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We derive the generating functional of thermal Green functions
‘ for an interacting electron-phonon system through the use of functional
% integrals in holomorphic representations (c-numbers for phonons and
Q Grassmann numbers for electrons). These integrals are over paths obeying
one-sided boundary conditions at either 0 or g=1/kT, and do not require
:g , normalization factors unlike previous derivations. We recover the
it ilatsubara perturbation formalism without using any results from the

standard operator method.
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The Hatsubara formalism of perturbation theory at finite temperatures
plays a distinctive role in the theory of many-body systems.1 There one
uses operator techniques to obtain thermal Green functions of the system
as a perturbation expansion. Feynman rules can then be used to evaluate
each term of the expansion. From the Green functions one obtain
correlation functions, which are closely related to measurable quantities.

An alternative way to obtain the perturbation expansion is by the
use of appropriate generating functionals for the thermal Green functions.
Their forms are simple enough so that they can be postulated without
further justification and yet they are known to reproduce the same results
obtained by the operator method. There are, however, some attempfs to
de}ive generating functionals by using functional integral methods, namely
in the work of Popov2 and Casher et a]3. These works, in turn, display

some unsatisfactory features. In the work of Popov2

the field operators
are required form the beginning to be periodic (boson case) or

antiperiodic (fermion case) in the inverse temperature. There requirements
are by no means necessary to obtain the correct Green functions --which

are indeed periodic (or antiperiodic) in the inverse temperature-- as one

4 The

can easily verify this by using the standard operator method.
derivation by Casher et a13 makes use of an incorrect form of functionai
integrals in the holomorphic representation for bosons, in which the
integrals used are over periodic paths.5 Finally, it should be pointed out

that none of these works give the explicit expression for the generating

functional of the atsubara Green functions which is the object of the

present work.




In this paper we use the functional integral method described in

Y Reference 6 to obtain the generating functional for the thermal Green
gf functions of an electron-phonon system. The integration variables are
AT
c-numbers for the phonons and Grassmann numbers for the electrons, these

! ; variables satisfying one-sided boundary conditions at either 0 or 8.

\

4

:sg The functional integrals used here are known to reproduce the correct
!“,‘ﬂ ’

partition functions of non-interacting systems of bosons and fermions.

-

gﬁ They were also used to obtain non-perturbative results for the molecular
;.E polaron with quadratic coupling mode1.7
" Consider a system of electrons and phonons in a homogeneous medium
Ly
:t& of volume V. For simplicity we consider electrons with the same spin
~ . . :
;EE and phonons belonging to a single branch. The electron field operators
. ¥(x) and @+(x) and the phonon field operator #(x) can be expressed by
Wy
gqs the following Fourier expansions4:
-
Y

ey R . .

. §(x) = L g elkx i (1a)
Nk
20
D)

¢, - ~ikX A

o x) = 2ret* g, (1b)
f:?'.o NV k

. and
o - 1 [¥q ;o _iqx |, 2+ -igx
N 4(x) = = 1 53 (bqe + bqe ) . (1c)
N N q
)

— The operators ;k and ;: are Fermi annihilation and creation operators,
i;j respectively, whereas Bq and 6; are the corresponding Bose operators.
o

v, The quantities v are the unperturbed phonon energies.
h \4:
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The Hamiltonian of the system is given by

H = ﬁo +V, (2)
where
~ - h+6 G+A
Hy = Eekakak + :mq(bqbq + k) (3)
is the non-interacting part, and
= fdx v(¥T(x),¥(x),e(x)) (4)

is the interaction between electrons and phonons. In the above, €, are
the unperturbed single electron energies, and v is the interaction
Hamiltonian density.

Now we introduce the temperature-dependent external sources
£, £* and n, which interact linearly with the electron and phonon

operators as follows:
Ai(x) = = fdx (P (08(x,1) + & (4,0)¥(x) + elxdn(x,)) . (5)

The sources £ and £* anticommute with the electron operators and among
themselves, whereas n commutes with the phonon operators. These sources
need not have actual physical meaning, and at the end we let them to
vanish.

The grand-Hamiltonian K of the system in the presence of the sources
is given by

~

E(r) = I:I + HI(T) - Ul:l , (6)
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| where u is the electron chemical potential, and ﬁ = ﬁszsk is the
"t".‘f
e total number of electrons operator.

e
fhﬂ‘ The generating functional is defined as the following functional
.‘l"'

Ry

of the external sources:

s

B i
:(::" Z[g*aiafﬂ =Tr Q[E*DE)n] ’ (7)
i

- where
R 5

'y - -

i o[e*.&,n] = T_ exp{- [ K(x)dr} (8)
Jc::"c T 0

AAN
’}J; is the density matrix in the presence of the sources. Here, Tt is the
BN
é { temperature ordering operator. The trace operation can be performed in
e the holomorphic representation for the electrons and phonons, in which
§§$ the electrons are represented by Grassmann numbers ==y and aﬁ-- and
L)

2.9

:ﬂi tne phonons by c-numbers --bq and ba. For details of holomorphic

n"'

B

't representations see, e.g., Faddeev and Slavnov8 and references therein,
ﬁ%; In the holomorphic representation, the right hand side of Eq.(7)
)

ta
- is given by
»5,)_- .
ey S L g db*db

- i Tr o[e*,e,n] = [f o0 . _(b*,a*,b,a) Nexp(-b*b )

_ £*,8 4N q qq 21
Yy

'ti x E exp(-akag) dakda; , (9)
=

[)

"§ where o (b*,a*,b,a) is the kernel of the density matrix operator,
M E*4E,N

., ] ’

:k% and the subscripts denote its functional dependence on the external sources.
VT The density matrix kernel is represented by the following functional
t‘.‘.:

f?g integra16
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e pe*’g’n(b*,a*,t;.a) = faﬁ(e)=a; [bx(a)=bs eXPLEBE(B)D (8) + iaz(s)ak(s)
a, (0)=a, bq(0)=bq

?:"': + OIB( - zba(u)l‘)q(u) = iai(u);k(u) = K(b*(u),a*(u),b(u),a(u),u))du}

q
é, dba(u)db (u)
:&:‘ x (H 9

o q,u  2ni

) (kﬂudaﬁ(U)dak(u)) : (10)

8

where K is the normal symbol™ of the operator E, that is,

R
]
‘gn K= i(sk'“)ai:ak + :wq(babqﬂs) + [dx v(¥*,¥,0) - fdx(¥*€ + g*y + on).
RN (11)

H?# In the above expression, v is the normal symbol of the interaction

z density ;, and v*, ¥ and ¢ are the normal symbols of the field operators

3 ;+, ¢ and 3, respectively. Notice that the functional integral is neither

}bg periodic nor antiperiodic in the inverse temperature, rather it obeys
one-sided boundary conditions at either 0 or 8.

ship The interaction part can be removed from the integrand, by using

-5‘2 the following identity:
8 .
o exp{ [ dufdx(-v(¥*,¥,9) + v*(x,u)e{x,u) + g*(x,u)¥(x,u) + o(x,u)n(x,u)}}
0

3 8
b = exp{ - 0! dufdx V(g—g-.g—g-*.%;)} exp{of dufdx (¥*(x,u)g(x,u)+g*(x,u)¥(x,u)

1&: +o(x,u)n(x,u))} (12)

where we have made the following replacements in v,
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NG
:x“:
v
y* %E (right derivative),
‘«:;'
L, 5
:}:t' ¥ o> —, (1eft derivative),
i.‘s‘ 5€
)
. and
Gy
Whe 8
“ ¢ - E .
"‘
- The exponential form containing v on the right hand side of Eq.(12)
)
by is to be understood as a power series expansion.
\,’.
E:' By using Eq.(12), the functional integrals for the electrons and
o phonons become decoupled from each other. The density matrix kernel
) L]
'ﬁ; assumes the following form:
'\' .
R (b*,a*,b,a) = exp{- fsduj'dx V(& L) oP(be,b) 08) (a%,a)
. DE*,E,T\ 1d 7 g, p 0 6E’8E**3n Qn » 06*95 ’ ’
_{
; W
o (13)
~
1 “
' ph el . . .
) where p~  and Pew g are, respectively, the density matrix of
& () !
M non-interacting phonons and electrons in the presence of external sources.
,%.!,
They are given, respectively, by
¥ .
. oh 8 .
i * = * + -h* - * +1
2 b_(0)=b
o q( ) q
o
db*(u)db_(u) |
o - (b*(u)y (u) +b_(u)y*(u)))du} 1 —L = (14) -
»h q q q q a,u 2mi
b 4
A




and
B .
pgl,g(a*.a) = fa;(s)=a§ exp i{a;(e)ak(a) + OI (-ag(u)a (u) - (e -u)ag(u)a, (u)
a, (0)=a,
- (ag(u)g (u) + gf(u)ay (u)))du} knuda;;(U)dak(U), (15)
where
1qlu) = - 7_\-1’-‘/;; fdx e 1% (x,u) , (16a)
va(u) = - —; 23 fax e'Pa(x,u) | (16b)
gy (u) = - - fdx e TKXe(x,u), (16¢)
W
and

KXex(x,u) . (16d)

tg(u) = - L fdx e’
v
Both of the integrals (14) and (15) are Gaussian and can be evaluated
exactly. Their solutions are simply the values of their integrands
at the paths which extremize their actions, i.e., the arguments in

the exponential formss. The extremal conditions yield the equations

— b + wb + = b =b 7
B q(U) Y q(U) Yq(U) 0, q(0) q (17a)
'f&

() .

Bwl b* - * - % = * =h*

, 2u) = wba(u) - vA(u) =0, b¥(s)=b (17b)
Y

R

v
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a (u) + (e -u)a (u) + ¢, (u) =0, al0)=a (17¢)
'
yﬁ and
-’: )
A ag(u) - (e -u)aglu) - cflu) =0,  ap(s)=af. (17d)
A,
ﬁg Their respective solutions are
Nei,
the u _ (u-s)
» b (u) = b e ¥q" - [ e™¥q'" SIS (s)ds, (18a)

q q 0 q
R (U-B) 8 w (U-S)
B b*(u) = b*e q - [ e%q v*(s)ds, (18b)
B q q " q

(e -ulu _ [ =(e -u)(u-s)
-, a (u) = ae kT - etk z,.(s)ds, (18¢)
- k k 0 k
e, and
8
o ag(u) = aﬁe(ek-u)(u-e) - Ie(ek'“)(u's);*k‘(s)ds. (18d)
~:, u
"¢
X
B Notice that neither these extremal paths nor their respective
;- equations are complex conjugate pairs.
0
4 The values of the integrals (14) and (15) are then given, respectively,
N
'..l,‘r b-y
T ph 8w B e B ey
o oPMb*,b) = exp{- t—3 }expr{b*b e °¥q - b*e "*q [ e“q’y (u)du
o n [4 qq q 0 q
2 q q
tga
S 8 U N 8 u -w (u-s)
-b_ [ e ™qYy*(u)du + [ du [ ds e™“q y*(u)y (s)} (19)

At q q ‘ q q
) 0 0 o0
A
5
3&' and
.
e

TN N e AN LT et L e e e T e e L W T T N T N A ]
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=

- R R

8
pgl,g(a*,a) = expr{afae 8leg-w) | afe B(ey-n) / eley “)u;k(u)du

k 0

B B
- ( e (e e u)au)a + { duofuds e lemllus)ouy g (s

These are the final results for the density matrix kernels of
non-interacting phonons and electrons in the presence of extzrnal
sources. MNext we use the trace formulae to obtain the following

partition functions:

0 oh db*db
Zon[n] = foP"(b*,b)exp(-zb¥b }
" q 3% q 2ni
~3Buw B u _ -
=(n 9——:59— )exp{Z((NB+1) [du[dse “’q(u s)y*(u)y (s)
q 1-e "% q 3 0 0 q q
B 8
+ Ng Of duuf ds e'“q(u's)ya(u)yq(s)]} (21)
and
70 [e*,¢] = foe] (a*,a)exp{-IZa a*} nda da*
el 5 E* & ' K k k K k™ k

8
= ( H(1+e'3(ek'“))}exp{z( f duofuds e'(€k~“)(u's)gﬁ(u)~ (s)

S
k k0 k
B 3
- [ du [ ds e-(ek-”)(u_s)g*(u)c (s))}, (22)
k k k
0 0
where
B 1
N~ =
q eBwq -1
e TN e T D e D e ey e e AT TN T T DTN M S ()
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F 1

N =
k g8leg-u) 1

are, respectively, the familiar Bose and Fermi distribution functions.

Notice that the dependence of the partition functions on n, £* and ¢
is implicitly understood in the above expressions due to Egs.(16a-d).

We now use the following identities

By B M Ly (uss) ., 1o Buy B B e ues
Z(Nq+1)0f duof ds e “q Yq(u)yq(s) = Z-E(Nq+1)0f duof ds e “q yq(u)yq(s).

q q

(23a)
8 8 g B
B ~w_{u-s) .1 _.B w,|u-s|

IN° [ du [ ds e "q y*(u)y (s) = 5 N_ [ du [ ds e“q y*(u)y,.(s)

a0 u q' g 2290 o q-'7q
(23b)

and

8 u 8 8
-(e, ~u) (u-s) - -(e,-u)(u-s)
z d d k *( (s) = ¢ d d k *(u)e, (s)e(u-s]
z OI uO[ s e si(u)g, (s z Of uof s e ::3u);k u
c

where 8 is the step function, together with Eqs.(16a-d) to express the

partition functions (21) and (22) in the following forms:

0,4 e B¢ 1 B8 1 g, 8,11 1q(x-y) -u_|u-s|
th[“] = ( g It;:gg;-)exp{ﬁ-of duof ds [dx[dy n(x,u)v-g29{(Nq+1)e e “q
+ Ngeiq(x-y)ewq|u-sI)n(y.S)} (24)
and
0 -a(e, -u) 8 8
Zo1(6*,8] = (A(1+e™" 57/ ))exp( [ du [ ds[dx[dy
k 0 0

X s*(x.u)% eik(x'y)e'(ek'”)(“'S)(e(u-S)-NE)&(y.S)} . (25)

L
k

A4, e e MWW p » ™,

I ) a.l .C el.n. v"-,,‘e .;‘s ,!~ ’ b ;‘.l.‘-’h. A 4‘{ ;' Ao;u‘:. s‘,b L iy ?w‘l’n‘:'u v,
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Notice that the unperturbed thermal Greem functions for electrons and

}gﬁ phonons appear explicitly in the above expressions. In addition ,
.'{4"’.‘
1?& the pre-exponential forms are simply the unperturbed partition functions.
g
e More explicitly,
‘.‘,“f 0 0 1 B 8 (0)
g 2 h[n] =7, exp{- 5 [ du [ dsfdxfdy n(x,u)D'"/(x,u;y,s)n(y,s)} (26)
o
and

o B8
o 0 r » = 50 * (0) .
v Zoy[6*:6] = 7y expt- of duof dsfdx[dy £*(x,u)G "/ (x,u;y,s)E(y,s)} ,
o

(27)
.
} where
':’0 0 e Bu
vhE th=H—_B-g— s (28)
. qQl-e "q
¥
20] = n(1 + eBlegmm)) , (29)
2 ¢k
e
. 0) 1 B ig(x-y) _-w_|u-s] B_iq(x-y) w_|u-s]|
W D( X U3Y,S) =~ N +1)e e + N e e s
Y (Rau5715) =~ gpiug ((Ng#1) q ; q!¥7*1)
g .
g | (30
., and
b

) .

204 600 (x,usy,s) = - L etk Ygmleud(u=s) (o) _ ). (31)
o k
(0)
\,: The above expressions for the unperturbed phonon Green function D
o
.:3;' and tne electron Green function G(O) are the same found in textbooks.9
e Hotice that they were obtained here strictly from functional integral
f:.z':' methods. There was no assumption made concerning periodicity or
'.:'.
".:E:: antiperiodicity of the field operators in the imaginary time, yet these
c' lq
ER
‘:;’i‘!

) . . - - - - v Pa.S
) NG g AR EETRINY L4 RTRES 8 Y R R N S L L AR L R S A SR L SRT .
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R
25
3
N Green functions do obey periodicity --D(O)-- and antiperiodicity --G(O)--
*l
' } conditions.
[) .
o Finally, by combining the above results we arrive at the final
B ,
expression for the generating functional for the interacting system:
iig' 0 B
i 2[e*,e,n] = Z° exp(- [ dufdx V(g—g'%z*’g—n“
g ’
Rt
1 B B (0)
o x exp{- 5 [ du [ dsfdx[dy n(x,u)D""(x,usy,s)n(y,s)
1', 0 0
‘\..
i’g B8 8
ey - [ du [ dsfdxfdy g*(x,u)G(O)(x,u;y.s)g(y,s)} . (32)
0 0
S0 0.,0,0
Kz The partition function is obtained by first expanding the
. form containing the interaction v in a power series, and then
)
:i performing the functional derivatives required in each term of the series
D\
};1 and, finally, setting the sources equal to zero. Of course, one still
- is left with integrals over the spatial coordinates and the inverse
LV
. 2 temperature. This procedure amounts to summing all possible diagrams
4]
}ﬁi with no external lines.
o The two-point Green functions for the electrons and phonons
oy
.33 are obtained, respectively, by
X
G(X » T ;x s T ) = - (33)
— 1°71°7°2°°2 4 65*(x1,rl)égsz,r27]£*=£=n=0
oy
' and
W
oy 1 522
f
' D(X 3 T13X9sT ) = -5 ¢ (34)
. 1*71°72° 72 z 6n(x1,rl)6n(72,1'27 £*=£=n=0
,:.
.g'
&

N
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The diagram expansions of these Green functions will contain only

connected diagrams with two external lines. As usual, each line

in a given diagram is associated with an unperturbed Green function

and the vertices are associated with the interaction v. The coordinates
Xq and Xo denote the free ends of the external lines at T and Tos
respectively. In these expansions, Wick's theorem is automatically
satisfied. Finally, it should be pointed out that Green functions

with many-points can also be obtained from (32).

To summarize, we have derived the explicit expression of the
generating functional for the temperature dependent perturbation
theory of an electron-phonon system. The form (32) which insofar
has only been used heuristically is now indeed justified. One should
also notice that no use of prior resulits from the operator method
was required to the derivation of the generating functional. In a
forthcoming article we use techniques of functional integrals in the
holomorphic representation to show how to obtain non-perturbative

expansions for the partition functions of systems of bosons and fermions.
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A. XY and TI models in higher dimensions at infinite temperature.

The time evolution in the XY model is expected to be quite different
from that in the TI model since the two models are inequivalent. If, however,
the strength of the external field B in the one-dimensional TI model is
made to approach the coupling constant J, the time evolution becomes
identical to that in the one-dimensional XY model. We have shown that
when B = J, the geometric structure of the Hilbert spaces of Sg in the
Tl and XY models become identical. The two structures are not identical
at any other values of B. It has been established that the form of the
time evolution is a unique function of the geometric structure of the
realized Hilbert space.7 Hence one can understand the origin of the
coincidence in the time evolution of S; at this particular value of B.

In addition, the realized recurrence relation turns out to be simple
enough to permit an analytic solution for the entire family of the
relaxation functions.

For the XY and Tl models in higher dimensions, e.g. d = 2, one does
not presently know anything about their time evolution. thle the
analytic solution for it poses a challenge to any method, there is a simpler,
perhaps more immediate problem. That is, whether the coincidence in the
time evolution is unique to one dimension, or whether it also exists in
higher dimensions possibly with some d-dependent values for B. Tnis problem
can be readily tackled by the method of recurrence relations, since the
recurrants can be calculated in higher dinensions, According to the method
of recurrence relations, it is tien sufficient to compare the geometric

structures of the realized Hilbert spaces and to find, it exists, the
14,15

value of B for which the two structures become identical to each other.
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