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/ 1. Summary

This report summarizes work done-by the authors during the past calendar year on

t) the dynamics and control of flexible and articulated spacecraft. The combined dynamical

effects of elasticity and a rotating reference frame have been explored for structure in a zero

gravity environment. A simple yet general approach to modeling 'lias-bedeveloped, and

..his approaeh-has-bee-applied to analyze (In- detaiNhe dynamics of a specific prototypical

structure. The effects of energy dissipation ave-been included and studied in depth for a

model problem. Equilibria, bifurcations, and asymptotic stabilityfhltve-beeianalyzed in

some carefully chosen examples which capture the essential general features of nonlinear

distributed parameter models of rotating elastic structures. ,
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2. Research Objectives

The main focus of this research program has been on

. Development of a qualitative theory of the dynamics of rotating elastic and articu-

lated_ sfructures;

" Development of simplified models and an understanding of their domains of validity;

" Development of functional analytic techniques for analyzing the evolution of the

relevant distributed parameter systems; and

* Development of an appropriate control theory for nonlinear distributed parameter

systems of the type required to model rotating elastic structures.

A general approach to modeling rotating elastic structures has been developed and is

described in subsection 3.2. Here it is shown that mechanical effects due to the rotation of

our reference frame may be modeled independently of affects due to deformations of the

elastic material. In subsection 3.4 we present what we believe is the simplest reasonable

continuum mechanical model of a beam undergoing three degree of freedom rotations.

Subsection 3.5 and 3.6 treat stability issues and teh steady state behavior of such models.

Future research will focus on development of techniques for actively controlling the

motions of rotating structures. In particular it is our aim to understand how commanded

changes in angular momentum can be used to steer a rotating elastic structure from one

equilibrium state to another. The relevant control theory of nonlinear distributed param-

eter systems will be developed against the backdrop of this specific problem.

3
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3. Status of Research

3.1. Introduction

There -is now a fairly general awareness among aerospace engineers that the dynamics

of the coiplex spacecraft currently in production and on the drawing boards will be

greatly influenced by continuum mechanical effects such as elasticity. Indeed as the designs

being contemplated increase in size and complexity (113]) the dynamic effects of flexible

members become more important, and recognizing this, many researchers over the last

decade have focused their efforts on obtaining new methods for the design, analysis, and

control of flexible mechanisms. Space does not permit (nor would it be in keeping with

the main purpose of this report) to survey the vast literature on flexible space structures;

the interested reader can get some idea of research activity in this area by referring to any

one of a number of collections of papers and conference proceedings, such as [12].

The purpose of this section is to describe recent research which has been aimed at

developing a mathematical theory of the rotational dynamics of complex mechanical sys-

tems which include articulated and elastic components. Our objective in this research has

been to carry out a study of the global qualitative dynamics of such systems in sufficient

depth as to allow predictions regarding the stability and asymptotic behavior of spacecraft

due to a variety of energ) dissipation mechanisms such as viscoelastic material damping

of vibrations of elastic parts. We believe that historical evidence points to the value of

developing a fairly complete global asymptotic stability theory of this type since there

are numerous examples of missions in space which did not achieve their stated objectives

because certain long term mechanical effects were never adequately taken into account in

the mission planning. Explorer I, the first successfully launched American satellite, pro-

vides the best known example of such untoward behavior. Upon achieving earth orbit,

the pencil-shaped satellite was supposed to rotate about its major axis of inertia. Before

it had completed one orbital revolution, however, radio signals indicated that a tumbling

motion had developed and was increasing in amplitude.

While explanations of Explorer's errant behavior have been offered by a number of

researchers (see e.g. references to this problem in 17]), we are aware of no attemps to obtain

4



a rigorous mathematical analysis of such occurences, with the exception of 131, where some

of the results of the present paper were announced. We also mention a recent paper [8]

which deals with a somewhat different, although related aspect of a similar problem.

The present section is organized as follows. In subsection 3.2 we derive equations ,

describingThe rotational dynamics of complex structures. These include the general effects

of inertial forces created by rotation of the reference frame. Subsection 3.3 focuses on a

general theoretical framework for Lagrangian mechanics with damping. In subsection 3.4,

a simple structure consisting of a rigid body with an elastic beam appendage is studied,

and we present what we believe is the simplest reasonable continuum mechanical model of

such a system undergoing three degree of freedom rotations. The asymptotic steady state

dynamics for this system are studied in subsection 3.5, and in subsection 3.6 we present

'i a detailed analysis of the qualitative dynamics of a closely related model having only one

rotational degree of freedom.

%



3.2. The rotational dynamics of complex structures.

In this section we will derive equations of motion for a class of structures consisting

of elastic, fluid or rigid components. While these equations are completely general, they

are most ..eful in describing any structure whose configuration is conveniently specified

by the position of the structure with respect to a moving coordinate frame together with

the position of that frame in space, i.e. relative to some fixed inertial system.

'.. . .

A "J" .....................

\

Figure 2.1: The body frame is translated uwd

rotated with respect to the inertial frame.

We fix an orthonormal basis forming an inertial frame ("space frame"), and choose a

"body" coordinate system designated by a set of orthonormal vectors gl,g 2 ,g 3. Choice

of the g,'s will depend on the particular problem at hand, and it affects the simplicity of

resulting equations. In subsection 3.4, where we treat an example of a rigid body with an

elastic appendage, we affix the body frame g, to the rigid body, although other choices are

possible 16].

The position and orientation of the body frame (with respect to the chosen inertial

frame) may be described at each time t by an element of the special Euclidean group,

SE(3,R), represented by a 4x4 matrix

i~ x(t) Y MYt) y (1)
0 1

(see figure 2.1), where Y(t) E SO(3) is an orthogonal matrix describing the orientation of

the body frame and y E R3 is the position of the origin of that frame in space. (cf. [5]).

Therefore, if a point P is given by the vector u in the body frame and by vector U in



the space frame, then u and U are related via

U = Xfi,

where " (U) and (u).

The positions of various elements of our flexible structure relative to the body frame

will be described by a vector function u(z, t) = u(z], z2 , z 3 , t) denoting the position at time

t of each particle whose "unperturbed" position is at z. Here "unperturbed" can mean

either initial or undeformed, depending on one's choice. In subsection 3.4, z will denote

the neutral position of a particle of the flexible structure.

In summary, we consider systems whose configuration space is given by

{q} = {(Y.u,y)) = SE(3)xC-E SO(3)xR xC, where C = {u(.,t)} is a suitably defined

function space whose elements are functions u(z) describing the configuration of the body

* .,relative to the body frame.

We describe now the kinematics of the system and give an expression for the kinetic

energy. The evolution of the matrix X(t) E SE(3) can be described by a differential

equation
.'," ( Y(tOfWt 0t))

%% where f(t) is the skew-symmetric matrix

-W3 0 -W

of angular velocities w , about the corresponding body axes g,, i = 1, 2, 3.

The inertial coordinates U(z, t) of a point P are related to its body coordinates u(z, t)

via
(Z t = (,1

and the corresponding velocities are given by

d-U = kiL + Xiij

= (Y(flU-+U)+)
0



where ut denotes the partial derivative with respect to t.

The kinetic energy of the body is then given by

"- TJB r 2 J + Ut) + y112dm, (2.1)

where B denotes the point set comprising the body (at time t) described in the body

coordinate system, and dm is the mass distribution in this coordinate system.

The kinetic energy of almost any rotating structure will be of this form, as it does not

depend on the constitutive relations governing the structure itself. More refined dynam-

ical models, as treated in subsequent sections, will embody structural information in the

expression for potential energy

V(q) = V(Y,u,y)

(which we assume to be independent of 4). Without specifying the form of V at this point,

we prove the main theorem of this section.

Theorem 2.1. Let A be defined by

A(t) = fB(f + Ut)tr)adm,

where M. = (M - MT) denotes the anti-symmetric part of a matrix M. Equations of

motion of any system whose configuration space is {q} = {(Y,u,y)} = SO(3) x C x R 3 as

above are given by

A(t) + [Q(t),A(t)] - fB (YTpuT).dm = T - (Y-'Vy). (2.2)

Utt + f12U + 6u + 2flul + yT=Fr - (2.3)

B'(f2u + fu + 2flui + uti) + Pdrn = f -09V (2.4)

1' = (2.4)'

where Vy is the matrix of partial derivatives ' and 6v is the Frechet derivative of V

with respect to u.

V8



In the skew-symmetric matrix

0 -i 3 Ii
" T 3  0 -r)

- 2  r O,"

r, is the net nonconservative torque applied to the system about the body axis g,, F = F(z)

is the distributed nonconservative force density acting on the particle positioned at u(z,t)

expressed in the body coordinate system, and f is the net nonconservative exogenous force.

Remark: In subsequent sections nonconservative forces will arise due to viscoelastic

damping.

Before giving the proof. we rewrite these equations so as to provide a clearer picture

of the physical situation. Let L., = (Wl,W 2 ,W 3 )T be the angular velocity of the body frame

expressed in that frame; L,. is related to the angular velocity matrix fl = Y-'Y as follows:

fl W3 0 -LO, W 2•
-W2 W) 0 ) 3

Denote by S the operator taking a skew-symmetric matrix fl into vector w : = . One

easily verifies the following:

Lemma 2.1. Given any pair A,B of skew-symmetric 3 x 3 matrices and any pair u, v

of 3-vectors, the follouing identities hold

(i) S([A.,B]) = S(A) x S(B)

(ii) S(uvT - VuT) = t x u

(iii) Au = S(A) x u

Applying the operator S to equation (2.2) and using Lemma 2.1 on equations (2.2)-(2.4)

we obtain

Corollary 2.1 Equations of motion (2.2)-(2.4) are equivalent to

a(t) + w(t) x a(t) + f u(z,t) x Y- f/(t)dm = S(T - (Y-V) (2.5)

9



.Ut u+LA;X (.,x u) + x u+ 2w xul+ Y-]i F- (26)

aov (2.7)
"' ,__ B[Y(w x (Lo x u) + L x u + 2 ; x ut + ut) + Dlldm = f - 1

where a is'defined by

a(t) = l x (ui + w x u)dm.

Written in this way equations (2.5)-(2.7) give an explicit description of the inertial

forces on the mechanical system viewed in the moving body frame. Introducing the deriva-

. tion D = d (_) + w x (-), we obtain yet another rendering of these equations.

Corollary 2.2 Equation of motion (2.2)-(2-4) are equivalent to

fB u x (D 2u + Y-'])dm = S(T (Y'-Vy)a)

D2u+ Y(= F-2.6)

J(YDu + P)dm = f - (2.7)'
fB a,,

The motions of any complex structure undergoing free or forced rotation are described

by equations (2.5)-(2.7). This formulation is thus fairly general, and it can incorporate

external forces and torques (due, for example, to gravitational and magnetic fields) and

internal forces (due, say, to actuation of joints or the constitutive properties of the mate-

rial). In the next subsection 3.3 we will incorporate dissipative effects in this formulation,

and in subsection 3.4, we shall develop a complete dynamical model of a system where the

constitutive relations are those of a simple damped beam.

Proof of theorem 2.1: The proof will be given in two parts: First, the treatment

of the inclusion Y E SO(3) as the holonomic constraint onto S0(3) as a submanifold
of GL(3), with an appropriate modification of the Lagrange equations (Lemma 2.2). and

second, the utilization of the left-invariance of (the rigid path of) kinetic energy to simplify

the resulting equations (Lemma 2.4).
S..

We would like to write the equations of motion of the structure in the Lagrangian form

d OT OT 0!id t 0 ;1 O q q ' = ( 'u , y ) .
dt (4 q a

41.0
Np.. 10
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An appropriate modification of the Lagrange equations is needed, however, to account for

the fact that Y is constrained to the submanifold SO(3) C Gl(3). Such a modification

is unnecessary if the Lagrangian equations are expressed in terms of a local coordinate

system on'the constraint manifold-cf. [1], page 77. This approach ignores the symmetry

in our syst'm of equations, however. The following Lemmas 2.2 and 2.4 are key to our.

proof of Theorem 2.1

Lenirna 2.2 Any extremal q(t) of the action f L(q,4)dt with q constrained to a sub-

manifold MO of a Riemannian manifold A satisfies the differential equation

q( d L L 0,

where 7rq is the normal projection from TqM onto TqMo.

We omit a straightforward proof. Corresponding to the three components of q =

(. u. y) we obtain three components for the equations of motion:

d aT dT av
"- - - - (2.8)

d 6T 6T 61' (2.9)
dtbu 6u 6u'
dOT _T_ (2.10)
dt y Oy O'

where Py is the orthogonal projection from TyGl(3) onto TySO(3) in the trace norm
(AB)= r T (.HeeIT IT

(A,B) =tr ATB. Here -. are the derivatives with respect to the standard Riemannian

structure on TGL(3): they can be represented as matrices of partial derivatives: OT
aY

aT ), and 8TT denotes the Frechet derivative of T with respect to the

distributed parameter u. The expression for the projection Py is provided by

Lenirna 2.3. For any Y E SO(3) and A C Ty.Gl(3)

PyA = Y(Y-'A),, (2.11)

where Xa (X XT)

is the anti-symmetric part of X.

%1
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Proof. This follows from decomposing the Lie algebra of gl(3) as the orthogonal direct

sum of symmetric and skew symmetric matrices. (gl(3) = 8o(3) D so(3) .) *

Lemnrua 2.4 Suppose T is a left-invariant function on TGI(n), i.e. suppose there is a

function &.defined on gl(n) (= the Lie algebra of Gl(n) = space of real n x n matrices)

such that T(Y,Y) = K(n) where fl = Y'Y. Thenfor (Y,Y ) E TSO(n)

d aT tO a-)Y = Y [MdI)

where M = (-K)a, and M is the derivative of K with respect to fl evaluated at fl = y-k.

Remark. There is an orthogonal direct sum decomposition: gl(n) = so(n) E so(n) -',

where so(n) = the Lie algebra of n x n skew-symmetric metrices, and where orthogonality

is defined in terms of the trace form inner product (A, B) - tr ABT defined on gl(n). If the

function K appearing in the statement of Lemma 2.4 can be decomposed as K = K, + K 2

where K, depends only on the i-th component (i = 1, 2) in this orthogonal direct sum,

then M = K'(0), where by K' we mean the derivative of K, with respect to the natural

differentiable structure on so(n) defined in terms of the Killing form.

Proof. *!2- and 3T may be thought of as elements in the cotangent bundle T'Gl(n).
dt a y

Making the usual identifications, the standard Riemannian structure on Gl(n) may be

prescribed explictly in terms of the trace form, and we may write d O and a all as

n x n matrices
dOT (ylYI)T[d dK TOK]
dta 67t -if) f-

For (Y,Y) E T SO(n), we have (y-I)T = Y and nT = -n, and the result follows from

Lemma 2.3. 1

The proof of Theorem 2.1 proceeds as follows. Using left-invariance of the first term in

the expression for kinetic energy (cf. (2.1))

T = B IJjf + utlj 2 + 2(nu + ul.Y'j,) -Y - 11g12 dm,

we obtain equation (2.2) as a consequence of Lemma 2.4. The remaining equations (2.3)

and (2.4) follow by direct computation from equation (2.9) and (2.10). We omit the details.

12



* 3.3. Lagrangian Mechanics with Damping

A major advantage of Lagrangian versus Newtonian mechanics is the invariance of

Lagrange's equations with respect to coordinate changes; it is this invariance that facilitates

significant% the derivation of our equations of a motion. It is thus desirable to have the "

extension to the dissipative case. Such a modification is described in [9], [11]; we reproduce

it here in a slightly more general form.

Let D(qq) be the so-called dissipation function defined as follows:

qDq = rate of dissipation of energy per second.

(One can think of Dq as the generalized dissipation force, and 4 =velocity. The above

simply says: velocity. force = power).

Let L(q, q) be the Lagrangian of the system. The equations governing the system are

dii L4 - Lq + D4 = 0. (3.1)

Remark 3.1. If D is quadratic in 4 (as will be the case in the application presented

in the next section), then

D = qD 4 = (rate of dissipation).

Equations (3.1) are consistent with the definition of D, as shown by

Theorem 3.1. If E(q, 4) is the total energy of the system, then

dd E(,)= -)4D4.

Proof. E is given by the Legendre transform* in q of L:

E aL

Differentiation by time gives

aL . d .OL

* Usually E is expressed as a function of q,p F ; we keep q rather than p here.

13



we used equation (3.1) in the last step. I

Equation (3.1) has the same invariance property as the conservative Lagrange equa-

tions.

TheQrfn 3.2.[11] The dissipative Lagrangian system (3.1) is invariant under the

change of variables q = q(Q). Afore precisely, if q(t) satisfies (3.1), then Q(t) satisfies

equations of the same form:
d

d-t L -/'Q + DQ = O, (3.1)'

where L (QQ) = L(q(Q),q'(Q)Q) and D(Q,Q) = D(q(Q),q'(Q)Q).

Proof: A simple calculation shows:

d f. - LQ + D =d q(Q)Td LQ - Lq + D O

14
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3.4. A Rotating Rigid Body with a Beam Attachment

Consider the spacecraft depicted in Figure 4.1. The key features of this structure are

a rigid body to which a flexible cantilevered beam-like appendage of length t is attached.

Figure 4.1: A rigid body with cantilevered beam attachment.

As we have mentioned in subsection 3.2, we affix the moving frame to the rigid body.

More specifically, we place the origin of the frame at the point of attachment of the beam

and align the Z3 =_z-axis along the undeflected beam. Viewing this cantilevered beam as

essentially a one-dimensional object, we describe the elastic deformations U(Z3 ,) u(Z-t)

with respect to the coordinate axes (ZI, Z2 , Z3 ) =_(x,y, z) depicted in Figure 4. 1. More

precisely, tt(z,f) is the position of the particle whose neutral position is at (0,0,z). The

decomposition of the system into the rigid part and the elastic beam corresponds to the

decomposition of kinetic energy (2.1) into the sum of rotational and translational energies

of the rigid part and the energy of the beam. (Note that u(.,t) restricted to the rigid

component is just the identity mapping for all 1.) We have

1 * ,flr_._ 1,

T = *_ +. ,Tj 2mbIIvII

+JI (flU + Uli) + yII2 dz

__15
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where S(Ol) =w, e is the center of mass of the rigid body in the body frame, mb is the

mass of the rigid body, we have scaled the linear mass density of the beam to be one, and

the inertia tensor with respect to the body frame is given by

i= 1z , ' v '
Ivz l I,,J

where I, is the moment of inertia with respect to the x-axis, etc. (cf. [Il).

Since the beam is clamped at the origin of the (z, y, z)-coordinate system and free at

its other end, the following boundary conditions are assumed:

u(0,t) 4u, 0 t) = 2U(1,t) = -aU (1,t) = 0, i= 1,2,

and u3(0,t) - -j7 (,t) = 0. These boundary conditions are standard in the theory of

clamped-free beams. Here u1 ,u 2, u3 are the deflections: u = (ul,u 2,z + u3). Note that u 3

is not the z-coordinate of u.

The equations of motion for our rotating satellite are obtained by incorporating (2.5)-

(2.7) into the formalism of Lagrangian mechanics, as discussed in the previous section.

Thus we look for extremals of the Lagrangian L = T - V with kinetic energy T given

above and potential V given by the strain energy

1 frt  _

(u) = - [.II (U') + P2(t4)2 + p 3 (Uta) 2 dz, -= (4.2)2z'

where only quadratic terms were retained and the material is assumed to obey a linear

Hooke's law. Here pi (respectively /12) gives the bending elasticity within the xz-plane (yz-

plane respectively), and P3 is the Hooke's constant giving the beam's stretching elasticity.

Unless the beam is abnormally thick, P#3 >> Mi, 2. The dissipation function is given by

D -- D(tu,iL) = J ki(it)2 k + k 2 (is) 2 + k3 (i3) 2 dz, -j , - -(.fo 1 2 z (4.3)

where ikl, ii can be thought of as the rates of change of appropriate curvatures, while

it' is the rate of change of the contraction coefficient u'. The k,'s are positive constants

reflecting the rates of energy dissipation due to deformation of material in the beam.

1'



Remark 41. It might seem at a first glance that the first two terms in the integral

(4.2) should be replaced by a quadratic form (in u", u")

a(Ul 2 + 2buu, + c(U0) 2;
__~~~~~ "au') O 1 2 2

however, by properly turning the body coordinate system around the z-axis, we can di- :

agonalize this form. In Figure 4.2, the z-axis is chosen along the direction in which the

beam bends most easily (pi :- A 2); consequently, the beam offers the stiffest resistance to

bending within the yz-plane.

V

Figure 4.2: A beam with elastic coefficients A) < A2.

Remark 4.2. We must point out that the beam was assumed to be of uniform

crossection. Expression (4.2) would have to be modified to include the beams with variable

crossections like the ones show in Figure 4.3.

Figure 4.3: Beams with variable crossection.

The modification is in fact quite simple: one would only have to replace the first terms in

(4.2) by a quadratic form with z-dependent coefficients. In the case of a helical beam we

17
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would take the matrix

a b A = A (z) = R - 1 /1] 0
b c os0 s2i

where R(zJ is a rotation matrix Cos t sin a) by z-dependent angle a = const* z(-sina cosa),

Remark 4.3. To incorporate torsional deformations of the beam, we introduce the

torsion angle a(z; t), which is the angle formed between the x-axis and the projection onto

the xy-plane of the segment rigidly connected to the beam so that in the unperturbed

position of the beam it is attached at (O,O,z)T and is parallel to the z-axis. Thus the

variable ak(z: t) describes a normal bundle of the beam. Potential energy of the beam is

given by

V = (< R - pRv" , v" > +P3(uI) 2 + 114(at)2 )dz,

where pi = diag(pil, P2 ), A 4 is the torsional elasticity coefficient, and v = (ul, u2 ).

The point of these remarks is that the analysis of the rotationa] dynamics of fairly

., complex structures is possible. To keep our discussion maximally lucid, however, we eschew

the complexity involved in more detailed structural mechanical models, and we refer to

the work of Antman and Nachman 12], for a further analysis of the structural mechanics

of beams.

The following theorem is a straightforward consequence of the results presented in the

previous two sections.

Theorem 4.1. Given the system depicted in Figure 4.1 and described above with kinetic

energy (4.1), potential energy (4.2) and dissipation function (4.8), the equations of motion

are given by

Da + (mb" + 0 u) x = 0 (4.4)

D 2u + pOu + kpdu + Y' =0 (4.5)

,it

m 6 (y + Y) +j YD 2 u dz =0 (4.6)
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where the quantities in these equations are given as follows. D( ) d- ( ) - w x (), a(t) -

Iw(t) + o u x (Du)dz, I is the inertia tensor in the body frame defined above, mb is the

mass of the rigid body component, 1' = YS-(w) (with S( -) is as defined as in Lemma

2.1), and Z) is the differential operator defined by 9 = (4a4, a,), p = diag(pjA 2 ,A 3 )

and k = 4_b g(kj, k2 , k3).

Equations (4.4)-(4.6) are equivalent to

I+ + w x Iw + jux [utt+ + L x u + 2w x ut + w x (w x u) + Y-'i]dz (4.7)

+mb? X y- = 0

uti + L x u + 2", x ut + La x (w x u) + pou + kout + Y-P = 0, (4.8)

my + Y(0 udz + mbc) = c' + c"t, (4.9)

where mb denotes the mass of the rigid body component, and m denotes the total mass

of the body-beam system. Since the mass density of the beam has been normalized to be

1, we find m =£t + mb. (4.7) can be further rewritten, using (4.8), as

IL, + W x IL - j u x [ Ou + cOi]dz + mbe X Y-YP = 0. (4.7)'

One easily checks that the total angular momentum f(y+Y u) x d (y+Yu)dm is conserved,

either using Noethers theorem or by direct computation.

Remark 4.4. If the center of mass of the system is at rest with respect to the space frame,

we may assume that cl = c" = 0.

We indicate the physical meaning of the terms in the equations (4.7)- (4.9). The sum

of the first two terms in (4.7) is interpreted as the rate of change of the rigid body's

angular momentum. The second term in the brackets gives the inertial force on the beam

due to the body's angular acceleration, the third term is the Coriolis force, the fourth

is the centrifugal force and the last term is the D'Alembert force. Thus equation (4.7)

expresses the conervation of the total angular momentum in space expressed in the body's
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coordinate system. Equation (4.8) is just Newton's law for the beam expressed in the non-

inertial body frame (the D'Alembert principle)-it accounts for various inertial forces.

Equation (4.9) expresses the conservation of the linear momentum of the whole system. It

is important at this point to make the following remark.

Remark 4.5 There is an apparent paradox associated with eq. (4.7)': one might expect

to be able to express the integral term in terms of u and its derivatives at z = 0, since the

body feels the beam only through the attachment point. As it turns out, this expectation is

not met. In formulating our continuum mechanical model of the beam, we have neglected

certain effects such as torsional deformations. The implicit rigidity in our model leads to

this nonlocal character in the equation.

2

4'
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3.5. Asymptotic Dynamics of a Rotating Elastic Structure

In this section we begin an analysis of the asymptotic behavior of the body-beam

structure described in the preceding section. For finite dimensional dissipative mechanical

systems, LaSalle's invariance principle 1101 can be used to show that states asymptotically

approach a minimal invariant subset of the zero set of the dissipation function discussed in

subection 3.3. In subection 3.6, it is shown that this type of analysis may be extended to

certain infinite dimensional systems with features in common with our body-beam model

described by equations (4.4)-(4.6). While we do not prove that all solutions to (4.4)-(4.6)

tend to the zero set of the dissipation function D as defined by equation (4.3), we do offer

a more or less complete characterization of the set of asymptotic equilibrium states (by

which we mean the set of solutions to (4.4)-(4.6) for which the equality D = 0 also holds).

We prove, in particular, that in asymptotic steady state the beam displacement function

u(. ,-) does not depend on 1. Moreover, it is shown that asymptotic equilibrium angular

velocities are constant vectors parallel to the principal axes of the steady state inertia

tensor. This means that the motion of the system is a pure rotation with no precession.

This is the content of the foJowing theorem.

Theorem 5.1: Solutions of (4.7)-(4.9) which are asymptotic equilibria (i.e. solutions

which also satisfy D = 0 with D as defined in (4.3)) have the following properties:

(i) there is no dependence on the time variable t in the beam function: u(z,t) = u,(z):

(ii) the angular velocity w is a constant w.;

(iii) the equilibrium angular momentum is a constant, a = J,Wr,, with the equilib-

rium inertia tensor of the combined body-beam system given by

S= I+ uTuE - uud -m(CrCmE-CmC r ) (5.1)

where E = the identity matrix and C, = ± (mbe + fJ udz) is the center of mass of the

body-beam system (expressed in the body frame).

(iv) equilibrium rotations are aligned with a principal axis of the equilibrium inertia

tensor, and thus

= (5.2)
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Proof: To prove (i), note that for asymptotic equilibria,

fk,(itII) 2 + k2 (iI) 2 + k3 (it3)2 dz = 0. Hence it' = = t = 0, and the result follows as a

consequence of the boundary conditions.

Using the time-independence of u, we show that corresponding values of w are constant.

Since uj _T, equation (4.8) may be rewritten

L, x u + W x (W x u) +pau + Y-I= 0.

Differentiating with respect to z at z=Oand using the boundary condition = = (0)
at t = 0, we obtain

×£ + W x (W x K) + Iuoau(o) = o

Denoting the last term by (cI, c 2, c 3)T, rewrite this as

L2+ WIW3  = -Cl (5.3)

1 '~2 C3

Multiplying the first two components by , and W2 respectively and adding we obtain

c2w) - caw 2 = LIWI + c2'w 2. (5.4)

From the last component of (5.3) it follows that the right hand side is zero, and then (5.4)

together with the last component of (5.3) implies w, and U)2 are constant, if cl and c2 are

not both zero.

To establish (ii) in the case that cj = c2 = 0, we shall compare the constraint

2 2 C3(5.5)

with the constraints provided by the conservation of kinetic energy

WT Jto = T (5.6)

and the conservation of magnitude of angular momentum

L[JwLj = M 2 . (5.7)
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If these three polynomial equations have finitely many solutions, then one of them will be

the desired time independent w,,. It thus remains to investigate the case that the algebraic

set specified by these equations has a component of positive dimension. To express (5.5)-

(5.7) in tifms of a principal axis coordinate system associated with J., we choose an

orthogonaTnatrix U such that a = UL satisfies

,: + C2Z+1 D+2ZO , ,13W, + 2 W2 + a23w: 2ZZ3  = k3 (5.5)'

j )2 + j2:2 + j 3W] = T (5.6)'

-2 2 2 2 2-2 m 2  (S.7)'
J3W + 32 '2 + 33.3

Any algebraic subset of (5.6)', (5.7)' having positive dimension must be symmetric with

respect to the origin. Hence we may assume 012 = 0j3 = 023 = 0. Moreover, because the

diagonal quadratic forms (5.5) and (5.5)' are related by a similarity transformation, we

may assume without loss of generality, that a, = a 2 = 1 and a3 = 0. If

det "i j 2  j 3  0

j2 -2 -2

31 32 .73

then each triple of values c3 ,T,,M 2 determines a set of values W2,,2 and W2 uniquely.

Thus, as above, Le. must be constant, establishing (ii). If the determinant is zero, either

j, = 32 = j 3 , in which case w,. must be constant, or else there must be constants A,A 2

such that

A.2
I' jj' ) + A' 2 g ( =j2

Neither A, nor A\2 can be zero. The last component implies that Al + A2j 3 = 0. which allows

us to eliminate A, from this system of equations. Both j, and j 2 satisfy the polynomial

equation -A 2 jj 3 + A2 j
2 

- 1 = 0. Either j, = j2 or else j) + j 2 = j3 . The second possibility

is ruled out by physical considerations. (It must always be the case that J3 < Ji + 32.)
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Hence, j, - j 2 and the equations of motion are

il - 3

=2 = j 131 '

"W3 W0

Since j 3 $ 0, these equations are not consistant with (5.3) unless w. = const. This

concludes the proof of (ii).

(iii) follows from a direct computation using (4.4) and (4.6). It may also be obtained

as a direct consequence of the parallel axis theorem.

(iv) follows since x, must satisfy w.. x J,', = 0. *

Corollary 5.1: The asymptotic equilibrium beam function u.(.) and the asymptotic

equilibrium angular relocily o,, are related by equations (5.1),(5.2) together with the fourth

order system of ordinary differential equations

uoc= -no(uo r), (5.8)

where Cm is the center of mass of the body-beam system in the body frame, u = (u], u2, U3 +

z), and SQ., = w,, and where the boundary conditions are as prescribed in Section 4.

Proof: In light of Theorem 5.1, equation (4.8) may be rewritten as

,Uu = -f12u - -y-I

From equation (4.9) (in which c' = c" = 0) we see that y(t) = -Y(t)C,. Moreover. since

Y satisfies i'(t) = Y(t)f, , we have that Y(t) = Yoe n -' . Then .' = -Y(t)f/Cm and

1 Y- I = f212Cm, proving the Corollary.

Remark 5.1: (5.8) prescribes a nonlinear boundary value problem since f', depends

on ucc() through equations (5.1) and (5.2). Some idea of the complexity involved in

explicitly determining u,(.) may be gleaned from our solution to the model problem

described by equations (6.1)-(6.3) in the following subsection.

24



Reinark 5.2: A detailed analysis of the way in which the dissipative dynamical system

(4.4)-(4.6) evolves toward steady state is beyond the scope of this paper. Nevertheless, a

heuristic description which makes contact with the classical theory of rigid bodies may be

given as follows. For a rotating rigid body there are two well known conserved quantities:

the kineti,-energy E. and the magnitude of angular momentum IMI. If M represents the

angular momentum vector with respect to the body frame, then the energy E = ,MTJ 'M

is a quadratic form in M with constant coefficients and the conservation of energy confines

Figure 5.2: Momentum spheres in the conservative

and dissipative cases.

M1 to an ellipsoid. resulting in figure 5.2a. If a dissipative elastic appendage is present

then Af, while still confined to a sphere. will move to smaller and smaller energy ellipsoids,

as indicated in figure 5.2b. For the purpose of this heuristic discussion we ignore the
infinite-dimensionality introduced by the beam.

It should be noted that the basins of the tuo sinks S, and S2 in figure 5.2b are inter-

laeed, and it iS diffirult to prediet which7 sink of .V u,ill appear if M' (O) is near the maximum

energy point N. This somew %hat delicate phenomenon is said to have been overlooked in

the design of the Explorer I] mission. The satellite oriented itself along the proper axis,

but in the direction opposite to the desired one.

It must also be noted tat the picture in figure 5.2 is valid for moderate JM41 only, and
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it undergoes bifurcations as IMI is increased. These bifurcations are due to buckling of

the beam at higher angular velocities. Such a phenomenon is analyzed in complete detail

in a model problem in the next subsection.
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3.6. Bifurcations, Stability and Dissipation in a Model Problem

In this section we illustrate two interesting phenomena - bifurcations and the trend to

the predetermined angular velocities in the simplest possible setting. To bring the under-

lying phenomena into focus, we look at a simplified model, thereby minimizing technical

details while retaining several interesting features. We will see that the example consid-

ered below is an infinite-dimensional Morse system. It is similar to the general body-beam

system considered in the preceding sections. We also point out an unexpected connec-

tion between this problem and that of studying bound states of a nonlinear Schr6dinger

equation, c.f. [14].

Figure 6.1 shows our model consisting of a disk with a beam attached to its center and

perpendicular to the disk's plane.

Figure 6.1: A model problem with 1 rotational d.o.f.

The disk is constrained to rotate around the z-axis without friction, so that the angular

momentum of the system is conserved. The beam is constrained to the z-u-plane. and all

the deflections are parallel to the u-axis. Equations of motion of the beam, including

internal damping, are

Putt + pUzz: 2 + kuzzzz = w2u, (6.1)

W (O] Pu 2dz + I) = M, (6.2)

u(O,t) = u2 (O,t) = u22 (1,t) = ut22 (1,t) = 0, (6.3)

where ti, k charactrize elasticity and damping respectively, and equation (6.2) expresses

conservation of angular momentum, I being the disk's moment of inertia. From now on
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we set p = u. = I to simplify notation. Steady-state solutions will satisfy the ordinary

differential equation

-uzz + 2U = 0. (6.4)

(6.4)-(6.3) define a nonlinear eigenvalue problem with M as a parameter, the nonlinearity ,,

lying in the u-dependence of w in (6.2).

Remark 6.1. The stationary problem (6.4)-(6.3) admits a revealing variational for-

mulation: its solutions are the critical points of total energy

E=1I f ( 2z + L2U +

E+=JIW + Z- w t~)dz (6.5)

when the angular momentum M is fixed, as one easily checks. This has a simple physical

explanation: As the beam vibrates energy is dissipated. Ultimately the virbatioins are

damped out, and the total energy of the system is extremized. Actually, for some excep-

tional (in a sense which we make precise in Theorem 6.1) initial conditions the limiting

energy value will be not minimal, but rather critical. (See Theorem 6.1 and Figure 6.4.)

We note also that

f = f )2 dz (6.6)

Remark 6.2 on Stability. The same variational formulation suggests a stability

criterion for the dynamical system (6.1)-(6.3). Namely, consider the space S of all triples

(u, it, Lc) with angular momentum M, i.e. satisfying (6.2). If the stationary solution xc =

(u.0. .') minimizes total energy (6.5) on S, then this stationary solution is stable, even

in the undamped case. This means that for all initial data (u, ut,w)i=o in S sufficiently

close to the minimal (u,0,w) (in the energy metric) the solution will stay close to the

minimizing solution xO for all time. This is quite similar to the standard minimal energy

criterion of Lagrange; here, however, the energy is minimal only subject to the angular

momentum being constrained. This minimality is guaranteed if the following condition

holds: E,, + AM,, > 0 on the tangent space to M = const. at the point zo, where A is

the Lagrange multiplier: M, = AE,.

This is the idea behind the Energy-Casimir method, which is the second derivative

test in the presence of the constraints and which is applicable in the infinite-dimensional
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settings. This method has been used to establish stability in a variety of problems (see,

e.g., the work and references in Krishnaprasad and Marsden [8]).

A complete picture of the behavior of our model system, in particular of the global

phase porfiait and its bifurcations, is given by Theorems 6.1 and 6.2 below. A perhaps

surprising 'Consequence of this result is that the system selects a discrete set of angular

velocities for its stationary rotations independent of the angular momentum M! Another

aspect of this result is that our model is an infinite-dimensional Morse system.

To state our first result we combine (6.1) and (6.2) into a single nonlinear equation

utt + uzzzz + kuzzzzt = w2 (u)u

where w(u) = M/(lIull 2 + I), Ilull 2 = fo u2dz. This can be rewritten as a system

d = )= (ua4Ua4v + W2(U)U) =F(w) (6.7)

Theorem 6.1. Qualitative behavior of the system. Assume that k > 0, i.e. the

damping is present.

There ezists an infinite sequence 0 < wl < W2 < ... -0 0 of preferred angular velocities

associated with the problem (6. 7) with boundary conditions (6.3) such that if the angular

momentum M lies in the interval (Mk,Mk+l) = (Iwk, Iw&l), the problem (6.7),(6.3) has k

distinct nontrivial stationary solutions (u, v) = (u,(z),0), 1 < i < k, and a trivial solution

(u,v) = (0,0), with angular velocities w(u,) M = WI 1 < i < k and w(O) =

These solutions are depicted in Figure 6.2.
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The solution with the smallest angular velocity is dynamically stable, i.e. any solution

of (6.7),(6.3) with nearby initial conditions remains close to it for all time, in the L2-norm

given by
II(u,)l = II(uv)II = fo(u2 + v2)dz.

Stationary solutions with higher angular velocities are unstable, and furthermore, i-th so--

lution (in the order of increasing angular velocity) (u, )- (ui,O) has (i - 1)-dimensional

unstable manifold; this dimension coincides with the number of zeroes of u,. In particular,

if M < M, = IL,;,, only one mode u = 0 is present and is stable. As M crosses the bifur-

cation values M,, the system undergoes a series of pitchfork bifurcations shown in Figure

6.3. Ul

U 2

;: uo = 0

-U l

Figure 6.2: Solutions to (6.1)-(6.)

There have been several recent studies of the evolution of solutions to infinite dimen-

sional systems toward equilibria (see Dafermos [4] and references therein). Theorem 6.2

below shows that under mild (physically reasonable) assumptions solutions of our systems

approach the equilibrium states described above.

Theorem 6.2 Fix Al > 0 and let k > 0, say k = 1. Any solution w(t) of (6.7) with

uo(z).vo(z) E H(12)(0, 1) tends in the L2-norm as t oc x to one of the stationary solutions

from Theorem 6.1 (See Figure 6.4).
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Figure 6.3 s denotes stable equilibria, and u1 , u 2.... denote unstable equilibria

with 1,2,... dimensional unstable manifolds. The numbers and

L2-norm of equilibria depend on the parameter M.

o4
0 - ( - 0 0

0 < M < M,1  < A < M2  A 2  . M < A 3  < .% < 114

Figure 6.4. Global phase portrait of the system (6.7),(6.3). Indices show

the dimension of the unstable manifolds, which are depicted by arrows.

Proof: of Theorem 6.1.

.1. Ezistence of k + 1 solutions for Mk < M < AlkI. Stationary solutions satisfy the

nonlinear boundary value problem (6.3)-(6.4). There exists a sequence 0 < w1 < W2 < ...

of angular velocities for which this problem has nontrivial solutions (the eigenfunctions of
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-
40 with boundary conditions (6.3)) which we denote by cte,, c, arbitrary and IIe,(z)llL2 =

1. Define M. = Iw,.* Freedom of choice of c, is used to satisfy the angular momentum

constraint (6.2), which becomes

S,(c 2 + I) = M.

This can be solved for c, if and only if M > 1w, M,; setting u, = cie, proves the existence

of k solutions if M > Mk. One additional solution is obtained by setting uk+I 0, Wk+I =

M
7.

2. Stability of stationary modes. We restrict ourselves to the undamped (k = 0) case,

as the dissipation does not affect stability of stationary modes. The governing equations

can be written as

ut = -UZZ(. + M )U I 2 dfA (6.8)

The dimension of the unstable manifold of the mode u,(z) is given by the number of

positive eigenvalues of the linearization of the operator A(u) at u = u,. This linearization

is given by
( 1)2 4M 2

A'(u)v =-a't , + + v (11u112 +1)3 ' v)u,

where a = a and (u, v) = ( u(z) v(z)dz.

At u = u, we have

Bv A'(u,)v = -a'v + w, v - v,

The last term in this expression is a scalar multiple of the orthogonal projection of v onto

u,. Comparing B with the operator C given by

Cv = -a4" + W. v,

we see that the spectrum of B can be obtained from that of C by replacing the eigenvalue

0 of C corresponding to the eigenfunction u, by -4,,M 'lu,1I 2. Thus the eigenvalues of

B are

W -- 2 Wl,2 - W2...,W -W2IIIU12,.,2W2- 1,- 4w3-t- I ...

* A, is the total angular momentum when the beam is undeflected, since the straight

beam's (u 0) contribution to the angular momentum is zero.
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of which precisely i- I are positive. This shows that the dimension of the unstable manifold

at the stationary solution u, is (i - 1).

Proof of Theorem 6.2 consists of two steps:

(1) Showing that for any c > 0 the solution w(t) enters and stays in an i-neighborhood

(in L' norm) of the zero set of the dissipation function. This set is {(u, v) : f l v 2 dz = :

0) E{(u,v) : (u(x),0), u E H(1 2)}, see (6.6).

(2) Showing that if w(t) stays in an (-neighborhood of the zero set of {v 0), then w

is f-close to one of the stationary points of the flow, figure 6.5.

i A °

___ __ __ ___ __ __ _ - .. L---0)

Figure 6.5 Solutions which remain t-close to {v = 0) must be

9-close to a stationary point.

Proof of Step 1. Pick ( > 0, and consider two neighborhoods of {v 0): N,€ =

{(uv) : IIIL2 < (} and N,/2. Our solution w(t) enters ),/2 for some t > 0 with necessity:

otherwise for all t large enough we would have

0 =- u,,dz =-j vdz < - A, fo v2 dz < Ao(A), (6.9)

resulting in E(t) -. - , which is a contradiction. Here A, is the smallest eigenvalue of

0 4 = (, 4 /4z 4 ) with boundary conditions (6.3).

Thus to prove that u,(t) stays in N, forever after some T > 0 it remains only to exclude

the possibility of infinitely many trips between N,/2 and the exterior o .'. -ee figure 6.5.
We will do so by showing that each trip results in a loss of energy at least AE > 0
depending only on t and w(0) at each crossing, so that w(t) can afford only finite number

of trips.
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Let t, t2 be two consecutive crossing times of the boundaries of N, and N1/ 2. We have

12 2 f 2) 6 .0
IE(t 2) - E(tj)i = II I ,dzl > It2 - tAo( ), (6.10)

where we have used the fact that f v 2dz > (')2 and the Poincar6 type estimate as in

(6.9). It remains only to provide a lower bound on the trip time It2 - t11; it is provided by -

the upper bound on the velocity ti(t) which is the result of the smoothness assumption.

Lemma 6.1. Any solution w(t) = (u(z,t),v(z,t)) of (6.7) with uo(z),vo(z) E H('")(0,1)

has velocity bounded in the L 2 norm: i.e. there exists C = C(uo, v,) > 0 such that for all

t>0

IIF(w(t))IlV = IIV1ll2 + II- -a_ v + W2(u)u12.2 < C'.

Proof of this lemma is given in the Appendix.

By the choice of t1 ,t 2 and using Lemma 6.1, we obtain

< 1ju'(t 2) - (t1)1 = II t2F(u(s))dsI ! It2 - t _ I sup IIFI 5 Cjt2  11

implying

It2 - tiI

which together with (6.10) proves that u(t) stays in N, for all t > T(f).

Proof of step 2. We show now that if w(t) stays in N4, for all t > T(f) then it must

tend to an equilibrium point of the flow (6.7) -more precisely, we will show that for every

5 > 0 there exists an ( > 0 such that if jivjl _ , for all I > T(f) then for some equilibrium

solution ue = (u,,O) we have flue - UIIL2 5 6 for all t > T((). Our strategy is to show

that if a solution is v(t) not close to an equilibrium, then its velocity v(t) must grow thus

taking it outside the neighborhood N4,. leading to a contradiction.

Assume the contrary: There is some 6 > 0 such that for every t > 0 there is a

t. = to(() > T(c) such that although

IIv(t)ll < for all t > T() (6.11)
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we have

Iu(to) - U11 6, (6.12)

for every equilibrium ue. The idea is to show that being far from any equilibrium causes

an increase in velocity thus causing Ilvil > ( (a contradiction). The details are as follows.

(6.12) implies for f(u) = -a 4u + W2(u)u:

iif(u(to))II > AIu(to) - Ulj ? A6, (6.13)

for some A > 0 independent of 6, if we choose 6 small enough (which we do).

We have: (cf. (6.7))

lit(tO - t'(to)IIL2 ? 1 f(u(s))dsil - 11 ft. a4 v()dsl. (6.14)

From the proof of Lemma 6.1 it is clear that there exists C > 0 such that ha IIL2 <C

for f large enough: without loss of generality we assume that this already holds for t > to.

We have from (6.14):

ft
111(t)I > II f(u(s))dsII - ((1 + C)(t - to) for all t > to (6.15)

Furthermore, if t'. " are sufficiently large. and if

IlIU (t" uWt) 11 Vi7

holds, then
Ilf (U(t")) - f (uWM')l <_ lif (01M))

This can be seen from the proof of Lemma 6.1 which shows that all the harmonics of suffi-

ciently high order decay exponentially, with w(f) tending to a finite-dimensional subspace

of L2 x L2 . Applying this remark to (6.15) with t' = to, t" = t, we obtain the final lower

bound on v, using (6.13):

Itv(t)I >_ ( - t,)lIf(u(o))I - f(1 + C)(t - to) > (6.16)

(t - to)[ 1 At - f(1 + C)],
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as long as

11(t) - ,(to)il < vf.

Using this estimate on the velocity v(t), we will show that w(t) leaves the box jlvii __

f, [fu - u(t o )II <_ V(_ through the "horizontal" boundary, i.e. Ilv(t')lI = for some first exit

time t" >-to, see figure 6.5. This will result in the desired contradiction.

To see that Ijt'll = is reached first, we note that otherwise

Ilu(t) - (to)l = V,

and

((I* - to) >- 11 v(t)dtll = lIu(t') - u(t,)ll -,

i.e. the time required to reach the vertical boundary is large:

.._ t -to> -:.1

7,.
Using this in (6.16)-which is valid for to < t <---we obtain

IIV(to + )11 b - f(i + C) ]>

which is a desired contradiction, if we pick £ sufficiently small.

This shows that given any 6 > 0 there exists an f > 0 such that if w stays in N,, then

u(zt) is less than 6 (in L 2[0,1]) from an equilibrium solution ue of (6.8). Since the first

step in this proof showed that for (-neighborhood of the zero set {v E O} of the dissipation

function, this proves Theorem 6.2.

,'4
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APPENDIX

Proof of Lennma 6.1.

Expand u(x,t) in the orthonormal basis {e,(x)} of the eigenfunctions of W4 with the

boundary .nditions (6.3):

U(X,t) a(t)ek(x);
k=O

system (6.1) is equivalent to a series of ODE's for the amplitudes:

ak + AkEk + Akak = 2ak,

{ Ak } are the eigenvalues of M4, or

b - Aa + w 2a,

where we have dropped the subscript k for the sake of brevity.

It suffices to prove that there exists C > 0 such that

00
1111 1 12 = j j A2(2(t) + bk(t)) < C for all t > 0. (4)

k=O

This would show that IIF(w)iL2 is bounded for all t, since the boundedness of the last

term '2(u)u in L2 is obtained as follows:
()4l) 4 1IIui 2

1I 2(')u112 = w1(U)1jU112 < ( )IJIU112 <  (- A lia 4 li12  <

(M)4A2c.

To estimate ak(t), bk(t) we use the smoothness of the initial conditions to get an upper

bound on ak(0),bk(0): estimates

SIl(9uoII1L2 = F a(0)4 <c

Ilal2VoIl = Zb2(o)A < C

imply
lak(o)1, Ibk(O)l < c~xk .
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We will show that for all t > 0 the estimates

iak(t)I, Ibk(t)l < k 2  (A.3)

hold, for k large enough, thus implying (A.2):

Z~a < i A2C2A 4 =C2  A- < 00

since Ak k4 .

To show (A.3) we rewrite (A.1) as

i Az + Rz

where

A=(0A ')

and
(0 0)R o .

Introducing the Lyapunov matrix

B fX eAT eASds satisfying ATB + BA -I,

we obtain

di

-(1 - IR TB + BRjI)(z,z).

An explicit computation gives

B 
_ __ _

1+ 2+

and thus IIRTB + BRII coi5t." since w < 7.

We have
d "co )(Z" )
-(B zz) < -(1 A )(z,) <-

38



the latter inequality holding for all A Ak large enough.

Now, the minimal cigenvalue p of the positive definite matrix B is estimated from

below as

1- (for A large enough).
.-. >y,.-

We have for all t > 0 and for k large enough

,,1(z(tl, z(t)) < (Bz(l), z(t)) <5 (Szo. z,,) < (Zo, Zo),

or
a(t) + b2(t) < 2Ak(a 2(0) + b2(0)) <

< 2Akc 2Ak- 6 = 2c2A- 5.

This implies (A.3), q.e.d.
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4. Publications

The following is a chronological list of publications supported under this research effort.

All work is jointly authored by John Baillieul and Mark Levi.

1. "T'.1Mechanics of Rotating Structures," MTNS-85: Seventh Int 'l Symposium of the

Math. Theory of Networks and Systems, (C.I. Byrnes & Lindquist, eds.) North Holland

Publishing.

2. "The Rotational Mechanics of a Simple Elastic Structure," Fourth IFA C Symposium

on the COntrol of Distributed Parameter Systems, UCLA, June 30-July 2, 1986.

3. "Rotational Elastic Mechanics," (Preprint).

40



5. Personnel

Professors Baillieul and Levi were the only professional personnel involved in this

research this year.
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6. Interactions

Professor Ballieul has given the following lectures and presentations on this work:

1. "Rotational Elastic Dynamics," SIAM Summer Meeting, Albany, NY, July 17, 1985.

2. "The Invariance Principle in Distributed Systems," IEEE Conf. on Decision and

Control Ft. Lauderdale, FL, December 13, 1985.

3. "The Mechanics of Rotating Structures," NSF Differential Geometry Conference, San

Antonio, TX, April 23-25, 1986.

During the week of May 26-30, 1986, Professor Baillieul will lecture on this work during

his visit to the Poincar6 Institute at the University of Grenoble. Also, Professor Baillieul

will give a talk entitled "The Rotational Mechanics of a Simple Elastic Structure" at the

Fourth IFAC Symposium on the Control of Distributed Parameter Systems, UCLA, June

30-July 2. 1986.

Professor Levi has or will have given the following lectures and presentations of this

work:

1. "Dynamics of Flexible Space Structures," Jet Propulsion Laboratory, Pasadena, CA,

December 1985.

2. "Dissipation in Conservative Systems,"

Midwest Dynamical Systems Conference, Evanston, Il. April 20, 1986.

3. "Bifurcations, Spacial Reorientation and Dissipation in Flexible Space Structures,"

University of Maryland, College Park, January 1986.

4. "Qualitative Behavior of Flexible Space Structures." SIAM Conference on Linear Alge-

bra in Signals, Systems and Control. August 12-14, 1986.
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