L.E

Y s

‘,"_ .\)

i

PP S X
J:a»
."I »

2
e A
P4

20

NN

AR
L

s
Ay

| L Y
h

l

PN

.
.‘v“v'\“\"’ e

SN

L4

gL AN

Fronwv

»
4 . -'}"‘
e Ay

' sTa’ 8
3
A

.

s
o 8
RS,

A

LA

Loy

R

-‘,.." l. l’ I. l' { 17

» "
FEPIA

54

et E
.

Pl

: a‘_\!'i_“ .' I

-

Yo"

o ". s’

Vo
AR

Y

~
)

*I".l ..' .

2",
P R
R

rny

L I
‘




N. '..,... KA OF

v A ..ww

.x.......\. A r.r.... X, AN D .
v \\\_ . :
h .fx..........,...q.\...“. ", ...... ..x.\)’.......... W VR . et

C A X

j.l“ l"(l..( “a v -ﬂiﬂlnltnunwt~ M ‘\‘ CL TSN S Y YWY
v -. . A- l .‘ Q - I\l\\‘l‘
-(\b' f\--’-\-\.\- -\“* _-\Jun f-r -l. P\ D) .J--\-\f~ -?\f\h--n .
.\. \\
APV N e

ouTPUT

TIME

SAMPLES
oy

'
&
oo A
£
£ B
B 7
[ 3] .Al-v
C -
x o '
. x [
Ix o,
»
t x
0 el ” Wm —nhﬂ.. 3 [
—U._ w . [T z w
a ” . [ ._.I_rv o
w
WA W o w o @ g ._H s |m "
(%] 1x > o] w | s = ™l
|y >
x 2 o '~ W
¢ m z = 0
z = ~ Iz s sz a
tx 1> 1 1> =
~ “ _ 72
- =z
© b = o
z3 z = .
S |2z ° e
-4 s w TS < m
akt =
W.Iw »Z &0
- - - - -
=

c . OGS R SN W g, D SRS O

rm-t AT R I T TR 4
e
%
«\!
.
"™
A)
a
N
g
L3 s
1Y
.
[
¢ - Y
-
"
".f
n
»




hd
' l.'.l
"

RS
LA

|3

Py

SINR = ———
P; + P,-.,

(3.10) —
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where P;, P, and P, are the average desired, interference and thermal noise powers

2
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,.‘-‘r

’
PONRAN
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>
ol o s

at the array output, respectively. If 54(¢;), Si(t;) and 3.(t;) denote the desired,
interference and thermal noise signals at the array output at a particular sample a

time ¢;, then these powers are given by

Py = E[|34(t;) [, (3.11) &

o
o T
P 2 RCERRA AN
P = E|5(¢5)[°), (3.12) e
S
St
S
and RN
~ . :-'P\
P, = EHs,,(tj)Iz]. (3.13) . ';‘:,.::
.j‘ '_-.:::‘

L)
-~ . . a \
Because we assume the signals Z,,(t) are stationary, the array output time sequence . NN
is a stationary random sequence. Hence each of the powers in (3.11)-(3.13) will have ™ T,
i
the same value regardless of which sample time it is computed at. Therefore the ) ‘_":f.;
ORI
weights that maximize SINR at one sample time also maximize it at every other -\"r" .
sample time. r EET’:'.'*
RN
To see that the optimal weights with sliding window processing are the same :::'_}::
: o - L
as those with block processing, it suffices to note that the array output for sliding AN N,

window processing in (3.9) is the same as the array output for block processing in
(3.8) when k = 1. Hence the weights that maximize the SINR at the k = 1 sample

for block processing also maximize it for sliding window processing.
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Since the optimal weights are the same for either type of processing. and since
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these weights produce the same output SINR in either case, we shall simplify the NN
DR YR Y
S I L . Lo
discussion below by considering only sliding window processing. AR VAN
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- Now let us consider the relationship between FFT processing and tapped delay-
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line processing. First, we note that Eq.(3.1) for the time samples in the FFT
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processor has the same form as Eq.(2.1) for the signals in a tapped delay-line pro-

-~ cessor, except that the intertap delay Tj in (2.1) is replaced by the sampling time

.
»
.

T, in (3.1). Hence, for mathematical purposes, we may view the samples in the Y

- FFT processor as having been obtained from tapped delay-lines as shown in Figure

‘e s e ®
2 0

3.2. If the delay between taps in Figure 3.2 is T, and if every tap is sampled simul-

®
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taneously at t = ty, the same set of K samples will be obtained from the tapped [V |
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delay-lines as from a single A/D converter behind each element.
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Second, we note that the frequency domain samples y,, are each a linear com- _
bination of the input samples Z,c(to). The linear combination is just the FFT in :!,
(3.3). Third, we have shown that the array output (for sliding window processing) .
is just the sum of the weighted frequency domain samples as in (3.9). Hence, the <
array with FFT processing is mathematically equivalent to an array with tapped E? ij:
delay-lines, followed by a linear transformation of the signals, followed by weighting " E’E‘:\_
and summing, as shown in Figure 3.2. :_ _:.:_::'
Moreover, note that the A/D converters at the delay-line taps in Figure 3.2
play no fundamental role in the operation of the array. The same array output :
samples would be produced by eliminating the A/D converters in Figure 3.2 and :‘
instead putting a single A/D converter at the array output as in Figure 3.3. The ‘—_
array is then an analog adaptive array with tapped delay-lines, followed by an A/D ’-‘
converter at the array output. The A/D converter in Figure 3.3 serves only to ;
discretize the array output, but has no effect on the output SINR of the array. <
The transformation between the Zn,,(to) and the §m, in (3.3) may be expressed ;S
in matrix form as in Section 2, of course. Let X,,(to) be the element signal vector
at time tg, ?:
Xnto) = [Zmi(to), Ema(to), - -, Em(to)]T (3.14)
Then X (to) contains the FFT input samples from element m used in (3.3). Also, 3
let Y,, be a vector containing the frequency domain FFT samples from element m. o
Ym = [fmis Jmas---» Gmr]T (3.15) N
Then Y,, and X,, are related by ':-:
Y = EXpm, (3.16) o
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T is an invertible matrix, of course. The inverse of E in (3.17) is just the inverse

FFT in matrix form,

B
ES Ex' - E;,(K“‘)
E-l = % B, B ... BV
B EZKV L. g
- Llg (3.22)
K

The inverse of T is then just

[ | o | |0
e -
o | E | Lo
-0 = L
i3 IR R e
| | |
e
o | o | | E
1,.
= =T (3.23)

We have thus shown that an array with FFT processing is mathematically equiv-
alent to a tapped delay-line array with a linear invertible transformation between
the taps and the weights. In the equivalent tapped delay-line array, the number of

taps in each delay-line equals the number of time samples used in the FFTs. and

the intertap delay T, equals the sampling time T.. The theorem in Section 2 then
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' shows that the array with FFT processing will produce the same output SINR as

e the corresponding array with only the tapped delay-lines. The FFTs can be inserted

E‘:“ or omitted with no change in performance.

; An important conclusion that follows from this result is that FFT processing

in and of itself does not offer any improvement in array bandwidth performance.

- The same bandwidth performance can be obtained simply by storing K samples of

< each element signal and then weighting these samples directly. Including the FFTs

: between the samples and the weights merely adds to the computational burden, but E‘,
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_ does nothing for the bandwidth performance. ‘-
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W 4. ADDITIONAL COMMENTS ON FFT PROCESSING el
i l: 1‘\".
by T
-~ In this section we discuss a few additional points of interest concerning FFT - "_':\5
~ 2 LA 9
A < h'. nf\
} processing. <N
J::'_: 4.1 Optimal Weights With and Without FFT Processing 55, NGy
- \l e )
T T
:-: First, we consider how the optimal weights with FFT processing compare to ..':j .\_::‘.‘-
& N
i those with tapped delay-line processing. Let U and W be the optimal weight vectors —
::::f with and without the FFT transformation T in the array, respectively. Then. from o \
T - ~_-
o (2.21), U and W are related by, LT
'’ RS
o3 .
s U=[TT"'w. (4.1) AT
o o i
. : : : .
S However, the matrix T, given in (3.21), is symmetrical, because E in (3.17) is
- symmetrical. Hence (4.1) simplifies to
o
L U=T"'W. (4.2)
'
Y
¢ .
’ Moreover, U and W may each be expressed in terms of element weight vectors Uy,
and W,, as in (2.5). Eq.(4.2) is then equivalent to
- U,=EW,, 1<m<M. (4.3)
- . . . , . =
- Hence the optimal weight vector behind each element with FFTs ts just the inverse I :_\:.;:
::.', ) ] ] " :‘:~:\\
- FFT of the optimal weight vector without FFTs. Note that because (4.2) holds. the RO
% . . SR
¥ same array output signal is obtained with or without the FFTs, . :"7"
7 L
~ YTU = [TX|T[T"'W] = X™W, (4.4) AR
:’ - ‘e Ll
", S,
v LA
o as the theorem in Section 2 requires. U
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4.2 Covariance Matrix Eigenvalues

Next, we consider the eigenvalues of the covariance matrix seen by the adaptive
array processor with and without the FFTs. These eigenvalues are of interest be-
cause they control the transient behavior or convergence properties of the algorithm
used to adapt the weights [11]. Without the FFTs, the signal vector is X and the

covariance matrix is

&, = E[X"XT). (4.5)
Suppose ®, has orthonormal eigenvectors e,, and eigenvalues A; *,

b.e,, = A6, 1<t < KM. (4.6)
The eigenvectors e, satisfy

eLl_e,]. =6j, 1<1,5<KM. (4.7)

where the superscript T denotes conjugate transpose and é;, is the Kronecker delta.

Now define new vectors
e, = VKT e, 1<i<KM. (4.8)

These e,, also form an orthonormal set. From (4.8), we have

el ey, = eli\/l_([T"l}f\/ET"le,,J. (4.9)
But because T is symmetrical (T = T) and T~! = LT~ (see (3.23)), we have
(T = (iT‘)t - T, (4.10)
K K

1 @, is a positive definite Hermitian matrix, so it has a complete set of eigenvectors and its
eigenvalues are all real and positive.
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so (4.9) reduces to

1 et
eL',eyJ. = K CI:.-ETT €z,
= ez‘_ezl
= &y, 1<, < KM. (4.11)

Now in (4.6) let us substitute e,, = \/#ETe,,l. (the inverse of (4.8)) and multiply

on the left by T-!. We obtain

T '®,Te, = Asey,. (4.12)
Then we replace T~! by T~ and T by T7,

(T°®.TT|e, = K)e,,. (4.13)
Finally, from (2.18) we note that

T°0. 7T = 9, (4.14)
so (4.13) is just

Qe = Khe,, 1<i<KM. (4.15)

Eq.(4.15) shows that e,, and K),, are the i** eigenvector and eigenvalue of ®,.
Thus, each eigenvalue of ®, is simply K times the corresponding eigenvalue of ..

From this it follows that ¢, and @, have the same eigenvalue spread. (The
eigenvalue spread of a matrix is the ratio of its largest to its smallest eigenvalue.)
Hence typical problems caused by eigenvalue spread, such as long convergence times,
roundoff errors in covariance matrix inversions, etc., will be the same with or without

the FFTs.

36

.......
Y LUK Y
..............

ol e R ]I."ERBA‘}.F

e L

3‘3‘1\3‘1\3}?‘5

{ v
4

g

% ™

[

T

.I '.-

ey .1 1
Ty
il

B
WA

e
PR NS
h )
4 L2

¢ 9

LA ‘.\'

l.. , 8 .II

% (4 34
-

D
> >

[
P
e ¢ E

,..
\,ﬂ’.).
i

I AAS
RN

rle
PAND

‘. .ﬁ' '
si:i'-i'-ii‘ »

»

[/




7
LI N
AE
kY

?

4.3 Weight D- _..mic Range ey

5

Now we consider an issue of practical interest: how FFT processing affects the L

-~

chy !t

dynamic range of the weights. We may gain insight into this question as follows. \*‘-:-’\',*:

McClellan and Parks [12] have studied the eigenstructure of the FFT transfor-

A, 4

h]

RN

l’l‘l-’l.

mation matrix. From their results, it is easily shown that the matrix E in (3.17)

" %

N
o'y g,
AL
L S

PR ARAARS
h ]

.
%y
$,
0N

i
}

has a complete set of orthonormal eigenvector< eg, 1 < j < K, and that every

»

eigenvalue Ag, of E has one of the four values VK, —VK, +jVK,or —jvVK. The

-
A.l
.

s

..
)

multiplicity of each eigenvalue varies with K, the order of E.

- From the eigenvectors and eigenvalues of E one can obtain the eigenvectors

and eigenvalues of T in (3.21) in an obvious way. Each eigenvector er, of T will l's:;

SN

- RO AS
‘:f- have (M — 1)K components equal to zero and K components consisting of one Y
. -~ -\ g
. )
,

i =

*
2

LS
h ]
v

eigenvector eg; of E. The eigenvalues /\T, of T will be the same as those of E but

hY

with multiplicities M times higher. v v‘:

K200

Suppose W is the optimum weight vector without FFTs and U the optimum f:::;;:

- RS LA
~ . . et
weight vector with FFTs. Then from (2.21) we have KN

* -.t”'l:\{*
"~ U=I[TT]"'W =T"'w. (4.16) e
- )
+ . . . . . “‘-'.l‘ ’
He The optimal weight vector W may be expressed in terms of its components along el
Y '-'_\..

-, each of the eigenvectors of T, YO
o RN
I MK : :-:':
W= aer. (4.17) ey

.k‘v j=1 ..‘.’... .
o DD
where each «; is a scalar constant. Moreover, the matrix T~' may be written in X |

5 . . . r,‘."_';.j«
j terms of the eigenvectors er; and eigenvalues Ar, of T using the spectral decompo- g
; [N
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sition formula,
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T = Z ‘A?CT’.CTJ_, (418) ‘3 :;
‘ j=1 J _'1.' t::
N Substituting (4.17) and (4.18) into (4.16) then gives ] :-'_-;'
h "t ot
3 MK aj "2{ ::::
: U=> e (4.19) ta
- i=1 °Tj - .-
N PO
o We cannot determine the magnitude of the components of U exactly without consid- R
AN o
. ering specific cases, because some Ar; are real and some are imaginary. But because oy :',:lj‘

|Ar;| = VK for every j, (4.19) shows that the weights with FFTs will generally be
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smaller than the weights without FFTs by a factor of about 7‘; -
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Finally, let us consider how the delay parameters are usually chosen in tapped
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delay-line and FFT processors. In the Introduction we noted that array performance
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[ ) can be poorer for FFT processing than for tapped delay-line processing. Figure 1.6,
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- showing typical results with FFTs, was compared with Figure 1.4 for tapped delay-
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¢
delay is often assumed to be a quarter wavelength at the carrier frequency. For
g an FFT processor, the sampling time is usually chosen so the period of the FFT
;; frequency response approximates the signal bandwidth. These two amounts of delay
'’
are usually very different.
g Let us consider these time delays. First, suppose the signal carrier frequency is
£ wo. The time delay required to produce a 90° phase shift at the carrier frequency
w
L)
= (a quarter-wave delay) is then
o
! Toge = —— 4.20
o 0= (4.20)
@ In general, suppose we have
L‘:: To = TTgoo, (421)
b
. where r is the number of quarter-wave delays in Ty. Although there is actually no
- fundamental reason to do so, with tapped delay-line processing it is common [4] to
- assume r = 1.2
2
Now consider the choice of T, in an FFT processor. We may view the FFT in
o
o (3.3) as being equivalent to a filter bank. The input to the filter bank is Z,.;(t) and
. the outputs are ym1, Umz,--., Umk. One filter produces the output ym,;, another
-
«*
S produces the output 2, and so forth. Let us consider the transfer function of each
o of these filters.
-
Suppose the input signal Zn,(t) is a sinusoid at frequency w,
“a ,
! : ZTma(t) = &7 (4.22)
<
) - Then, from (3.1),
'i} 2It is shown in (7] that any choice of r in the range 0 < r < £ will work just as well.
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Emi(t) = eflt-(e- 1T, (4.23) htas
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For a specific n, the output signal §,, may be found by substituting (4.23) into - :-..,\j
ooty
(3.3), REENN
K :i'vi}
. . 2% (k1) (n-
Jmn = 3 Bma(t)e RUIOD 2 bux
k=1 NN AR
K AT
— Z e~ I =DwTu+ B (n-1)] gyt (4.24) T
A
k=1 '\.-’.::'.:
This may be written, | JE—
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oo
Ymn = Hp(w)e'™, (4.25) e
w
i o, .
where H,(w), the n*® transfer function, is > E'
K . '3 :{‘-‘. ,
How) = S ¢~ ilk=1)wT+ 3 (n-1)] b ,_:...;Q:
k=1 " ;::"':.
K=1 2 sin&[wT, + &(n - 1)] Yo
— e‘j—;—IWT.'FT{!'("—‘l)] y f s 2K . (426) os ."gg
sing(wT, + 5 (n — 1)} ” g,.:
. e
In general, H,(w) is a periodic function of frequency with 23% peaks at frequencies ) Y '::{:
) . S
m n— *p NS
— [y _ g = _ ., Iy
w—Ta[z e ] t=..., -2, -1,0,1, 2, ... (4.27) E:;fh.‘;
pI O
: For a given n, the peaks of H,(w) occur every ;.—" along the frequency axis. For e ;\')\
: RN
[ adjacent n, the peaks are separated by 7(2—% Figure 4.1 shows a typical set of R A
, kS '.'_'.':.‘\
‘ Hy(w), ..., Hg(w) over part of the frequency axis. T
4 In studies of FFT processing, it is common to choose T, so one complete set of :::Z
. .
K filter passbands approximately covers the signal bandwidth. (This choice seems , o
: o : : : oo
! sensible, since it divides the signal bandwidth into K subbands.) If the signal - ey
. . -f_'.; ;.r
[ bandwidth is Aw, we set SRS N
! OIS0y
| z (4.29) IR
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However, (4.29) may be rearranged into the form
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- where B is the relative bandwidth of the signals,

N N

. — (4.31)
wo

. and Ty is given in (4.20). If, for example, the signal has a 1% relative bandwidth,
~

. then

o T, = 400Tsge. (4.32)
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Note that this choice corresponds to r = 400 in (4.21), i.e., to an intertap delay of
400 quarter-waves in the equivalent tapped delay-line array!

In Figure 1.4 of the Introduction, which shows the SINR of a 2-element tapped
delay-line array, there are two taps per element and one quarter-wave delay between
taps. In Figure 1.6, which shows the SINR for a 2-element array with FFT pro-
cessing, the sampling time has been selected according to (4.29). Thus, the tapped
delay-line array in Figure 1.4 and the FFT array in Figure 1.6 are not equivalent.
The difference in their performance is due to the difference between T; and T,, as
well as K.

An earlier report [7] discusses in detail how the number of taps and the amount

of intertap delay affect the SINR performance of a two-element tapped delay-line

array. In particular, it was shown there that setting T, according to (4.29) (i.e.,

setting r = 4/B) makes r too large to obtain optimal SINR from the array. For
optimal SINR, r must be in the range 0 < r < é. Thus, although it seems intuitively
sensible to choose T, so the signal bandwidth is divided into K subbands, in fact
this choice yields suboptimal SINR. Better performance will be obtained if T, is
chosen so the FFT period is at least four times the signal bandwidth. The reader

is referred to (7] for further discussion of this question.
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5. CONCLUSIONS

In this report we have shown that the SINR performance of an adaptive array
with FFT processing is identical to that of an adaptive array with equivalent tapped
delay-line processing. In the equivalent tapped delay-line processing, the number
of taps in the delay-lines is equal to the number of samples used in the FFTs, and
the delay between taps is equal to the delay between samples in the FFTs.

In Section 2, we showed that inserting a linear invertible transformation between
the delay-line taps and the weights in a tapped delay-line array has no effect on the
array output signal or SINR. Whatever changes are caused in the signals by the
linear transformation are compensated for by corresponding changes in the weights.
Then in Section 3 we showed that using FFTs behind each element is mathematically
equivalent to using tapped delay-lines followed by a linear transformation of the
signals. From the results of Sections 2 and 3, the main conclusion follows.

In Section 4, we also discussed the effects of FFTs on the optimal weights, the
covariance matrix eigenvalues, and the dynamic range of the weights. Finally, the
reasons for the performance differences between FFT processing and tapped delay-
line processing noted in the Introduction were discussed.

The most important conclusion that follows from these results is that FFT
processing in and of itself does not offer any improvement in array bandwidth
performance. The same bandwidth performance will be obtained by simply storing
K samples from each element signal and then weighting and combining these samples

directly. Performing FFT calculations between the samples and the weights adds
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