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ABSTRACT 

This paper addresses passive contact trackin1 
using measurements from a perturbed multiple 
element linear array. Time delay measurements of 
ray patb range differences between array sensors 
are considered where sensor positions are 
perturbed off tbe mean array axis. Estimator 
performance is analyzed and it is sbovn that 
under large range-to-baseiine conditions, 
uncertain array position can yield unacceptable 
solution&. Specifically, velocity estimates are 
shown to be particularly sensitive to the rate of 
change in array shape. A method utilizing a 
speed constraint is proposed for compensation or 
reduction of estimation biaa. To achieve this, 
general inequality constraints are incorporated 
into an iterative least squares estimator, and 
perfonaance is demonatrated. 

I. INTRODUCTION 

Tr~cking using measurements from a linear 
array represents a nonlinear state estimation 
problem that utilizes botb array and processing 
gains to obtain contact state estimates. Typ­
ically, this problem involves the determination 
of position and motion .. of an acoustic contact 
from noise corrupted time-delay measurements 
derived from spatially distributed sensors. Time­
delay measurements are generated by cross­
correlating signals received at eacb of tbe 
subarrays as shown in figure 1 for a three 
element array. The array of sensors can be 
stationary or attached to a mobile observer. In 
either case, large separations between sensors 
provide the baseline necessary for good tracking 
performance. However, the problem is complicated 
when the precise location of each sensor is 
uncertain. ' When the array is being trailed 
behind a mobile observer, lateral array motion 
can result from perturbations in observer velocity 
as well as from environmentally induced excita­
tions distributed alor! the array. Hence, 
inaccurate array shape assumptions can induce 
modelling errors into the estimation process. 

The contact state estimation problem addressed 
here is not amenable to simple so ut ion since 
intr insic system nonlinearities preclude the 

application of conventional linear estimation 
techniques. Estimation algorithms based on a 
first order linearization approximation that 
employ an anomaly-free array model have been 
developed. 1

'
1 In the presence of array motion 

mismodelling, imprecise array shape parameteriza­
tion can induce significant errors in contact 
state estimates. Under these conditions, estima­
tion accuracy _can be improved via utilization of 
any! priori information about the contact's 
state. For example, previous studies have shown 
that for tbe bearin1s-only tracking problem, 
significant performance gs~ns can be •ealized by 
constraining the contact state in the es t imation 
process. 4

'
5 

Thia paper extends previous investigations on 
constrained passive localization and motion 
analysis to include measurements derived from a 
linear array in the presence of array motion 
mismodelling. For this application, contact­
observer dynamics are modelled in a cartesian 
coordinate system. As in [21 and [3), contact 
position and velocity estimates are generated by 
an iterativ~ least squares estimator that utilizes 
a Householder transformation to solve the Gauss­
Newton equation. The algorithm can accommodate 
either the collinear array assumption or some 
other presumed array shape, and is augmented to 
comply with general inequality constraints. Array 
deformation is characterized by a lateral dis­
placement from a collinear array at each sensor 
location as shown in figure 2. Displacements are 
mapped into parameters defining array shape, and 
estimator performance is characterized as a 
function of these parameters . For purposes of 
analysis, a sinusoidal array perturbation model 
is csed to denote the difference between true 
and an assumed collinear array shape. A speed 
constraint is then imposed and the concomitant 
performance gains are illustrated through 
simulation experiments. 

II. CONTACT/OBSERVER DYN~~ICS ~VD 
MEASUREMENT MODEL 

An absolute coord1nate system is utilized fo r 
the target-observer geometry described in figu re 
3 where the origin is defined as the observer 
position a t the time when the first measurement 
becomes available. The contact is assumed to be 
traveling '"ith constant velocity. In many 



trackina applicationa, observer aaneuvers are 
either necessary or highly desirable to enhance 
syst .. observability.• However, with time· 
delay .. asur..ents generated from a linear array, 
no observer -.neuver is required for tva-dimen­
sional contact position and velocity estimation. 
To clarify the tracking aspects presented in this 
paper, no observer maneuver is utilized, and an 
infinite homogeneous underwater environment .is 

···~d. 

Acoustic hydrophones are presu.ed to be evenly 
spaced along the trailing linear array with fixed 
sensor separat.!.on L, as shovn in figure 3. The 
i,(k) vectors define relative position of the 
three hydrophone acoustic centers at t~ k with 
respect to the initial observer position. The 
r,(k) vectors denote the spacial separation 
between the contact and each sensor and are given 
by 

T1(k) = T(k) - i1(k) = [ ~ :~:u -[ ::;~:~] (2 .1) 

with r. (k) and ry(k) denoting contact posi-
tion in the absolute coordinate syst... Time­
delay measurements reflect the differences in 
travel time of sound propagation fro• the contact 
to each acoustic sensor. These are generated by 
cross-correlating the signals received at each 
~ensor, and are modelled by 

(2.2) 

(2.3) 

where A1(k) = ltr1(k) 11 denotes the ray path range 
from contact to the i'th sensor, c is the speed 
of sound, and ~ 1(k) and ~2(k) denote uncorrelated 
zero mean additive noise components with common 
variance a!. A measurement of the ray path range 
difference for sensors 1 and 3 can also be 
generated but is not considered here. 

Figure 2 describes the perturbation model of 
sensor displacement relative to a collinear array. 
In this figure, each y,(k) denot~s perpendicular 
displacement from the mean array axis for each 
respective sensor. The i,(k) vectors are 
related to the lateral displacements by the 
transformation 

sinC0 J [(kTS0 -IL)J ( 2 _4 ) 

COIC0 Yi(k) 

where Co and So denote observer heading and 
speed, respectively. 

Parameters describing general array deforma­
tion in lieu of arbitrary lateral displacements 
are also described in figure 2 . These are array 
distortion and rotation, viz., 

(2.5) 

(2.6) 

2 

where the rotation angle 6(k) denotes angular 
deviation of the array from the mean array axis 
while the distortion d(k) describes bending of 
the array. With array shape defined by array 
distortion and rotation, displa~emen t of sensor 
y,(k) merely denotes a translational displace­
ment of the array from the mean array axis. Note 
that given array shape and displacement y ,(k ), 
lateral displacement of sensors 2 and 3 i s given 
by 

Y2(k) = Y1 (k) + d(k) • L tan li 

y3(k)= y1(k) + 2Ltan II • 

(2 . 7) 

(2.8) 

The respective displacements y,(k) are related to 
each other due to the physical dynamics of moving 
a non-rigid body through the medium.' F~r 
purposes of analysis, array displacements are 
assumed here to oscillate at frequency w0 , and are 
:iven by 

Yi(k) = h1 sin (w 0 kT- I PL) , (2.9) 

where p represents a positional phase component . 
When p•..,iS

0 
and h,•h for all i, the array 

traces out a single curve in the absolute 
coordinate system as it is pulled through the 
mediU.. For this case, the displacement at one 
point along the array is merely a delayed version 
of array displacement at another point along the 
array. In general, array motion is a dynamic 
response to excitations delivered from the observer 
and/or distributed along the array. These excitll­
tions can be broadband or narrowband process~~ 
By varying w0 , estimator performance can be 
analyzed as a function of frequency. Hence, the 
spectral nature of the excitatior. need not be 
identified. Note that with this harmonic 
description of ~rray motion, d(k) and tan(9(k)) 
are also harmonic in the same frequency ~ue to the 
linearity of equations (2.5) and (2.6) in these 
variables. 

III. PERTURBATION ANALYSIS 

At ~ach sample time, an instantaneous 
localization solution is provided by directly 
mapping time delays into wavefront curvature range 
and bearing. For the case of an unperturbed 
array , it is easily shown that the mapping takes 
the form1 

R= 
L2- c2(;12 • ;22)/2 

C(T2-T1) 

. { c(r1 + ;2) c2(;12. ;22)1 
{3 = Stn·1 - - 1 2L 4AL 1 

(3.1) 

(3.2) 

where R denotes contact range relative to the 
mid-array and 8 denotes the re lative bearing as 
measured from broadside to the array, with time 
i ndex k omitted . wnen array ~ l ements are 
perturbed off the mean array a:<is as shown in 



figure 2, equations (3.1) and (3.2) no longer
apply. Hence, utilizing perturbed time delays in R /coso,. 2L,2

the above mapping results in a biased localization - --

solution.' The extent of this bias and its L ' (kcOS°lt 3.3

effect upon contact velocity estimates is now 2ptanit P tan
shown. tano9 - - i - n2.

Consider as unperturbed time delays those
noise-free measurements obtained from sensors where Rt d 2o6
aligned with the mean array axis. Then, as array p =- - I -CO$43t

elements are perturbed by the corresponding
displacements y,, it can be seen that the Expanding (3.7b) using the first order Taylor
perturbed ray path ranges become series expansions for sin-'(*) and I/a, the bias

Rip = Ri [1 ' Yi(yi -2Rtcost )/R12 ]1/ 2 , i=1,2,3 (3.3) in cos 2bi fn is j 3COS2 13t2

where R, and 3, represents the true (unperturbed) A2P L 16+ 1 + tan .
range and bearing. Expanding (3.3) by a second 2p3  232 2p"
order Taylor series and using measurement Biases in range rate and bearing rate can now be
equations (2.2) and (2.3), the perturbed time found by differentiating (3.8) and (3.9), viz.,
delays become (

Ap ri J;' =1,2. AR.4 C3;- C;3.0
jz1 (3.4) L =- ClP +C2 I0tC 3 ~

where
where whereC :=1 . 40 -2 tinS}, twoe - o 02 t  _! 

2 " ts n2 6l

a 1 =- [L 2  IL -2RrCOsf3L(Y12* Y1' ) 1 aj.S [- ta, 1 ( 1O2 1  21n

- I1 (.y. I 2RIcosO,) 2 ._!J (-Y, + 2R cas0 CO*2jt Cos 2 0 cosis

C3 .1q.coa,.s )-2,6+ 4aj., lno 62g 2. ZA_ lan2

represents the time delay perturbation. 
2L 2Ct1 ce.

2
i31  COS, Cos, t J

With y,<<Rj, and L/R,<<l, then Rj.i/R-=1 l.
Combining this with equations (2.5) and 2
(2.6) yields I 4 [-2,,tn. 4 2i. 'l2, ta.8 - l4-A W]

T = - (d L tan cosl (3.6a)c
2

fl co

C and C (3.1l)

2 = (d- L tanh) cos 1  (3.6b) where
C

These expressions are now used to replace r ( 3 cOs2j, sinB. _ -(3cOS2it - )tan 0

with its perturbed value - p in equations (3.1) C5 = I 4 3
and (3.2) to obtain 2p p

3

C_= 2_ - 3 ",sin 20,a

R. A-9(cosilt)d -EL cosO, loM - (Co 2 ?,)d
2 - L2 cos

2o, tan
2 n (3.7a) a 2 0

3  2p2  ) tan 0
8 * 2(cos,) d C7 =- C0S 2 131 sinB,

and 2P 3

an si
' '

E - (cosO,) tane C8 * seC2
j 1 + 3 C052B l2

2L (3.7b) 2p2

. BE-2E(cosf,)d - 2BLcos ti, Iane 4L
2
(co

2
1t ) d tanOi Some important observations regarding

4RL equations (3.8) through (3.11) can now be made.
where First, note that when P>>I, bearing error is

A L2 C2 (rl+r )/2 dominated by unmodelled rotation 9, while rotation

rate 6 dominates the bearing rate error. This is

B - c (T2 r ) expected, considering the coordinate rotation

E = C (1 2 ) necessary to realign the mean array axis with the
actual array. At near broadside, range error is
essentially determined by distortion. With

Using the far field approximations
8  

I i<< P< I , thenat and for small rotation and
B-L cos2J,/R, and E=-2Lsin3,, the bias near broadside bearing
in range is given by

3



2p2 6 whe re t(x) = (  7( (k))oy, r,(k)

A8 tan i r(k)- il.(k)1 - i(k) - i(k) 11)/co,7 (4 .3)

for j=L or 2 depending upon whether n is odd (j=L)

A .2,2eT. or even (j=2), and where current range is related

L to r(k°) by

A4t =  rx(k) = rx(ko) - (k-ko)TV5  (4.4a)

Indeed, the product P6 characterizes the ill- r rY(k) =r(k 0) (k-k)Tvy (4.4b)

conditioning effects induced by array motionmismcte~in on ocaizaionestiate. WienThe iterative procedure for obtaining themismodelling on localization estimates. Whencottsaeetites
array shape is concave (6<0). contact range is contact state estimate is
biased long, approaching infinity for 5--1/2P, A 

=  (45)
while for a convex array shape, range is biased X1.1 = +

short. Relative speed S can be obtained from therelation where i is the iteration index, z is the step-
size, and g, denotes the search direction

S2 = R2 +(RI3) (313) vector. Here, it will be found by minimizing a) .linearized version of the performance index which

With the assumptions described above and the is based on a Gauss-Newton first order

special case of zero relative speed considered in linearization procedure.' ' Specifically, this

the paper, the speed error is given by performance index takes the form

10^~i dllTJ(ki) ii -Tftlll 2 =llA " i [ " ]II (4.6)

AS = [404g2+(p(I. 2p6)6)2] 1 2  (3.14) P (A' 0 [

L where J(x ) denotes the Jacobian of i(x,) and

is described in the appendix. To avoid matrix

Note that in the decoupled cases of -0 (no inversion, the orthogonal transformation T known

rotation) and d=0 (no distortion),AS decouples as the Householder has been utilized. This

accordingly into distortion rate and rotation operation transforms the Jacobian into partitioned

rate, respectively. This case clearly illustrates components consisting of an upper (4x4) matrix U

the potential sensitivity of speed estimates to and a ((N-4)x4) null matrix. The measurement
array ptubatinsiatvi osresidual vector f is transformed into the (4xl)
array perturbations rates. vector ( and the ((N-4)xl) vector Z. The search

IV. ITERATED LEAST SQUARES direction vector, it, is the solution to the
normal equations associated with PIL, namely

Unconstrained Estimation i = U-1T . (4.7)

While localization solutions may be obtained A back substitution algorithm" is employed to
by direct mapping of time delays into range and precl su s ion orith is emined,
bearing, estimates of contact velocity are obtained preclude inversion of U. With , determined,
by processing time-delay measurements over several step size z is determined as in [3i. The
measurement samples. In either case, smoothing is t eron p roce ure s a d byuing
desirable to reduce the effect of measurement tewvfrn uvtr ag n ern eienoise. Because the measurement equations (2.1) and in the previous section. Specifically, time delays

i(2.2) are nonlinear, an iterated least squares are mapped into positional components while contact
(2.) appre niar, an t tdesred leat2 and 3 velocity is initialized at zero. Iteration is
approach similar to that described in and continued until either a termination condition is
is selected to estimate contact position and detected (i.e., the percent change in PIL falls
velocity from the measured data. Specifically, an below some threshold) or a maximum allowable number
iterative algorithm based on conventional Gauss- of iterations is reached (typically set at 50).
Newton procedures is used to minimize the
performance index (P) given below. Estimation with Inequality Constraints

Defining the contact state estimate as General inequality constraints will now be

[r (ko), r (k) V V ( 4.1) incorporated into the Least squares estimator.
X Y X Y Constrained contact state estimation requires

with r,(k.) and r,(k.) representing minimization of the performance index of equation

contact position at some time k. and (v., (4.2) subject to general inequality constraints ot

vy) the (constant) contact velocity estimate, the form
the performance index associated with the &MIN.& (i) A (.S)
unconstrained estimator takes the form

N where q(q) denotes the vector ot tunctionais chat

Pl(i) f(i.:2 fT(i)f(R) Ifn2(j) N>4 are to be bounded.

ir4
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One ~pproach in solving inequality constraint 
proble .. is to define slack variables o~ the form 

1=1 ••• ,M ,(4.9) 

the slack variable method converts minimization 
with inequality constraints to minimization with 
equality constraints since in order for or1 to bt.• 
real, relation (4.8) has to be satisfied. 
Lagrange multipliers are used to adjoin these 
variables to the original PI via 

M 
Pic= Plu + L .\1 (o12-b1(x)) (4.10) 

i=1 

with Pic and Piu denoting the unconstrained and 
constrained p&rformance indices, respectively. 
Note that for minimization of Pic, 

(4.11) 

Furthermore, the '"1 need not be directly computed, 
but rather can be eliminated to yield the Kuhn­
Tucker conditions. 4 

(4.12a) 

(4.12b) 

(4.12c) 

With no loss of generality, the unconstrained 
measurement residual vector is augmented as 

(4.13) 

where 

(4.14) 

the unconstrained Jacobian is augmented by an addi­
tional row for each constraint that is violated 
(see appendix). 

Hence, the contact state estimate is obtained by 
applying the Gauss-Newton iterative procedure 
described in the previous section to the following 
modified performance index 

M 2 
Pic= Plu • L A1 b 1 (i) • (4.15) 

i=1 

When constraints are violated, iteration continues 
until ~~strained parameters reach the predeter­
mined boundary. Selection of Lagrangian multi­
pliers can be achieved through an iteration process 
as in [8]. Assuming there are no contradictory 
constraints and that the degree of modelling error 
is not so severe as to preclude realization of the 
constraint, then each X 1 increases in magnitude 
through iteration until the constraint is realized 
( i.e., X 1 •X 1o). :-lote that Lagrangian multipliers 
. .,i th values greater than X 10 have no additional 
e ffect upon the PI since b , (~) vanishes. 
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V. EXPERIMENTAL RESUL:~S 

To illustrate the sensitivity of contact speed 
estimates to array motion mismodelling, several 
simulation experiments were conducted using the 
geometry described in figure 3. this scenario 
represents a parallel geometry where relative 
motion between contact and observer is zero and 
commences with the contact being broadside to the 
observer (~135•). Nominal values of observer 
and contact speed are both set to 0.01 L/sec where 
L is sensor separation. A normalized initial range 
(R/L) of 80.0 vas employed. For the first set ot 
exp•riments, time-delay measurements are assumed 
to be noise free (i.e., SNR• ~>. Data was collected 
o•rer a processing interval of 10 minutes containing 
a total of 100 equispaced measurements. The sinu­
so1dal perturbation model given by equation (2.9) 
vas ~~ed to individually describe array distortion 
and rotation. 

Sensitivity of contact speed estimates to array 
perturbations is depicted in figures 4 and S. 
Specifically, figure 4 depicts the sensitivity to 
array distortion (zero array rotation) while 
figure 5 depicts sensitivity to array rotation 
(zero array distortion) . Note that for negative 
distortion values, the speed error peaks are 
shifted left at lover frequencies. Speed error 
curves for negative rotation angles have been 
omitted since they were observed to coincide with 
those in figure 5. The sensitivity curves are 
plotted as a function of normalized frequency 
f,., vbere w .•21T' f a/600 is used in the respective 
perturbation models. Note that speed estimates 
can significantly be affected by a relatively 
small perturbation in rotation. Using the 
sinusoidal perturbation model dictates that 
distortion and rotation rates increase with 
frequency. However, the speed errors plotted in 
the figures are actually "smoothed" errors. 
Hence, speed estimates are shown to be particularly 
sensitive to array perturbations in a certain 
intermediate frequency interval. As indicated in 
the perturbation analysis, for (d/L)•(R/L)>l, very 
large speed"errors are generated; this was also 
observed experimentation. 

The potential performance gains ·ealized by 
incorporating a speed constraint are i llustrated 
in figures 6 and 7. Performance improvement is 
depicted 'by the ratio of ~onstrained to uncon­
strained contact state estimate errors. Figures 6a 
and 7a depict estimation with an equality speed 
constraint, (Satn = Sm•• = S,,~.), while 6b 
and 7b resulr from incorporating inequality 
constraints (Saln = 0, Sm•• = 3S,,~.>· Note 
that in all these figures, estimation accuracy is 
significantly improved for only one contact 
parameter at any particular f reque••cy. When 
equality constraints are imposed, improvement i s 
realized over nearly the whole frequency spectrum . 
However, dne to smoothing effects of the estimator, 
performance i~provement realized from the 
inequality constraint is obta i ned only over the 
frequency interval where speed estimates are w~st 
sensitive to array motion modelling errors, and 
hence, the constraint is violated. 



Figures 8 and 9 describe the effects of 
modelling error and t.provement via the speed 
constraint for a Monte Carlo simulation, where the 
same geometry of figure 3 is uaed, and only 
distortion is considered. For this case, time 
delays are corrupted by zero mean white gaussian 
noise of variance e1"2 • 2.5xlo-•, and a random 
phase component distributed between (0,2r) is 
incorporated into the sinusoidal perturbation 
model. The Monte Carlo experiment consisted of 30 
sample runs, from which error statistics were 
computed. Figure 8 describes the sensitivity of 
estimated speed to distortion for d/L • O.OOt, and 
is consistent with figures 4 and 5. Figure 9a 
describes the improv ... nt in mean range error for 
the cases where the sa.e equality and inequality 
constraints described above are ~tilized. 
Fig~re 9b describes the improvement in range error 
variance for the two constraint conditions. Again 
these results are consistent with the single own 
experiment described above. 

VI. SUMMARY AND CONCLUSIONS 

The focus of this paper bas been to (1) demons­
trate the sensitivity of contact velocity estimates 
to array shape modelling error, and (2) to show 
performance i~rovement of contact state estimation 
with a speed constraint when such modelling errors 
are present. Specifically, sensitivity of esti­
mated contact speed to ~ssumed array deformation 
bas been demonstrated through a perturbation 
analysis of wavefront curvature range and bearing, 
yielding contact velocity as a function of actual 
relative velocity, shape error, and rate of change 
of the shape error. A sinuaoidal error model was 
used to characterize speed error as a function of 
frequency to show where estimated speed is ~•t 
sensitive. This sensitivity was demonstrated 
through simulation via an itet·aced least squares 
algorithm. Note that while the perturbation 
analysis describes predicted speed error, simu­
lation results contain the low pass filtering 
effect of smoothing provided by the least squares 
estimator- The analysis was baaed on assuming a 
collinear array. However, it is expected that the 
same form of contact velocity sensitivity to array 
motion mismodelling will result for more general 
array shape assumptions. 

Experimental results also illustrated the 
potential ~rformance gains that can be achieved 
through utilizing ~ priori contact speed informa­
tion- Specifically, estimation accuracy was 
enhanced, and the use of equality cons traints was 
shown to provide performance improvement over the 
whole frequency spectrum- However, when more 
general inequality constraints are utilized, 
improvementR in contact estimates occur only in 
the frequency intervals where they were most 
sensitive to array motion modelling errors. 

APPENDIX 

The Jacobian matrix required for solution of 
the Gauss-Newton equation is defined by 

, f 
J(i)= ?i (A_l) 

6 

where f is the unconstrained measurement residual 
vector of equation (4.2) and ·~ is as defined in 
equation 4.1. Each row of the Jacobian then takes 
the form 

(A. 2) 

where j•l for odd numbered rows and j22 for even 
numbe red rows, and rl is defined by equaticns 
(2.2) and (2.3). Let O.T(k-k.) and 

J,.={p (k)·p (k))/C 
\ (1+1)x IX (A.3a) 

Jjy =r(J+1)y (k). P IY (k) )1 C (A. 3b) 

where 

Pj(k) = 
, (k) - lj{k) 

I r(k)- iJ(k)l 
j=1,2,3. (A.4) 

Then each pair of rows of the Jacobian matrix is 
given by: 

( A.5) 

The respective P, (It) vectors represent unit 
vectors emanating from each sensor and directed 
toward the contact at sample time k-

Violation of imposed inequality constraints 
requires augmentation of the residual vector and 
the Jacobian. When the speed constraint is 
violated, the unconstrained residual vector is 
augmented by 

'N•1 (i) = <Smax·S(x))(S(x)-Smln) 

where S(x) = (v 2 + v 21112 
ll y • 

(A. 6 ) 

The elements of the additional row of the Jacobian 
matrix is given by 

[o o kv.JS kvyiS] {.\_ 7) 

where 

k /s • s . ) 
= 2\ m.x 2 m~n - S(x) (A.S ) 

is proportional t o the deviation from the midpoint 
between the constraint boundaries . 
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