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EDITORS RATTLE SPACE

ON THE COSTS AND BENEFITS OF TECHNOLOGY TRANSFER

The recent announcement on the disestablishment of the Shock and Vibration Infor-
mation Center (SVIC) represents a distressing fact of life that I have observed for
some time. Many people do not budget for or expect to pay for technology *rans-
fer. It is taken for granted that telephone calls and/or written inquiries to treposito-
ties of technical information will be answered without cost. They do not stop to
think about who pays for it. Fortunately, SVIC survived up to this time because
there were some forward thinking managers who paid their way and more. But in
the end nonsupport was partly responsible for the demise of an organization that
setved members of the shock and vibration community for about forty years. When
SVIC is no longer available past users will have to either "reinvent the wheel” or
spend endless houts in pursuit of information that would have been cteadily avail-
able. Who is the loser in this situation? Obviously it is the users -- both those
who were willing to pay for technology transfer services and those who would not
pay for it.

If technology transfer is to be a viable mechanism in the equipment design and
development process, a method of tunding this type activity is going to have to be
evolved, The first step in the establishment of funding is the recognition of the
need for the services. A good source of technical information will make any
engineer mote efficient and the return on investment on his services will increase.
Management often hires an engineer with the idea that he is an expert that needs no
outside help. They would do better with fewer engineets and more outside help
--especially that which is technology transfer oriented. It is not easy to quantify the
assistance received from technology transfer nor how to budget for it. It is not
constant in return on investment. One year a company will receive a huge return
-- the next year they will realize very litde. But over the year those who support
technology transfer will realize benefits for exceeding the cost -- a high return on
investment,

If technology transfer services ate to be maintained, it is going to have to be sold
to management as a necessary and worthwhile activity. This means managers have
to be appraised of its value not only by outside persons but also by engineers using
it. Engineers are going to have to forcefully tell management that they need to
budget and pay for outside technical information that will increase their efficiency.
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THE DIGITAL PROCESSING OF ACCELERATION MEASUREMENTS
FOR MODAL ANALYSIS

C.W. deSilva®

Abstract. In modal testing dynamic responses
are usually measured as acceleration signals.
The corresponding displacement time histories ate
obtained through digital computation for subse-
quent modal analysis. Techniques used in this
computation — data windowing, digital filtering,
and double integration are described in this
paper. Problems of aliasing distortion, leakage,
numerical instability, and complementary-function
effect are discussed; methods to reduce their
influence are given. Typical zesults of dats
analysis are presented.

Experimental modal analysis is a frequency
domain technique of model identification. The
objective of this method is to determine natural
frequencies, modal damping ratios, mode shapes,
and a time domain model for a mechanical
system from experimentally-determined transfer
functions, The introduction of the fast Fourier
transform (FFT) algorithm in 1965 [1] was fol-
lowed by rapid advances of dedicated digital FFT
analyzers and microcomputers. Experimental
modal analysis has emerged as a powerful and
cost-cffective tool in dynamic modeling, design
development and optimization, control, and quali-
fication of mechanical systems [2].

A typical scheme for experimental modal analy-
sis is shown in Figure 1. The test object is
excited by applying a known forcing function
along one degree of freedom. The resulting
dynamic response along various degrees of
freedom is measured using properly mounted
accelerometers, Bias toward the accelerometer
as a response sensor in modal testing is attribut-
able to its many advantages. They include
simplicity, high bandwidth (fast response and
wide useful frequency range), high accuracy, low
cost, and light weight. High output impedance in
piezoelectric accelerometers provides the added
advantage of reduced loading effects from
connected instrumentation (e.g. signal conditioning
and recording devices). Unfortunately, for the
same reason, the level of the output signal of
the accelerometer is small. A charge amplifier
is traditionally used at the output of an acceler-
ometer to increase overall sensitivity and reduce
noise problems; e.g. cable capacitance noise,
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Figure 1. Schematic Representation of Experi-
mental Modal Analysis.

A signal conditioning device in digital processing
is the antialiasing filter. It can be a separate
unit or part of a single package with the charge
amplifier. An antialiasing filter is an analog
low-pass filter with a cutoff frequency set
slightly above the highest frequency of interest in
the Fourier spectrum of the analyzed signal. If
a signal is sampled at a certain rate (termed
sampling frequency) for digital Fourier analysis,
the Fourier spectrum beyond the Nyquist fre-
quency -- equal to one half the sampling fre-
quency -- is lost [3]. This portion of the
continuous Fourier spectrum is folded about the
Nyquist frequency and added to the remaining
portion, which corresponds to the digital Fourier
spectrum, The distortion of the spectrum in the
neighborhood of the Nyquist frequency is known
as aliasing.

Aliasing distortion does not take place if a
signal is band limited to less than the Nyquist
frequency. An antialiasing filter removes high-
frequency components from a signal, in effect
band limiting the signal thereby reducing the
aliasing distortion.  Approximately 20% of a
digital spectrum at the high-frequency end of a
Nyquist frequency band might have to be dis-
carded if a good antialiasing filter is not used
prior to digital Fourier analysis. The conditioned
(amplified and filtered) acceleration signals are
tecorded on multiple track FM tapes for subse-
quent digital processing.

Displacement responses needed for modal analy-
sis are obtained by double integrating accelera-
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this was accomplished

tion signals, In the past
amplifiers. This ap-

using analog integrating
proach possesses all the drawbacks inherent to
analog signal processing techniques; e.g., high
noise levels, distortion, time variance, bias, and
sluggishness. Because modal analysis is per-
formed digitally, it is logical to employ digital
techniques to preprocess the acceleration signals.
This paper describes some digital preptocessing
techniques for modal analysis that have been
thoroughly tested by the author. Possible problem
areas are discussed and ways to citcumvent them
are presented. Attention is given to data window-
ing, digital filtering in the frequency domain, and
double integration.

DATA WINDOWS

As indicated in Figure 2, digitized acceleration
data are buffered (typical buffer size is 2048
teal values) and windowed prior to Fourier
analysis. Data buffering is necessary because
digital Fourier analysis requires a finite block
of data values. Data windowing is accomplished
by multiplying each data block by an appropriace
weighting function. The objective is to reduce
the leakage (or truncation error) due to buffering
(truncation) of transient signals. Leakage error
manifests itself as end ripples in the Fourier
spectrum [2]. These ripples can be suppressed
by shaping each data block with a suitable
weighting function. The window function assigns
relatively low weighting to the end values of
data in the buffer. There are thus n. severe
discontinuities from buffer to buffer.

Windowing has the undesirable effect of reducing
the energy content of each data segment. The
energy reduction factor associated with a window
function w(t) of length T is given by

1
xs—SJw(t)zdt
TO

(1)
In the discrete-time case the corresponding
expression is
1 N=1
I A
N =0 n
)

N tepresents the buffer size; w, denotes the
sampled values of the window function. Each
data block (buffer) must be scaled up by a
factor of 1/ in otder to achieve energy

equivalence ot windowed data and original data,

This can be accomplished ditectly by scaling the
window function itself. Scaling factors for
commonly used dats windows are given in Table
1.
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Figute 2. A Flowchart of the Digital Preproc-
essing Program for Acceleration Signals.

Table 1. Energy Scaling Factors for Common
Window Functions

Vindow Describing Scaling Factor
Equation 1123
Rectangulsr w(t)elfort=0¢tT 1
* 0 elsewhere
Flat-Top wit) = 0.5 (1 - cos 10wt/T) 1.07
tosine for t = 0 to 1/20
and t = 9T/10 o T
= 1 for t » T/10 to 91/10
= 0 elsewhere
Bertlett w(t) = 2¢/T for t » 0 to 1/2 Ln
{Trisngular) . /Te2frteT/Ztod
= 0 elsevhere
Hamming wit) « 0.8 ¢ 0.46 (cos 2ot/7) 1.5
forte0to?
= 0 elsevhere
Hanning w(t) = 0.5 (1 - cos 2ot/Y) 1.6
{costna) forteOtoT
= 0 elsewhere
harzen PORR YR, RIS 210
for t » 1/4 to 31/4
<20 - )’
for t= 0 to /4
andt=2T/4 T
* 0 ¢lsewhere
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Analysis bandwidth is a measure of the fre-
quency resolution in spectral results. If a rec-
tangular window of length T is used, the true
nature of periodic signal components having
frequencies smaller than 1/T (or period larger
than T) is not teflected in each data buffer
analyzed. Therefore, the associated analysis
bandwidth may be given by 1/T. For other
types of windows a further loss of information
occurs due to shape distortion. Hence the analy-
sis bandwidth must be increased in order to
maintain the accutacy of the rectangular win-
dow. Note that, in the context of selecting a
data window, leakage error and bandwidth are
conflicting parameters. For the modal analysis
of heavily damped systems the Hanning window
is recommended, provided other characteristics
of the signal being analyzed do not favor a
different choice of window. For lightly damped
systems the Hanning window is generally pre-
ferred. Signal type (including system type) is an

important considetation in selecting a data
window, Some general guidelines are provided
in Table 2.
Table 2. Guidelines for Selecting Window Func-
tions,
Signal Type Window
¢ Pericdic with perfod = T Rectangular
o Rapid transients withia {0, T)
o Perfodic with period ¢ T Flat-Top
e Quasi-perfodic cosine
¢ Slow transients beyond (0, T)
o Konstationary Random
@ Beat-like signals with period ~ T Bartlett
{Trianguler)
® Narrow-Band Random Hanning
¢ Stationary Random (cosine)
® Lightly damped systems
¢ Important low-level components Parzen
mixed with widely-spaced high-Tevel
spectral components
o Broad-Band Random
e.g., white noise, pink noise
® Heavily damped systems Hamming

DIGITAL FILTERING

Digital filtering car be performed either in the
time domain using a recursive filter algotithm
such as the Butterworth filter or the Chebyshev
filter [4,5]1, or in the frequency domain using

T T T T T T T T Ty o T TP T TP T W T Y T TV T oL = = o o

the Fourier transform method. Recursive digital
filters are ideal for real time applications be-
cause they employ discrete-time recursive algo-
rithms (difference equations) to compute filter
outputs continuously from a few input data
values. The point-by-point accuracy of the
results, however, might not be satisfactory when
real measurements having low signal/noise ratio
are filtered by this method. When real time
computation is not a requirement, as is the case
for recorded data, or, if a finite delay in the
output is tolerable, digital filtering in the fre-
quency domain is preferable. Frequency-domain
digital filters are more accurate than recursive
digital filters in general because an entire batch
of data points (e.g., 2048 samples) is processed
at one time; furthermore, any arbitrary filter
specification can be conveniendy incorporated.

As indicated by the flowchart in Figure 2, fre-
quency domain digital filtering is accomplished
by computing the Fouriet spectrum of the signal
using FFT, shaping this spectrum as desired and
computing the inverse Fourier transform of the
shaped spectrum using the FFT algotithm, Any
arbitrary filter, including low-pass, high-pass,
band-pass, and notch filters, can be implemented
by multiplying the otiginal spec.rum by an
apptopriate shaping function. For instance,
band-pass filtering is achieved by retaining the
portion within the pass band and blanking out the
rest of the spectrum, This process is illustrated
in Figure 3 for a filter band of fl, f,. Note
that the magnitude of the digital Foutier spectrum
is symmetric about the Nyquist frequency fy.
The filter should maintain this property. ¢
pass band should also be chosen with cate. In
some situations very-narrow-band filtering can
lead to excessive dither. An example is given in
Figure 4. Note that, for the same noisy signal,
satisfactory results are obtained with a filter of
pass band 45-60 Hz, but excessive dither is
present when the pass band is reduced to 45-50
Hz. This rate situation occurs if the dither-
suppressing high-frequency components that might
be present in the original signal are eliminated
by the narrow-band filter. In preprocessing
acceleration signsls for modal analysis, digital
filters are primarily used as antialiasing low-pass
filters to supplemen: the analog antialiasing fil-
ters. In this case the cutoff frequency of the
filter is set at the Nyquist frequency.




-

g

2

A
;

¥ [

N g
a
o »

AN AAS

.'¥'-'.

YR ok s
G ANAL

N

Wi
W)

o
e

o] |

.;} i
a

X w v
PRI
‘-"H""f‘r

il

Ny o AT A YA - s --‘-'-" o | % '\‘~ ‘.' .-(.4" PR YA S 0 O
e .‘-f fﬁ*"-{'k')-:‘:{ -‘ﬁ’}{' vf“!df*‘!"xd. 4‘ 4’: 4; -‘.."\ ‘_;‘{ ﬂ*ﬁ‘: * :‘(‘-{ \5\(.‘( .J .j ‘.r I:‘r-""-'r:’:,‘(-:"-

fai tesainal DOUBLE INTEGRATION
N

Digital integration algorithms differ primarily by
the method employed for data interpolation.
Expetience has shown that parabolic integration
-- in which each triad of successive data points
; =t is fitted onto a quadratic curve (parabola) -- is
adequate in signal processing for modal analysis.
If the three data points are denoted by x,_,, xq,
and x +1» it can be shown that the area between
the points x} and X+ under the quadnttc cutve

[(}]
i that passes through these three points is

Irﬂm
LTI

AT
SA = 7 5 Xeor *8x -x ]
3)
" I P ) in which A T denotes the time step for each data
ey sample. It follows that the parabolic integration
algorithm is given by

AT
. i = Lyt e 8 x -
Figure 3. Band-Pass Filtering in the Frequency Vier "% ® 12 (8 %ar * B % " xy)
Domain, 4
(a) Original Fourier Magnitude Spectrum The discrete transfer function corresponding to
(b) Filtered Magnitude Spectrum this difference cquation is obtained using the

Z~+ransform method [4] by representing each
time delay of A T by z71; thus

22
2 1 Yi) AT (5+82 " -27%
= — B
s 8 X(z) 1201-2 ]
g ¥4 (5)
5o .
° i 8 (mz LSS The double-integration transfer function is given
- by the square of the single-integration transfer
= teFm function. This can be expressed as
£ i T
é :§ -vAv AVAVAVAVAVAVAVAVAVAVAVAVAVAVAA
é -
4 22F VUUUUU vi) a2 (25+80 2" +84 27716277 027
3 st o X" MV -22 «27) 6)
4] .8000 1.600 2.400 3.200 4.000
: S5 fime tecl The corresponding difference equation is obtained
= g4 by intetpreting z~! as the operator for a time
i "8 delay of AT. Hence the parabolic double-inte-
; 'g‘ 1 gration algorithm is given by
1
A 2
gt aT
o e 1 8O0 2400 1300 4000 Y'“_1 = 2Yk = Y.‘_1 + — [25 X + 80 Xk +
Tirme: [pac) 144
Figure 4. The Effect of Band-Pass Filtering 54 Xy " 16 L AP xk-3J
(a) Raw Signal with Measurement Noise
(b) Signal from a 45-60 Hz Pass
(¢) Signal from a 45-50 Hz Pass (7)
6
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Filtering can make a substantial difference in the 2 ” 3 2

double-integrated results. In the results presented viz) . AT [25 2" + 80 27 + 64 2" - 162 + 1]
in Figute 5, for example, measurement noise has ulz) 144 22 (z - o)?

introduced a large bias into the displacement
signal. This bias is eliminated when the accel-
eration signal is processed through a 40-70
Hz-pass digital filter prior to double integration,

with 0 ¢ a ¢ 1

(9
&0 =
§:§ Em
5 3k ) fa)
3l Imag. &
5 s b U Z-Plane
o =50 =
(7 BOON | 400 3.200 4 000 J
Virainct Marginally
" Stable
12 fm ; Poles
m
& E" _nuﬂn.
il il
&:Eg L Real
2 ] 000 1.600 2400 3200 4000
Time (sec}
Figure 5. Bias Removal by Digital Filtering
Prior to Double Integration.
(a) No Filter
(b) With a 40-70 HZ Pass Filter
COMPUTATIONAL STABILITY (b)
The transfer function of the double-integration Imag. 4
algorithm, as given by equation (6), can be writ-
ten in the form
va) AT2 (25 2% + 8022 + 54 2% - 162+ 1) -ita]ble
ulz) 144 2° (z - 1)* =
(8) :
0 a f1 Real
This pole configuration is double poles at the
origin and double poles at z = 1 of the complex
Z-plane, as shown in Figure 6(a). Stable poles
are bounded by the unit circle centered at the
origin. It follows that the pair of poles at z = 1
produces a marginally stable integration algo-

rithm; a slight numerical disturbance can lead to

numerical instability. A high-frequency signal

integrated using the marginally stable algorithm

is shown in Figure 7(a). A similar low-fre-

quency example is shown in Figure 8(a). The Figure 6. Pole Configuration in the Z-plane for
marginally stable poles must be shifted into the the Parabolic Double Integrator.

stable region to stabilize the integration algo-

rithm. One way of accomplishing this shift is by (2) Marginally Stable Case

using the modified transfer function (b) Stabilized Case
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Figure 7. The Effect of the Double-Integ:ator‘
Stability on a High-Frequency Signal.
(a) Alpha = 1.00
(b) Alpha = 0.99
(c) Alpha = 0.90
(d) Alpha = 0.80
The resulting pole configuration is shown in

Figure 6(b).
by

The stabilized algotithm is given

AT?

144

2
Vi1 *

= 2a Y, " @ [25’(“,1‘

Yk+1

80xk+54xk'-16x"_ + X ]

1 2 k-3

with 0 ¢ e < 1.
(10)

Figutes 7 and 8 provide results showing the
effect of decreasing the stability parameter
a from the marginal value of unity.
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Figute 8. The Effect of the Double-Integrator
Stability on a Low-Frequency Signal.,

(a) Alpha = 1,00

(b) Alpha = 0.99

(¢) Alpha = 0.98

THE COMPLEMENTARY—
FUNCTION EBFFECT

Because initial displacement and velocity condi-
tions are not known in most cases of modal
testing, double integration is done by assuming
zero initial conditions., This assumption can lead
to an etror that originates from the complemen-
tary function (or homogeneous solution) of the
difference equation. The error is termed the
complementary function error. For stable algo-
rithms the complementary function error decays
exponentially; the rate of decay is governed by
the degree of stability of the algorithm. For
example, the initial error present in the results
of Figure 7 and Figure 8 decays when the (pos-
itive) stability parameter o is less than unity,
The smaller the value of o, the faster will be
the decay rate of the complementary function
etror, If o is decreased significantly from
unity, however, large integration errors result,
Typically a value of o« between 0.8 and 0.98 is
satisfactory.

It is not possible to completely remove the
complementary function error by improving the
stability of the integration algorithm. In the
scheme shown in Figure 2 each buffer of data is
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processed separately, Consequently, the comple-
mentary function effect will appear in the begin-
ning of cach block of processed data., The
displacement signal shown in Figure 9(a), for
example, was obtained by processing tv ) buffers
of data. A noticeable error is present beyond the
halfway point of this signal., This type of error
can be removed by using overlapped processing.

20
1.6
Loz
< 8
4
@ _0
;-4
a1z
&6
S0 P 1 Lo 2 an 3200 4000
[ IS
e b
BUOU 1600 2.400 3200 4000
Terme foe )
Figure 9, Removal of the Complementary

Function Error,

(a) Standard Result
(b) Result Using Overlapped Processing

Overlapped processing is explained in Figure 10
for a 25% overlap. A flowchart for the com-
puter program is given in Figure 11, The first
input data buffer is processed as usual and
stored in the output buffer. Then the first 75%
of the input data buffer is cleared and the
remaining 25% of original data is shifted to the
left end of the buffer. The e. oty 75% of the
input buffer is filled with new data.  This
becomes the second input data buffer, which is
processed as before, Only the last 75% of the
processed data is stored in the output buffer,
however. Next, the third input data buffer is
generated as before using 25% of the old data
and 75% of the new data and processed in the
usual manner. This procedure is tepeated until
the entire acceleration signal 1is processed.
Figure 9(b) shows a double-integrated result
obtained in this manner, Observe that the
complementary function error in the intermediate
segment has been eliminated.
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Retain 75%
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Figure 10. Ovetlapped Ptrocessing with 25%
Overlap.
Sample
First 512
Data Yalues
Sample
Next 1536
Data Values
2048 Acceleration
Data Values
Process
Data Buffer
2048 Displacement
Data Values
Clear .
First 75% of R?z‘"nﬁ"e
Input Buffer, n »
Shift Remaining
BESAT toHEe 1536 Displacement
Data values
No
Yes

Displacement
Time History
Output

Figure 11. Modified Processing Scheme to
Eliminate the Complementary Function Error.

CONCLUSIONS

Displacement responses needed for experimental
modal analysis may be obtained by digitally
integrating measured acceleration responses.
This approach is generally favored for the ease
with which accurate acceleration measurements
can be made using piezoelectric accelerometers.
Several problems are encountered in the associ-
ated digital processing, however.

Aliasing distortion can be reduced by employing
antialiasing prefilters as well as digital low-pass
filters tuned to the Nyquist frequency. Because
real-time identification is not a crucial require-
ment in experimental modal analysis, frequency
domain digital filters atre preferred over time
domain recursive filters. Any arbitrary filter
can be implemented with high accuracy by the
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frequency domain method, Two FFT computa- REFERENCES

tions are requited for each data buffer. Data
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bandwidth through the same scaling factor. 19 84),

Filtering reduces the bias in double-integrated
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Very-narrow-band filtering can lead to dither Qualification Practice, D.C. Heath & Co,,
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double integration algorithm can be guaranteed

by restricting the poles of the integrator transfer

function to within the unit circle in the complex 4. Franklin, G.F. and Powell, ]J.D., Digital
Z-plane. Nevertheless, these poles should not be Control of Dynamic Systems, Addison-Wesley
deviated far from their analytical positions; Publishing Co., Reading, MA (1980).

otherwise, large errors result due to an incorrect

integration algorithm. Complementary function

etror is caused by the inconsistency in the initial 5. Rabiner, L.R, and Gold, B. Theory and
vaizes used in double integration. This can be  Applications of Pigital Signal Processing, Pren-
eliminated by using overlapped processing, tice-Hall, Inc., Englewood Cliffs, NJ (1975).
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LITERATURE REVIEW: iiiwsrecme”

The monthly Literature Review, a subjective critique and summaty of the literature,
consists of two to four reviews ecach month, 3,000 to 4,000 words in length. The
purpose of this section is to present a "digest" of literature over a petiod of thre-
years. Planned by the Technical Editor, this section provides the DIGLST reader with
up-to-date insights into current technology in more than 150 topic areas. Review
articles include technical information from articles, reports, and unpublished proceed-
ings. Each article also contains a minor tutorial of the *echnical area under discus-
sion, a sutvey and evaluation of the new literature, and recommendations. Review
articles are written by expetts in the shock and vibration field.
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STABLE RESPONSE OF DAMPED LINEAR SYSTEMS -- Il

D.W. Nicholson®

Abstzact. This article reviews several aspects of
the response of discrete time-invariant damped
linear mechanical systems governed by the
cquation Mx + Cx + Kx = f(t). The focus is on
response Pounds under several types of excita-
tion.

In the equation

Mx+_Cx+l_(x-f(t)
T - T (1)

x(t) is the n by 1 real displacement vector; £(t)
is the n by 1 real vector of applied forces; M,
C, and K are real, n by n, symmetric, positive
definite matrices representing inertia, damping,
and stiffpess respectively. Equation (1) is fre-
quently used as a model equation for multi-de-
gree-of-freedom (mdof) lumped parameter
systems. It also frequently arises from finite
element analysis of linear viscoelastic struc-
tures.

This review updates and to some extent expands
two carlier reviews [1,2]. Other recent surveys
[3-7], monographs [8-15], and two important
classical papers [16,17] ate also of interest. A
forthcoming book [18] addresses a number of
topics relevant to this review, particularly re-
sponse bounds.

The initial article in this series [1] emphasized
conditions on the extreme cigenvalues of M, C,
and K that guarantee asymptotic stability.” The
second article [2] addressed four topics:

® conditions for asymptotic stability

® conditions for underdamping, critical
damping, and overdamping

ebounds on forced tresponse
®localization of system eigenvalues

The current article focuses on response bounds
under several types of excitations:

®impulsive loads

® constant step loads

®harmonic loads

®prescribed harmonic base motion

A formal bound is also prcsented for general
time-dependent loads, In addition, the strong
telation between system stability and the numeri-
cal stability of integration methods for computing
system response is described.

The response bounds examined here are typically
expressed in terms of the extreme cigenvalues of
M. C, and K, These eigenvalues and the bounds
can typically be calculated with modest computa-
tional effort, especially if the system is stiff and
has a large spread between the system eigenval-
ues [19]. Accurate calculation of transients can
be difficult for such systems. Further, particu-
larly for stiff systems, the bounds provide infor-
mation for checking the accuracy of the
calculated responses.

Simple response bounds ate potentially useful in
design because they provide approximate infor-
mation on the effects of design modifications on
dynamic response. Perhaps mote importantly,
ksunds can also be of interest in conjunction
with active vibration control, for example in
large flexible space structures. Typically, a
number of actuators -- small in comparison to
the total number of system eigenvalues (poles) --
are used to reduce vibration amplitudes over
some excitation frequency range. The actuator
gains are chosen to shift the system eigenvalues
in a favorable manner relative to the excitation
frequencies [20,21]. However, an alternate
approach relevant to this review would be to
choose gains that minimize response bounds.

The next section contains a brief review of
bounds of interest for systems exhibiting classi-
cal normal modes [22]. The subsequent sections
treat nonclassical systems -- the main concern of
this review,

CLASSICAL SYSTEMS

An enormous simplification results in the special
but commonly assumed case for which there
exists a complete set of orthonormal vectors,
L TR g that  simultaneously
diagonalize M, C, and K. Introduce the modal
matrix ¢ by

* Associate Professor, Dept. of Mechanmical Bngineering, Stevens Institute of Technology, Hobo-

ken, New Jersey
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The cxistence of classical normal modes implies
that

9" M¢ = diag {ml'mZ""mn}
T .
$°Ce = dlag{cllczl-ucn)
Tes - a;
$'k¢ = diag {k],kz,...kn)

The superscript T implies the transpose. The
quantities m:, ¢:, and k; are called the general-
ized mass, generalized damping coefficient, and
generalized stiffness of the j** mode. It follows
that :quation (1) is equivalent to n uncoupled
single-degree-of-freedom (sdof) systems (modes)
governed by equation (3).

my. + Y. + k.y. = L
b IR LA TR L TS
3)
In equation (3)
T T
.= (¢ . .= (¢°f
¥y = ay 95 = @0y

Thus the overall system response bounds reduce
to the maxima of the sdof bounds.

Equation (3) can be rewritten.

) . )
8 P wes S e ™ G
Yyo+ 2hgug¥y toegg ¥y = 9y/my

(4)
Coumplete solution also required the initial condi-

tions

y(o) =y, yeo) = y_

Now w, and {  are the undamped natuta{
frequency and the damping factor of the j
mode respectively. The j** mode is under-

14
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damped (oscillatory), critically damped, or over-
damped according to whethet

< 8= 1, orf>1

For simplicity, attention is restricted to under-
damping. The general solution of equation (4) is
[23]

yj(t) = eXP(‘(jwnjt) lcos(wdjt)yjo 4

Y. 4+ Luy.
Jo rlf'lo ; ]
sinf{w,.t)|+
wdj md) )J
exp(~-f.w_.t)
> 3 n) X
d) ™3
jt
si (t- I
. n(wd)(t 1))93(1)d1
4,1
in which
_ = 2
Uag = oy /I =TES

is the damped natural frequency of the j‘h
mode.

Bounds under impulsive loading are obtained
using

l - y = =
9J-t) 9j06(t) Ygie - Ve = 0

and & (1) is the Dirac function. Formally, this
case is equivalent to gi® = yjo = 0 with ;'jO =
gjo/m;. The solution 1s

. = - .t) X
yJ(t) exp ( (anj )
s:‘m(wdj t) gjo/mdjmj

The modal displacement ¥ exhibits an exponen-
tially decaying oscillation.

Bounds under transient response are obtained
using

g9;(t) = g4, H(L) Yig = Y4 = 0

.t

.......
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H(t) is the Heaviside function. The solution is

g.
o
yj(t) = ‘?—Jm— 1 - exp(-cjwnjt) X

nj j
sl
{cos(wdjt) + ——.i—i sm(wdjt))]
J

The function y;(t) nymptotxully scttles to a
stcady—statc value Y. o/ It first
attains the steady- statc valug {he gue time b

given by
1 _l 1 - ;.2
t = —— tan™d (- 1
wdj (j

Thereafter, y;(t) overshoots the steady-state value
and attains a maximum at the peak time tpj:

t . =1r/c.)d

PJ J

The overshoot is measured by

h5s (yj(tpj) - ¥y )/Y

wITE 2y

= exp(-LJ 3

Note that increasing the value of {; results in
a reduced overshoot (smaller H; ) but increases
the peak time tpj- . In design of active control
systems for linear vibrations, a common objective
is to accelerate attainment of the steady state
without simultancously causing excessive over-
shoot.

Bounds under harmonic force are obtained using

(t) = g. i
93 ) gJo exp(iwt)
i = £
on = on =0
f. .'_..I'. L -'. - N .'_ q.- J'~ :'. .'_ .'. -' o .'_ cin J' /‘ ( el
AT T AT T ql'.- S TNCD ).r'r

The solution is

q:
= _J-e 1 -0 .
yj(t) mj Yj(w) exp(i{wt ¢)))

LW . W
ot C02°

(w)-
Ys v—’(w2 i) IR,
j “ny ¥
The amplitude functionY-(w) attains its

w>(

maximum velue (over ) at resonance,

for which

w=w

Y T
“nj ¢5

rj

~ 1
R
o . /1 + 5
L¥%n3 1t 2%y

Y545

The smaller the value of {; , the higher and

sharper is the resonance penk

A possible objective in designing active control
systems is to force the closed-loop system reso-
nance frequencies to be outside the range of the
excitation frequencies. Passive devices such as
dynamic absorbers can also be used in such a
manner.

For bounds under prescribed harmonic base
motion the underlying model is expressed by the
equation

yj(t) + 27 .w

.-. 2 _ .
5 nj(yj zj) + wnj(yj zj) 0

2. = 2, o = ()

3 jo exp(iut)

Y40 ™ Y30

Here z; represents the coordinate of nodes at the
base for which motion is prescribed. Thus,

2 q
(t) = [2iwl.w . + v .“)z. expliut
% [2dugjop; + wpy" )z oexp liut)
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This solution is
yj(t) = zj(m)zjo exp(iwt - wj)

4 2

2.2,1/2
2 ) = gt + g% %)

Yj(w)

wj (w) = tan”

The maximum value of the function z:(w) occurs
at a frequency w, , which is different from
In particular,

Wy
w_ . 1/2
s Y T S
“b3 2t l ¢y 1)
As  §70.wpmw, as expected.

Refer tu equation 4.1; suppose

lgj(t)l <vy., for t > 0

)' [}
Then formally,

le (t)l S exP(-ijnjt)Hyjol +

1 |l Y-
— ly.: . t L0 . Y. ‘ + — t)
wdj jo Jnj) “jo wdjmj

This formal genetal bound is not vety helpful in
many cases. But recall that potentially useful
bounds can be obtained in the special cases
described above. Of course, numerical methods,
Fourier expansion, and other techniques ate also
available in the general case.

NONCLASSICAL SYSTEMS

If equation (2) fails, the system does not exhibit
classical normal modes. It is thu. not possible
to decompose the total system tesponse into the
uncoupled responses of n independent sdof sys-
tems (real modes).
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Two broad classes of bounds can be sought for
nonclassical systems: () bounds based on the n
by n second-order system equation in the origi-
nal form of equation (1) or (I) bounds based on
the 2n by 2n first-order system produced by
teducing equation (1) to a state form., It is
pteferable to obtain bounds of the fitst type, if
for no other reason than that n by n matrices
are easier to manipulate computationally than 2n
by 2n matrices.

Harmonic forcing and harmonic hase motion.
Bounds of type (I) obtained for prescribed
harmonic forces have been reviewed [2].
Recent results based on small deviations from
classical normal modes have been reported [24].
Numerical comparisons and eatlier bounds have

been presented [25]. Bounds have also g:cccmly
been rteported for prescribed harmonic base

motion [26]. The relevant cquation is

L\i* By

+
[{[g]
e
+
1=
| %
il

The vector y representing the base motion is

prescribed as

Y = ¥, explivt)

Unfortunately, the matrices A and B need not be
either symmetric nor positive definite although
they are assumed to be nonsingular.

Suppose | x| denotes the Euclidean vector norm
of x, Let IIMIl  denote the corresponding
mattix norm of M. Then [26]

BIl)/ Q(w)

Ix¥/ly IS max {[wllAl +11
w>)

where Qw) is a function of the extreme
ecigenvalues of M, C, and K. This function has
been derived [27]. Simple numerical results
that show the expected effects of damping are
available [26].

Reduction to state form. Various results have
been derived when equation (1) is replaced by
the 2n by 2n first order system
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Without loss, it is assumed that M is the identity

matrix, The general solution of equation (5) is

t
2 = expl-At)z <+ exp(-At)S exp(hr)g(t)ds
°

(6

Formal bound in general case. A formal bound
for z in equation (3) can be obtained using the
one-sided Lipschitz constant for the exponential
matrix function exp (-At) [19]. In particular,

| lexp(-BAt) || < exp(v(A)t)

where
vip) = min A (-1/2(n + 2T
)
is called the one-sided Lipschitz constant for A,

It has been shown [28] that

i 0 i @
exp(-At) = ex,a(-gt) _
= e ¥7 o ¥V

where

c 1/2

{{lo+]
"
=

_51/2

no

Hence

exp(-ht) < aexp(v(B)t)
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where
max[All/2 (K),1)
Q=
min(x 1/2(x) 1)
where )\('\) are the ordered eigenvalues of K
(e,
But
v(B) =0
Thus
t
lz| < u[|§o| + / lg(1)|ar]
o )

Altetnatively, it can be assumed that there exists
a nonsmgular mltnx s for which

p=s s

é = diag(ll(é),-..,)\n(é))

The bound now is

lg (1) |dt]
(8)

N
A

< Kllgole-)(t + S

" where

>
]

min Re(A.{A))
j 2
and where « is the spectral condition number of
. ‘The interest in equation (7) as opposed to
Tquation (8) is that equation (7) is expressed in
terms of a known matrix K. Equation (8) in-
volves the matrix S, which may be difficult to
determine, B

Impulse loading. Apparently new results provides
a txmc~dcpcndcnt bound for impulsive loading.

Refer to equation (1). Suppose
= x(o) = x(o
f(t) _f_oé(t) x(o) = x(o) = 0
Again, suppose without loss that M = I, and let
yit) = et x(¢)
17
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Equation (1) now implies

Iy + C'y + XK'y = vt
Iy + C'y + K'y = £ ' &(t)
C'=¢g-2y] K =K-vC+yl

The matrices C' and K' are still positive definite
if

y > min[cn/z, c')
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