AD-A174 998 NRTERIRL STRUCTURE IN VISCOPLASTICITY- AN EXTENSION OF 1/1

BODNER’ S

THEORY(U) BRTTELLE PRCIFIC _NORTHWEST LA

RICHLAND WA R E WILLIFORD 15 JUL 86 AFOSR-TR-86-2125
UNCLRSSIFIED F496208-85-C-8149 F/6 208/11

L




_“.' u.li';\‘ R ‘.
RS

R
’ "'."n‘.,‘_‘ !n. ?

fuoss
T
il =~

I

i e

Iz

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU Of STANDARDS 19634

OO
OO
I.O"'c

"'.:A
aey

t'd::'l".:.
N

RE SO

i

) |':: N}

|

RN
ey




IR EN 4 XK - TN QUSSR BV W, W WG WO N A ! k Palitafe ate atd - - Jd vy vl gt - gl

AFOSR-TR- 86-2125

Approved for publ 1e reloase}
distribution unlimited.

AD-A174 990

: Material Structure in
Viscoplasticity: An Extension
of Bodner’s Theory

Final Report

vio Y

R. E. Williford

July 1986

Prepared for
, U. S. Air Force
Office of Scientific Research
s under Contract F49620-85-C-0149

$%Battelle

Pacific Northwest Laboratories

>
Q.
o
O
Lad
=
| .
==
—
c™




- 255 e

W

FINAL REPORT

=2 78

MATERIAL STRUCTURE IN VISCOPLASTICITY:
AN EXTENSION OF BODNER'S THEORY

== =R

R. E. Williford

S

July 1986

Prepared for

U,S. Air Force

0ffice of Scientific Research
under Contract F49620-85-C-0149

am S5

& PR

Battelle
Pacific Northwest Laboratories
Richland, Washington 99352

o TN R SR 6%

‘."! o, " 2 % "» 3% 3% ] % 4N 2 D g e 2. D 2%, BN [ "0 NN AN TN B TP
SRR S S D T e ot “',‘v,“ﬂ (OO DN UL LA T T AN DAY J Ch Jc‘?‘h':",'a“l'o Rty :'n‘;‘.‘.!'., 0’:'0..0 3




KeEFGRT DOCUMENTATION PAGE

NI LIe 7w T e e T T TR T

3. REPORT SECURITY CLASSIFICATION 1b. RESTRICTIVE MARKINGS h
- ione None
' . e Y T S YT — e ————t
wtr |23 SECURITY CLASSIFICATION AUTHORITY 3. ousmaunoxumvmusuuw OF REPORT
y proved for publie release "
2b. DECLASSIFICATION / DOWNGRADING SCHEDULE Unrestm cte d’t fonunlimiteq,
*
4. PERFORMING ORGANIZATION REPORT NUMBER(S) S. MON|T R ATION RERORT ER(S)
APOSRPIC 88~ 219
2311106833
,E: 6a. NAME OF PERFORMING ORGANIZATION 6b. OFFICE SYMBOL | 7a. NAME OF MONITORING ORGANIZATION
i Battelle-Northwest (tH-applicable)
Battelle Memorial Institute AFOSR - Directorate of Aerospace Sciences
. 6c ADDRESS (City, State, and ZiP Code) 7b. ADDRESS (City, State, and ZIP Code)
e, PZO. Box 999 Building 410
Richland, WA 99352 Bolling AFB
ke, ¢ Washington, DC 20332-6448
r,fgf. 8a. NAME OF FUNDING / SPONSORING 8b. OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
&5 ORGANIZATION (If applicable)
. AFOSR NA AFOSR—Comimact: F49620-85-C-0149
v 8c. ADDRESS (City, State, and ZIP Code) - 10. SOURCE OF FUNDING NUMBERS
2B Bolling AFB PROGRAM PROJECT TASK WORK UNIT
2 Washington, DC 20332-6448 ELEMENT NO. | NO. NO. ACCESSION NO.
A 01102 2302 B1
RG 1 T, TITLE (include Security Classification)
i Material Structure in Viscoplasticity: An Extension of Bodner's Theory
:;‘f_ 12. PERSONAL AUTHORI(S) '
iy Williford, R. E.
) 13a. TYPE OF REPORT 13b. TIME COVERED 14. DATE OF REPORT (Year, Month, Day) [15. PAGE COUNT
Wl Final FROM 9/1/85 10 5/31/86 7/15/86
, |16. SUPPLEMENTARY NOTATION
1 _.ii;-. 17. COSATI CODES 18. SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
* fFIELD GROUP SUB-GROUP

Viscoplasticity, Bodner's Iﬁeory,,m1crostructure fractals'

k]
sca11ngs' non]oca] stress polarization. #—

’

& f ABSTRACT (Continue on reverse if necessary and identify by block number)

“Although Bodner's viscoplastic constitutive equation is useful because it does not require
a yield criterion, it also exhibits deficiencies related to hardening behavior. Two new

constitutive forms were developed from Bodner's equation to address this problem. The
general approach employed scaling relations to define macrostructural response in terms of
microstructural evolution. The first new equation expresses strain rate as a function of
scaled microstructural models available from the metallurgical literature, and is useful
for structurai analyses. The second new equation represents a nonlocal model for visco-
plasticity. 1t describes the evolution of internal stress field fluctuations in terms

of scaled hardening and damage state variables, and contains the basis for a new material
state tensor. The two new equations were ver1f1ed by comparison to creep data for a

steel alloy and aluminum, respectively. | . .

iy
N
o
20. DISTRIBUTION / AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
R 4 kXuncrassirieounumiteo  [J SAME AS RPT. [ DTIC USERS
DRl ] 22a. NAME OF RESPONSIBL DlVlDUAL 22b. TELEPHONE (include Aru Cod4H 22c. OFFICE_SYMBOL
R—ttritiford DT S0 \\KICUE & T01-393)
«p -~ DD FORM 1473, 84 MaR 83 APR edition may be used untif exhausted. SECLRITY CLASSIFICATION OF THIS PAGE
! All other editions are obsolete. '
K ¥
4 iii




g CONTENTS

100 SUMMARYOQO.'OOQCOOOQOOOO....I..‘....Ol ® 0 0000000002000 0000000s00 Rt lll

REPORT DOCUMENTATION PAGE (ABSTRACT) 6 0P OO0 P NOSO00000000RNSIOIEOIOEOIOIEOOIROIPOCOREOTS 1'1.1'
E

2.0 BACKGROUND . 4eussasnsoscnsacsccassosssocssensacossnsscsssscnscsancnse 2ul
g! 2.1 BODNER'S EQUATION AND THE STATE VARIABLE APPROACH...eeeeevesess 2.1
A Y T - |
3.0 A MICROSTRUCTURAL FORM OF BODNER'S EQUATION...eeeeeecvensesosecnsess 3.1
3.1 DEVELOPMENT 4ueeueaneenonecasossassssancscscacscacsassasassanane 342
3.2 APPLICATION. . eeeueesoncecesvscssesencssassacssescsssscncasasase 3.6
o~ 3.3 DISCUSSION:eeeeeseooesaoceceassssssseacoscscasasesssssacsossass 349
4.0 PROGRESS TOWARD A COMBINED HARDENING/DAMAGE STATE TENSOR...e.eeeeese 4.1
ks 4.1 A STRESS POLARIZATION EQUATION FOR VISCOPLASTICITY....eeeesssss 4.3
- 4,2 PRELIMINARY VERIFICATION RESULTS.eeuvuevoeesesesonsooonsencsess 4,13
‘i 8,3 DISCUSSION.uueeasssoossncscasssnsrsosessascasasssssasnscsoncaes 4,20
5.0 CONCLUSIONS AND RECOMMENDATIONS...eevessseccacoceccscaseaoscnansoses 5ul
F 6.0 ACKNOWLEDGMENTS . seuvensoscnscassossssescsscsssonsnsssssascnssscssans 6.1
|' 7.0 REFERENCES.seusecaseoacassoscoseesssossasascssssnsossasascscscnansas 7Tul
APPENDIX: THE CONSERVATION OF MASS APPROACH...eeeveseeesoesoncesasencses All

1" O, FM%h ¢ . AR AL 7 i
14 ""I a, % 5 “, V3 DO .lb‘.t L *':‘5 Eadly, o ‘:ink"b \.,'h e Py, hﬂ. AR ) IR L ¥ ,“Q. W \' MR M l!'. n.il..gh‘.v. ‘l. W ‘;‘!‘.l, W ‘

......




n FIGURES

2.1 AKoCh Curve (D=1l26)00000000l.....'....'.C.0.‘.0'....'..00.l'.‘.... 2.4
::":: 2.2 Asierpinski Carpet (D=1.89).OO".0‘0..........00.......‘....O....‘. 2.5
st: 3.1 Conceptual Diagram for Dimensionality as a Function of Scale.ieeees. 3.4

3.2 Predicted and Measured Total Dislocation Densities for
\Q;‘V Fe-zo%cr'35%N1 at 7000(:....oo-o-oooo-oooooooonco-co-nooou.aoocooocoo 308

4,1 Stress Polarization as a Function Of SCAl@.eevovccocessoscsccncssoaecs 242

4.2 Hardening and Damage Defined by Simple Fractal Models,

with bm = 3000..CD.I.ol'o..o.olc.....Qooool..Ooooooo'ootooouo0000000 408

hﬁﬁ 4,3 Predicted Evolution of Controlling Substructures for
":‘.'. Creep of A]uminum at 3Mpa, 593°K..'.I........l'...............l.l.' 4.17

Iy A.l Results of the Conservation of Mass AppProach...ceecesccsecscesccacss ALD

by ]
:,z Vi
‘

LR

X K] 0 2 N, ¥, (AN AR S N Y P DRI T SO TR
Al '!‘la 1‘!"‘%"'!’5"!‘ N ,l“, A, gp,l\,!‘q.. 12&",‘ X\ 't‘\'g?!'qzl‘dl'h !!. X R !Qp 'la SRR I \‘ n h ." e !' P

BRI s




1.0 SUMMARY

Bodner's constitutive equation [1-5] is one of those used by the U,S. Air
Force to model viscoplastic deformation., This particular equation is useful
because of its relative mathematical simplicity, partly due to the elimination
of the need for a yield surface. However, Bodner's formulation is not without
problems, such as difficulties in fitting the material constants of the equa-
tion to data [6], and a general deficiency of the model to properly account for
hardening phenomena [7]. Deficiencies in the hardening behavior of Bodner's
equation likewise imply that similar deficiencies probably exist for the
softening behavior caused by the accumulation of material damage in the form of
voids or microcracks., These deficiencies led to the definition of the present

work, the objectives of which were:

(1) to improve the capabilities of Bodner's viscoplastic constitu-
tive equation for modeling deformation-induced hardening phe-
nomena by incorporating microstructural models into the equa-
tion, and

(2) to develop a continuum formulation that simultaneously repre-
sents the mechanics of both hardening and damage behavior, with
the ultimate aim of developing a new material state tensor,

The first objective has been accomplished. The second objective is about
50% accomplished at this writing, and work required for compietion has been
defined. These results are briefly described in the following paragraphs.

Bodner's constitutive equation in uniaxial form is:

. . Z n
€= g, exp -C(—(J—) (1.1)

where € is the strain rate, €_ is the maximum strain rate, C and n are material

0
constants, Z is the hardening parameter, and o is the stress. The first

objective was to express this equation in a form that would readily admit
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microstructural models from the metallurgical literature. This was accom-
plished using some recent developments in mathematics which are particularly
suited for the development of scaling relations. The "new mathematics" are
called fractals, and are geometric forms which are very useful for concisely
representing the complexity of nature. The reader is referred to [8] and
Section 2.2 of this report for descriptions and examples, with the notation
that only the simplest scaling concepts of fractals were used to obtain the
following result:

. . Physics Data

& T % OXP Engrg. Data

. (MMoM5 .0 ) (1.2)

where és is the macroscopic strain rate, "Physics Data" are known quantities
on the atomic scale, such as atomic binding energy. "Engineering Data” are
measured quantities on the macroscopic scale, such as stress. Mis My... repre-
sent microstructural phenomena on intermediate scales, described by models
available from the metallurgical literature. Examples are M; = the number of
atoms per unit length dislocation, M, = the number of dislocations per disloca-
tion cell, In general, any number of M‘'s may be employed for arbitrarily
selected intermediate scales as long as the first scale relates to the atomic
behavior, and the last scale relates to the macroscopic sample behavior. The
formulation is quite general. Its flexibility permits versatile use in struc-
tural analysis computer codes because various M's may be inserted in or deleted
from Equation (1.2) at w:il as performance variables (i.e., temperature) change
during a simulation. The above results are described in Section 3 of this
report,

The second objective was to develop a continuum representation that unites
deformation (hardening) and damage (softening) mechanics, with the ultimate aim
of developing a new material state tensor. This effort began with an analysis
of a fractal form of the conservation of mass equation, but the first attempt
was abandoned when it was found that hardening and damage phenomena remained

separated and could not be uniquely combined in this approach. These results
are described in more detail in the Appendix.

1.2
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The second attempt to accomplish objective (2) was successful, This Qa

approach combined fractal scalings with concepts from the “nonlocal" theories ?‘

of continuum mechanics. Nonlocal theories characterize the effects of material ;f.

y inhomogeneities (i.e., hardening and damage substructures) on macroscopic f;:
performance by including a fundamental measure of length in the formulations. ;Eﬁ

This length parameter characterizes the spacing between the microstructural &

, features which control the material response, or the ranges of the fluctuations ;}
in the stress and strain fields within the material. Internal stress field E'

. fluctuations are sometimes called "stress polarization." Insertion of fractal &g
scaling relations into Bodner's Equation resulted in the development of a 30

) rather complicated expression for the stress polarization (fluctuations), %> A
’ on any scale m within the deforming material: Qf

(me = f[g(rm), dEm/drma ES’ osj (1'3) ':"
where g(rp) is a deformation-dependent scale function, Ep is the effective b5,
modulus at scale m<s, the subscript s denotes the macroscopic sample scale, and ;

rm 1s a function of the volume fractions of hardening and damage substructures

{(hm, ®gm) at scale m. The modulus term in Equation (1.3) is given by a par- :'
ticular effective medium theory [9,10]. Both g(rpy) and the modulus term depend :’a
on dm, bgms and by, where the latter is a numerical scale factor (length o

parameter) chosen at will. Note that ¢y, 04y» and by are all measurable, so -

that experimental verification is possible. The function ry provides the basis 5

K for defining the new hardening/damage state tensor in terms of measures of t¢
departure from an identity tensor, which in turn can be introduced into stan- f'

‘ dard continuum formulations. Equation (1.3) thus provides the foundation for 5
k accemplishing the second major objective stated above. 3
Because of the mathematical complexity of Equation (l.3), this goal could E

X not be fully attained within the resources of this project. However, prelimi- t'
nary results concerning the numerical verification of Equation (1.3) are shown 3

) in Section 4.2, It should be noted that accomplishment of the second objective E“
will also provide an engineering tool which apparently does not presently ;S

exist: a nonlocal theory for rate-dependent deformation, where substructural o

1.3
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“inhomogeneities" evolve rather than having been completely specified from the
initial geometry of the problem, as in a composite. Engineering applications
of such a development include prediction of the deformation-dependent spectrum
of scales over which nonlocal behavior dominates. This in turn provides quid-
ance concerning the proper magnifications needed for metallographic examina-
tions to fully reveal the substructural features that control deformation
hehavior,

The balance of this report begins with the Background, which includes
brief descriptions of Bodner's Theory and fractals. This is followed by a sum-
mary of the work performed to accomplish the first objective above: the incor-
poration of microstructural models into Bodner's Equation. Section 4 describes
work performed toward accomplishing the second objective, and contains the com-
plete development of the so-named stress polarization equation. Conclusions

and Recommendations are summarized in the final section.
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2.1 BODNER'S EQUATION AND THE STATE VARIABLE APPROACH %
Re
! A number of mathematical approaches a~e available for the constitutive s
[} -
: modeling of rate-dependent deformation processes [11], each having unique e
advantages and disadvantages concerning physical meaning, developmental costs, .
and degree of success in application., One of the most effective approaches is i;;
the state variable method, which combines macroscopic stress-strain rate rela- }:'

tions with judiciously selected microstructural observations. This is accom- Q?
plished by the specification of both a kinetic "equation of state" which con- .
tains microstructural "“state parameters", and supplementary equations describ- {ﬂ

N
ing tne evolution of those parameters with deformation. An example of such a tk;
kinetic equation is the uniaxial form of Bodner's Law shown in Equation (1.1), :%

§ . )
which describes the relation between plastic strain rate (€) and stress (o). s
The foundations for this equation are summarized in the following two ;:
[ x4
paragraphs., o
o

{a
Briefly, Bodner decomposes the deformation rate tensor into elastic and 3?

plastic components [1-5] }

= 4 p o

d.. =d,. +d". 2.1 o

i3 7% 4 (2.1) i-

i

where dij is the symmetric part of the material velocity gradient Q3

d,. = 1/2 (V + V., ) (2.2) §;

i i, i . i
'Vs
The flow rule employed is a generalized Prandtl-Reuss law 5?’

P - i
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where Sjj is the deviatoric stress tensor, Jp is the second invariant of Sij’ T ‘
is temperature, and Z is an internal state parameter. Squaring Equation (2.3),

we have

2

Fe = 0579, (2.4) j

where D% is the second invariant of the deformation rate tensor.

A key feature of Bodner's theory is that DB is assumed to be a function of A

Jo

(2.5)

so that the above F can be defined in terms of stress. The specific form

chosen for Equation (2.5) was motivated by dislocation dynamics: the disloca-

tion velocity, and thus the strain rate, is a function of stress. Equa-

tion (2.5) can be stated either in power law form [12], or in exponential form g
[2,3) as follows:

0b = D, exp[-C(Zz/JZ)nJ (2.6)

where Dy, C, and n are material constants. The mathematical simplicity and
clear physical meaning of Bodner's model permit the parameter Z to be inter-
preted as a "threshold stress" or as a hardening parameter in extensions of the
theory to strain rate and strain rate history dependencies [12,13]. In recent
papers [3,4], Bodner defined Z as a hardening parameter describing "the micro-
structural state of the material at time t" or the "stored energy of cold
work", and extended the formulation to anisotropic conditions by considering Z

to be a tensor.

However, some problems still remained. [t was observed that correlations

for 7 were apparently not transferrable from one data set to another, even for

2.2
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the same material. Additionally, some hardening phenomena were not properly ‘

ii modeled by Equation (2.6), or Equation (l.l). This may have been caused by 4
. . &

- Bodner's use of the plastic work WP as a measure of the viscoplastic process -
[7,14], However, it also seemed entirely possible that the description of Z Cf

=<
I
L S

was simply incompliete, as explained in the following paragraphs.

Recent conferences such as [15] have recognized the importance of includ-

ing mathematical representations of microstructural phenomena in macroscopic “3
constitutive equations. In particular, see the articles by Drucker, Hart, and by

Aifantis in [15]. However, an approach used in many current constitutive %

¥

models is to minimize the number of internal state parameters. The reasons for

this approach are that (1) larger numbers of parameters can lead to non-unique

parameter values in benchmarking exercises, and (2) physical justifications are

b$ increasingly harder to find as the number of mathematical "free parameters" 0

J

b: increases. Although Bodner has recently developed a tensor form of the harden- >
ing parameter Z, each element of the tensor can be interpreted as a single 3

macroscopic state parameter expressed in terms of five empirically determined

macroscopic material constants.

Consequently, some investigators have viewed the state variable method as
.2ving "reached a point of diminishing returns" [16] because of the increasing
mathematical complexity required for improved predictive accuracy, and the lack
of agreement concerning which state parameters are physically important and N
computationally useful, These difficulties arise because the various micro-
structural phenomena characterized by state parameters may each dominate the
flow process at different stages of deformation or in different temperature
regimes. This in turn may require that a new constitutive equation be
developed for each regime of performance for each material, even when micro-
structural correlations are available over these regimes. The resulting mathe-

matical complexity can indeed be discouraging.

Section 3 of this report describes an alternative approach to the formula-

tion of such constitutive equations, with the intent of providing a method that

will reduce the recurring developmental requirements described above, in addi-

Y

tion to possibly improving the understanding of how microstructural evolution
determines macrostructural response., These developments rely on a recently

2.3 Y
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developed form of geometry, known as fractals, A brief summary of the attri-
R butes of fractals which are of use in this work is provided in the following

vy paragraphs.

> 2.2 FRACTALS

A fractal is a geometric form which possesses two important and useful
;“ attributes: noninteger dimensionality and scale invariance. These attributes
\ may be best described by the examples shown in Figures 2.1 and 2.2. Figure 2.1
v shows a fractal known as a Koch Curve as it develops during the iterative con-
struction process. Beginning with a line of unit length (Figure 2.la), the
Q line is divided into b segments of equal length, and then the original line is

"
y v

replaced by N new segments of length 1/b, as shown in Figure 2.1b. The next

- e -
[y

iteration is shown in Figure 2.1c, where each segment is again subdivided and

-

= %
P A S

>, r 4 3 J‘
A

=
SR

.4 FIGURE 2.1. A Koch Curve (D=1.26)

v 2.4




3

0
e

g A Ay

)

. f‘ oyt
-
I/‘,‘. 2

’

e

~

o
3

b
FIGURE 2.2. A Sierpinski Carpet {(D=1.89)

X o] . ‘" a0y A PR ALY .y AT T SO SR EOL OO W XY
lﬁ:‘\. .'l‘a'l’“l".!'n J |'| ) ‘.‘ t“'\:“‘l ‘!l;‘; ‘!I'\i:?"'.‘.!:‘,' !l( MY - | h ... A h"\('\' A ‘Q" N (".' - Cu 200 0 m‘. X "‘ l‘ L) i X, -' -.'0.:‘0.1'0.




replaced by N new segments. As this process continues indefinitely, the frac-
tal develops scale invariance. That is, the fractal has the same appearance

under any magnification,

The fractal dimension is defined rigorously in [8] using topological
arguments. For the present purposes, computation of the fractal dimension can
be briefly described as follows:

(2.7)

This means that the basic scaling unit raised to the power of the dimension is
equal to the number of new units (segments). In Figure 2.1, b=3 and N=4, so
that the fractal dimension of that particular curve is D = 1n(4)/1n(3) = 1.26.
The result is that the Koch Curve is neither a line nor a plane, but is some-
where in between, In essence, this fractal dimension describes how much space
the curve fills in following its meandering course.

A second example, known as a Sierpinski Carpet, is shown in Figure 2.2,
In this case, a square is divided into b=3 segments on each side, resulting in
nine subsquares. Then 1=1 subsquare is removed. The removed subsquare is
called a "tremma", and it creates empty space in the fractal, which is called
"lacunarity" [8], a term apparently originating from the description of cloud
structures in meteorology. Figure 2.2b shows the Sierpinski Carpet at the
second stage of construction., When this process is repeated indefinitely, the
fractal again becomes scale invariant., In this case, the fractal dimension

must be clarified: bD 12

= the number of remaining new units, which is b2 -

so the fractal dimension of this particular Sierpinski Carpet is

2_42

D = In(b Y/In{b) = 1,89 (2.8)

Three items are worth noting, First, fractals can be easily extended to
higher dimensions, For example, the Sierpinski Carpet embedded in Euclidean
3-space becomes a Sierpinski Sponge [8] with dimension between 2 and 3.

Second, for the purposes of this work, it is convenient to recognize that

2.6
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fractals can be constructed by either adding or subtracting substructures,
which results in the fractal dimension being either greater than or less than
the dimension of the Euclidean space in which it is embedded. This feature
will be of use in later discussions concerning the differences between
deformation and damage. The third item is a matter of nomenclature. When a
fractal is iterated a finite number of times, it is called a fractal lattice.
On such a lattice, scale invariance is valid only between the two extreme
characteristic lengths, and the fractal dimension is approximate [8].

The use of fractal concepts to incorporate microstructural models into
Bodner's constitutive equation is described in the next section.

2.7
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3

gﬁ 3.0 A MICROSTRUCTURAL FORM OF BODNER'S EQUATION

' The objective of this section is to develop and verify a new form of
Bodner's Equation with improved capabilities for modeling the hardening

gi behavior of viscoplastically deforming materials. It was believed that such

~ improvements could be obtained by incorporating microstructural information

!g into Bodner's constitutive equation. In this manner, Bodner's continuum repre-
sentation could benefit from the numerous results of metallurgical research.

0 Because of the difficulties associated with the state variable method (see

) Section 2.1), an alternative approach was taken to accomplish this task. The
basic concept was as follows., It has been observed that new substructures of

Eg (apparently) increasing complexity are created as materials deform visco-

plastically. This is somewhat analogous to the construction process for a
EE fractal, as outlined in Section 2.2. It was believed that the scaling proper-
ties (self-similarity) of fractals could be advantageously employed to relate

:} the observed microstructural forms to macroscopic performance variables. Per-

¥ suit of this approach led to the replacement of Bodner's empirical Z and n by

. known metallurgical formulas describing microstructural evolution. This new
constitutive form was expected to exhibit improved hardening capabilities, thus
accomplishing the above objective.

EE The outline of this section is as follows. The hardness/stress ratio of
Rodner's Equation was interpreted as a ratio of potential gradients per unit

!! volume. Fractal scaling concepts were then employed to render the stress equal
on all scales, thus establishing local behavior with respect to scale. This in

b turn permitted an expansion of the above potential ratio, resulting in Bodner's

B Equation expressed as a product of microstructural flow resistance contribu-

3? tions. An approximation of this expanded form in terms of fractal structures

Y then produced a constitutive equation explicit in scale~dependent microstruc-
tural quantities such as numbers or densities of atomic bonds, dislocations,

i[ cells, and grains. The above arquments also revealed that the power law

= exponent, usually found empirically, could be defined from products of known

Dy microstructural models.
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:%i% An example application of this new constitutive form to the creep of a
:32% 20%Cr-35%Ni steel alloy provided limited proof that the methodology was
valid.
X
M
:"Q’.
fR 3.1 DEVELOPMENT
'. ‘ S ——
M
‘??&, The constitutive developments begin with a particular form of Bodner's
e Equation that separates out the hardness/stress ratio. For uniaxial loading,
:J\b this form is:
e
:'lv'\
"l." . . = n (3 1)
~C tn(e /e ) = (Z/9) .
i
g . . . . .
\sﬁg where £ = macroscopic plastic strain rate, eo = limiting strain rate in shear,
Lﬁéf C = a constant, gg = macroscopic stress, Z is a hardness parameter representing
the “stored energy of cold work" [4,5], and n is an empirically determined
;C)q exponent., Note that the left side of Equation (3.1) is a representation of a
Rt
’$§' flow rate ratio and the right side is a representation of a potential ratio.
‘!' \P‘
ﬁiﬁ Both Z and o4 have units of stress, which is energy E (or potential) per unit
' volume V. Flow rates are frequently expressed as functions of potential
L gradients [17,18], and it is postulated that the right side of Equation (3.1)
1
,,&; can be written as:
': :
o n o
JA a
" <3—> e (3.2)
WERY S o
/{{ ) S
Sy
s
ﬁ;.- where o, is a potential per unit volume on the atomic scale because all
deformation ultimately involves atomic bond stretching or breaking.
SO
g For each scale i, the stress is
)
Y
! ,,‘.:\
ple) E,Ey
Iy % =v;'—U-L 1. (3.3)
] .
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L; is a characteristic length and D; is the fractal dimensionality. The frac-
tal volumes serve as scaling factors for the stresses. Proper (but unknown)
choices of V; will render the stress invariant with respect to scale. That is,

|

any arbitrarily chosen subsample of size between L, and Lg Will have the same
stress, as in a true continuum. Note that although oj/05 = 1 for any i,j, it

v.d X,
-

is not necessarily true that &i/dj =1,

The above condition essentially establishes local behavior with respect to

<

IS

scale, similar to local behavior with respect to space [19-22]. Mathemati-

-
=

cally, scale invariant local behavior can be expressed as (see Discussion)

;

(3.5)

4 L
W s o

where d,c,g are the dislocation, cell and grain scales, respectively. Other
scales are also possible. Then applying the chain rule to Equation (3.2)
yields the product form:

. aoa 6cd boc do
-C n(eg/e) = 54 B0, 35, 3

g - . .
. (9479541

where i = a,d,c,g and M is the product operator. Nonlocal behavior would be
manifested as additive terms in Equation (3.6) via the chain rule.

The last term of Equation (3.6) can be expanded using Equation (3.3):

v

i+l
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Each of the V; in Equation (3.7) contains a fractal dimensionality Dj. It is

P
L

natural to assume that D changes with both scale and deformation. However, the

-
)
'

»

S )
A

D's are assumed unknown in the present development, and will be eliminated with
the approximation shown by the dashed lines in Figure 3.1, as follows. First,
substitution of Equations (3.7) into (3.6) yields, after cancellations,

f‘_”
5

¥

i
-
-

- ) D
. . E-0oV L. J
S -C An(e /e ) = a 44 ’T< ‘*1> (3.8)

where i = a,d,c,g, and the subscript j is defined in Figure 3.1. Note that
Tard Equation (3.8) contains products of lengths of powers (local), rather than a
o4 sum of lengths to powers (nonlocal) as suggested in [23], Second, the charac-
teristic lengths L; may be expressed in a standard form by scaling upward from
the characteristic length of the atomic scale, La = a4y, an appropriate lattice

R gﬁ constant. Using the scaling parameter (b) of Equation (2.7), we have
2

Dimensionality

) Scale

&hﬁ FIGURE 3.1. Conceptual Diagram for Dimensionality as a Function of Scale
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where m; is the number of fractal construction iterations required to scale
from the atomic to the ith scale, Consequentliy, the length ratios in Equa-

tion (3.8) can be written

D. Am.D.
(Liyp/ty) 3= 3 (3.10)

where Am; is the number of iterations between scales i and i+l. Lastly, sub-
stituting Equations (2.7) and (3.10) into (3.8) eliminates the D's if b is held

constant over all scales, yielding

E - oV am,
€ an(e/e) = 2—22) 1 (N, d) (3.11)
E. - oV i
J
S S'S

Am.
where Nj J js the total number of new fractal structure subunits introduced in

iterating from scale i to i+l. These N-terms represent microstructural fea-
tures such as the number of atoms per dislocation or the number of dislocations

per dislocation cell,

Additional approximations reduce this constitutive equation to a simpler
form. The terms V; represent the rates of volumetric change, and can be set to
zero by virtue of the first strain invariant (Eii=0): a frequent assumption

employed in non-elastic analyses. Expressing Eg as the plastic work yields

m

s = Tg €5, Where to = 40¢ and ¢ is the Schmid factor. On the atomic scale,

Ea = Fa Vas and the separation force can be approximated as F, = AE,/Bxy =
Eo/ao, where E, is the atomic binding energy. The velocity Vv, can be assumed
equal to the average velocity of mobile dislocations vpy. Substitution of these

approximations into Equation (3.11) yields, after rearranging:

CE v am .
Eom i exp | - [—=-) m Ny ) (3.12)
3,9% 85/ I




‘: The exponent in Equation (3.12) has essentially been separated into the
N
’;3 form: (Physics Data)/Engineering Data) x (Metallurgical Models), where
' "Physics Data" represents known quantities on the atomic scale, "Engineering

g:; Data" represents known measurables on the macroscopic sample scale, and "Metal-
ﬁk, lurgical Models" represents microstructural phenomena on intermediate scales.
zggé [f the microstructural phenomena controlling the deformation rate are known,

‘ models from the metallurgical literature may be substituted for the N-terms,
$§¥ Different substitutions can be made as the controlling microstructure evolves
50? with deformation or temperature. Equation (3.12) thus provides a flexible

iﬁ%r methodology for incorporating microstructural information into macroscopic

constitutive equations,

W

:;g 3.2 APPLICATION

';: Limited verification of Equation (3.12) was obtained by simulating the
hardening behavior for a 20%Cr-35%Ni steel undergoing a normal creep transient

}t& and entering the steady state creep regime at 700°C [24,25,26], as follows.

i,tf First, the dislocation velocity vy, in Equation (3.12) was related to the macro-

ﬁ?q scopic strain rate by the Orowan equation, Es = BppVys Where B is the Burger's

e vector and pp, is the density of mobile dislocations (cm'z). This cancelled 55

jﬂ, from the right side of Equation (3.12). Only atomic and dislocation N-terms

i&% were employed in this first approximation, and both were assxmed to represent

%?! stored energies, consistent with the definition of Z [5]. Ny 1 represented the

number of atomic bonds left in a strained condition after a dislocation loop

expands to a typical radius proportional to the total dislocation density, r =
2

g““ 07'1/2 [25]:

Am
s Ny L= 2n/(aerl/?) (3.13)

ﬁt;. The second microstructural term represented the energy storage at the disloca-
T tion scale, and was defined as the number of immobile dislocations per square

cm of sample area:

3.6
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Substituting the above microstructural models into Equation (3.12) gave

.. 2nCE Py | 4
E= £, @XP |- (3.15) .

s 2 1/2

The constitutive equation was then expressed in terms of only the total

dislocation density o1, a more desirable state parameter [11], by employing the

dislocation distribution models in [27]:

Pu/PT = exp(-

(3.17)

where 6 = GBpTl/z/rS, G is the shear modulus, and k is an integer describing .
the "sharpness" of the distribution [27]. Substituting Equations (3.16) and .
(3.17) into (3.15) gave L

ZTtCE0

72 1;f (3.18) ]

e =¢_exp |- —
aoB‘bds pT

where f is defined by the right hand side of Equat1on (3.16), Estimated values %

j‘ for the above material parameters are [25,26,28]: e = 3,13 x 10~ 5/sec, 0 =

4.29 eV/atom at 0°K, a, = 2.86 x 1078 cm, B = 2.5 x 1078 cm, 6 = 7.3 «
‘ 10° kg/cmz, » = 1/3.1. The constant C was taken as unity, and k in Equa-

tion (3.16) was set equal to 4 based on observation of the dislocation distri- %
butions in [26] compared to those in [27]. ’

-----------------
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Fquation (3.18) was tested in the following manner. The macroscopic creep
rate for Fe-20%/Cr-35%Ni at 700°C and 1300 kg/cm2 was determined graphically
from Fig. 2 of [25], and was used as input to solve iteratively for the corre-
sponding o7 versus time. The results are shown in Figure 3.2, along with

1010

REF [25]
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K7 - FIGURE 3.2. Predicted and Measured Total Dislocation
- Densities for Fe-20%Cr-35%Nj at 700°C
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another prediction from [25], and data at an applied stress of 1100 kg/cm2
[26]. Unfortunately, data at 1300 kg/cm2 were not available for comparison,
However, Figure 3,2 shows reasonably good quantitative agreement with the pre-
diction of [25] at 1300 kg/cmz, which required three adjustable parameters and
reproduced the creep history rather well, Although the qualitative agreement
with the data at the lower stress is acceptable, improvements are possible by
decreasing k and adjusting oy as the time approaches zero. The "softer"
distribution at lower strains (shorter times) is also documented in [26].

The above results are subject to errors originating from the graphical
interpretation of és, the approximation in Figure 3.1, and the approximation
that microstructural phenomena on scales ’arger than dislocations were negli-
gible. However, the reasonably good results can be taken as an indication that
the above developments are valid and useful constitutive forms.

3.3 DISCUSSION

The state variable approach to devleloping viscoplastic constitutive equa-
tions is a valuable method because it has the capability of combining models
from both continuum mechanics and metallurgy, resulting in a pragmatic use of
available information. However, the resulting complexity of the mathematical
expressions is sometimes a disadvantage, and the physical meaning of the cor-
relations is not always clear. This section has attempted to address these
problems by restating Bodner's macroscopic constitutive equation in a form that

readily admits microstructural concepts.

A number of qualifying statements are in order., First, the power law form
chosen as the starting point of this development [Equation (1.1)] limits the
present results to uniaxial loading conditions. Multiaxial and anisotropic
forms of Bodner's law are available in [4]. The hardness/stress ratio of Equa-
tion (3.1) results in the N-terms being defined as flow resistance or energy

storage contributions, whereas other ratios may require different definitions,

Second, there is currently no proof that Equation (3.2) is true, although
the validity of the resulting constitutive development is supported by the
example application described above. Further testing is neeaed for a variety

of materials and conditions. Additional work is also needed to confirm the

3.9




following observation: the expanded form in Equation (3.6) implies that the
empirical power law exponent (n) effectively originates from the product of
micrestructural flow resistance contributions on various scales within the
material. A physical interpretation is that the N-terms (microstructural
models) are commonly expressed as functions of o, to rational powers p in the
metallurgical literature. After taking the derivatives in Equation (3.6), n
effectively becomes a sum of p's. Because various microstructural phenomena
dominate at various stages of deformation, this could possibly explain why n
frequently assumes non-interger values that change with deformation. Nonlocal

behavior could result in a more complicated n = f(p).

Third, the time derivatives in Equation (3.2) may raise questions related
to Prager's consistency condition [19]. This form was postulated in order to
eliminate the plastic work integral, which is an "undesirable" state variable
[(7,11]. Although other gradients may be possible, the present approach facili-
tates simplification of the right hand side of Equation (3.11) by metallurgical
rate laws and the conservation of volume,

Fourth, many fractals lack translational invariance (i.e., p. 426 of [8]),
which conflicts with the fundamental postulate of frame indifference in con-
tinuum mechanics. However, the fractal scalings render the material behavior
local with respect to scale, thus imposing a condition similar to a "true con-
tinuum" (i.e., a fluid) which possesses such invariance. Additionally, many
useful constitutive theories violate this postulate [19], so the question may
be irrevelant in practice.

This problem can also be addressed by an alternative approach which has
been successful in solid state physics [i.e., 29]. That approach is to con-
sider the viscoplastic deformation process to occur on fractal lattices, or in

"fractal space," as follows. The potentials (E) in Equation (3.3) contain only
the fundamental quantities of force and length, which are invariant with
respect to transformations from Euclidean to fractal space. However, the
volume terms contain the dimensionality (D), which can only assume integer
values in Euclidean space. Recognition of D as another fundamental quantity
that can assume non-integer values requires the proper space for representa-

tion. The above constitutive form can be developed by employing fractal space,

3.10
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] f: and assuming that Z/c appears as a potential gradient there, as in the central
terms of Equation (3.6). Interpretation of these gradients (boi/BGJ) as mea-
ll sures of energy transfer from one scale to the next naturally leads one to

expect local behavior with respect to scale, because relations between remote

S

S scales would not be expected to be significant on physical grounds. For

A

éxamp]e, atomic bond breaking would have a greater effect on dislocation
dynamics than on grain size. In any case, the number of terms in the chain

RS

rule expansion can easily be chosen to enforce local behavior. The result is
' that the chain rule, which is still valid in fractal space [29], again produces

| 7 the product form of Equation (3.6). The key assumption concerns the existence

.

of the potential gradient in fractal space, and the key result is the "con-

, EE tinuization" of the stress to produce local behavior as viewed from fractal

t -

: space.

; :i In conclusion, the above constitutive form does not provide any new

| & information about microstructural models per se. However, it does appear to
§: provide a useful methodology for incorporating those models into macroscopic
Be constitutive equations, and a physical description for the origin of the power
- law exponent. The results of these developments are expected to be manifested
il as improvements in the ability of Bodner's constitutive equation to model the
) hardening behavior of engineering metals and alloys.
v,
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aﬁ ) 4,0 PROGRESS TOWARD A COMBINED HARDENING/DAMAGE STATE TENSOR
*

The developments in Section 3 employed an approximation of the scale-
dependent fractal dimensionality (D) (Figure 3.1) in order to express Bodner's

i ;q-ﬂ"'
LY

Equation in terms of microstructural models. Although the above results are

P
»

ﬁ useful, as outlined in the Summary, it was thought that a constitutive equatiocn
5 ’ addressing both hardening and damage could be obtained without having to
iy incorporate specific metallurgical models. In essence, the microstructural
?, :( phenomena would be implicit in the constitutive formulation, which in turn
I » would be a function of only well-known data on the atomic scale (i.e., atomic
X binding energy) and the macroscopic state variables (i.e., strain and stress).
"; w The initjal point of departure for this attempt was Bodner's Equation in the
5: .\ form (see Equation (3.8)).
b
: - . . é LSDS
ko -C an (e /e ) = 7 o, (4.1)
- S a
: -

"
-

O With characteristic lengths and energies comparatively well known, the problem
s :3 was to find solutions for the dimensionalities in Equation (4.1) in terms of

': o only the macrostructural state variables (eg, &, o5). If increases or

. decreases in the D's were assumed to represent hardening or damage, respec-

; !! tively, these solutions could then be used to define a combined hardening/

! damage state tensor. An unsuccessful attempt to find these solutions for the

(‘ $: uniaxial isotropic case by analysis of the conservation of mass equation is

’;‘. ‘ described briefly in the Appendix.

N :; A second attempt was successful, Concepts from the nonclassical, or "non-
; . Tocal," continuum theories [20-22, 30-35] were found to provide a framework

‘i :?: useful to accomplish the second objective in the Summary. The central idea was

- that the hardening and damage substructures act as inhomogeneities that cause

hE fluctuations in the internal stress fields, or the "stress polarization"

iig $§ depicted in Figure 4,1, The problem was thus redefined to be the development

:: . "':
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Scale S

FIGURE 4,1. Stress Polarization as a Function of Scale

of a scale-dependent viscoplastic stress polarization equation and its solution
as a function of suitable hardening and damage state parameters,

The general approach was as follows. As in Section 3, the hardness/stress
ratio was represented by a ratio of potential gradients, except that nonlocal
behavior was permitted by letting the numerator represent the scale at which
the microstructure controls the strain rate. This was used to develop a rela-
tion between the energy storage rates for the controlling and macroscopic
scales. Fractal scaling concepts were then employed to define the scale factor
for the above relation in terms of hardening and damage. Definition of a
strain rate scaling equation then resulted in scale invariance of the energy
storage rate, with respect to the strain on each scale. Stored energies were
defined in terms of effective moduli on each scale, and the stress polarization
equation was produced by rearrangement of the above scale invariant storage
rate equation., Embedded within the polarization equation is a function
describing the combined hardening/damage state in terms of departures from
unity, thus providing the basis for the desired new state tensor. The above
developments are described in more detail in the next subsection, followed by

preliminary verification results,
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4,1 A STRESS POLARIZATION EQUATION FOR VISCOPLASTICITY

A key requirement for expression of the stress polarization equation is
the following scale invariant energy storage rate equation

"7 (3.2)
S m

Although this equation could probably have been simply assumed by virtue of the
“fractal space" arguments in Section 3.3, the following derivation is presented
to place the polarization equation on a firmer foundation,

4,1.1 An Energy Storage Rate Scaling Equation

Arguments begin from the same starting point as did the microstructural
developments in Section 3 of this report. Bodner's Equation is stated in the
form

o o 7 \"
-C ln(es/eo) = (?T> (4.3)

S

where the subscript s denotes the sample scale, Z is the hardening parameter
which represents the storage of cold work, and n is the empirical exponent, It
is again assumed that the hardness/stress ratio on the right hand side of the
above equation can be expressed as a ratio of potential gradients:

z \" aom .m
(T) Rl vl (4,4)
S S O'S

However, in this case it is assumed that the potential g, occurs on the scale m
at which the microstructure is controlling the deformation rate és at a par-

ticular macroscopic state of the material (eg, o). In essence, m represents

the scale at which a nonlocal theory is required to describe the internal

4.3
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X ! stress field fluctuations caused by hardening or damage inhomogeneties. Above
-
3 ) this scale, local theories would suffice. It is assumed that the scale m can
) change as the material state changes, i.e., as deformation advances.
!5‘;'&‘
;55; As before, each potential is expressed as the ratio of a characteristic
iy ..
.$; energy over a characteristic volume
‘:i:p‘l
‘{",-“
*ﬁq o5 = Ei/vi (4.5)
e
N
o > where the volume on scale i is a fractal volume denoted by
7Y
X D.
o i j
_&; v, = L (4.6)
e
w and L; is the characteristic length of scale i. Substituting Equation (4.5)
- f into Equation (4.4) and performing the differentiations, Equation (4.3) can be
309 i
e written as
(-
. é -0 \.I v
p ¢ (i E) - A (0S (4.7)
X % s ~ 9% Vs \'M
D7,
¢ e
ve where the () denotes time differentiation. Note that because the chain rule
)
b" was not employed and differentiation was performed independently for the
h;ﬁ numerator and denominator, it is not necessary to assume local behavior with
ﬁgJ respect to scale.
‘%} The term Em in the numerator represents the rate of energy storage by
k: microstructural features on scale m, a generalization of the results in [34],
iiﬁ and is hereafter denoted U, for clarity. The Eg term in the denominator
[ represents the rate at which plastic work is performed by the effective stress
FTZ ch, where ¥ denotes the Schmid factor. The denominator is expressed hereafter
po- as Qs = Yo & for clarity.
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As before, the first strain invariant is assumed to be zero (Tr € = 0) on
all scales, which results in volume conservation, so that the & terms in
Equation (4.7) vanish. When the above substitutions and Equation (4.6) are
inserted into Equation (4.7), the result after some minor manipulations is

L S (4,8)

This equation is interpreted to mean that the rate of plastic work on the
macroscopic scale (s) times a rate factor equals the rate of enerqy storage on
another scale (m<s) times a scale factor. In essence, the same result found in
[34] has been expanded to include both rate and scale dependence. This is

valid for any scale, so setting m=s in Equation (4.8) gives

(vog2,) [c an(&,/e)] = U (4.9)

which means that the rate of macroscopic plastic work times the rate factor
equals the rate of macroscopic energy storage. This result seems reasonable,
so that combining the last two equations produces

0 = Um —'ST (4.10)

which relates the macroscopic energy storage rate to that on any other scale.
This equation indicates that energy storage rate (flow resistance) contribu-
tions from different scales are indeed different, and require quantification by
the N-terms in Section 3 when incorporated into Bodner's Equation. When the és
of Equations (4.8) and (4.9) is retained, a more useful form of Equation (4.10)

is produced

4,5
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4,1,2 Definition of the Scale Factors

The next step in the development of the Scale and rate dependent stress
polarization equation concerns the definition of the scaling factor in paren-
theses in Equation (4.11). This definition requires the introduction of some
rather general fractal arguments, as follows. It is assumed that the relation-
ship between the structural characteristics on scales m and s can be repre-
sented by a single, or a finite number of, iterative fractal construction
steps. The fractal may extend to scales larger than s or smaller than m, so it
represents a "covering" or "overlay" onto the material's structural features at
those scales. Further, a different fractal may be employed for this "overlay"
for each state of the system (es, cé), which permits the ratio of characteris-
tic lengths L /L, to change as deformation advances. The only restriction on
the fractal is that the dimensionalities (D) at scales m and s be equal, so

that Equation (4.11) becomes

D

du ayu_ /L
s _ ~mf s
gl ol W (4.12)
S s\ m
Next, the scale factor bm is defined as
bm = Ls/Lm (4.13)

where the characteristic lengths LS and L, represent the strained condition on
each scale, consistent with the above description. The relation bD =N is
valid for any fractal description, although only approximately for a finite
number of fractal construction iterations, i.e., a fractal lattice. Substitu-
tion of this relation and Equation (4.13) into Equation (4.12) yields

4,6
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_S.N M (4.14)

where N is defined as the number of new substructural units remaining after
the fractal iteration (see Section 2.2). This is related to hardening and
damage as follows,

The creation or annihilation of hardening or damage substructures as
deformation advances can be viewed as modifications in the fractal construction
process. Schematically, this is shown in Figure 4.2. On the scale s, the

characteristic length Lg is described by the true strain €

L =L e?3 (4.15)

where Lso = Ls(sS = 0). On scale m, the same total length LS is made up of Nm

units of initial length L., /by, which are each strained by e,

LSO em
LS =(Fm-e Nm (4.16)

The term in parentheses is L, analogous to L; in Equation (4,15), The term N,

can be represented as a departure from the homogeneous condition, which is
specified by N, = b, = 3 in Figure 4.2. In the homogeneous case, the line on
the s scale remains a line on the m scale, as shown by the dimensionality D, =
lnNm/znbm = znbm/lnbm = 1, In the hardening case, extra subunits are intro-
duced, so that N, > b and D, > l. The three-sided "box" in the lower left
hand side of Figure 4.2 represents a hardening structure such as a dislocation
tangle or a cell wall, each of which effectively increases the magnitude of the
energetic path for the passage of another dislocation from point A to B. Con-
versely, the open section at scale m in the lower right hand side of the figure
represents a void or other similar structure which decreases the resistance for

subsequent deformation,

4.7
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FIGURE 4.2, Hardening and Damage Defined by Simple Fractal Models, with b, = 3

3 N, was defined simply as

N =r b (4.17)

(N where r_ > 1 for domination by hardening and r, < 1 for domination by damage

m
(softening).

Y 4,1.3 Scale Invariance of Energy Storage Rate

j& : Substitution of Equation (4.17) into (4.14) gives
) a-e_s =re bm H'eﬂ (4.18)
S

B The derivative on the right hand side of Equation (4.18) is considered
§T” unknown, a condition remedied by the following change of variables:
#

N dUm dUm dem
" de ~ de_ de (4.19) |
S m s

% Insertion of this equation into Equation (3.18) reveals that definition of the

strain rate scaling relation

il 4.8

5P 07 N, PPN T B W > - ﬂ..\",.‘_\\'\..-\\.-.ﬁ.\\
%

"= “ Y
Cy N o o~
i VARSI,

DWW >
5":*-\7‘"&“.'; "'A"v“" AP * o ot N - " (A »



4 1
dsS rmbm

(4.20)

leaves the stored energy invariant with respect to the strain on each scale

du du
.a_i =_0 (4.21)
es dem

This is the key relation needed for development of the stress polarization
equation, Note the similarity to the scale invariant stress of Section 3 under
linear elastic conditions.

4.1.4 The Polarization Equation

Development of the stress polarization equation eventually requires that
the energy storage rate terms above be expressed in terms of effective moduli
so that the path-dependent DEM formulations in [10] can be employed. This is
cccomplished as follows. For any sale, the energy terms (U) can be expressed

in the following form, where subscripts represent principal axes:

2

)2+ G(v;

2y (4.22)

=1/2 A (y. i

. ) +1/2 G
i AR
where A is Lame's constant, G is the shear modulus, and the last term in paren-
theses above represents the sum of squares of shear strains. Because Tre =0
has already been assumed, differentiation of Equation (4.22) by the principal
strains e gives

et e g (4.23)
i i

for any scale i. Substitution of this equation into Equation (4.21) and ‘. %
Y
employing the relation 2Gjej = oj/(l+vi) gives :E-
e
X
4.9 :5
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where v is Poisson's ratio, which is dependent on the dimensionality D; as
N follows [36]

e Hovever, D, =D =D, so v, = v, =v, Rearranging Equation (4.24) gives
2 dG dG
\
‘}, g -0 = (1l+v) <—"—1 e 2 __S¢ 2> (4.26)
m € ¢ S

¥ as But by Equation (4.9)

o
i\: dGS 2 . 1
) -dTS- ES = O'S [C‘Y KH(EO/ES] - mJ (4.27)

! Definition of the stress polarization at scale m as (see Figure 4.1)

cpm =0 .-0 (4.28)

't
ﬁg& and substitution of the last two equations into Equation (4.26) gives the
", stress polarization equation

. dGm 2 o« e 1
N gpm = (1+V) ﬁ Em - GS [C‘Y 1n(€o/€s) = 1+vJ> (4'29)

where the modulus term represents the rate of microstructural change on scale
m, and the Tast bracket effectively contains only macroscopic data because v

can be approximated by the usual macroscopic constant value, This occurs

s 4.10




hecause changes in D are relatively small over most scales and strain ranges of

interest, an obhsarvation made during the work described in the Appendix,

It should be noted that the spatial dependence of the internal stress
fluctuations does not appear in the above polarization equation. This depend-
2nce has heer absorhed into the scale factor by, defined in Equation (4.,13).
Also the "polarization" itself in Equation (4.29) represents the departure from

2 "true continuum," where the stresses are equal on all scales of interest, as
in a fluid. Of primary interest is the envelope defined by the dashed lines in
Figure 4.1, rather than the details of the waveform plotted versus the X-axis
in that figure. The scale-dependent envelope of stress fluctuations, depicted
by the heavy dashed curves, is actually expected to exhibit a periodic nature
representative of nonlocal behavior confined to specific scale regimes by sub-
structures of specific characteristic sizes. The solution for this envelope
shape as 31 function of scale will yield useful information concerning substruc-

ture evolution, and is the subject of future work.

4,1.5 Path-Dependent Effective Moduli

In Equation (4.29), the rate of change of the effective modulus with
respect to strain is given by the path-dependent differential effective medium

(DEM) theory of [10]. Path dependence means that the effective modulus at any

state (gg, os) depends on the entire sequence of combinations of hardening and

damage substructures that occurred to reach that state. The DEM approach
describes the rate of change of the effective modulus in terms of the amount
and rate of addition of these two types of inhomogeneities to a parent mate-
rial. These two inhomogeneities are described in terms of their volume frac-
tions, herein denoted 4, and ¢4, where the subscript m has been dropped for
efficiency of notation. The volume fraction of the parent material (the "back-

bone") is denoted ¢,, and it is required that

(4.30)

The rate of change of the bulk (K) and shear (G) moduli with respect to an

independent variable, denoted here by (°*), are given hy:
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o, ®

o
; _ \ . nh” ( _ 'y i_
Gy - 600 (“’h o |t (6406) Qy Loy 1

where o = #+¢4, The initial conditions are K(0) = K,, 6(0) = Gy. The P and Q
above depend on the shapes of the substructures, and were selected as follows.
Hardening structures were assumed to be of plate or disk form, analogous to
grain boundaries, dislocation tangles, or cell walls, The moduli of the
hardening structures (Kh, Gh) were thus assumed to be those representing the
state of maximum hardness in the macroscopic material., The damage structures
were assumed to be of a spherical void form, representing a ductile material
such as aluminum, The disc shape would have introduced singultarities into the
formulation when the damage moduli (Kd, Gd) were assumed to be zero, as

expected physically. The P and Q for hardening substructures are [10]
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Preliminary results concerning the verification of the above scale- and
rate-dependent stress polarization formulation (Equations (4.29) to (4.35)) are

shown in the next subsection,

I 4,2 PRELIMINARY VERIFICATION RESULTS

Limited verification of the above scale- and rate-dependent stress polari-
zation equation was obtained for the case of pure aluminum undergoing creep at
3.0 MPa and 593°K [37]. Because of the complexity of Equations (4.29) to
{4,35), some simplifications were required for this effort to remain within
project resources. Consequently, verification was obtained only for hardening

behavior. The general approach was to introduce approximations for some of the
data and terms needed for the complete solution of Equation (4.29). This equa-
tion was then rearranged so that the characteristic sizes of the controlling
substructures could be predicted as a function of the macroscopic strain, and

the results compared to data. This was accomplished as follows.

4,2.1 Specialization for Hardening Behavior

The following change of variable in the modulus rate term of Equa-
tion (4.29) was found to eliminate dependence on éh, leaving only dependence
on dn:

dG dG_ dr

m=-_0_m (4.36)
”E (lf‘ ”8 *

m m m

0 [t was assumed that rp was adequately approximated by

. 1+ o, = 0 (4.37)

d

SO that with ¢4 = $d =0,
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where the value of G = f(¢h(es)) at the current hardened state was approximated
by the larger of the Hashin-Shtrikman bounds for two-phase composites (103,
consistent with domination by hardening (¢4=0) and the use of the strain energy
in Equation (4.22) [30,31]. Again note the dropping of the subscript m from ¢,
Gy, and G; terms for ease of notation.

A representation for dr_ /de, was found by combining Equations (4.15) and
(4.16) to give

€ =€ - Anr (4.39)
m

which was then differentiated with respect to €m and combined with
Equation (4,20) to yield

m = -
Tt = ro(r b -1) (4.40)

This equation represents the case of multiaxial deformation because the
vertical segments in the lower left diagram of Figure 4.2 are allowed to
strain., A uniaxial representation is also possible if Equation (4.16) is
rewritten so that vertical segments do not strain:

L € L
L =<BS—° e ’“> by +<bs—°> (Nm - bm> (4.41)
m . m

which when combined with Equation (4.15) gives

€

e = (e S+1 - ) (4.42)

Combination of this equation with Equation (4.20) then gives the unaxial
representation

4,14
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Substitution of Equation (4.40) or (4.43) into Equation (4.29) then gives

2 _
rm(rmbm - 1) [ss-ln rmJ = R (4.44)

for the multiaxial case, or

£
le s(rmbm-l) + (rm~11J

for the unijaxial case, where

g

. o (c¥n(E /2) - T%V) + ngl (1-9,)

(6, - G)

h

4.,2.2 Calculations

Equations (4.44) to (4.46) were used to solve for the strain-dependent
evolution of the controlling microstructure sizes, as follows. Strain rate
versus strain data for the creep of pure aluminum at a shear stress of 3.0 MPa
and 593°K were taken from Figure 2a of [37]. There were no strain data for
£g < 0.2, so the initial value for computation was assumed to be 0,002, the
point at which plastic deformation is generally considered to be fully
developed. The strain history was thus eg = 0,002, 0.2, 0.3, 0.4, 0.5, GC.6,
and the corresponding strain rate history was Es =5 x 10‘3, 4.5 x 10‘4, 1 x
1074, 7 x 1073, 6 x 1075, 5.5 x 107> (sec™). Also, £ and ¥ were assumed to
be 10'2/sec and 1/3.1, respectively. The material constant C was again taken

to be unity. The initial value of the shear modulus (GO) was taken as

4.15
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Efa' 13.45 GPa, with Poisson's ratio v = 0,347, The remaining unknowns were then
oy Gp, ®y, and op as functions of &g. The stress polarization history was assumed
i' § to be % = 0.1, 0,1, 0.2, 0.3, 0.4, 0.5. There were no data concerning the
fh}h hardening fraction evolution with strain, although inspection of the micro-
f&fﬁ graphs in [37] resulted in the estimate ¢, = 0.3 at € = 0.6. The assumed
. hardening fraction history was ¢, = 0.025, 0.15, 0.2, 0.25, 0,275, 0.3, Gy was
?;3 assumed to be slightly larger than G,, and is discussed in a later paragraph.
EEEE The above data were input to a small computer code that solved numerically
a2 for the scale factor by, = f(eg) at which the substructure controlled the
W macroscopic strain rate. This by was then used to calculate the evolution of
l3$ the controlling substructure size L, from Equation (4.13) with the reference
15&§ length Lgy = 1 cm:
0...
e L, = ess/bm (4.47)
37%: Results for both the uniaxial and multiaxial cases are shown in Fig-
. ure 4.3, and agree reasonably well with available data, despite the large
‘;:f number of assumptions required to complete these preliminary calculations. At
‘§§ small strains, the controlling substructure size is close to the dislocation
LA spacing for the estimated initial dislocation density of 106/cm2, a reasonable
‘F' value for pure aluminum in the annealed state. The controlling substructure
_*ij size (dislocation spacing) decreases rapidly as plastic deformation advances
' ‘j and the dislocation density increases drastically. There are no metallographic
Q data for eg < 0.2, and the shaded area in Figure 4,3 indicates the anticipated
oy range possible for randomly distributed peak dislocation densities between 108
:2: and lolo/cmz. At g5 = 0.05 to 0.1, dislocation tangles would be expected to
‘tit begin forming the walls of cells or subgrains. These walls would decrease in
:fg width as deformation advances, thus increasing the available path length for
the motion of mobile dislocations within the cells or subgrains. This is indi-
rffﬁ cated by the general upward trend in Figure 4.3, which begins to stabilize at
.tti larger strains, and results in a good prediction for the subgrain sizes found
2 in [37].
"-_'.
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4,2,3 Relation to Physics and Metallurgy o
A .:
N

The above results were obtained by assuming particular values for the
ratio Gh/Go, as shown in Figure 4.3. These values were found to be reasonable
by the following arguments. G, is the shear modulus of pure aluminum in the
initial annealed state, while Gh is the modulus of the hardened phase (i.e., a Ny
cell wall) where dislocation densities are large (about 1.5 x 109/cm2 [38,39])

N and atomic bonds are elastically strained in an average sense. The force-
displacement curve of atomic theory exhibits an increase in slope as the atoms
are slightly separated [40]. This increase in interatomic force with small
strains is manifested as an apparent increase in the effective modulus, which
is defined as the ratio of stress (force per unit area) over strain. The force

4,17 W

L e n > -".

I h & .
S ". ‘,g ) D. k i,l‘ ‘:’:‘l'g,l‘. i‘g l.g.i L M 0t 1) ‘O. '! 1,9 )8, '- “V’ W

T

RN NN N LN SRS
~ .~:~\ ._.- s RS -‘r}r

"J-»."S :._ o,



B

.
'?P: increases in Figure 4.3 are 6 x 10'4 to 1.25 x 10-3 percent, and may not be
) . . . N .
5B easily measurable. However, analysis of the corresponding increase in strains
i is possible, as follows.

A"
‘*t: A "universal equation of state for metals" is available from [40], where
*:: the interatomic potential £ is expressed as

, E = £ Ex(a*) (4.48)

:

i: where Eg is the equilibrium binding energy and +
LW

R a* = (r-r )/2 (4.49)
S e
o
' with r as the Wigner-Seitz radius, r, = 1.58 «x 1078 cm is the equilibrium (zero
- strain) value of r for aluminum, and & = 0,336 x 10'8 c¢m is the normalization
(et
b )" factor for aluminum. The normalized potential is
36N

8

Lol * 3

he E* = e (1 + a* + 0,05 a*”) (4.50)
N

- The tangent modulus is proportional to Ao/ Ae,
b >
do 1 dF

- o -
4 G *de " KT (4.51)

;J‘

§E§ where the constant area A contains the Poisson factor and F is force, The

"f strain is defined as

2 \)
TR €= a*t/L (4.52)
b 0
o
$:; where 2, = 4,04 x 10" cm is the lattice constant. Thus,
2N
i{g 10 dF
H _ 4,53
'l.' G = RX/ da* ( * )
a
)
5y

g
B "
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From F = dE*/da*, we have

(dZE*/da*Z)

=

h (4.54)
2

0 (dzE*/da* )o

“

so that E and the constants in Equation (4.53) cancel. Taking the required

derivatives and assuming that ay > a; = 0, we have

Gh -a¥

= e (1 2.7a% - a¥f - 0,654
0

- 0.05a*%) (4.55)

Setting Equation (4.55) equal to 1,000006 or 1,0000125 yields a* = 3.5 «x 10-6
or 7.4 x 1070 for the uniaxial and multiaxial cases in Figure 4,3, respec-
tively. Equation (4.52) then gives the average elastic strains in the hardened
phase; g, = 2.9 x 107 (uniaxial), &, = 6.2 x 1077 (multiaxial). These values
may be compared to the average strains associated with dislocations, as
follows.

The volume fraction of dislocations in the hardened phase may be estimated
as

-6

p=7.7x10 (4.56)

Assuming that the material between the dislocations (whose spacing is p'l/2 =
643 10) has zero elastic strain, and considering the dislocations as "fibers"
so that the rule of mixtures applies, the strain associated with the disloca-
tions is e,/V¢ = 0,037 (uniaxial) or 0,081 (multijaxial). The shear strain
associated with a screw dislocation is b/2n&; = 0.113 (b = 2,86 «x 1078 ¢m s
Burger's vector). The strain associated with a path around an edge dislocation

is b/8%,; = 0,088, Therefore, the strains computed from the analysis of the

4,19
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% modulus changes (4 to 8%) compare reasonably well with those from a metallurgi-

‘a cal analysis (9 to 11%). The factor of two discrepancy is easily accounted for

R by the uncertainties in the estimated dislocation density, and the approxima- "
; tion of a constant value for Gy over all scales. This lends support to the .
‘i verification of the stress polarization equation. EY
"1

o 4.3 DISCUSSION ;ﬂ
é The scale- and rate-dependent stress polarization (cp) equation was

g developed from Bodner's Equation using fractal scaling relations in a manner .

similar to the microstructural form developed in Section 3. The latter form

x (Equation 3.12) assumes that local behavior dominates with respect to scale, o
2 and requires microstructural models to predict the macroscopic strain rate. &
} Conversely, the % formulation (Equation 4.29) quantifies the nonlocal behavior ;'
: as a function of scale. It requires no microstructural models, but needs q
A certain state variable histories to predict the evolution of the internal .
? stress field fluctuations as a function of the macroscopic stress and strain ig
i rate. ]
K The preliminary verification results for aluminum (Section 4.2) showed ii
o that the % equation could be used to predict the evolution of the micro-

h' structural features that control viscoplastic deformation, given the hardening

%‘ and damage state variable histories. Although such data are sometimes avail-

! able for larger strains, they frequently do not exist at smaller strains {(where

. viscoplastic rate effects are most important) because of experimental diffi-

h culties. A method has been developed to alleviate this deficiency by eliminat-

: ing ¢, and ¢y, from the % equation, leaving the stress polarization as a

0 function of the chosen scale factor (by) and the macroscopic stress and strain

: rate. The resulting equation can then be solved to find the spectrum of scales

} over which nonlocal behavior dominates, thus providing guidance for metal-

i lographic analyses and possibly for metallurgical design.

A Note that the op equation contains the function rm = f(qhm,¢dm), which has

two important features. First, concerning the verification results in

E Figure 4,3, it should be noted that [37] contains mention of a small fraction

- of the subgrains having cells with average diameters an order of magnitude

“
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smaller than the subgrains. References [38, 39] also found substructure domi-
nated by cells about 8 microns in diameter. It is suspected that more accurate
and complete representations of Fms and thus e, would be more complicated
mathematically, resulting in multiple solutions for by (branchings) that would
predict both cells and subgrains. Second, Fm Measures hardening and damage in
terms of departures from unity. Expansion to multiaxial forms can provide a
combined hardening/damage tensor that can be inserted into continuum formu-
lations, thus completing the second objective in the first paragraph of the
Summary.

4.21
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N 5.0 CONCLUSIONS AND RECOMMENDATIONS

l The following results were obtained during the course of this work:

o e A new form of Bodner's viscoplastic constitutive equation was developed.

Sj This form (Equation 1.l or 3.12) admits microstructural models in an
organized and physically meaningful manner. It was verified by comparison

3! to high temperature creep data for a steel alloy, and is expected to
exhibit improved hardening behavior in computer simulations of structural

he) performance. The origin of the empirically-determined stress exponent was

f 1lso identified in terms of microstructural phenomena occurring at various

Eg characteristic length scales within a deforming material.

- e A stress polarization equation for viscoplasticity was also developed from

‘j Bodner's Equation. This new formulation (Equation 1.2 or 4.29) describes

}b the rate-dependent evolution of the internal stress field fluctuations in

‘. the material as a function of macroscopic stress and strain rate, two

‘% hardening and damage state variables, and the characteristic sizes of the
rate-controlling microstructures. Preliminary verification was obtained

ii for the creep of aluminum, and showed that the stress polarization equa-
J tion is potentially useful for the prediction of microstructural evolution
k} in terms of macroscopic stress-strain rate data. This equation also con-
» tains the basis for the development of a new material state tensor that
l! simultaneously describes hardening and damage phenomena.
The following recommendations are also made:

Ei ® The verification results obtained herein are preliminary in nature, and
further testing of the above equations is in order.

gg ® Development of the stress polarization equation should be continued to
(1) provide analytical tools capable of predicting microstructural

3; evolution in terms of macroscopic response, thus giving guidance to

-

metallographic analyses and reducing the costs of metallurgical design,
- and (2) complete the development of the combined hardening and damage

state tensor.
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APPENDIX

THE CONSERVATION OF MASS APPROACH

This approach was an attempt to solve for the dimensionalities in Equa-
tion (4.1), as follows. The conservation of mass equation requires that the
material derivative of the mass is zero. Expressing the mass m as the density

times the fractal volume, this is

dm _ 9 D ) Dy _
3 - (ol7) + Vi B (") =0 (A.1)

where the small d represents the material derivative and the summation conven-
tion applies in the last term,

Performing the derivatives, this equation becomes
0 D
D[ ap dp 3L L~ ).
L (E * Y a>x1.>+ P (a‘t Y 3. >‘ 0 (A.2)

The usual conservation of mass equation gives

%4y 20 o, 1 (A.3)

which can be substituted into Equation (A.2) to give a differential equation
for the fractal volume (LD):

D D d
oL” , . 3L~ . L0 Vi (A.4)
ot i Bxi 5xi .
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where the L above is a suitable average of the characteristic lengths of the
three principal directions

L = LO e X (A.S)

where Lo i the initial length, and v is Poisson's ratio. Equations (A.4) and
(A.5) are assumed to be valid for any scale within the material. The x; and Vi
in Equation (A.4) are defined by Equations (A.5) and their derivatives.

The choice of the average length L determines the final form of the dif-
ferential equation for D, A number of attempts were made to find a suitable
representation of L, with inconsistent results, Examples are choices based on
the strain invariants (i.e., IE) and the strain deviator invariants (i.e.,
Ig-):

1/3

L=t (Ig - g + I + 1) (A.6)
L=, (1. + 1. + Y3 (A.7)
The final differential equation for D on any scale corresponding to, i.e.,
Equation (A.7) was
[3r ln<L0 A1/3)].§$ + 802 1ay (A.8)
with
r = exp (sx) (A.9)
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where Poisson's ratio v depends on the dimensionality D [36]

(A.11)

The differential equation corresponding to Equation (A.6) was similar, but with

different versions of Equations (A.10).

Given a characteristic length L0 corresponding to a chosen scale, dif-
ferential equations such as Equation (A.8) were solved numerically and the
results represented in the form of plots of macroscopic strain rate versus
strain, This was done by approximating the constitutive equation by the form

(A.12)

where a, is a lattice constant, b0 is a Burger's vector, ¥ is the Schmid
factor, E, is atomic binding energy, and g, is the mobile dislocation density.
The term f(Da) represents damage on the atomic scale, and is developed from a

rearrangement of Equation (A.8) so that
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Ds is omitted from Equation (A.12) because it is assumed relatively

Note that LS
constant, consistent with the observation of volume conservation on the macro-
scopic scale [41]. Setting the last term in Equation (A.12) equal to a con-
stant, the basic strain rate versus strain behavior can be observed as shown in
Figure A,1. The ordinate in this figure is the macroscopic strain rate normal-
ized to the value at the assumed starting strain (10'5). The abscissa is the

strain on the scales noted in the figure.

The two solutions in Figure A,1 show quite different results depending on
the representation of L chosen. Another representation with Ig = 0 in Equa-
tion (A.6) (41] gave results similar to the "strain invariant" curves shown in
the figure. Note that both solutions show macroscopic effects at much smaller
strains than for the microscopic scale. This may be somewhat consistent with
the following observation. Although a small permanent deformation of the
macroscopic sample may be measurable, a random microscopic sample will fre-
quently show no obvious evidence of such deformation, at least for the rela-
tively small macroscopic strains over which viscoplasticity is important.
However, the monotonic behavior of either solution in Figure A.l was taken as
an indication that hardening and damage were actually not simultaneousiy repre-
sented, as originally intended. This is also obvious from Equation (A.12),
where the damage term may be represented by the first bracket and the hardening
behavior by P in the second bracket. In essence, the continuum and metal-
lurgical contributions had remained separated. The consequent failure of the
above conservation of mass approach thus indicated that another direction

should be taken, and the stress polarization approach was subsequently adopted,
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